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“Brothers, we are treading, where the saints have trod”

“We”:= Joint work with M. Vlasenko and F. Brown
“saints”:= Iterated integrals: Chen, Hain, Beilinson
“more saints”:= Mixed Tate Hodge Structures, MZV’s:
Deligne, Ihara, Goncharov, F. Brown
“still more saints”:= Motivic Γ-functions: V. Golyshev, D.
Zagier
“and yet more saints”:= Relative completion: Deligne, Hain
A shout-out to the physicists for first understanding the
importance of these periods
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Iterated Integrals, Lin(z)

Iterated integral (example)

Li2(z) := −
∫ z

0
log(1− t)

dt
t

=∫ z

0

(∫ t

0

du
1− u

)dt
t

=:

∫ z

0

dt
t
◦ dt

1− t

General iterated integral formula. wi = wi(t)dt∫ b
a w1 ◦ · · · ◦ wr dt :=

∫ b
a w1(t)

( ∫ t
a w2 ◦ · · · ◦ wr

)
dt .

Exercise: ζ(n) =
∫ 1

0
dt
t
◦ · · · ◦ dt

t︸ ︷︷ ︸
n−1

◦ dt
1−t
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Multiple Polylogarithms and Multiple Zeta Values

s := (s1, . . . , s`)

Lis(t1, . . . , t`) :=
∑

n1>···>n`≥1
t
n1
1 ···t

n`
`

n
s1
1 ···n

s`
`

ζ(s) := Lis(1, . . . ,1) :=
∑

n1>···>n`≥1
1

n
s1
1 ···n

s`
`

Integral formula for ζ(s). Define

ηsi =
dt
t
◦ · · · ◦ dt

t︸ ︷︷ ︸
si−1

◦ dt
1− t

; Then ζ(s) =

∫ 1

0
ηs1 ◦ · · · ◦ ηs` .
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MZV’s (Cont.)

Example:

ζ(3,2) =
∑

m>n≥1

1
m3n2 =

∫ 1

0

dt
t
◦ dt

t
◦ dt

1− t
◦ dt

t
◦ dt

1− t
.

Remark: For the iterated integral of a MZV to converge, we
must have dt

t on the left and dt
1−t on the right.
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MZV’s (Tangential basepoints)

MZV’s are periods associated to the unipotent fundamental
group of P1

C − {0,1,∞}. To develop this theory, one needs
tangential basepoints. We will not pursue this. See [], [],
and the references cited there.
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Iterated Integrals (elementary topological theory)

X punctured Riemann surface, ω1, . . . , ωn holomorphic
1-forms on X , σ : [0,1]→ X smooth path,
∆ = {0 ≤ t1 ≤ · · · ≤ tn ≤ 1} ⊂ [0,1]n.

()

∫
σ
ω1 ◦ · · · ◦ ωn :=

∫
σn(∆)

ω1 ∧ · · · ∧ ωn.

Here σn : ∆ ⊂ [0,1]n → X n, and ω1 ∧ · · · ∧ ωn is the evident
holomorphic n-form on X n.
Suppose a = σ(0), b = σ(1). Define
X n

i = {(x1, . . . , xn) | xi = xi+1} large diagonals. Define

Dn
a,b := {a} × X n−1 ∪ X n−1 × {b} ∪

n−1⋃
i=1

X n
i

σn(∆) ∈ Hn(X n,Dn
a,b); ω1 ∧ · · · ∧ ωn ∈ Hn(X n,Dn

a,b).
Iterated integral () is a period
Hn

DR(X n,Dn
a,b)× Hn,Betti(X n,Dn

a,b)→ C.
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Beilinson-Chen theory

X/C algebraic variety, x ∈ X (C) basepoint, π1(X , x)
fundamental group, I ⊂ Q(π1(X , x)) augmentation ideal in
group ring.
Unipotent local system := representation of Q(π1(X , x))/In

for some n.
Chen: C(π1(X , x))/In in terms of differential forms on X . [].
Beilinson: Q(π1(X , x))/In in terms of homology. (Motivic
theory.) [].
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Chen theory (in a nutshell)

σn(∆) ∈ Hn(X n,Dn
a,b) easy!!

ω1 ∧ · · · ∧ ωn ∈ Hn(X n,Dn
a,b) not so clear!!
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Beilinson theory (in another nutshell)

Analyse Hn(X n,Dn
a,b) using the Leray spectral sequence

for pr1 : X n → X .
Key point: fibre pr−1

1 (x) = (X n−1,Dn−1
x ,b ) for x 6= a.

Theorem (Beilinson)

Hn(X n,Dn
a,b) ∼= Q(π1(X , {a,b}))/In+1Q(π1(X , {a,b})).

Here Q(π1(X , {a,b})) is the vector space spanned by
homotopy classes of paths from a to b. It has an action of
π1(X ,a) by composition of paths.

Variant D̃n
a to deal with Q(π1(X ,a)). (Details omitted. See

[], Prop. 3.4)

Hn(X n, D̃n
a) ∼= Q(π1(X ,a))/In+1.
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Tannakian Categories

Category C of unipotent local systems on X is Tannakian
Fibre functor
C → Vector spaces, V 7→ Vx = fibre of V at x
C = Rep(G), G = Spec(A), affine progroupscheme.

Filtration filA with grnA ∼= Hn(X n, D̃n
a).

Ex: gr1A ∼= H1(X ,a;Q) ∼= Hom(I/I2,Q).
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Mixed Tate Hodge Structures

H = HQ f.d. Q-vector space with increasing filtration W2H.
Decreasing (Hodge) filtration F H

C .
Two filtrations opposite.

HC = W2n ⊕ F n+1; grW
2n HC = F ngrW

2n HC ∩ F ngrW
2n HC

HC =

(
F n

W2n−2

)
Ex:
dimQQ(n) = 1, Q(n) = W−2nQ(n) ⊃W−2n−2Q(n) = (0).
Ex: dimQ H = 2; H = W0H ⊃W−2H ⊃W−4H = (0).

0→W−2H → H → grW
0 H → 0; F 0HC ∼= grW

0 HC
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Mixed Tate Hodge Structures (Tannakian structure)

Category QMTHS graded tannikian;
fibre functor (HQ,W∗HQ,F ∗HC) 7→ grW HQ.
QMTHS ∼= Rep(G); G = Spec(A).
Describe A (Goncharov-Zhu, [])
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Mixed Tate Hodge Structures (Goncharov-Zhu Hopf
algebra construction)

Graded Q-vector space structure on A:

A = A0 ⊕ A1 ⊕ A2 ⊕ . . . ;
A0 = Q, A1 = C∗Q, Aj = C∗Q ⊗ C⊗j−1, j ≥ 2
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Mixed Tate Hodge Structures (Goncharov-Zhu Hopf
algebra comultiplication)

Comultiplication
∆ : A→ A⊗Q A; ∆(an) = an ⊗ 1 + 1⊗ an + ∆(an)
∆(an) = ⊕p+q=n

p,q≥1
∆p,q(an)

∆p,q : Ap+q → Ap ⊗ Aq;
∆p,q(a1 ⊗ · · · ⊗ ap+q) =(

a1 ⊗ · · · ⊗ ap

)
⊗
(

exp(ap+1)⊗ ap+2 ⊗ · · · ⊗ an

)
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Mixed Tate Hodge Structures (Goncharov-Zhu Hopf
algebra multiplication)

Multiplication: T (C) :=
⊕

n≥0 C⊗Qn

pr : T (C)→ A, pr(c1 ⊗ · · · ⊗ cn) = exp(c1)⊗ c2 · · · ⊗ cn.
m’: T (C)⊗Q T (C)→ T (C):

m′(x1 ⊗ · · · ⊗ xp, y1 ⊗ · · · ⊗ yq) =

x1⊗m′(x2⊗· · ·⊗xp, y1⊗· · ·⊗yq)+y1⊗m′(x1⊗· · ·⊗xp, y2⊗· · ·⊗yq)

− x1y1

2πi
⊗ 2πi ⊗m′(x2 ⊗ · · · ⊗ xp, y2 ⊗ · · · ⊗ yq)

∃m : A⊗Q A→ A (commutative multiplication) defined so
that pr ◦m′ = m ◦ (pr ⊗ pr).
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Commutative Multiplication on A. (Example)

m : A1 ⊗ A1 = C∗Q ⊗ C∗Q → A2 = C∗Q ⊗ C.

m(a⊗b) := a⊗ log(b)+b⊗ log(a)−exp
( log a log b

2πi

)
⊗2πi .
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Repns of G = Spec A↔ A-comodules (Example)

A0 ⊕ A1 ⊃ Mx := Q · 1⊕Q · x , x ∈ C∗.
∇ : Mx → A⊗Mx ; ∇(1) = 1⊗ 1, ∇(x) = x ⊗ 1 + 1⊗ x
Mx ∼= H1(Gm, {1, x};Q).

0 −→H0({1, x})/H0(Gm) −→H1(Gm, {1, x}) −→H1(Gm) −→0∥∥∥ ∥∥∥ ∥∥∥
0 −→ Q −→ Mx −→ Q(−1) −→0

Remark: If H∗(X ) is mixed Tate, then so is π1(X , x) and
any related HS’s. Example: X = P1 − {0,1,∞}.
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Relative Completion (Deligne, Hain)

X/C affine Riemann surface, Γ := π1(X , x), R a reductive
algebraic group, ρ : Γ→ R(C) representation with Zariski
dense image.
C category of local systems L on X (or equivalently
representations of Γ) together with a filtration filL such that
grL is an R-representation. (I.e. action of Γ on grL factors
through ρ.)
C Tannakian category, Tannaka group G. Diagram (U
unipotent)

1 −→U −→G −→R −→1xρ̃ xρ
Γ Γ
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Motives Associated to Relative Completion

Assume local systems M on X associated to
representations of R are motivic; i.e.

M = Rnf,BettiQY , f : Y → X .

Example: R = SL2, X modular curve.
Want to understand motives and periods arising from
iterated extensions of M ’s.
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Relative Completion; Basic Lemma

Lemma

M a G-representation. M̃ associated local system (via ρ̃). Then
H1(G,M) ∼= H1(X , M̃).

Proof.
Pure thought.

G = Spec (A). Try to understand A as a Hopf algebra and
as a motive.
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1-Cocycles

M G-module (f.d. vector space, G-repn),

Z 1(G,M) :=

{f : G → M polynomial map | f (g1g2) = g1f (g2) + f (g1)}

Z 1(G,M) is a G-module; (gf )(h) := g(f (g−1hg)).
Exact sequence of G-modules

0→ H0(G,M)→ M ∂−→ Z 1(G,M)→ H1(G,M)→ 0;

∂(m)(g) := gm −m.

Assume H0(G,M) = (0). Then

0→ M ∂−→ Z 1(G,M)→ H1(G,M)→ 0

is the universal extension:
Ext1G(•,M) ∼= Homvect .sp.(•,H1(G,M))
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1-Cocycles (cont.)

M1, . . . ,Mn G-representations. Assume
H0(G,Mi ⊗Mi+1 · · · ⊗Mj) = (0), ∀i ≤ j .
Construction:
Z 1

1 := Z 1(G,M1); Z 1
i := Z 1(G,Z 1

i−1 ⊗Mi), i ≥ 2.

Structure: Z 1
i filtration; graded pieces

M1 ⊗ · · · ⊗Mi ,M2 ⊗ · · · ⊗Mi ⊗ V2, . . . ,Mi ⊗ Vi ,Vi+1.
Vj vector spaces with trivial G-action.

M̃i local system associated to Mi , x ∈ X basepoint,
X n

i,i+1 ⊂ X n large diagonals

xDn := {x} × X n−1 ∪ X n
1,2 ∪ · · · ∪ X n

n−1,n ⊂ X n.
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1-Cocycles (III)

Theorem
Assume the Mi are R-representations. Define the local system
Sn, x 7→ Hn(X n, xDn; M1 � · · ·�Mn). Then Sn admits a filtration
with grSn the local system associated to a representation of R.
Under the identification between such filtered local systems on
X and representations of G, we have Sn ↔ Z 1

n .

Example

For n = 1 we have 0→ M1,x → H1(X , x ; M1)→ H1(X ,M1)→ 0.
Allowing x to vary yields and exact sequence of local systems
0→ M1 → S1 → H1(X ,M1)X → 0
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Matrix Coefficients

θ : G → Aut(V ) representation. v ∈ V , w ∈ V∨.
Matrix coefficient g 7→ 〈gv ,w〉 ∈ OG
OG ⊃ 〈V ,V∨〉 =: Vector space spanned by such
〈V ,V∨〉 ⊂ OR ⊂ OG iff U acts trivially on V .
m:OG → OG ⊗OG comultiplication. m: = m−pr :

1G → G ⊗ G.
m:O⊗n

G → O
⊗n+1
G ; m(f1 ⊗ · · · ⊗ fn) := m(f1)⊗ f2 ⊗ · · · ⊗ fn.
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Filtration on OG

fil∗OG : fil−1 = (0), fil0 = OR ⊂ OG ,

filnOG := (m∗)−n(OR ⊗O⊗n
G ) ⊂ OG .

IU ⊂ k(G) ideal gen. by {u − 1 | u ∈ U}. Equivalent def. of
fil∗OG :

fil−1 = (0); fil0 = OR;

filn = {f ∈ OG | IU · f ⊂ filn−1OG , n ≥ 1}

V representation of G. Then
〈V ,V∨〉 ι−→ filnOG ⇔ In+1

U V = (0). (ι not usually an
inclusion)
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Example

Fix M1, . . . ,Mn and Z 1
n as above.

Fixing a basepoint x ∈ X , have
Z 1

n
∼= Hn(X n, xDn; M1 � · · ·� Mn). (Z 1

n is motivic).

Take V = Z 1
n in the above construction; Z 1

n ⊗ Z 1,∨
n → filnOG

General fact: Coordinate ring of Tannaka group of a
Tannakian category is an ind object in the category.
Identify (over C) Z 1

n = Hn
DR(X n, xDn; M1 � · · ·� Mn),

Z 1,∨
n = Hn,Betti .

Recover (generalized) iterated integrals as composition

Z 1
n ⊗ Z 1,∨

n → OG
eval. at 1−−−−−→ C
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Periods for Connections on Curves

U smooth open curve/C; M algebraic connection on U

∇ : M → M ⊗OU Ω1
U ; ∇(fm) = f∇(m) + df ⊗m.

H1
DR(U,M) := Coker

(
∇ : H0(U,M)→ H0(U,M ⊗ Ω1

U)
)

M∨an := M∨ ⊗OU,an, M∨ := ker(∇an : M∨an → M∨an ⊗ Ω1
U,an)

M∨ =: space of solutions for M
period pairing:

(•, •) : H1(U,M∨)× H1
DR(U,M)→ C
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Comments and Examples

We assume ∇ has regular singular points. (Not necessary:
exponential motives, rapid decay homology, Bessel
functions as periods,...)
We assume U ↪→ Gm = P1 − {0,∞} so Ω1

U = OU
dt
t .

Basic object of interest: M = Hn
DR(X/U) with X/U smooth

and projective.
Example: X : y2 = (1− t)−1, U = P1 − {0,1,∞}.
M = OU ⊕OUy , ∇(y) = ydt

2(1−t)

Period calculation: σ : (0,1)→ U closed path,
µ : M → OUan defined by local analytic section in nghbd of
σ.

µ(y) = (1− t)−1/2, µ(y)|σ ∈ H1(U,M∨); ydt/t ∈ H1
DR(U,M);

Period =

∫
σ

(1− t)−1/2dt/t =

∫
σ
〈µ,m〉ω; m = y ∈ M, ω = dt/t
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Mellin transform

Connections can be tensored.
∇O,s connection on O, s ∈ C, ∇O,s(1) := sdt/t
∇M,s : M → M ⊗ Ω1

U , ∇M,s(m) = ∇M(m) + smdt/t
Period of ∇M,s:

∫
σ t−s〈µ,m〉ω.
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Example

Example from previous page:∫
σ

t−s

(1−t)1/2
dt
t = 2(1− e2πis) Γ(−s)Γ(1/2)

Γ( 1
2−s)

(h)

Figure: σ
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Motivic Gamma Functions (Golyshev)

ξ := µ|σ ∈ H1(U,M∨)
m ⊗ dt

t ∈ H1
DR(U,M) := (M ⊗ Ω1

U)/∇(M).
Motivic Gamma function

Γξ(s) :=

∫
σ

t−s〈µ,m〉dt
t

is the Mellin transform of the period (ξ,m ⊗ dt
t ). (Definition

due to Golyshev).
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Difference Equations

U ⊂ Gm, D = td/dt , D : M → M differential operator
m ∈ M.
L(D)(m) = 0, L(D) = p0(D) + tp1(D) + · · ·+ t r pr (D);
pi polynomials with C-coefficients.
ξ = µ|σ ∈ H1(U,M∨). Consider motivic Gamma function

Γξ(s) :=

∫
σ

t−s〈µ,m〉dt
t

Γξ(s) satisfies difference equation

r∑
j=0

pj(−s − j)Γξ(s + j) = 0.
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Taylor expansions of Mellin Transforms

Γξ(s) =
∑

(−s)n ∫
σ

(log t)n

n! 〈µ,m〉
dt
t

Coefficients are iterated integrals∫
〈µ,m〉dt

t ◦
dt
t
◦ dt

t
· · · ◦ dt

t︸ ︷︷ ︸
n

Objective: Interpret these periods geometrically. Relate
Taylor coefficients for Mellin transform of a period of M to
variation of monodromy. (Inspired by results of
Golyshev-Zagier []).
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Frobenius Method-MUM Points

M = H r
DR(X/U), X/U smooth, projective family.

G-Z case: M = H2
DR(X/U), X/U smooth family of

K 3-surfaces with Picard rank 19.
M = M∇=0

an local system on Uan. p ∈ P1 − U.
Assume monodromy for M around p is unipotent with only
one Jordan block.
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Frobenius Method-MUM Points (local construction.)

∆∗ punctured disk with coordinate t . O ring of analytic
functions on ∆∗ meromorphic at 0.
Fix n, r>0 integers (r = rank(M)). Define En free O-module
rank n + 1 + r .

En := Oe−n−1 ⊕ · · · ⊕ Oe0 ⊕Oe1 ⊕ · · · ⊕ Oer−1

Connection on En ∇ei = ei−1
dt

2πit , ∇(e−n−1) = 0.
Define `(t) := log(t)/2πi . Horizontal sections of En:

e−n−1, `e−n−1 − e−n,
`2(t)

2!
e−n−1 − `(t)e−n + e−n+1, . . .

Monodromy exp(−N), N(ei) = ei−1, N(e−n−1) = 0.
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Frobenius Method-MUM Points (Solutions)

Dual connection

∇∨e∨i =
−e∨i+1dt

2πit
Horizontal sections of E∨n (solutions for En)

ρk (t) :=
`k (t)

k !
e∨r−1 +

`k−1(t)
(k − 1)!

e∨r−2 + · · ·+ `(t)e∨r−k + e∨r−k−1

N∨(e∨i ) = e∨i+1, N∨(e∨r−1) = 0.

exp(−`(t)N∨)ρk (t) = e∨r−1−k .
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The Extension

Define Fn = Oe−n−1 ⊕ · · · ⊕ Oe−1 ⊂ En, subconnection

0→ Fn → En → En/Fn → 0; En/Fn ∼= Man

Note connection on ∆∗ determined by its monodromy.
Fn ∼= (SymnKt )(1) as variation of Hodge structure. (1)
means tensor with Q(1). (Details omitted.)
Kt ↔ dt

t ∈ H1
DR(∆∗) = Ext1connection(O,O).

Kt is the Kummer variation of HS associated to the unit
t ∈ O×.
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The Extension (Hodge Structure)

Endow En with Hodge filtration to make

0→ (SymnKt )(1)→ En → Man → 0

a sequence of variations of HS.
M as variation of HS; 0 ⊂ F r M ⊂ · · · ⊂ F 0M = M.
h ∈ F r M, L(D)(h) = 0, M ∼= D/DL
(given by h 7→ 1 ∈ D := O(D))
Frobenius method (compare [], section???):

φan(t) := φan
0 (t)er−1 + φan

1 (t)er−2 + · · ·+
φan

r−1(t)e0 + · · ·+ φan
r+n(t)e−n−1 ∈ En

DnLφan = 0.
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Frobenius method and solutions

φk := 〈ρk , φ
an〉 =

`(t)k

k !
φan

0 (t)+

`(t)k−1

(k − 1)!
φan

1 (t) + · · ·+ `(t)φan
k−1 + φan

k

L(φ0) = · · · = L(φr−1) = 0. (Classical Frobenius method).
Also, from [], section 2.1, formula 2.5

() L(φr−1+j) =
(log(t))j−1

(j − 1)!
, 1 ≤ j ≤ n + 1.

(Frobenius method for inhomogeneous solutions.)
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The Extension (Hodge Structure, cont.)

Image of φan(t) is

h = φan
0 (t)er−1+φan

1 (t)er−2+· · ·+φan
r−1(t)e0 ∈ En/Fn ∼= Man.

s : Man → En, O-linear splitting,

s(Dph) = Dpφan(t) 0 ≤ p ≤ r − 1

Define F iEn := s(F iMan), 0 ≤ i ≤ r ;
F iEn = F i((SymnKt )(1)) + s(Man), i < 0.
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Griffiths Transversality

∇D : En → En. Griffiths transversality says

∇D(F iEn) ⊂ F i−1En.

Show Dkφan ∈ F r−kEn.
Case: k < r . In this case
Dkφan = Dks(h) = s(Dkh) ∈ s(F r−kM) = F r−kEn.
Case k ≥ r . Write L = Dr + P, degD(P) < r .

Dk = Dk−r L− Dk−r P

Sufficient by induction on k to show

Dk−r Lφan ∈ F r−k−1En.

Spencer Bloch Motivic Γ-functions



Griffiths Transversality (cont.)

Write Lφan = Br (t)e−1 + · · ·+ Br+n(t)e−n−1. From () above
get

(log t)k−r

(k − r)!
= Lφk = 〈ρk ,Lφan〉 = 〈ρk ,Br e∨−1+· · ·+Br+ne∨−n−1〉

the Bj(t) are single-valued and do not involve log(t). From
formula for ρk it follows that B1 = 1,Bj = 0, j > 1.
Thus Lφan = e−1, DjLφan = e−1−j ∈ F−1−jFn ⊂ F−1−jEn.

Note F−j
(

(Symn(Kt ))(1)
)

= Oe−1 ⊕ · · · ⊕ Oe−j .
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Betti Structure

Input from global geometry. Assume M has a MUM point
at t = 0 and another conifold point at t = p. Choose a path
σ from 0 to p with no self-intersections, and a basepoint
p0 ∈ σ close to 0. Choose a loop starting at p0, going out
along σ, winding once around p, and then returning along
σ to p. The Picard Lefschetz theorem says that the
variation for a solution of L under this loop lies in a one
dimensional space. We show this remains true for
inhomogeneous solutions. Concretely, we think of
solutions ρk ∈ E∨,∇=0

n . We fix δ ∈ E∇=0
n such that a

solution ρ is invariant around p if and only if 〈ρ, δ〉 = 0.
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Betti Structure (cont.)

We want to define a Q-structure on the C-Hodge variation
E∨n . Assumptions:
1. ρ0 ∈ E∨,∇=0

n,Q ; 2. The functional 〈•, δ〉 is Q-rational,
and 〈ρ0, δ〉 6= 0.
3. The monodromy θ given by winding around 0 stabilizes
the Q-structure.
Define κk = 〈ρk , δ〉/〈ρ0, δ〉. Generating series

κ(ε) := 1 + κ1ε+ κ2ε
2 + · · ·

α(ε) := 1/κ(ε) = 1− κ1ε+ (κ2
1 − κ2)ε2 + · · ·

Q-basis given by ηk := ρk + α1ρk−1 + · · ·+ αkρ0, k ≥ 0.
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Betti Structure (G-Z case)

λ(ε) := log(κ(ε)) ([], section 2.4; family of K 3-surfaces
Picard rank 19)

λ1 = 0, λ2 = −2ζ(2), λ3 = (17/6)ζ(3), λ4 = −3ζ(4),

λ5 = (7/3)ζ(5), λ6 = (−2/3)ζ(6)− (1/72)ζ(3)2,

λ7 = −(5/3)ζ(7) + (1/6)ζ(3)ζ(4),

λ8 = (29/12)ζ(8)− (11/18)ζ(3)ζ(5),

λ9 = (8/9)ζ(9) + (5/3)ζ(3)ζ(6) + (11/3)ζ(4)ζ(5)+

(17/648)ζ(3)3,

λ10 = −(147/5)ζ(10)− (59/18)ζ(3)ζ(7)− (121/18)ζ(5)2

−(17/36)ζ(4)ζ(3)2.

Note some of the λj are computed numerically. λj for
j ≥ 11 involve multiple zeta values. For details see op. cit.
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The Main Theorem

The Taylor series of the motivic Γ-function associated to
h ∈ M as above is related to the κ-series for the dual
connection. To avoid confusion, in what follows we write
M∗ instead of M∨ and we add a superscript ∗ to indicate a
quantity associated to M∗.
For simplicity, assume monodromy at t = 0 is unipotent
with one Jordan block (MUM condition). We assume also
that the variation of ρ∗0 about the conifold point p is
non-zero. We define κ∗0 = 1 and κ∗i Var(ρ∗0) = Var(ρ∗i ). We
write κ∗(s) =

∑
i≥0 k∗i si . Let V ⊂ U be a tubular

neighborhood of the path σ connecting 0 and p. We
assume the closure of V contains 0,p but no other point of
P1 − U. Then there exists an homology class
ξ ∈ H1(V ,M∨) such that

Γξ(s) = (e2πis − 1)rκ∗(s).

In the Golyshev-Zagier example, M ∼= M∗.
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The Main Theorem; Sketch of proof: Duality

D = O[D]. Duality for holonomic D-module D/DL
L = q0(t)Dr + · · ·+ qr (t).
(D/DL)∨ ∼= D/DL∨

L∨ := −(−D)r q0(t)− (−D)r−1q1(t)− · · · − qr (t)
Pairing on O:

{φ, ψ} :=
r∑

k=1

∑
i,j≥0

i+j=k−1

(−D)i(qr−kψ)Djφ

D{φ, ψ} = (Lφ)ψ + φ(L∨ψ)

Spencer Bloch Motivic Γ-functions



The Main Theorem; Sketch of proof: Integration by
parts

The discussion which follows is oversimplified. The full
argument uses that π1(V ) is free on 2 generators to
understand classes ξ ∈ H1(V ,M⊗ ts). Here I want only to
exhibit the generalized integration by parts computation. I
assume ξ = ψ|σp , where σp loops once around the conifold
point p.
Take Φ ∈ O[[s]] satisfying L∨Φ = sr ts. (Φ is an
inhomogeneous solution for L∨.)

Γξ(s) =

∫
σp

tsψ(t)
dt
t

=

∫
σp

(L∨Φ)ψ
dt
t

(1)

=

∫
σp

D{Ψ, φ}dt
t

(2)

= (σp − 1){Φ, ψ} (3)
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The Main Theorem; end of proof

Remaining calculation (omitted) uses (σp − 1)Φ = κ∗(s)δ∨

with δ∨ a solution for L∨.
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