Practice Midterm - Math 274
April 29, 2008

1. Let V, W be vector spaces (over R, as usual).
a. Define V@ W and A" V.

b. If V has basis {e;}i—1,.,» and W has basis {f;};=1,. ., show that
V @ W is spanned by the vectors e; ® f;. (In fact, these vectors form
a basis, but you do not need to show that.)

c. Show A"V has dimension < 1 and explicit a spanning element.
(In fact, A"V has dimension 1.)

d. Define a linear transformation
p m—p m
(AV)e(AV)= AV

2. Let U C RF be open, and let f : U — R". Assume f has con-
tinuous partial derivatives.

a. Define and state the main properties of the derivative D f.

b. Consider the function f(z,y) = (2%, zy,y*). What is the best linear
approximation to f near the point (1,1)7 Justify your answer citing
results about Df.

3 a. State carefully the inverse function theorem and the implicit func-
tion theorem.

b. Appply the inverse function theorem to the function
f(r,0) = (rcos,rsin@).

For what values of r, 0 does the theorem fail? Indicate what happens
at these points.

c. Let f: R¥™ — R” and suppose the implicit function theorem ap-
plies to f at a point (z°,y") € Rk, Use the implicit function theorem
to define a map L : R¥ — R*" in such a way that Df(2° y°)o L =0
as a map R¥ — R™.
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4 a. Define partitions of unity and state the main existence theorem.

b. Let S C R™ be a subset, and let f : S — R. f is said to be
C" on S if for each s € S there exists an open neighborhood Uj of s in
R™ and a function g5 which is defined and C” on Uy such that g, = f on
Us; NS, Show that if S is closed in R™ then f extends to a C" function
on all of R”. Give an example where this is not true for .S open in R™.

5. Define paralleopipeds in R™ and state the main theorem about
computing volumes of parallelopipeds.

Compute the volume of the parallelopiped spanned by (1,2,3,4),(1,1,1,1)
in R*.



