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Abstract

Johnson has de ned a surjective homomorphism from the Torelli subgroup of the mapping
class group of the surface of genusg with one boundary component to ~3H, the third exterior
product of the homology of the surface. Morita then extended Johnson's homomorphism to a
homomorphism from the entire mapping class group to % A3 H o Sp(H). This Johnson-Morita
homomorphism is not surjective, but its image is nite index in % A3 H o Sp(H) [1]. Here we
give a description of the exact image of Morita's homomorphi sm. Further, we compute the image

of the handlebody subgroupof the mapping class group under the same map.

1 Introduction

Let Sy be a closed surface of genus We x a closed disk D in Sy, and by deleting its interior, obtain
Sy:1, @ genusg surface with one boundary component, as illustrated in Figue[ll. LetM 4 (resp. M g;1)
denote the mapping class group of the surfac&y (resp. Sg:1). In the case ofM 41 we assume the
boundary component is xed pointwise.

We choose a base pointor®@ g1, and let 1;:::; ¢, 1;:::; ¢ denote the based loops illustrated

standing that x; = & andXj+g = bh forl i g. Likewise, we will sometimes refer to the based loops

1,00 gy 1ty g by 13ty o9 with the understanding that = j and j+g= forl i g.

= 1(Sg;1) which is a free group on the generating sef 1;:::; ¢, 1;:::; ¢0. The action of M ;1
on gives an injectionM ¢.1 ! Aut( ). More generally, we can compose with the homomorphism
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Aut( )! Aut( = ) forany characteristic subgroup . The lower central seriesof the free group
is a sequence of characteristic subgroups de ned inductig by setting @ = and D = )],
We de ne the k™ Johnson-Morita representation to be the map

k:Mga! Aut( = ©)

We note that these maps were rst studied by Johnson in [7[6] ad subsequently developed by Morita
in a series of papers[[I11Z 18, 114].

Observe that the rst Johnson-Morita map is just the classical symplectic representation ; :
M g1 ! Sp(H) which is surjective ([4], in particular pp. 209-212). In [II, Theorem 4.8] Morita
shows that the image of ; is isomorphic to a subgroup of nite index in %"3 H o Sp(H). Our rst
main result in this paper, given in Theorem[Z3, is to identify the precise image (M 4:1) using a
formulation due to Perron [Lg].

Let us now considerSy as @, where X 4 is a genusg handlebody. Let Hy denote the handlebody
subgroupof M 4, that is, the subgroup consisting of maps ofSy which extend to the handlebody X 4.
There is a natural surjection M 4.1 ! M 4 obtained by extending via the identity map along D. The
kernel of this surjection is generated by two kinds of elemets: the Dehn twist along the boundary
curve, and \push" maps along elements of 1(Sg;1) [I]. Note that any map in this kernel extends to
Xg4. Hence, we are justi ed in de ning the handlebody subgroupHg;1 of M .1 as the pullback ofHg.

The handlebody group arises naturally in a number of applicéions in 3-manifold topology, par-
ticularly through Heegaard splittings of 3-manifolds. Our second result in this paper is to compute

2(Hg;1), given in Theorem[31.

The authors would like to thank the referee for helpful commaets and suggestions.

2 The second Johnson-Morita map

In this section we will describe Perron's formulation [16] d the second Johnson-Morita representation.
We will give a precise characterization of the image of the mpping class group under this map. First,
it will be useful to review the image of the rst Johnson-Morita representation, i.e., the symplectic

group.

2.1 The symplectic group

has a symplectic intersection form given by signed interseé®n of curves which is preserved by every
mapping classf 2 M ¢.1. In the basis above, the intersection form is given by the thematrix J with
g g block form

0o |

I= | 1)

The intersection form got by acting by the linear transformation M on an intersection form with
matrix L is given by ML M where M denotes the transpose oM . Hence for everyM in the image
of the mapping class group

MJM = J; orequivalentty MJIM =] (2)

In fact (B) is a su cient condition for M to be in the image of the mapping class group under ;. It
is sometimes useful to write a symplectic matrixM in g g block form as

_ S T
M = P Q
A convenient consequence of2) is thaM = JMJ 1. In block form this becomes
s T ‘_ @ 7T
P Q - P S



The group of such matrices form thesymplectic group Writing M and M in g g block form

_ S T | —_ S P
M= J 9 M= = o
we derive the symplectic constraints which follow directly from the condition in (Z}
() QS PT =1; (i) ST symmetric; (iii) PQ symmetric: (3)
2.2 Perron's formulation of 2

The Torelli group 14,1 is the kernel of the symplectic representation 1 : M g1 !  Sp(H). Johnson
proved, in |5], that the image of the Torelli group under , is ~3H. In the next section we will go
a step further, and describe, in TheorenZH}, the image of théull mapping class groupM g1 under
2 hoting that Morita [IT] Theorem 4.8] has already identi ed t his image as being nite index in
%"3 H o Sp(H). We begin by summarizing Morita's explicit description of , as given in [11, Section
4]. Consider the 2-step nilpotent group

2= (i) Z%AZH;yZH

with multiplicationin ~ , givenby (;y)(;z)=( + + %y" z;y+ z). It contains a subgroup of nite

index which can be identi ed (see [8, Sec. 5.5]) with the seawd nilpotent quotient = @ = =[; [; 1]
of our surface group via the homomorphism ,: | >

2(1)=(0;xi)
where f 1; ; 299 generate = 1(Sg;1) and fxy; ;X290 is our basis forH = H(Sy1) (see

FigureM(a-b)). The group » can be viewed as a subgroup of the Mal'cev completion of the tgotent
group = @ . Any automorphism of = (@ extends to the Mal'cev completion and preserves » so
we may think of M 4.1 as acting on > [11, Proposition 2.5].
In [L1], Section 3] Morita describes a functionM 4.1 !  Hom(H; 1A2H). An automorphism f of
> coming from an automorphism of the Mal'cev completion of = @ can be speci ed by the images

f(0;xi) = (wi;hy) Wi2:—2L"2H; hi2H
for eachx;. The homomorphism 1(f): H ! H given by 1(f)(x;)= h; is just the image off under
the symplectic representation. Johnson looks at the homomihism ~(f): H ! %"2 H given by

~(f)(xi) = w

The function - : M 41! Hom(H; 1 A2 H) is a homomorphism when restricted to the kernell g:1 of
the symplectic representation. Johnson[[b, Theorem 1] idethes its image as **H  Hom(H; %"2 H),
wherex; * xj * X 2" 3H is understood to be the homomorphism

(Xi M xp A xi)(Y) = hysxeixi A xg o+ by xiixg N xe+ by xgixe N X (4)

where hti gives the symplectic pairing for vectors inH. The map I g1 !~ 3H  Hom(H; La2H)is
usually referred to as the Johnson homomorphism

Morita [ILT] Section 3] begins by considering this map ~: M g1 !  Hom(H; 1A2H) (in Morita's
notation this is the map K). While not a homomorphism it is a crossed homomorphism withrespect
to the symplectic action of the mapping class group on Homk; %"2 H). In other words, the map ~
satis es:

~»({fg)=~(f)+ 1(f)=(@ f92M 41



ChooseR 2 Sp(H), y 2 H, and m 2 Hom(H; 2 ~2 H). We note that the action of Sp(H) on
Hom(H; %"2 H) in the equation above (and in the remainder of this paper) isthe natural \change-
of-basis" action:

(Rm)(y) = Rm(R 'y) ®)
The crossed homomorphism property is exactly what is needetbr the map - : M 4,1 ! Hom(H; %"2
H) o Sp(H) given by

~(f) = (~2(f); 1(F))

to be a homomorphism. The homomorphism 2 gives the action of M g1 on () 2, via the
action of (;R) 2 Hom(H; $~2H) o0 Sp(H) on »:
(rR) (y)=(r(Ry)+ R;Ry) (6)

Morita shows that by modifying the crossed homomorphism > : M g1 ! Hom(H; % A2 H),
one obtains a crossed homomorphism{~(Morita denotes this map by K in [T, Section 4] andK in
[T1, Section 5]) fromM g.; to the submodule % A3 H of Hom(H; 1 ~2 H) which extends the Johnson
homomorphism. We will modify - to get a di erent crossed homomorphism > : M g1 ! LAsH
extending the Johnson homomorphism. Our map » is a trivial modi cation of Morita's map ~ ; which
will lend itself to later calculations.

Forany m 2 Hom(H;  ~2H), the map n :Mg1! Hom(H; I ~2H) given by

m(f)=m 4(f)m

is a crossed homomorphism. Such a crossed homomorphism idled principal; two crossed homomor-
phisms are cohomologous if they di er by a principal crossechomomorphism [3, Chapter 1V.2].
Let 2 Hom(H; 1 ~2H) be the homomorphism

1 1
(@)= za"h (h)= sa"h
or equivalently
1
(Xi) = éxi N CX; (7)
where C is the 2g 2g matrix with g g block form ? :) . De ne
2(f) = ~2(f ) + 1(f) (8)

This is the crossed homomorphism that Perron[[16, Remark 5)bdenotes %f\l. We note that
by comparing the above with [T1, Proposition 4.7], it is straghtforward to see that Morita's crossed
homomorphism -f can be expressed as

2(F)= 2f)+m  1(f)m

P
wherem=2( L, a+hb)"~ (" ; a”h). Inother words, the map , and Morita's original map
~2 are cohomologous, that is, they represent the same elemenf &1 (M ¢.1;2 A3 H).
We can now de ne a homomorphism , : M g1 ! %"3 H o Sp(H) as follows:

2(F)=( 2(f); 1(f))
Using @), @), (&), and (&), we obtain the correct action of (M g.1) on 3:
X

ik Xi * X; *xi;R - (5y)

= (OR (Ry)+ R( (y)) +Or(y);Ry) L )
P hRY;X i Xi ™ X;
= %R (Ry*R( (Y)*+ ik % F Ry Ak & Ry § (10)

+ hRy;X j i Xk ™ X

where hii is the symplectic pairing onH and the sums are taken over 1 i<j<k 29.



2.3 Calculating the image of the mapping class group

In this section we compute >(M 4.1). See TheorenZZK below.
Recall the map ,: ! 2 given in the previous section. It will be helpful for us to identify
2() 2 precisely. The gist of the following lemma is that for pairs n the image of ,, the second
coordinate determines the rst coordinate modulo 1.

Lemma 2.1. The imagesoé under the map , is given as foIIowsl.

9
< X i1 X9 =
()= @ nij+7 Xi ™ Xj ; ixiA nj; 22,
: 1<i<j< 29 i=1 ’
Proof. Let G 2 denote the set on the right-hand side of the equation in the lenma. We claim
that the set G is a subgroup of ». First, G is closed under inversion since (y) *=( ; ). For
closure under prod%cts consider L
X L paY
@ g+ XN lix; A
1<i<j< 02g i=1 1
X 190 9
@ nd + 7’ XiNxi;o I%A
1<i<j< 29 i=1
0 1
X o0 il X9
= @ T§'|o+n.”i|; e XiMxp (i + ID)xi A
1<i<j<  2g Tt o i=1
This product is in G becausel;lj + 122+ L1217 (Ii + 12(l; + [?)mod 2.

Clearly, G contains each generator »( ;) = (0;x;) of »( ). For the reverse inclusion, note that
any element of the form
(0:xi)(0:%;)(0; xi)(0; x;)=(xi " xj;0)
liesin 2( ). In fact such an element is in the center ofG. Now, any element ofG can be written as
a product of (0;x;)'s to get the correct second coordinate, followed by a prodat of (x; * x;;0)'s to
get the correct rst coordinate. Hence G 2( ) O

We are almost ready to characterize the subgroup >(M ¢:1) % A3 H o Sp(H). We begin with
a simple yet fundamental observation.

Remark 2.2. SupposeR is a symplectic matrix and (r1;R); (r2;R) 2 2(M g.1). Then (r;;R) 1=
( R ¥R Y2 5(Myga) so

(r;R)( R ri;R Yy=(r2 ris1)2 (M ga):
In other words, we have that(r, rq;1) 2 2(l g;1). Using Johnson's characterization of (I g:1) [5,

Theorem 1] we conclude that if two elements of 2(M g.1) have identical symplectic matrices, then
their %"3 H coordinate must di er by an integral element of *3H .

As a consequence of this observation, we expect that the syngctic matrix R will determine the
coe cients of r; and r, modulo 1. TheoremZ# makes this precise and gives the charaeization of
2(M g:1). First we give a short de nition.

De nition 2.3.  Given three n-dimensional vectorsw = (wy;:::;Wn), ¥ =(Y1:::5:Yn), 2=(21;:152Z0)
in basis B, their B-triple dot product is the scalar
X
(W, ¥;9=  wyiz:

i=1

When the basisB is clear, we will write (w;¥y;3.



Recall that J is the matrix given in (IJ.

Theoremp2.4. Let R 2 Sp(2g;Z) be an arbitrary symplectic matrix. Let r be any element of% A3 H

with r =" | o 29 Tik Xi * Xj * Xk. Then (FR) 2 (M g;1) if and only if

E
lijk ;k mod 1

where

Eik = (row;j(RJ);row; (R); rowx(R))
(row; (R); row; (RJ); rowx (R))
+  (row; (R); row; (R); rowy (RJ))

forall 1 i<j<k 29.

Proof. Let (;R) 2 2(M 4;1), and let
X
r= rijk XiAXjAXkZ
1 <<k 2g

Forl i;j;k  2gwe setrjx =0 unlessi<j<k . The group »(M g:1) preserves »( ), described
in LemmalZl. Letx, be an arbitrary basis element ofH , and consider the action of ¢; R) on (0; xp).
We will use the standard notation Mj to denote the entry in the i"" row and j ™ column of a matrix
M throughout. Ey (IO, we get that the second coordinate of ¢;R) (0;xy) is simply Rx,, which
we can write as ,2 1 Rin Xi, with an eye on eventually applying LemmalZ1. Using [ID) and[@), we

obtain the following for the rst coordinate of (r;R) (0;xy):

1
fon,xk|x."xJ

X
(Rxn) + R( (xn)) + ik @ +MRxn;xiix; ~ xx A
1 i<j<k  2g h RXn; Xjixi ™ Xk

Notice that under the symplectic pairing hRx,; xki = (JR)kn SO the above can be rewritten:
!

X9 1
Rin X| + R éXn N CXn
i=1
0
X ((JR)kn )XI
+ Fijk @ +(( ‘]R)In )Xj A Xk A
1 i<k 2g ' ((JOR),n xi 1
X9 R ' X . .
= R—;xi ACxp + @ Rin (RC)in. (EC)’” xi A x; A
i=1 0 10 29
X ((JR)kn )XI
+ uk @ +(( J R)In )XJ A
- 2 i i+g
0 1
+ @ X Rin (Rc)jn 5 Rjn (Rc)in X A XjA
1 i<j 2g
0
X ((JR)kn )XI
¥ fik @ +((IR)m)x; ~ Xk A
1 i<j<k 29 ((J R)]n )X,



Now, applying LemmalZ1 to the coe cient of x, * x4, wherep < g, gives

qp+g((CR)pn  Rpn) + Rpn(RC)gn  Rgn(RC)pn
2
X9 Ron R
+ (fipg (JR)in  Tpig (JR)in + Tpgi (JR)in) %
i=1

mod 1

Note that for xed i;p;q, at most one of ther-coe cients in the above summation is nonzero. For
bookkeeping purposes, when 1 j<r 2g we de ne fjx be the 2g-dimensional column vector whose
i entryis i ifi<j, ru ifj<i<k ,rj if k<i,and O otherwise. If coh(M) denotes then™
column vector of M, we may rewrite this to obtain that col,(JR) +,q is congruent (mod 1) to

q;p+g(an (CR)pn) + an an an (RC)qn + an(RC)pn
2

In order to write this a bit more compactly, for1  j<k  2g, we de ne tjc to be the 2g-dimensional
column vector whosei™ entry is kj+g(Rji  (CR)ji )+ RjiRki Rji (RC)i + Rii (RC);i . Combining
the equations above forall1 n 2g we get:

JR*pq tlzqmodl 81 p<q 29

Solving for +pq, We obtain:
JR) 't
Foq ()qu mod 1
SinceR is assumed to be symplectic, we can rewrite this as:

RJt
Foq 2pq mod 1

Observe that the i™ entry of the vector on the right-hand side is
1
> qp+glow(RJ) (rowp(R)  rowp(CRY))

+ % (row; (RJ); rowp(R); rowg(R))

% (row; (RJ); rowp(R); rowg(RC))
+% (row; (RJ); rowp(RC); rowg(R)) (12)

We are interested in calculating the coe cients riyq forl i<p<q 2g. Thus we are interested in
the i™ entry of fpqg When 1 i<p<q 29. If g6 p+ gthen gp+g=0. Assume that = p+ g.
S T
P Q

row;(RJ) (rowp(R) rowy(CR))

= row;(T) rowp(S) row;(S) rowp(T)
row; (T) rowp(P)+row;(S) rowy(Q)

= (TS)p (ST)p (TP)ip +(SQ)ip

=0 O

Then1l i<p g, andif we write R = , we have



The last equality results from using the symplectic conditions (@ i,ii) and by our assumption that
i 6 p. Thus we may drop the rst term of (IT). In other words, for1  i<p<q 2gthe i entry
of +pq (Mod 1) is given by

% (row; (RJ); rowp(R); rowg(R))

(row; (RJ); rowp(R); rowg(RC))

RNl e

+ > (row; (RJ); rowp(RC); rowg(R)) mod 1

For aesthetic reasons we rewrite the expression above morgrametrically to show that i entry of
tpg (Mod 1) is:

% (row; (RJ); rowp(R); rowg(R))

% (row; (R); rowp(RJ); rowg(R))
+% (row; (R); rowp(R); rowg(RJ)) mod 1
We have just shown that the 23 equations in the statement of the lemma are necessary for(R) to

3
be an element of »(M 4;1). Since the symplectic representation ; is surjective, »(M g:1) contains an

element of the form (; R) for any given R. Johnson [%, Theorem 1] showed that any element of the
form (w;1) with w2 23H isin (M g1). Thenif (FR) 2 (M 41), sois W;1)(r;R) = (w+ r;R)
for any w 2 2 3H. Hence we can hit any other possible choice of the coe cients . satisfying the
\mod 1" conditions imposed by R by composing our map with di erent choices of Torelli elemernts.
This shows su ciency. O

3 The handlebody group

Our primary goal in this section is to compute >(Hg:1) explicitly. We will begin with some known
algebraic characterizations ofHg;; and of 1(Hg;1) which will be helpful to us, and use them to derive
an analogous characterization at the second level. Thus edpped, we derive an explicit formulation
of 2(Hg:1) in Section[32.

3.1 Algebraic characterizations of the handlebody subgrou p
Let b denote the normal closure in of f 1;:::; 4g. Note that b is also the kernel of the homomor-
phism ! 1(Xg) induced by inclusion.

The following proposition was rst proved by McMillan [9]l T he proof given here was suggested
to the authors by Saul Schleimer.

Proposition 3.1.  The handlebody subgroupH .1 of the mapping class grougM g1 Aut( 1(Sg:1))
is precisely the subgroup which preserves

Proof. One direction is immediate; in order for a mapping class inM ¢;1 to extend to the X it must
preserveb. Now supposef is a mapping class which preserveb. Then f sends each ; to a loop
that can be represented by a simple closed curve which is trial in  1(Xg4). Dehn's Lemma [1%] shows
that these curves bound disks inXy that can be made disjoint. By matching these disks to the ones
bounded by each ; we may construct a homeomorphism fromX4 to itself restricting to f on its
boundary. O



Moving on to level one of the Johnson-Morita representatios, Birman has shown that the image
of the handlebody group in Sp(2y;Z) is particularly nice [Z] Lemma 2.2]. All subblocks areg g
matrices.

Proposition 3.2 (Birman). The image of the handlebody group under the symplectic reentation
is characterized by ag g block of zeroes in the upper-right corner. That is,

1(Hg:1)= M 2 Sp(29;Z) M has block form

Su ciency is shown in [£] by exhibiting generators for 1(Hg:1) which are in the image of the
handlebody group. The necessity of this condition for membeship in 1(Hg:1) follows from the
observation that in the handlebody X4, the homology classes of the generators of typ& are all
0. Any homeomorphism of Sy which extends to X4 must take trivial elements in the homology of
the handlebody to trivial elements in the homology of the hardlebody. In other words, 1(Hg:1) is
characterized by the property that its elements must preseve the subgroup ofH generated by the
b's.

We will now give a second-level analogue of these charactegtions by describing a subgroup of
= @ which must be preserved by 2(Hyg;1), thus giving a restriction on the image of the handlebody
group.

The second Johnson-Morita homomorphism is given by the actin of M ¢;1 on the nilpotent
quotient = @ Letb be as above, and recall from Sectiofi 212 the map, : ! > be as above.
The following lemma computes »(b).

Lemma 3.3.
!
( P 1 mij ai/\bj ><g )
2(b) = P L gﬂﬁ)fﬂ bay i my.n;li22
1

10 g 2 _

Proof. In light of Lemma B the right-hand side above is clearly the kernel of the quotient homo-
morphism = @ 1 (Xg)= 1(Xq)@. O

Now that we have identied »(b) we will describe (Hg;1).

3.2 Image of the handlebody subgroup under 2

Theorem [Z2 above gives 2(M g1). The missing ingredient for a characterization of (Hg;1) is
2(l g;1 \H ;1) which was computed by Morita.

Proposition 3.4 ([I0, Lemma 2.5]) 2(l g1 \H g:1) is the free abelian group with free basis:
(brb~bsl); (@™ bal); and (&~ g ~bal) 1 ijk g

Now we have the tools to assemble a description of>(Hg;1). The following theorem gives a
complete characterization of >(Hg:1); it says that an element is in this image if and only if its rst
factor has no \triple-a" terms and its second factor has the brm of Proposition 2.

TheoremF;3.5. Let R 2 Sp(2g;Z) be an arbitrary symplectic matrix. Let r be any element of% A3 H
withr = i<j<k Fik Xi * Xj * Xk. Then (nR) 2 2(Hyg;1) if and only if all of the following three
conditions hold:

29

1. R hasg g block form

2. rijx  3Ej mod 1forall 1 i<j<k  2g.



3. rijk =0 forall i;j;k with0 i<j<k g. (i.e. r contains no terms of the forma; * & " ax.)
We refer the reader to TheoremZZH} for the de nition of Ejx , which depends on the matrixR.

Proof. The necessity of condition 1 has already been established if#Z, Lemma 2.2]. We claim that
only elements of% ~3H o Sp(H) satisfying condition 3 above preserve »(b) under the action of ({T).
SupposeR is symplectic with the required block form andr contains a term of the formca * g " a.
SinceR ! must satisfy condition 1 above and using Lemmd313, there israelement (;R 1h) 2 ,(b)
where has only terms of the form %Im ~ by . Applying (8] we get

(rR) (;R 'h)=
R()+ (RR 'B)+ R (R )+ r(RR b);RR b
R()+ (b)+ R (R 'h)+ r(b);h

Consider each of the terms in the rst coordinate of the ordeed pair above. Since only has terms
of the form %Im " by, and the matrix R has the block form given in condition 1, we must have that
R( ) contains no terms of the forma; ~ a. The image of the homomorphism has noa * a terms
so neither (h) nor (R h) contains any a " a terms. Application of the matrix R preserves this
quality; hence R (R h) contains no a; * ax terms. We can see using[Q4) thatr(b) will contain a
term of the form cg " ax by construction. Then Lemmal33 implies that ¢ = 0. It follows that the
two conditions of the corollary are necessary.

For each R satisfying 1 there is some mapping clas$ 2 Hg, with 1(f) = R as shown in [2,
Lemma 2.2]. We have shown that ,(f) satis es conditions 1 and 2. Applying Proposition 4 we
can get every other element of the form (; R) satisfying 1 and 2 as a product g;1) »(f) where
(z;1) 2 2(l g2 \H g:1). This establishes su ciency. O
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