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Abstract

We show that for every c.e. degree a > 0 there exists an intrinsically c.e. re-
lation on the domain of a computable structure whose degree spectrum is {0, a}.
This result can be extended in two directions. First we show that for every uni-
formly c.e. collection of sets S there exists an intrinsically c.e. relation on the
domain of a computable structure whose degree spectrum is the set of degrees of
elements of S. Then we show that if « € wU{w} then for any a-c.e. degree a > 0
there exists an intrinsically a-c.e. relation on the domain of a computable struc-
ture whose degree spectrum is {0,a}. All of these results also hold for m-degree
spectra. of relations.

1 Introduction

There has been increasing interest over the last few decades in the study of the effective
content of mathematics. One field whose effective content has been the subject of a large
body of work, dating back at least to the early 1960’s, is model theory. (A valuable
reference is the handbook [7]. In particular, the introduction and the articles by Ershov
and Goncharov and by Harizanov give useful overviews, while the articles by Ash and
by Goncharov cover material related to the topic of this paper.)

Several different notions of effectiveness of model-theoretic structures have been in-
vestigated. In this paper, we are concerned with structures whose functions and relations
are uniformly computable.
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under the supervision of Richard A. Shore. The author thanks Professor Shore for many useful com-
ments and suggestions. The author was partially supported by an Alfred P. Sloan Doctoral Dissertation
Fellowship.
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1.1 Definition. A structure A is computable if both its domain |4] and the atomic
diagram of (A, a)ae)4) are computable. An isomorphism from a structure M to a com-
putable structure is called a computable presentation of M. (We often abuse terminology
and refer to the image of a computable presentation as a computable presentation.) If
M has a computable presentation then it is computably presentable.

In model theory, we identify isomorphic structures. From the point of view of com-
putable model theory, however, two isomorphic structures might be very different. For
example, it is easy to give two computable presentations of the same group, only one
of which has a computable center. We do not wish to say that these two presentations
are the same. Thus, for our purposes, studying structures up to isomorphism is not
enough. Instead, we study structures up to computable isomorphism. This is reflected
in the following definition.

1.2 Definition. The computable dimension of a computably presentable structure M
is the number of computable presentations of M up to computable isomorphism.

One way in which we may attempt to understand the differences between noncom-
putably isomorphic computable presentations of a structure M is to compare (from a
computability-theoretic point of view) the images in these presentations of a particular
relation on the domain of M. (Of course, this is only interesting if this relation is not the
interpretation in M of a relation in the language of M.) The study of additional rela-
tions on computable structures began with the work of Ash and Nerode [2] and has been
continued in a large number of papers. (References can be found in the aforementioned
articles in [7].)

Ash and Nerode were concerned with relations that maintain some degree of effec-
tiveness in different computable presentations of a structure.

1.3 Definition. Let U be a relation on the domain of a computable structure A and let
¢ be a class of relations. U is intrinsically € on A if the image of U in any computable
presentation of A is in €.

In [2], conditions that guarantee that a relation is intrinsically computable or intrin-
sically computably enumerable (c.e.) were given. More recent work has led to a number
of other conditions guaranteeing that a relation is intrinsically € for various classes €
(see [3], for example).

A different way to approach the study of relations on computable structures is to look
at the (Turing) degrees of the images of a relation in different computable presentations
of a structure.

1.4 Definition. Let U be a relation on the domain of a computable structure A. The
degree spectrum of U on A, DgSp 4(U), is the set of degrees of the images of U in all
computable presentations of A.



Ash-Nerode type conditions usually imply that the degree spectrum of a relation
is either a singleton or infinite. Indeed, for various classes of degrees, conditions have
been formulated that guarantee that the degree spectrum of a relation consists of all
the degrees in the given class (see [1], for example). Motivated by these considerations,
as well as by Goncharov’s examples [12] of structures of finite computable dimension,
Harizanov and Millar suggested the study of relations with finite degree spectra.

Harizanov [8] was the first to give an example of an intrinsically AY relation with a
two-element degree spectrum that includes O.

1.5 Theorem (Harizanov). There exist a AY but not c.e. degree a and a relation U
on the domain of a computable structure A of computable dimension two such that

DgSp,(U) ={0,a}.

Remark. The existence of a relation that is not intrinsically AY and has a two-element
degree spectrum that includes 0 is a direct consequence of the existence of a rigid
structure of computable dimension two. Indeed, suppose that A is such a computable
structure and let R be the binary relation that holds of z,y € | A] if and only if x < y
and for all z € (z,y), z ¢ |A|. Clearly, if B is a computable structure and f : A = B
then deg(f(R)) = deg(f). So the fact that A has computable dimension two implies
that DgSp 4(R) = {0, a} for some degree a. However, by a result of Goncharov [10], a
cannot be AJ.

It is also easy to give an example of an intrinsically d.c.e. relation with a two-element
degree spectrum that does not include 0. Let d be a maximal incomplete d.c.e. degree,
as constructed in [5]. (That is, d # 0’ is d.c.e. and there are no d.c.e. degrees in (d, 0').)
It is not hard to build computable structures Ay and A; in the language of directed
graphs and unary relations Uy and U; on the domains of Ag and A;, respectively, so
that the domains of Ay and A, are disjoint, DgSp 4, (Up) is the set of d.c.e. degrees, and
DgSp 4, (U1) = {d}. Now let A be the computable structure in the language of directed
graphs plus a unary relation R obtained by taking the union of Ay and A; and letting
R hold of z if and only if x € |Ap|, and let U = Uy U U;. It is easy to check that
DgSp4(U) ={b|d <band bisd.ce}=1{d0}.

Khoussainov and Shore and Goncharov [13],[14] showed the existence of an intrinsi-
cally c.e. relation with a two-element degree spectrum.

1.6 Theorem (Khoussainov and Shore, Goncharov). There ezist a c.e. degree a and an
intrinsically c.e. relation U on the domain of a computable structure A of computable
dimension two such that DgSp,(U) = {0, a}.

This left open the question of which degrees can be the nonzero element of a two-
element degree spectrum. In this paper we show that, setting aside the issue of com-
putable dimension, each c.e. degree belongs to some two-element degree spectrum whose
other element is 0.



1.7 Theorem. Let a > 0 be a c.e. degree. There exists an intrinsically c.e. relation U
on the domain of a computable structure A such that DgSp ,(U) = {0, a}.

The proof of this theorem, which will be given in Section 2, uses techniques from [14],
which in turn builds on work of Goncharov [11],[12] and Cholak, Goncharov, Khous-
sainov, and Shore [4].

In [14], Khoussainov and Shore also proved the following theorem.

1.8 Theorem (Khoussainov and Shore). For each computable poset P there exists
an intrinsically c.e. relation U on the domain of a computable structure A such that
(DgSp4(U), <) =2 P. If P has a least element then we can pick U and A so that
0 € DgSp4(U).

In Section 3, we show how to modify the proof of Theorem 1.7 to prove the following
extension of Theorem 1.8.

1.9 Theorem. Let {A;};c., be a uniformly c.e. (u.c.e.) collection of sets. There exists
an intrinsically c.e. relation U on the domain of a computable structure A such that

DgSp4(U) = {deg(A;) | i € w}.

Another way in which we can extend Theorem 1.7 is by broadening our focus from
the c.e. degrees to larger classes of degrees. In Section 4, we show that each of a large
class of AY degrees belongs to some two-element degree spectrum whose other element
is 0.

1.10 Definition. Let A C w be a set. A computable sequence ag,ay, ... is a A
approzimation of A if for all x € w, |{s| a; = «}| is finite and v € A = [{s | as = x}| is
odd.

Let n € w. A is n-c.e. if there exists a AY approximation ag, a1, ... of A such that
{s|as =z} <nforall z€w.
Ais w-c.e. if there exist a A approximation ag, ay, . . . of A and a computable function

f such that |{s | as = z}| < f(x) for all z € w.
Let @ € wU {w}. A degree is a-c.e. if it contains an a-c.e. set. A collection of sets
{A:}iew 1s uniformly a-c.e. it @, A; = {{i,x) | x € A;} is a-c.e..

i€w * 7

Remark. The above definition of w-c.e. is the one that will be useful in Section 4. There
is an equivalent definition which can be generalized to define the concepts of a-c.e. set
and a-c.e. degree for any computable ordinal « (see [6]).

1.11 Theorem. Let o € wU {w} and let b > 0 be an a-c.e. degree. There exists
an intrinsically a-c.e. relation V' on the domain of a computable structure B such that

DgSpg(V') = {0, b}.

The structure B will be an extension of the structure A constructed in the proof of
Theorem 1.7 for an appropriate c.e. degree a.
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Remark. One interesting consequence of Theorem 1.11 is that there exists a minimal
degree b such that {0, b} is realized as the degree spectrum of a relation on the domain
of a computable structure.

Theorems 1.9 and 1.11 can be conflated to produce the following theorem, which
can be proved by combining the modifications to the proof of Theorem 1.7 presented in
Sections 3 and 4.

1.12 Theorem. Let o € wU{w} and let {A;}ico, be a uniformly a-c.e. collection of sets.
There exists an intrinsically a-c.e. relation V' on the domain of a computable structure

B such that DgSpg(V') = {deg(A;) | i € w}.

It is also interesting to consider degree spectra of relations with respect to other
reducibilities.

1.13 Definition. Let r be a reducibility, such as many-one reducibility (m-reducibility)
or truth-table reducibility. Let U be a relation on the domain of a computable structure
A. The r-degree spectrum of U on A, DgSp, 4(U), is the set of r-degrees of the images
of U in all computable presentations of A.

It will be clear from their proofs that Theorems 1.7 and 1.11 are both true with
“degree” replaced by “m-degree” and “DgSp 4(U)” replaced by “DgSp,, 4(U)”. Thus, for
any reducibility r weaker than m-reducibility, both theorems remain true with “degree”
replaced by “r-degree” and “DgSp4(U)” replaced by “DgSp, 4(U)”. The same holds of
Theorems 1.9 and 1.12 if we require that A; # 0 and A; # w for all i € w.

2 Proof of Theorem 1.7

1.7. Theorem. Let a > 0 be a c.e. degree. There exists an intrinsically c.e. relation U
on the domain of a computable structure A such that DgSp,(U) = {0,a}.

Proof. Let A be a c.e. set that is not computable and let ag,ay,... be a computable
enumeration of A. Let A[0] = 0, A[s + 1] = {ao,...,as}. We wish to construct com-
putable structures A° and A! and unary relations U° and U! on the domains of A° and
Al respectively, so that the following properties hold.

(2.1) A° =~ A! via an isomorphism that carries U° to U!.
(2.2) U° =,, A and U! is computable.

(2.3) If G =2 A° is a computable structure then the image of U? in G is either com-
putable or m-equivalent to A.

Our structures will be directed graphs. We begin by defining our basic building
blocks.



2.1 Definition. Let n € w. The directed graph [n] consists of nodes g, x1, ..., Tpio
with an edge from z to itself, an edge from z,.5 to x;, and an edge from x; to x;; for
each i < n+ 1. We call zy the top and z,5 the coding location of [n].

Let S C w. The directed graph [S] consists of one copy of [s] for each s € S, with
all the tops identified.

Figure 2.1 shows [2] and [{2,3}] as examples.

: top coding location

top coding location

coding location

Figure 2.1: [2] and [{2, 3}]

Remark. Tt is convenient to use directed graphs in this proof and in the ones presented
in Sections 3 and 4, but in all three cases it would be possible to use undirected graphs
(that is, graphs whose edge relations are symmetric) instead. This fact becomes useful
in the following situation. Suppose that we wish to prove for a particular theory T
that a theorem such as Theorem 1.7 still holds if we require that the structure A be a
model of T. One way of doing this is to show that we can code a computable graph
that satisfies the given theorem into a computable model A of T" in a way that preserves
enough of the properties of the graph to allow us to conclude that the theorem holds of
A. However, it will often be easier to code an undirected graph into a model of 7" than
a directed graph. See [9] for details.

Now let us consider how we could go about satisfying (2.1) and (2.2) above. We
build A° and A' in stages. We begin by letting A and A} be computable structures
with co-infinite domains, each consisting of one copy of [k] for each k € w. If at each
stage s + 1 we enumerate the coding location of the copy of [3ay] in A into U° then we
will have ensured that U° =,, A. However, we also wish to make U'! computable while
guaranteeing that A° = A! via an isomorphism that carries U° to U'. To describe how
we can do this, we need two more definitions.

2.2 Definition. Let G be a computable structure in the language of directed graphs
whose domain is co-infinite. G consists of the disjoint union of a number of connected
components, which from now on we will just call the components of G.



Suppose that G has components K and L isomorphic to [B] and [C], respectively,
where B,C' C w are finite. We define the operation K - L, which takes G to a new
computable structure extending G, as follows. Extend K to be a copy of [B U C] using
numbers not in the domain of G. Leave every other component of G (including L)
unchanged.

We will also use the notation K - L to denote the graph [B U C]. It should always
be clear which meaning of K - L is being used.

Given a finite sequence of operations, each of which can be applied to G, so that no
two operations in the sequence affect the same component of G, we can apply all of the
operations in the sequence simultaneously to G to get a structure extending G. In this
case we will say that we have applied the sequence of operations to G.

2.3 Definition. Let G be a computable structure in the language of directed graphs
whose domain is co-infinite and let X, ..., X,, be components of G such that for each
i < n, X; is isomorphic to [S;] for some finite S; C w. We define two operations, each of
which takes G to a new computable structure extending G.

e The L-operation L(Xy,...,X,) consists of applying the sequence of operations
XU'Xh Xl'XQ, ceey XnXO to g

e The R-operation R(Xj,...,X,) consists of applying the sequence of operations
X[)'Xn, X1 'X(), N Xn'Xn—l to g

Note that if H is the structure obtained by applying L(Xy, ..., X,) to G and H’ is
the structure obtained by applying R(Xy, ..., X,) to G then H = H'.

7 and Z! be the copies in
At of [3a,], [3as + 1], and [3a, + 2], respectively. Perform L(Y?, X9 Z?) on A° to get
AY,, and perform R(Y}', X!, Z}) on Al to get AL,,. (In order to ensure that A% and
Al are computable, the new numbers added to their domains at this stage are assumed
to be greater than s.) Put the coding location of the old copy of [3as] in A%, (that
is, the copy that was already in AJ) into U? and put the coding location of the new
copy of [3as] in Al into U'. (Figure 2.2 pictures what happens on either side of the
construction. For each i = 0,1, the copy of [3as] whose coding location enters U" is
underlined.)

Now let A° = [J,, A2 and A" = |, AL It is easy to show, by induction using
the definition of the L- and R-operations, that for each s, AY = A! via an isomorphism
that carries U°[s] to U'[s]. (Here U'[s] is the set of all numbers that have entered U*
by the end of stage s.) Furthermore, whenever a component of A% participates in an
operation at stage s + 1, so does the isomorphic component of A!~%. Since A° and A*
have no infinite components, it follows that A° = A! via an isomorphism that carries
U° to U'.

Furthermore, it is still true that U° =, A, since a number is in U° if and only if it
is the coding location of the copy of [3a] in A for some a € A. On the other hand, any

We can now proceed as follows. At stage s + 1, let X!, Y7
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[Bas + 1] [Bas] [Bas + 2]

| | |

[Bas + 1] - [3as] [Bag] - [3as + 2] [Bas + 2] - [3as + 1]
[3as + 1] [3as] [3as + 2]
[Bas + 1] - [3as + 2] [3as] - [3as + 1] [Bas + 2] - [3as]

Figure 2.2: The Basic Coding Strategy (top: A° / bottom: A')

number put into U' at a stage s + 1 is a new number, and is therefore greater than s.
Thus U! is computable.

So we see that the above construction is enough to satisfy (2.1) and (2.2). We now
consider how to satisfy (2.3). Let us begin by attempting to satisfy this property for a
particular computable structure G. That is, we want to ensure that if G = A° then the
image of U° in G is either computable or m-equivalent to A. The way in which we do
this is based on the following observation.

Let U be the image of U° in G and let G[s] denote the stage s approximation to G.
Assume that for all s € w, A%, Al and G[s] have no non-trivial automorphisms.

Suppose that at some stage s, AY has components X°, Y0 Z9 and S A! has
isomorphic components X!, Y!, Z! and S!, respectively, and G[s] has isomorphic com-
ponents X, Y,, Z,, and S, respectively. Now suppose we perform L(Y? X? 79 SY)
on A? to get AY,, and perform R(Y]', X!, Z!,S}) on Al to get AL, ;. Then A%, has
components isomorphic to SY - Y? V0. X% X0. 79 and Z¥-SY, and these are the only
components of AY,; that contain copies of X?, Y2, Z?, or S0. So if X;, Y;, Z,, and S,
do not grow into isomorphic copies of the aforementioned components of A?, | then we
can win immediately by not involving these components in any further operations, thus
guaranteeing that G 2 A°.

So if G = A° then there are only two possibilities. The first is that S, grows into
a copy of Sg - Yy, Y, grows into a copy of Y; - X, X, grows into a copy of X - Z,, and
Zs grows into a copy of Z, - Ss. In this case we will say that G “goes to the left”. The
other possibility is that Y, grows into a copy of S, - Yy, S5 grows into a copy of Z, - S,
Zs grows into a copy of X, - Z,, and X, grows into a copy of Y, - X,. In this case we will
say that G “goes to the right”.

Now, if the coding location of X? is put into U° and the coding location of the new
copy of X! is put into U! then the coding location of the copy of X, that is part of



the component isomorphic to X - Z; is in U. In other words, if G goes to the left then
the coding location of X in G[s] is in U, while if G goes to the right then the coding
location of the copy of X, in G — G[s] is in U. It is easy to conclude from this that if
G goes to the left at all but finitely many stages then U =,, A, while if G goes to the
right at all but finitely many stages then U is computable.

So it is enough to ensure that G either almost always goes to the left or almost always
goes to the right. This can be done by always using the same component of G, which
we will call the special component of G, as S.

That is, we first pick some component of G to be its special component. Say we pick
the one that extends the first copy of [0] to appear in G. (Let us assume that 0 ¢ A.)
At stage 0, we define Aj as above and wait until a copy of [0] is enumerated into G. We
also define ry to be 0. The value of ry will code whether G goes to the left or to the
right at stage s.

At stage s + 1, we let X!, Y} and Z! be the copies in A’ of [3as], [3as + 1], and
[3a, + 2], respectively, and let S¢ be the isomorphic copy in A’ of the special component
S, of G[s]. We wait until copies of X!, Y, and Z! are enumerated into G[s] and then
perform the same operations as before. We then wait until copies of Sy - Y, Y, - X,
X, Zs, and Z, - Sy are enumerated into G. Either the copy of Ss - Y, or that of Z, - S
will extend Ss;. Whichever one it is now becomes Sgy 1. If Sgy1 = S5 - Y, then rgp = 0;
otherwise r, 1 = 1.

The above construction ensures that if G = A° then the special component of G is
infinite. On the other hand, it is not hard to check that it also guarantees that if G
changes direction infinitely often (that is, if 74 does not have a limit) then no component
of A" is infinite, so that G 22 A°. This is because, for each s € w, the copy of the special
component of G[s + 1] in .A;IS“ is a component that participates in an operation for
the first time at stage s + 1.

However, there are two problems with this construction. First of all, it is easy to
check that if G almost always goes to the left then no component of A! is infinite, while
if G almost always goes to the right then no component of A° is infinite. In either case,
(2.1) no longer holds.

We solve this by re-using components in operations. The idea is roughly as follows.
Instead of using four components in our operations, we use six. That is, at stage s+ 1, in
addition to the components mentioned above, we pick two other components B? and C?
of A? and isomorphic components B! and C! of A!l, perform L(Y?, X? 7% B? S? C?)
on A? to get A?,,, and perform R(Y}', X}, Z!, B!, S}, C?) on A; to get AL, ;. (In order
to accommodate the extra components, X’ will be the copy of [6a] in A%L. A similar
change will be made for the other components.)

As long as G is going in the same direction, we designate every other stage as an
isomorphism recovery stage. At such a stage s + 1, if r, = 0 then we let C? be the
component of A? that extends BY_; and let C! be the isomorphic component of Al. On
the other hand, if r, = 1 then we let B! be the component of A! that extends C! ;| and



let B? be the isomorphic component of A?. Whenever G changes direction, we restart
this isomorphism recovery process.

It is straightforward to check that this strategy guarantees that if r, has a limit
then the copies of the special component of G in A° and A' are isomorphic, while still
ensuring that if 7, does not have a limit then no component of A° or A! is infinite. We
will give an example below to illustrate isomorphism recovery.

Another problem that we must face in the full construction is that, in general, we can
not know in advance whether a given computable structure G is isomorphic to A°. So it
is not possible to wait at each stage until the appropriate components are enumerated
into G. To get around this, we introduce the notion of a recovery stage.

At stage s+ 1, where we would have waited for G to provide components Y, X, Z,
Bs, and C, we now simply do not involve copies of the special component of G in our
operations unless these components are provided. (That is, if these components are not
in G[s] then we perform L(Y?, X?, Z?) on A? to get A%, and perform R(Y}!, X}, Z})
on A to get AL, ,.) Furthermore, where we would have waited for Y;, X, Z;, B, Ss,
and Cy to grow into copies of Y - X, X, - Zs, Zs - By, Bs - Ss, S5 - Cy, and Cy - Yy, we
now just declare that we are waiting for these copies to appear in G.

A recovery stage is then a stage s + 1 such that

1. GJs] contains copies of all the components for which we are currently waiting and

2. for each j ¢ Als| that is less than or equal to the number of recovery stages before
stage s + 1, G[s| contains components that can be used as Y;, Xy, Z;, B;, and C;
if a; = j for some ¢t > s.

(These conditions will be made more precise in the full construction, which will be
presented shortly.)

Now suppose that G = A°. Say that G is active at a given stage if isomorphic copies
of its special component participate in the operations performed at that stage. We want
there to be infinitely many recovery stages. This will happen as long as there is a bound
on how often G can be active while waiting for recovery.

Let P be the set of all j € w that do not enter A before the ;' recovery stage. Let
M be the set of all coding locations of copies of [6j], j € P, in G and let N be the set
of all coding locations of copies of [6j], 7 ¢ P, in G. By the definition of recovery stage,
G will be active at each stage s + 1 such that a;, € P. We make it a rule that G is not
active at any other stage. This clearly provides the desired bound on the number of
times G can be active while waiting for recovery.

Arguing as before, we conclude that if G almost always goes to the left then UNM =,,
A, while if G almost always goes to the right then U N M is computable. But P, N,
and U N N are computable, since if we wait until the j™ recovery stage then we can tell
whether j € P, and if j ¢ P then j € A. So if G almost always goes to the left then
U =, A, while if G almost always goes to the right then U is computable. Thus (2.3) is
satisfied for this G.
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We remark that the modification to the construction that we have just described
makes the definition of isomorphism recovery stage a little more complicated, in that
we will not want a stage to be an isomorphism recovery stage unless it is a first stage,
that is, the first stage at which G is active after a recovery stage. We will discuss this
further below.

Before proceeding, let us look at two examples. The first one illustrates what happens
when G recovers. Suppose that s <t < u < v are such that s+1 is a first stage, r;.1 = 0,
v + 1 is the next recovery stage after stage s + 1, and t + 1 and u + 1 are the only two
stages between stages s + 1 and v + 1 at which G is active. Figure 2.3 pictures what
happens on the A° side of the construction. In this figure and in the next one, the
notation R’ is used in place of S?, since this is the notation that we will adopt in the full
construction. This change is made because R, might not be isomorphic to the special
component of Glw] if w4 1 is not a recovery stage.

Note that, by the definition of recovery stage, the special component of G[s| is iso-
morphic to R? and, for each w = s,t,u, G[s] has components Y,,, X, Zy, By, and C,,
isomorphic to Y2, X0 79 B "and C?, respectively.

Since G recovers at stage v + 1, there are two possibilities. The first one is that the
special component of G[v] is isomorphic to one of BY- R?, BY-R?-CY or BY- RY-C?-CY.
In this case, 7,11 = 1.

The second possibility is that the special component of G[v] is isomorphic to R?-C? -
C?-C?. In this case, the component of G[v] that extends C,, must be the one isomorphic
to CV-Y?. From this it follow that the component of G[v] that extends Y, must be the
one isomorphic to ¥,? - X?. Proceeding in this fashion, we see that for each w = s,t,u,
the component of G[v] that extends X, is the one isomorphic to XY - Z2.

Notice that in the previous argument it is crucial that no component of A° other
than the one that extends R participates in operations more than once in the interval
(s,v]. This is the reason for requiring that isomorphism recovery happen only at first
stages.

Our second example illustrates isomorphism recovery. Suppose that s < t < u <
v < w are such that s+ 1 and v + 1 are first stages, t + 1 and u + 1 are the only stages
between s+ 1 and v+ 1 at which G is active, and w + 1 is the first stage after stage v+ 1
at which G is active. Suppose further that r,11 = 11 = 7441 = Top1 = Twe1 = 0.
Figure 2.4 pictures what happens on either side of the construction. The key point to
notice here is that if RY = R} then R extends RY, Rl extends R}, and R’ = R.. This
pattern would allow us to prove by induction that if r; has a limit then each A’ has a
unique infinite component S* and S° =~ S*.

In the full construction, we will of course need to satisfy (2.3) for every computable
directed graph. Let Gy, Gy,... be a standard enumeration of all partial computable
directed graphs. In our construction, we will define the concepts of n-recovery stage,
n-isomorphism recovery stage, and so forth.

Let us first clarify what we mean by a partial computable directed graph. (Here we
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o | |
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b | |

Y)-X)  Xy-Z) Zy-B, By-R-CJ-CY RO-CO-CP-CR CRYY
Figure 2.3: Recovery

use standard notation, as in [15].) A partial computable directed graph G consists of
two 0, 1-valued partial computable functions ®, and ®;, the former unary and the latter
binary, such that if . (x)]}= ®.s(y)}=1 then &, (x,y)]). The graph G (resp. G[s]) is
the graph whose domain has characteristic function ®. (®. ) and whose edge relation
has characteristic function ®; (®; ).

We will be able to satisfy (2.3) for each G, independently. We first need some
notation to allow us to distinguish the components that are used to satisfy (2.3) for a
particular G,,. Fix some one-to-one function from w x w onto w and let (a,b) denote the
image under this function of the ordered pair consisting of a € w and b € w.

2.4 Definition. Let G be a directed graph. We denote by (G), the subgraph of G
consisting of those components C' of G that satisfy both of the following conditions.

1. C is not isomorphic to [z] for any x € w.

2. C contains either a copy of [6n + 3] or a copy of [6(n,j) + ] for some j € w,
l€{1,2,4,5}.

The idea is that the components of (A%), are the ones used in the construction
to satisfy (2.3) for G,, and that (A%), is the subgraph of A’ consisting of all such
components that have participated in operations before stage s + 1.

We also need new L- and R-operations in order to involve components of (A?),, for
different n’s in operations at the same stage.

12
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Figure 2.4: Isomorphism Recovery (top: A° / bottom: A')
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2.5 Definition. Let G be a computable structure in the language of directed graphs
whose domain is co-infinite. Let Ky, K1,..., K, and L be components of G isomorphic
to [yol, 1], .-, [yn] and [z], respectively, where yo,y1,...,yn,z € w. We define two
operations, each of which takes G to a new computable structure extending G.

e The operation (Ky, K7, ..., K,) - L consists of performing the following steps, and
otherwise leaving G unchanged. Create a new copy of [z] using numbers not in
the domain of G. For each ¢ < n, add an edge from the top of this new copy of [z]
to the top of Kj.

e The operation L - (Ko, K1, ..., K,) consists of performing the following steps, and
otherwise leaving G unchanged. For each i < n, create a new copy of [y;] using
numbers not in the domain of G. For each ¢ < n, add an edge from the top of L
to the top of the new copy of [y;].

For example, suppose that L, Ky, and K are copies of [2], [3], and [4], respectively.
Then the operation (Ky, K;) - L consists of extending Ky U K; to a copy of the graph
shown in Figure 2.5, while the operation L - (Ky, K;) consists of extending L to a copy
of that same graph.

top coding location

coding location

coding location

Figure 2.5: The result of either of the operations ([3], [4]) - [2] or [2] - ([3], [4])

2.6 Definition. Let G be a computable structure in the language of directed graphs
whose domain is co-infinite. We say that a component C' of G is a set component if it
is isomorphic to [T] for some finite T' C w. If T is a singleton then we say that C' is a
singleton component.

Let Yg,...,Y,, X, Zy,...,Z,, Bo,..., By, So,-..,5,, and Cy, ..., C,, be components
of G such that for each i« < n, X, Y}, and Z; are singleton components and B;, S,
and C; are set components. We define two operations, each of which takes G to a new
computable structure extending G.

e The L-operation
L(wa"7Yn;X;Z07'"aZn;BD7507CO;"';B’ruSn)On)

14



consists of applying the following sequence of operations to G.

(Yo,...,.Yn) - X, X-(Zo,...,Zy), Zo-Bo, ..., Zn- By,
BO'S()a sy BnS’n7 SO'COa I Sn'Cn7 CO'}/O) ey CnYn

e The R-operation
R(Y()7"'aYn;X;Z()7"'aZn;B07SOaCO;"';Bn7Sn70n>
consists of applying the following sequence of operations to G.

}/E)'CO; ceey YnCna C’0"5’07 R O’N,Sna SO'BO7 ceey STLBTM
Bo-Zo, oy BTy (Zoyers Z0) - X, X - (Yo, ., Vi)

Note that if H is the structure obtained by applying
LYy,...,Y; X Zs, ..., Zy; Bo, So, Co; - - - ; By Sp, Cr)
to G and H’ is the structure obtained by applying
R(Yo,....Yn; X5 Z0,...,Zn; Bo, So,Co; ... ; Bny Sn, Cr)
to G then H = H'.

We now proceed with the construction of A°, A!, U°, and U!. For each i = 0,1, we
first define a computable structure A). At each stage s + 1, we perform an operation
on A’ to get AL, D A% and add an element of the domain of A’ , to U". We then let
A" =, AL In order to guarantee that A’ is computable, we make it a convention
that all numbers added to the domain of A}, at stage s+ 1 to get A} are greater than
s.

Let t > s. We say that a component L of A} or A’ (resp. G,[t] or G,) extends a
component K of A’ (G,[s]) if the domain of K is contained in the domain of L, and that
L properly extends K if this containment is proper. (Note that “L extends K” means
more than just that K can be embedded in L, though it of course implies the latter.)
If L extends K but not properly then we say that L is a component of A’ (G,[s]).

It will be the case that if K and L are distinct components of AY and K is not a
copy of [6k + 1] or [6k + 2| for any k € w then K and L are not extended by the same
component of A°. Thus, since we are not interested in G, unless it is isomorphic to A°,
we can assume without loss of generality that, for each n, s € w, there is an embedding
of G,[s] into A? such that if K and L are distinct components of G,[s] and K is not
a copy of [6k + 1] or [6k + 2] for any k € w then K and L are mapped into distinct
components of AY.

Suppose there is a least stage s such that G,[s] has a component K isomorphic to
[6n + 3] and let ¢ > s. We call the component of G,[t] (resp. G,) that extends K the
special component of G,[t] (G,).

It will be easy to check as we go along that the following are properties of the
construction.

15



1. For each s € w, A? = A! and no component of A’ is embeddable in another
component of A’

2. Let t < s. No component of A isomorphic to one of [6as] or [6(n,as) + 1], | €
{1,2,4,5}, n € w, participates in an operation at stage ¢t + 1.

stage 0. Let AY and A} be computable structures with co-infinite domains, each con-
sisting of one copy of [k] for each k € w. For each n € w, let 1,0 = 0.

stage s+ 1. For each n < s+1, say that s+1 is an n-recovery stage if all of the following
conditions hold.

1. G,[s] has a special component isomorphic to some component of A.
2. (Gnls))n = (Ag)n

3. Let j ¢ A[s] be less than or equal to the number of n-recovery stages before
stage s + 1. There is a component of G,[s] isomorphic to [6j] and for each | €
{1,2,4,5} there is a component of G, [s] isomorphic to [6(n,j) + .

If s+ 1 is an n-recovery stage then, for i = 0, 1, let Sf%s be the component of A% that
is isomorphic to the special component of G,[s]. If s+ 1 is the first n-recovery stage
then let 7, 541 = 0. Otherwise, proceed as follows. Let ¢ = r,, s and let ¢ + 1 be the last
n-recovery stage before stage s+ 1. If S), | extends S, , then let 7, .11 = 7, and otherwise
let Tns+l = 1—2.

If s 4 1 is not an n-recovery stage then let r, ;11 = 7y, .

Now let ng, n1,...,n, be all the numbers n; such that a, is less than the number of
n;-recovery stages less than or equal to s + 1. We say that each n;, j < m, is active at
stage s + 1. For i = 0,1 and j < m, let X[, Y, ., and Z,_  be the components of A]
isomorphic to [6as], [6(n;,as) + 1], and [6(n;, as) + 2], respectively.

For each j < m, let t; +1 < s+ 1 be the last nj-recovery stage. We say that s+ 1
is an n;-first stage if it is the first stage after stage ¢; at which n; is active.

We say that s+ 1 is an nj-change stage if it is an n;-first stage and either t; + 1 was
the first nj-recovery stage or 7, .11 7# T, ;-

We say that s + 1 is an n;-isomorphism recovery stage if it is an n;-first stage but
not an nj-change stage and one of the following conditions holds.

1. The last n;-first stage before stage s + 1 was an n;-change stage.

2. There has been at least one stage at which n; was active after the last nj-
isomorphism recovery stage and before stage s + 1.

For each 7 < m we define components szj,s and Cij t = 0,1. There are two cases.

n;,8)
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1. s+1is an nj-isomorphism recovery stage. If the first condition in the definition of
n;-isomorphism recovery stage holds then let ¢ + 1 be the last n;-first stage, and
otherwise let ¢ + 1 be the first stage after the last n;-isomorphism recovery stage
at which n; was active. There are two subcases.

(a) Ifr,; 541 = 0 thenlet C7  be the component of A that extends By, and let
C,, s be its isomorphic image in A;. For i = 0,1, let B}, be the component
of A’ isomorphic to [6(n;,as) + 4].

(b) Tf 7y, 541 = 1 then let B, be the component of A{ that extends Cy , and let
B, be its isomorphic image in \AJ. For i = 0,1, let C},_ . be the component
of A% isomorphic to [6(n;,as) + 5].

2. s+ 1 is not an nj;-isomorphism recovery stage. For ¢ = 0,1, let B;j’s be the
component of A’ isomorphic to [6(n;,as) + 4] and let quj,s be the component of
A’ isomorphic to [6(n;, as) + 5].

For each 7 < m, proceed as follows. Let ¢ = Tn;s+1 and let £ +1 < s+ 1 be the last
nj-recovery stage. Let R], . be the component of A that extends S}, , and let R, be
its isomorphic image in Al

Now perform

0 0 . x0. 70 0 .po0 o o .
L(Yno,s7 R Ynm,m Xs ) an,s? SR an,s’ Bng,s? Rng,s? Ong,s?
0 1o 0 . .po 0 0
Bn1,57 Rn1,37 Cnl,s7 R Bnm,s’ an,m Cnm,s)
on A? to get A, ; and perform
1 1 .yl gl 1. pl 1 1,
R(Yno,s7 te 7Ynm,s? Xs ) Zno,s’ R an,s? Bno,s7 Rng,s’ Cn0,57
1 1 1. .pl 1 1
Bnl,s’ Rnl,s’ Onl,m R Bnm,37 an,s7 Cnm,s)

on A! to get A, ;. (If no n is active at stage s + 1 then, for j = 0,1, let Y7 and ZJ be
the components of A7 isomorphic to [6(0, as)+1] and [6(0, as) +2], respectively. Perform
L(Y?, X2, Z?) on A? to get A, and perform R(Y}', X}, Z}) on A; to get AL, ,.)

Put the coding location of the copy of [6a,] in A into U® and put the coding location
of the copy of [6a,] in AL, — Al into U*.

This completes the construction. Let A% = J,. A? and A' = (J, AL Since for
each s € w and ¢ = 0,1, all numbers in A%, — A’ are greater than s, A° and A' are
computable. We now wish to argue that properties (2.1)—(2.3) are satisfied. Theorem 1.7
will then follow immediately.

Property (2.2) is easy to establish, so we deal with it first.

2.7 Lemma. U° =, A and U' is computable.

17



Proof. The numbers in U are all coding locations of components of A of the form [6],
J € w, and the coding location of the copy of [67] in AJ is in U? if and only if j € A.
Since given any number we can computably determine whether it is a coding location
in A and if so, for what [k], this means that U° =, A.

Any number put into U' at a stage s + 1 is a new number, that is, one not in the
domain of A!, and hence is greater than s. Thus U is computable. O

In showing that (2.1) and (2.3) are satisfied, we will need a few facts about the
construction. The more obvious ones are given without proof, while the remaining ones
are broken down into easily checked properties of the construction. Figures 2.3 and 2.4
should be helpful here.

We say that a component of A? participates in an operation at stage s+1 if it extends
a component of A% that participates in an operation at stage s + 1.

2.8 Lemma. Let G =2 A° be computable. Given x in the domain of G, we can computably
determine if x is the coding location of a copy of some k], k € w, and if so, for what k.
In particular, the set of coding locations of copies of [67], j € w, in G is computable.

2.9 Lemma. Let K and L be distinct components of A% such that K is not a copy of
6k 4 1] or [6k + 2] for any k € w. K and L are not extended by the same component of
Al

Lemma 2.9 will be used without explicit mention several times below.

2.10 Lemma. A component of A’ is infinite if and only if it participates in operations
infinitely often.

2.11 Lemma. Let k,n € w. Any component of A containing a copy of [6k], [6(n, k)+1],
or [6{n,k) + 2] can participate in an operation at most once. Any component of A’
containing a copy of [6n+ 3|, [6(n, k) + 4], or [6{n, k) + 5] can participate in operations
only at stages at which n s active.

2.12 Lemma. Suppose that rns = i # rpe1. Of all the components of (AY), that
participate in operations before stage s + 1, the only one that can participate in an
operation after stage s is the one that extends S .

Proof. Suppose that a component of (A%), participates in operations at stages t < u
and does not participate in an operation at any stage in (¢,u), and let v be the last
n-change stage before stage u. It is not hard to check that it must then be the case that
t>wv.

Now let ¢t be the first stage after stage s at which n is active. Then t is an n-
change stage, and hence not an n-isomorphism recovery stage. It follows that, of all the
components of (A?), that participate in operations before stage s+ 1, the only one that
participates in an operation at stage t is the one that extends Sf;,,s- The lemma now
follows by induction, using the fact mentioned in the previous paragraph. O
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2.13 Lemma. For each s € w, A? = Al and no component of A. is embeddable
in another component of AL. Furthermore, if a component of A’ participates in an
operation at stage s+ 1 then so does the (unique) isomorphic component of AL~

2.14 Lemma. Suppose that r, s = 1 for all s >t and n is active at stages so + 1 and
s1+ 1, where sy > sg > t. Then RﬁL’Sl extends R!

n,so

2.15 Lemma. Let s+ 1 be an n-recovery stage that is not the first such stage. Let t+ 1
be the last n-recovery stage before stage s + 1. If rps = 0 # 7, 541 then Sgs extends
By, for some u € [t,s). Similarly, if rns =17 n o1 then S}, extends C , for some
u € [t,s).

Proof. The two cases, i = 0 and ¢ = 1, are similar. We do the case 7 = 0.
Since 525 contains a copy of SOt and Tnit+1 = Tns = 0, either 525 extends Sot or

SO extends B}, for some u such that t < u < s. But it cannot be the case that SO
extends SO since that would imply that r, ;41 = 0. D

n,t’

2.16 Lemma. Suppose that r,; =0 (resp. r,, = 1) for allt > sy. Then no component
of (A%),, ((AY),) can participate in an operation more than twice after stage sy unless it
extends R, , (R),,) for somet > sq, while no component of (A"),, ((AO) ) can participate
n an opemtzon more than twice after stage sy unless it extends C (B +) for some
t > sg such that t + 1 is an n-isomorphism recovery stage.

Proof. The two cases, i = 0 and ¢ = 1, are similar. We do the case i = 0.

Suppose that component K of (A°), participates in operations at stages s + 1 <
t+1 < u+1, where s+ 1 > sp, but not at any stage in (¢t + 1,u + 1). Then either
K extends R) , or u + 1 is an n-isomorphism recovery stage and K extends C) ,. We
claim that the latter case cannot hold. Indeed, if K extends CO then K extends BY,
for some v € w. Since K does not participate in operations at any stage in (t+1,u+ 1)
v =t. But since 7,41 = 0, Bn,t is a singleton component. Thus K does not participate
in an operation at stage s + 1, contrary to hypothesis.

Now suppose that component L of (A'),, participates in operations at stages s+1 <
t+1<wu+1, where s +1 > sp, but not at any stage in (¢ + 1,u + 1). Then either L
extends R}, or t + 1 is an n-isomorphism recovery stage and L extends Cy - But in the
former case, u+ 1 is an n-isomorphism recovery stage and, since K does not participate
in operations at any stage in (¢t + 1,u + 1), L extends C’}W. [l

2.17 Lemma. Suppose that s <t < v are such that s+ 1 is an n-isomorphism recovery
stage, Ty = Tnst1 for all w > s, t 4+ 1 is the next stage after stage s + 1 at which n
is active, and v + 1 is the next n-isomorphism recovery stage after stage s + 1. For
i=0,1, let B', R, and C" be the components of A}, that extend B:,, R.,, and C

n,t’ n,t’ n,t’
respectively, and let Bz, RZ, and C' be the components of A that extend B', R, and C",
respectively. If rpsy1 = 0 then B® = B? and R' = R', while if 1,511 = 1 then C' =2 (!

and ﬁo ~ RO,
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Proof. The two cases, ¢ = 0 and ¢ = 1, are similar. We do the case i = 0. It is enough
to show that the components of (A%), and (A'), that extend B® and R, respectively,
do not participate in operations at any stage in (t + 1,v + 1).

Suppose that component K of (AY), participates in operations at stages t + 1 and
u+ 1, where t < u < v. Since no stage in (¢t + 1,v + 1) is an n-isomorphism recovery
stage, K extends R, ,, which in turn extends R, ,. Thus K does not extend B.

Now suppose that component L of (A'), participates in operations at stages ¢t + 1
and u + 1, where t < u < v. Again, no stage in (¢t + 1,v 4+ 1) is an n-isomorphism
recovery stage, so L extends R}w, which in turn extends C%yt. Thus L does not extend
R'. O

2.18 Lemma. Let z be the coding location of a copy of [6as] in component K of A’
Either K contains a copy of [6(n,as) + 1] for some n € w, in which case v ¢ U', or K
contains a copy of [6(n,as) + 2] for some n € w, in which case x € U".

We now wish to show that (2.1) holds. It follows from Lemmas 2.10, 2.13, and 2.18
that it is enough to show that for each infinite component of A’ there is a corresponding
isomorphic component of A=, The first step in establishing this result is characterizing
the infinite components of A’

2.19 Lemma. If r, does not have a limit then no component of (A"),, is infinite.

Proof. Suppose that r, ; = 0 # r, 41 and let ¢ + 1 be the last n-recovery stage before
stage s + 1. By Lemma 2.12, of all the components of (A%),, that have participated in
operations before stage s + 1, the only one that can participate in an operation after
stage s is the component L that extends S}, . By Lemma 2.15, L extends B}, , for some
€ [t,s). But the fact that 7,41 = 0 means that for all u € [t,s), By, is a singleton
component, and hence did not participate in an operation at any stage before stage t+1.
Thus no component of (A°), that participates in an operation before stage t + 1
can do so again after stage s. A similar argument shows that if r, , = 1 # 7, 41 and
t + 1 is the last n-recovery stage before stage s + 1 then no component of (A'), that
participates in an operation before stage t + 1 can do so again after stage s. The lemma
now follows from Lemma 2.10. [

Thus the only components of A’ that can be infinite are those components that are
in (A"), for some n such that r,, has a limit and n is active infinitely often. So, by
the comments preceding Lemma 2.19, to establish that (2.1) holds, it is enough to show
that if r, ¢ has a limit and n is active infinitely often then, for each ¢ = 0, 1, there is
exactly one infinite component S’ of (A"),, and S? = S!. This is what we do in the next
few lemmas.

2.20 Lemma. There are infinitely many n-recovery stages if and only if n is active
infinitely often.
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Proof. By definition, n is active at a stage s+1 if and only if a, is less than the number of
n-recovery stages less than or equal to s+ 1. Thus, if there are finitely many n-recovery
stages then n cannot be active infinitely often.

For the other direction, suppose that there are infinitely many n-recovery stages but
only finitely many stages at which n is active. Let s be the last stage at which n is
active. Now given x € w, let t + 1 be the first stage after stage s by which there have
been x 4+ 1 many n-recovery stages. Then =z € A & = € AJt], since if x were equal to
a, for some u > t then n would be active at stage u 4+ 1. But this means that A is
computable, contrary to hypothesis. O]

2.21 Lemma. If n is active infinitely often and r, s has a limit then there are infinitely
many n-isomorphism recovery stages.

Proof. If n is active infinitely often then, by Lemma 2.20, there are infinitely many
n-recovery stages, and thus infinitely many n-first stages. The fact that 7, , has a limit
implies that only finitely many of these can be n-change stages. The lemma now follows
directly from the definition of n-isomorphism recovery stage. n

2.22 Lemma. Suppose that n is active infinitely often and s and i are such that r,; =
Tns =1 for allt > s. By Lemma 2.21, there are infinitely many n-isomorphism recovery
stages. Let so+1 < sy +1 < --- be the n-isomorphism recovery stages after stage s.
For each j € w, let t; +1 be the next stage after stage s; + 1 at which n is active. (Note
that t; < sji1 for all j € w.) Fort > tg, let K} be the component of Al that extends
R! Then K,fj = Ré,t]- forall j € w.

n,to
Proof. The two cases, i = 0 and ¢ = 1, are similar. We do the case i = 0.

That Ky = R, for all j € w follows from Lemma 2.14.

Now assume by induction that K, = R, . Let B be the component of A7, that
extends B%tj. By construction, B = Ktlj +1- Since sj41 + 1 is an n-isomorphism recovery
stage, C© extends B. Thus, by Lemma 2.17, CY >~ B. By the same lemma,

n,8541 T,85+4+1
1 o gl 0 ~ gl 1 _ Kl
KSHB = Ky 4,80 Chgy N K, ,, and thus Cl'msﬁrl = K, ,. Let R be the cgmponent
~ ~
of .Asj+11+1 thatlextends Rnfsjﬂ' Tglen R= K, 1 ]13ut, by 1Lemma 211, Ry, ., =R
>~ o~ —
and K =K, i q,s0 K, =Ry, ,andhence Ky =R, . [l

For the next two lemmas, we assume the hypotheses of Lemma 2.22 and adopt its
notation. Let S’ be the component of A’ that extends R!

n,S0°

2.23 Lemma. S' is the only infinite component of (A),.

Proof. This follows immediately from Lemmas 2.10, 2.16, and 2.22 and the observation
that, for all j € w, if ¢ = 0 in the hypotheses of Lemma 2.22 then R, extends C,

n,s;’

while if 7 = 1 then R%t]_ extends B?L,s]-' O

2.24 Lemma. S? =~ S}.
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~ 1

Proof. This follows immediately from Lemma 2.22, since, by definition, R?l’tj =R, for

all j € w, and S}, = U, Ry, for i =0, 1. O
As we have argued above, Lemmas 2.23 and 2.24 suffice to establish that (2.1) holds.

2.25 Lemma. A° = A' via an isomorphism that carries U° to U,

We are left with showing that (2.3) holds. This will break down into three steps.
Suppose that G, = A° and let U be the image of U in G,,.

1. We show that r, ; reaches a limit r,,.

2. Let t be such that for all uw > ¢t, r,, = r,. Let A’ be the set of all a, such that
either s < t or the number of n-recovery stages less than or equal to s + 1 is less
than or equal to as. Let N be the set of all z € G, such that x is the coding
location of a copy of [6a], a € A’. We show that A", N, and UNN are computable.

3. Let C be the set of coding locations of copies of graphs of the form [6j], j € w, in
G, and let M = C — N. Note that M is computable. We show that

(a) if r, = 0 then an element x of M is in U if and only if, for some j € A, x is the
coding location of the first copy of [6j] to appear in G,,, so that UNM =,, A,
while

(b) if r,, = 1 then an element x of M is in U if and only if, for some j € w, z is
the coding location of the second copy of [67] to appear in G, so that U N M
is computable.

Since U = (UNN) U (U N M), this is enough to establish that (2.3) holds.

2.26 Lemma. If G, = A° then there are infinitely many n-recovery stages, and hence
the special component of G, is infinite.

Proof. If G,, = A° then G, has a special component. Now suppose that there are only
m many n-recovery stages. Let sy be the last n-recovery stage. (If there are no n-
recovery stages then let sy be the first stage at which G,, has a special component.) By
Lemma 2.20, there is a stage s; > sg such that n is not active at any stage ¢t > s;. If
m = a, for some u > sy then let s = u + 1; otherwise let s = s;.

Consider the components of A" that contain a copy of the special component of
G,. By Lemma 2.11, each such component is finite. Thus, if the first condition in the
definition of n-recovery stage is not eventually satisfied after stage s then the special
component of G,, is not isomorphic to any component of A°.

Now consider (A°),,. Again by Lemma 2.11, (A°),, is finite. So if the second condition
in the definition of n-recovery stage is not eventually satisfied after stage s then (G,),, 2

(A%)n.
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Finally, let j ¢ A[s], j < m, and [ € {1,2,4,5} and consider the components of A°
that contain a copy of [6(n, j) + {]. By the choice of s, j ¢ Als] = j ¢ A, so there is
only one such component and it is isomorphic to [6(n,j) + {]. Similarly, there is only
one component that contains a copy of [6j] and it is isomorphic to [67].

Thus, if the third condition in the definition of n-recovery stage is not eventually
satisfied after stage s then there is a component of A° that is not isomorphic to any
component of G,.

In any case, G, cannot be isomorphic to A", contradicting the hypothesis of the
lemma. So there are infinitely many n-recovery stages.

Now, given any two n-recovery stages ¢ + 1 < w + 1 such that there is a stage in
(t,u] at which n is active, the special component of G, [u] properly extends the special
component of G,[t]. But, by Lemma 2.20, n is active at infinitely many stages. This
establishes the second part of the lemma. O

2.27 Lemma. If G, = A° then r, = lim,r, . is well-defined.
Proof. This follows immediately from Lemmas 2.19 and 2.26. O]

2.28 Lemma. Suppose that G, = A°. Let U be the image of U° under this isomorphism.
By Lemma 2.27, v, = limg 1, 5 s well-defined. Let t be such that for allu > t, 1y, = 1.
Let A’ be the set of all ag such that either s <t or the number of n-recovery stages less
than or equal to s + 1 is less than or equal to as,. Let N be the set of all x € G,, such
that x is the coding location of a copy of [6a], a € A’. Then A’, N, and U N N are
computable.

Proof. By Lemma 2.8, given x in the domain of G,, we can computably determine if x
is the coding location of a copy of some [k], k € w, and if so, for what k.

By Lemma 2.26, there are infinitely many n-recovery stages, so the set of all a, such
that the number of n-recovery stages less than or equal to s + 1 is less than or equal to
as is computable. Thus A" and N are computable.

Now, if x € N then z is the coding location of a copy of [6as] for some s € w. Let K
be the component of G, that contains . By Lemma 2.18, K contains either a copy of
[6(m, as) + 1] for some m € w or a copy of [6(m, as) + 2] for some m € w, but not both,
and x € U N N if and only if K contains a copy of [6(m, as) + 2] for some m € w. Thus
U N N is computable. O

2.29 Lemma. Suppose that s + 1 is an n-recovery stage, but not the first such stage,
and that vy, 511 = 15 = 1. Let t + 1 be the last n-recovery stage before stage s + 1 and
let so+1<s3+1<---<s,+1 be the stages in the interval (t,s] at which n is active.
For each k < m, let Yy, Xy, Z, Bx, Ry and Cy, be Y, ., X! , Z! ., Bl , R, , and

i respectively, and let Y}, X,, Z;, B}, R, and C) be the components of A’ that

n,Sk’

extend Yy, Xy, Zy, By, Ry and Cy, respectively. Then the following hold.
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1. For every k < m, Yy, Xg, Zi, By, and C are components of A%, and so is Ry.
For every k,l <m, R, = R).

2. There exists a component éo of Qn[ t] such that ﬁo = Ry and, for each k < m, there
exist components Yy, Xk, Zx, By, and Cy of Gult] such that Yy, = Yy, Xi = X,
Zk Zk, Bk Bk, and Ck Ck

3. Let E’ be the component of Guls| that extends Ro and, for each k< m, let Yk’,
X,'c, Z,’c, B;g, and C" be the components of G,|s| that extend Yk, Xk, Zk, Bk, and
C’k, respcctwely 6 = Ry and, for each k < m, Y =Y, X = X, Z = 7,
B}, = B, and C}, = C},.
Proof. The first part of the lemma follows from the way Y, , X!, Z! ., Bl , Rl ,
and Cj, . are defined and Lemma 2.14. The second part of the lemma follows from the
definition of n-recovery stage. We prove the third part of the lemma.
The two cases, © = 0 and ¢ = 1, are similar. We do the case ¢ = 0. Figure 2.3 might
be helpful here.
By definition, Ry and }A% are the special components of gn[ ] and G, [s], respectively.

/

Thus, since 7, 341 = 75 = 0 and s+ 1 is an n-recovery stage, R’ = R;. We now proceed

by reverse induction, beginning with m.

It follows from the construction and the first part of the lemma that if K is taken
from among . R Yk’, X,’67 Z,’{, B,’i, and C’k, k< m,and L # K is taken from among R
Y}’, Xl’, Zl’, Bl’, and Cl’, [ < m, then K 22 L. Furthermore, if K is one of Yk’, X,’c, Z,’c, B,;,
or C’,;, and L is a component of A? such that K = L then L is one of Ry, Y/, X], Z],
Bj,or C], 1 > k.

Thus, since we assume by induction that for all j > k, Y’ =Y, X P X Z’ = 7,
B} = B, and C” =~ (%, we may assume that if K is one of Yk, Xk, Zk, Bk7 or C’k and L
is a component of .AO such that K = L then L is one of Ry, Y/, X;, Z,, By, or C].

The only components among Ry, Y., X, Z., By, or C’ that contain copies of O, are
R} and C}. Since R’ = R}, it must be the case that C} = Cj.

The only components among Ry, Y., X, Z;, By, or C” that contain copies of Y, are
C}. and Y. Since = ., it must be the case that Yk’ =Y.

The only components among R, Y/, X;, Z;, By, or C} that contain copies of X,
are Y} and Xj. Since EA/,C/ =Y, it must be the case that )?{C = X,

The only components among Ry, Y), X}, Z;, By, or C}, that contain copies of 7, are
X! and Z]. Since X!, = X/, it must be the case that Z, = Z.

The only components among Ry, Y., X}, Z,, B;, or C} that contain copies of Ek
are Z; and Bj. Since ZQ; = 7, it must be the case that §,’€ = B,. O

2.30 Lemma. Suppose that s + 1 is an n-recovery stage such that vy, s41 = 1. Let
t+1 be the last n-recovery stage before stage s+1 and let j € A[s] — A[t] be less than the
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number of n-recovery stages less than or equal to t + 1. By the definition of n-recovery
stage, there is a unique component K of G,[t] isomorphic to [67]. Let L be the component
of G, that extends K. Then L contains a copy of [6(n, j) + 2] if and only if 1, s+1 = 0.

Proof. Let ¢ =1, ¢11. Let u be such that j = a,. Since t +1 < u < s and j is less than
the number of n-recovery stages less than or equal to ¢+ 1, n is active at stage u+1. So,
adopting the notation of Lemma 2.29, K = X}, for some k. By Lemma 2.11, L = X].
Thus, by Lemma 2.29, L = X;. But X} is the component of A% that extends X', so,
by construction, X, contains a copy of [6(n, j) + 2] if and only if i = 0. O

2.31 Lemma. Suppose that G, = A°. Let U be the image of U° under this isomorphism.
Then either U is computable or U =, A.

Proof. Let N be as in Lemma 2.28. Let C be the set of coding locations of copies
of graphs of the form [6j], j € w, in G, and let M = C — N. By Lemmas 2.8 and
2.28, C' and N are computable, and hence so is M. By Lemma 2.28 and the fact that
U={UNN)U(UnNM), it is enough to show that either UNM =, Aor UN M is
computable.

But, combining Lemmas 2.18 and 2.30, we conclude that

1. if r, = 0 then an element x of M is in U if and only if, for some j € A, x is the
coding location of the first copy of [67] to appear in G,,, so that UNM =, A, while

2. if r, = 1 then an element x of M is in U if and only if, for some j € w, x is
the coding location of the second copy of [67] to appear in G,, so that U N M is
computable.

]

Theorem 1.7 follows from Lemmas 2.7, 2.25, and 2.31. [

3 Proof of Theorem 1.9

1.9. Theorem. Let {A;}ic., be a uniformly c.e. (u.c.e.) collection of sets. There exists
an intrinsically c.e. relation U on the domain of a computable structure A such that

DgSp 4(U) = {deg(A;) | i € w}.

Proof. Let {A;}ic, be au.c.e. collection of sets. Let A = €, Ai = {(i,7) | * € A;} and
let ag,aq, ... be a computable enumeration of A. Let A[0] =0, A[s + 1] = {ao,...,as}.
For a € w, m(a) will denote the first coordinate of the ordered pair coded by a. That is,
if @ = (i, x) then 7(a) = i.

We wish to construct computable structures A%, i € w, and for each such structure
a corresponding unary relation U’ on the domain of A?, so that for all 4,5 € w, the
following properties hold.
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(3.1) A* =~ A via an isomorphism that carries U’ to U7.

(3.3) If G = A" is a computable structure then the image of U° in G is m-equivalent
to Ay for some k € w.

The construction will be similar to the one in Section 2, as will the proof that the
above properties hold. In this section, we restrict ourselves to pointing out the necessary
changes.

We assume without loss of generality that, for all i € w, A; # () and A; # w. We also
assume that A is not computable. (If A is computable then {deg(4;) | i € w} = {0},
and it is obvious that there exists a relation on the domain of a computable structure
with degree spectrum {0}.)

The basic idea is the following. Suppose that at stage s+1 we perform an L-operation
involving copies of [6as] and appropriate special components on AQ(%) and perform the
corresponding R-operation on each AJ, j # m(a,), and that we then put the coding
location of the old copy of [6a] in A7) into U™as) and, for each j # m(as), we put the
coding location of the new copy of [6a,] in A7 into U’. Then the coding location z of a
copy of [6(i, k)], k € w, in A" is in U’ if and only if x € A} and k € A;. On the other
hand, the coding location of a copy of [6(j, k)], k € w, j # i, is in U* if and only if it is
not in Aj. Thus (3.2) is satisfied.

However, there is a problem in defining the isomorphism recovery mechanism used
to satisfy (3.1), due to the fact that both L- and R-operations are applied to a given A°
during the construction. We deal with this by separating the stages at which elements
enter the U* from the stages at which isomorphism recovery can happen, reserving the
even stages for the former purpose and the odd ones for the latter. (As before, we will
say that n is active at a stage if copies of the special component of G, participate in
operations at that stage, but the conditions that must be satisfied for this to happen
will depend on whether the stage is even or odd.)

We now give the full description of the construction of the A* and U*.

stage 0. Let each AY, i € w, be a computable structure with co-infinite domain, consist-
ing of one copy of [k] for each k € w. For each n € w, let r, o = 0.

stage 2s + 1. For each n < s + 1, say that 2s + 1 is an n-recovery stage if all of the
following conditions hold.

1. G,[2s] has a special component isomorphic to some component of AY,. (Here
“special component” has the same meaning as in the previous section.)

2. (Gn[28])n = (A(Q)s)n‘
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3. Let j ¢ A[s] be less than or equal to the number of n-recovery stages before
stage 2s+ 1. There is a component of G,,[2s] isomorphic to [6j], for each | € {1,2}
there is a component of G,[2s| isomorphic to [6(n, j) + ], and for each [ € {10,11}
there is a component of G,[2s] isomorphic to [12(n, 7) + (].

4. Let ¢ be the number of n-recovery stages before stage 2s 4+ 1. For each [ € {4,5}
there is a component of G,[2s] isomorphic to [12(n, c) 4 ].

If 25 4 1 is an n-recovery stage then, for i € w, let S}, be the component of Aj,
that is isomorphic to the special component of G,[2s]. If 2s 4+ 1 is the first n-recovery
stage then let r, 2541 = 0. Otherwise, proceed as follows. Let ¢ =, 9, and let 2t 4+ 1 be
the last n-recovery stage before stage 2s + 1. If S, extends S}, o, then let 7y, 5541 = i.
Otherwise, let ¢ be the number of n-change stages (defined below) before stage 2s + 1
and let ry, 0511 = 7(c).

If 2s + 1 is not an n-recovery stage then let 7, 9511 = 75 25.

We say that 2s + 1 is an n-change stage if it is the first n-recovery stage or r,, 2541 #
Tn2s. We say that 2s 41 is an n-isomorphism recovery stage if it is an n-recovery stage
but not an n-change stage and one of the following conditions holds.

1. The last n-recovery stage before stage 2s + 1 was an n-change stage.

2. There has been at least one stage at which n was active after the last n-isomor-
phism recovery stage and before stage 2s + 1.

Let ng,ny,...,n,, be all the numbers n; such that 2s+41 is an ng-recovery stage. We
say that each ny, k < m, is active at stage 2s + 1. For each k < m, proceed as follows.
Let i = ry, 2511 and let 2t +1 < 25 + 1 be the last ng-recovery stage. Let R! be the

X N ,28
component of Aj, that extends S, ,, and, for each j # i, let R} .
:’Lk,QS

be the isomorphic

image of R in A;'S. Let ¢ be the number of ni-recovery stages before stage 2s + 1.

For each k < m, we define components B? . and C? J € w. There are two cases.

ng,2s ng,2s’

1. 2s+ 1 is an ng-isomorphism recovery stage. If the first condition in the definition
of ng-isomorphism recovery stage holds then let ¢+ 1 be the last ni-recovery stage,
and otherwise let £ + 1 be the first stage after the last ng-isomorphism recovery
stage at which n; was active. Let szk,,Zs be the component of A}, that extends
Bi ,and, for j # i, let C7_,, be the isomorphic image of C?, ,, in Aj,. For j € w,

let B ., be the component of A}, isomorphic to [12(ng, cx) + 4].

ng,28

2. 2s + 1 is not an ny-isomorphism recovery stage. For j € w, let B’ and C?

. ny,2s ng,2s
be the components of Aj, isomorphic to [12{ng, cx) + 4] and [12{ng, cx) + 5], re-
spectively.

For each i € w, we define operations O, ..., O! as follows. If i = r,, 2,41 then let

i = L(B i i ). Otherwise, let O% = R(B: : h2s)-

ng,25% * "ng,2s) ~'ng,2s ng,257 * 'ng,2s)
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For each ¢ € w, perform the sequence of operations O, ..., 0!, on A, to get A} ;.

stage 25 + 2. For each n € w, let 1, 2542 = 12541

Let | = 7(as). Let ng,nq,...,n, be all the numbers n; such that a, is less than
the number of n;-recovery stages before stage 2s + 2. We say that each n;, j < m, is
active at stage 2s +2. For i € w and j < m, let X5\, Yo ooi1, 2o 061y By, 0er1s and
Ch, 2541 be the components of A; ., isomorphic to [6as], [6(n;, as) + 1], [6(n;, as) + 2],
[12(n;, as) + 10], and [12(n;, as) + 11], respectively.

For each k < m, proceed as follows. Let i = r,, 2512 and let 2¢ 4 1 be the last ny-
recovery stage before stage 2s+2. Let Rf%% 41 be the component of Aj_,, that extends
S’L

! o and, for each j # i, let R} ,. ., be the isomorphic image of R, , ., in A}, ;.

Now perform

l l . l .7l l . nl l l .
L(Yno,Zs—i—l? R ’Ynm,25+17 X23+1? Zn0,25+1’ R an,25+1? Bn0725+1? Rn0,25+17 On0723+17

l [ l . .l l l
Bn1,2s+17 Rnl,Qs—‘rl? Cnl,Zs—l—l? et Bnm,2s+17 an,Qs—H? C’nm,Zs—i—l)

on Ab ., to get A5, and, for each j # I, perform

J J .YJ .7 J . RJ J J .
R(Yno,2s+l7 te 7Ynm,28+17 X25+17 Zn0,25+17 M) an,25+17 Bno,2s+17 Rng,Qs—i—l’ Cno,2s+17

J J J . . RJ J J
Bn1,25+17 Rnl,Qs—‘rl? Cnl,Zs—l—l? et Bnm,Qs—l—l? an,Qs—‘rl? Cnm,Qs—i—l)

on A%S“ to get .A%Hz. (If no n is active at stage 2s + 2 then, for each i € w, let Y3,
and Zi ., be the components of Aj, ., isomorphic to [6(0,as) + 1] and [6(0, as) + 2],
respectively. Perform L(Yy, ,, X5 1, Z5 1) on AL, to get A, ., and, for each j # [,
perform R(Y3, 1, X341, Z5,11) on Ajgy to get Al,.)

Put the coding location of the copy of [6a,] in A} into U' and, for each j # [, put
the coding location of the copy of [6a,] in A3, , — A}, into U7

This completes the construction. For each i € w, let A" = J,, AL As previously
remarked, the proof that (3.1)—(3.3) are satisfied is similar to what we did in Section 2.
We begin by showing that (3.2) is satisfied.

3.1 Lemma. For eachi € w, U’ =, A;.

Proof. 1f k is the coding location of a copy of [6{i, z)] in A’ then k € U if and only if
k € A} and x € A;. On the other hand, if k is the coding location of a copy of [6(], z)]
in A’ for some z € w, j # i, and k enters U’ at stage s + 1 then k is a new number at
that stage, and hence is greater than s. O]

Lemmas 2.8, 2.9, 2.10, 2.11, 2.12, 2.14, and 2.18 still hold, as do the following versions
of Lemmas 2.13, 2.15, 2.16, and 2.17. In all cases, the reasoning is basically the same
as in Section 2.
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3.2 Lemma. Leti,j,s € w. A, = Al and no component of A% is embeddable in another
component of A.L. Furthermore, if a component of A’ participates in an operation at
stage s + 1 then so does the (unique) isomorphic component of Al.

3.3 Lemma. Let 2s+1 be an n-recovery stage that is not the first such stage. Let 2t+1
be the last n-recovery stage before stage 2s + 1 and suppose that 1941 = © 7 Th2s41-

Then for some u € [t,s), S}, extends one of B}, 5., By gyi1, 07 Ch oy

3.4 Lemma. Suppose that r,; = i@ for all t > s. Then no component of (A"), can
participate in an operation more than twice after stage s unless it extends tht for some
t > s, while for j # i, no component of (Aj)n can participate in an operation more
than twice after stage s unless it extends C}, for some t > s such that t + 1 is an
n-isomorphism recovery stage.

3.5 Lemma. Suppose that s <t < v are such that s + 1 is an n-isomorphism recovery
stage, Tny = Tnst1 for allu > s, t + 1 is the next stage after stage s + 1 at which n is
active, and v + 1 is the next n-isomorphism recovery stage after stage s +1. For j € w,
let BY and R? be the components of Al 1.1 that extend B, mt and Rnt, respectwely, and let

B’ and 7 be the components of A’ that extend B’ and R, respectively. Then Bi~ Bi
and, for j #1, R = R/,

We now wish to show that (3.3) is satisfied. Lemma 2.20 still holds, and hence so
does Lemma 2.26. In both cases the proofs are essentially the same as in Section 2.
Using Lemma 3.3 in place of Lemma 2.15, we can prove Lemma 2.19 in much the same
way as before. (Notice that the way we define 7, 9541 guarantees that if r, ; does not
have a limit then for each i € w there are infinitely many stages s such that r, s = i.)
Now Lemma 2.27 follows, as before, from Lemmas 2.19 and 2.26.

Lemmas 2.28 and 2.29 still hold, with essentially the same proofs as in Section 2,
provided that, in the latter lemma, we make the obvious changes arising from the fact
that if n is active at stage 25+ 1 then the components B}, ,,, R}, ,,, and C}, ,, are defined
but the components Y, X  and Z¢,_ are not.

n,2s’ n,2s
Now the following lemma can be proved in basically the same way as Lemma 2.30.

n,2s’ ~'n,2s’

3.6 Lemma. Suppose that 2s 4+ 1 is an n-recovery stage such that v, 9.41 = Tn2s. Let
2t + 1 be the last n-recovery stage before stage 2s + 1 and let j € Als] — A[t] be less
than the number of n-recovery stages less than or equal to 2t + 1. By the definition of
n-recovery stage, there is a unique component K of G,[2t| isomorphic to [6j]. Let L be
the component of G, that extends K. Then L contains a copy of [6(n,7) + 2] if and only
if Tnasi1 = 7(j).

The previous lemma allows us to establish that (3.3) is satisfied.

3.7 Lemma. Suppose that G, = A°. Let U be the image of U under this isomorphism.
Then U =,, A; for some i € w.
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Proof. Let N and M be as in the proof of Lemma 2.31. By Lemma 2.28, it is enough to
show that U N M =, A, for some ¢ € w. By Lemma 2.27, r,, s has a limit 7. Let M, be
the set of elements of M that are coding locations of copies of graphs of the form [6n],
mw(n) =14, and let My = M — M. Note that M, and M; are computable.

Now, combining Lemmas 2.18 and 3.6, we see that

1. an element x of My is in U if and only if, for some j € A;, z is the coding location
of the first copy of [6(7, j)| to appear in G,, while

2. an element x of M is in U if and only if, for some k£ € w, x is the coding location
of the second copy of [6k] to appear in G,,.

SoUNMy=, A; and U N M is computable, and thus U N M =, A;. O

We are left with showing that (3.1) is satisfied. Lemma 2.21 still holds, with basically
the same proof as before. Lemma 2.22 still holds, but the proof needs to be slightly
modified, so we restate the lemma and give the new proof.

3.8 Lemma. Suppose that n is active infinitely often and s and i are such that r,; =
Tns =1 for allt > s. By Lemma 2.21, there are infinitely many n-isomorphism recovery
stages. Let so+1 < s3+1 < --- be the n-isomorphism recovery stages after stage s.
For each j € w, let t; + 1 be the next stage after stage s; + 1 at which n is active. (Note
that t; < sj11 for all j € w.) Fort > ty, let K} be the component of AL that extends
R! Then K,fj = Rfl,tj forall j € w.

n,to *

Proof. That Ksij = R;,Sj for all j € w follows from Lemma 2.14.

Now let [ # ¢ and assume by induction that Kfj = Rﬁ%tj. Let B be the component
of Af;jﬂ that extends Bfmj. By construction, B = Kfﬁl. Since sj41 + 1 is an n-
isomorphism recovery stage, C”, extends B. Thus, by Lemma 3.5, C", = B. By

,85+1 5541

l ~ 77l i ~ 17l l — Kl
the same lemma, K, = K; ., s0C;, . =K, ,andhenceC, =K, . LetRbe
i i ~ 717l
the component of As]~+1+1 that extends ), ;. Then R= K, .,. But, by Lemma 2.11,
i ~ 1 ~ l l ~ DI l _ nl
R, ., =Rand K, =K, y,s0K, =R,  andhence Ky =R, . O]

If we assume the hypotheses of Lemma 3.8 and let S! be the component of A’

that extends Riz,so then we can prove Lemma 2.23 in the same way as before, using

Lemma 3.4 in place of Lemma 2.16. Furthermore, the following version of Lemma 2.24
follows directly from Lemma 3.8.

3.9 Lemma. Assume the hypotheses of Lemma 3.8 and let S, be the component of Al
that extends R, , . Then Sk = S. for all k,l € w.

By the same reasoning as in Section 2 (using Lemma 3.2 in place of Lemma 2.13),
Lemmas 2.23 and 3.9 suffice to establish that (3.1) is satisfied.

3.10 Lemma. For each i,j € w, A* = A7 via an isomorphism that carries U to U7.

Theorem 1.9 follows from Lemmas 3.1, 3.7, and 3.10. |
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4 Proof of Theorem 1.11

1.11. Theorem. Let o € w U {w} and let b > 0 be an «a-c.e. degree. There exists
an intrinsically a-c.e. relation V' on the domain of a computable structure B such that

DgSpg(V) = {0,b}.

Proof. Let a € wU {w} and let B be an a-c.e. set that is not computable. It follows
immediately from Definition 1.10 that there exist a computable sequence by, by, ... € w
and a function f such that

1. either & < w and f(z) = a for all x € w or & = w and f is computable,
2. [{s | bs = z}| < f(x) for all z € w, and
3. xeB< |[{s|b;=x}=1mod 2.

Since the a = 0 case is trivial, we may assume without loss of generality that f(z) > 0
for all z € w.

We wish to construct computable structures B° and B! and unary relations V° and
V! on the domains of B® and B!, respectively, so that the following properties are
satisfied.

(4.1) B® = B! via an isomorphism that carries V° to V1.
(4.2) VO =, B and V! is computable.

(4.3) If G = B is a computable structure then the image of V? in G is either com-
putable or m-equivalent to B.

For each s € w, let ¢; = |[{t < s | by = bs}| and let a5 = (bs, cs). Let A ={ag,ay,...}.
A is clearly c.e. but not computable, so we can follow the construction in Section 2 to
obtain computable structures A° and A' and relations U° and U' on the domains of A°
and A', respectively, satisfying properties (2.1)-(2.3). (We assume that the construction
has been carried out in such a way that the domains of A° and A' are co-infinite.)

Now, for i = 0,1, proceed as follows. Add a node to A’ and add an edge from
this node to each node of A’. For each j € w and each sequence of components
Lo, Ly, ..., L;)—1 such that each L contains a copy of [6(j, k)], add an element x
(which will be said to be a j-coding node) to the domain of A* and, for each k < f(3),
add an edge from x to the coding location of the copy of [6(j, k)] in Li. The resulting
graph is B°.

Clearly, we can build each B' so that it is a computable graph. We now define a
relation V' on the domain of Bi. Let K* be the set of coding nodes in B'.

Let j € w and let x be a j-coding node in B¢. By construction, there exist components
Lo, ..., Lg)-1 of A’ such that, for each k < f(j), Ly contains a copy of [6(j, k)] whose
coding location y; is attached to z. Let ¢'(x) be the least k < f(j) such that y, ¢ U,
if such a k exists, and let ¢'(z) = f(j) otherwise. Now let V' = {z € K' | ¢'(z) is odd}.
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4.1 Lemma. B° = B! via an isomorphism that carries VO to V1.

Proof. By (2.1), A° = A! via an isomorphism that carries U to U'. Tt is straightforward
to extend this isomorphism to an isomorphism h : B® = B!, The fact that h(U") = (U")
implies that if z € K then (z) = ¢*(h(x)). Thus h(V") = V% O

4.2 Lemma. Suppose that G is computable and h : B® = G. Let U = h(U°) and
V = h(VY). If U is computable then so is V, while if U =,, A then V =,, B.

Proof. Let G’ = h(A°) and K = h(K?). Note that both G’ and K are computable. Let
Jj € wand let x be a j-coding node in G, by which we mean that © = h(z) for some
j-coding node z in A°. By construction, there exist components Ly, ..., Lyy—1 of G
such that, for each k < f(j), Lx contains a copy of [6(j, k)] whose coding location yj is
attached to x. Let c(x) be the least k& < f(j) such that y, ¢ U, if such a k exists, and
let c(x) = f(j) otherwise. Note that, by the definition of V° x € V if and only if ¢(z)
is odd.

By (2.3), either U is computable or U =,, A. First suppose that U is computable.
Then there is a computable procedure for determining ¢(z) given x € K, and thus V' is
computable.

Now suppose that U =,, A. Let M be as defined in the proof of Lemma 2.31. Let
r € K and let yo,...,yp;)-1 be as above. Let d(x) be the least k such that, for all
m =k, Yy € M and y,, is the coding location of the first copy of [6(j, m)] to appear
in G, if such a k exists, and let d(x) = f(j) otherwise. Note that there is a computable
procedure for determining d(x) given = € K.

If d(z) > 0 then clearly (j,d(x) —1) € A. But this means that, in fact, (j, k) € A for
all k£ < d(z). It follows that we can computably determine whether y;, € U for k < d(x).
SoS={reK|c(zx)<dx)}, T=K-S,and VNS are computable.

Now let z € T" be a j-coding node and let 4y, . .., y#(j)—1 be as above. By the definition
of T, o, ..., Ya@-1 € U, s0 (j, k) € Aforall k < d(x). But, by the definition of d(x),
for each k > d(x), yp € U if and only if (j, k) € A. So c(x) = {k| (j, k) € A}| =
{t|b;=7}|. Thus x € V if and only if j € B, and hence V. NT =, B. Since
V=(WVnS)u(VnT),it follows that V =, B. O

4.3 Corollary. V° = B and V! is computable.

4.4 Corollary. Suppose that G is computable and h : B =2 G, and let V = h(V"). Then
either V' is computable or V =,, B.

Theorem 1.11 follows from Lemma 4.1 and Corollaries 4.3 and 4.4. |

As mentioned in Section 1, the modifications to the proof of Theorem 1.7 presented
in this section can be combined with those presented in Section 3 to yield the following
result.
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1.12. Theorem. Let o € w U {w} and let {A;}icw be a uniformly a-c.e. collection

of sets. There exists an intrinsically a-c.e. relation V' on the domain of a computable
structure B such that DgSpg(V') = {deg(4;) | i € w}.
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