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Preface

Random walk — the stochastic process formed by successive summation of independent, identically
distributed random variables — is one of the most basic and well-studied topics in probability
theory. For random walks on the integer lattice Z¢, the main reference is the classic book by
Spitzer [16]. This text considers only a subset of such walks, namely those corresponding to
increment distributions with zero mean and finite variance. In this case, one can summarize the
main result very quickly: the central limit theorem implies that under appropriate rescaling the
limiting distribution is normal, and the functional central limit theorem implies that the distribution
of the corresponding path-valued process (after standard rescaling of time and space) approaches
that of Brownian motion.

Researchers who work with perturbations of random walks, or with particle systems and other
models that use random walks as a basic ingredient, often need more precise information on random
walk behavior than that provided by the central limit theorems. In particular, it is important to
understand the size of the error resulting from the approximation of random walk by Brownian
motion. For this reason, there is need for more detailed analysis. This book is an introduction
to the random walk theory with an emphasis on the error estimates. Although “mean zero, finite
variance” assumption is both necessary and sufficient for normal convergence, one typically needs
to make stronger assumptions on the increments of the walk in order to get good bounds on the
error terms.

This project embarked with an idea of writing a book on the simple, nearest neighbor random
walk. Symmetric, finite range random walks gradually became the central model of the text.
This class of walks, while being rich enough to require analysis by general techniques, can be
studied without much additional difficulty. In addition, for some of the results, in particular, the
local central limit theorem and the Green’s function estimates, we have extended the discussion to
include other mean zero, finite variance walks, while indicating the way in which moment conditions
influence the form of the error.

The first chapter is introductory and sets up the notation. In particular, there are three main
classes of irreducible walks in the integer lattice Z% — P, (symmetric, finite range), P!, (aperiodic,
mean zero, finite second moment), and P; (aperiodic with no other assumptions). Symmetric
random walks on other integer lattices such as the triangular lattice can also be considered by
taking a linear transformation of the lattice onto Z<.

The local central limit theorem (LCLT) is the topic for Chapter 2. Its proof, like the proof of the
usual central limit theorem, is done by using Fourier analysis to express the probability of interest
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in terms of an integral, and then estimating the integral. The error estimates depend strongly
on the number of finite moments of the corresponding increment distribution. Some important
corollaries are proved in Section 2.4; in particular, the fact that aperiodic random walks starting
at different points can be coupled so that with probability 1 — O(n_l/ 2) they agree for all times
greater than n is true for any aperiodic walk, without any finite moment assumptions. The chapter
ends by a more classical, combinatorial derivation of LCLT for simple random walk using Stirling’s
formula, while again keeping track of error terms.

Brownian motion is introduced in Chapter 3. Although we would expect a typical reader to
already be familiar with Brownian motion, we give the construction via the dyadic splitting method.
The estimates for the modulus of continuity are given as well. We then describe the Skorokhod
method of coupling a random walk and a Brownian motion on the same probability space, and
give error estimates. The dyadic construction of Brownian motion is also important for the dyadic
coupling algorithm of Chapter 7.

The Green’s function and its analog in the recurrent setting, the potential kernel, are studied
in Chapter 4. One of the main tools in the potential theory of random walk is the analysis of
martingales derived from these functions. Sharp asymptotics at infinity for the Green’s function
are needed to take full advantage of the martingale technique. We use the sharp LCLT estimates of
Chapter 2 to obtain the Green’s function estimates. We also discuss the number of finite moments
needed for various error asymptotics.

Chapter 5 may seem somewhat out of place. It concerns a well-known estimate for one-dimensional
walks called the gambler’s ruin estimate. Our motivation for providing a complete self-contained
argument is twofold. Firstly, in order to apply this result to all one-dimensional projections of a
higher dimensional walk simultaneously, it is important to shiw that this estimate holds for non-
lattice walks uniformly in few parameters of the distribution (variance, probability of making an
order 1 positive step). In addition, the argument introduces the reader to a fairly general technique
for obtaining the overshoot estimates. The final two sections of this chapter concern variations of
one-dimensional walk that arise naturally in the arguments for estimating probabilities of hitting
(or avoiding) some special sets, for example, the half-line.

In Chapter 6, the classical potential theory of the random walk is covered in the spirit of [16]
and [10] (and a number of other sources). The difference equations of our discrete space setting
(that in turn become matrix equations on finite sets) are analogous to the standard linear partial
differential equations of (continuous) potential theory. The closed form of the solutions is important,
but we emphasize here the estimates on hitting probabilities that one can obtain using them. The
martingales derived from the Green’s function are very important in this analysis, and again special
care is given to error terms. For notational ease, the discussion is restricted here to symmetric walks.
In fact, most of the results of this chapter hold for nonsymmetric walks, but in this case one must
distinguish between the “original” walk and the “reversed” walk, i.e. between an operator and
its adjoint. An implicit exercise for a dedicated student would be to redo this entire chapter for
nonsymmetric walks, changing the statements of the propositions as necessary. It would be more
work to relax the finite range assumption, and the moment conditions would become a crucial
component of the analysis in this general setting. Perhaps this will be a topic of some future book.

Chapter 7 discusses a tight coupling of a random walk (that has a finite exponential moment)
and a Brownian motion, called the dyadic coupling or KMT or Hungarian coupling, originated in
Kémlos, Major, and Tusnddy [7, 8]. The idea of the coupling is very natural (once explained), but
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hard work is needed to prove the strong error estimate. The sharp LCLT estimates from Chapter
2 are one of the key points for this analysis.

In bounded rectangles with sides parallel to the coordinate directions, the rate of convergence of
simple random walk to Brownian motion is very fast. Moreover, in this case, exact expressions are
available in terms of finite Fourier sums. Several of these calculations are done in Chapter 8.

Chapter 9 is different from the rest of this book. It covers an area that includes both classical
combinatorial ideas and topics of current research. As has been gradually discovered by a number
of researchers in various disciplines (combinatorics, probability, statistical physics) several objects
inherent to a graph or network are closely related: the number of spanning trees, the determinant
of the Laplacian, various measures on loops on the trees, Gaussian free field, and loop-erased walks.
We give an introduction to this theory, using an approach that is focused on the (unrooted) random
walk loop measure, and that uses Wilson’s algorithm [18] for generating spanning trees.

The original outline of this book put much more emphasis on the path-intersection probabilities
and the loop-erased walks. The final version offers only a general introduction to some of the main
ideas, in the last two chapters. On the one hand, these topics were already discussed in more
detail in [10], and on the other, discussing the more recent developments in the area would require
familiarity with Schramm-Loewner evolution, and explaining this would take us too far from the
main topic.

Most of the content of this text (the first eight chapters in particular) are well-known classical
results. It would be very difficult, if not impossible, to give a detailed and complete list of refer-
ences. In many cases, the results were obtained in several places at different occasions, as auxiliary
(technical) lemmas needed for understanding some other model of interest, and were therefore not
particularly noticed by the community. Attempting to give even a reasonably fair account of the
development of this subject would have inhibited the conclusion of this project. The bibliography
is therefore restricted to a few references that were used in the writing of this book. We refer
the reader to [16] for an extensive bibliography on random walk, and to [10] for some additional
references.

This book is intended for researchers and graduate students alike, and a considerable number
of exercises is included for their benefit. The appendix consists of various results from probability
theory, that are used in the first eleven chapters but are however not really linked to random walk
behavior. It is assumed that the reader is familiar with the basics of measure-theoretic probability
theory.

& The book contains quite a few remarks that are separated from the rest of the text by this typeface. They
are intended to be helpful heuristics for the reader, but are not used in the actual arguments.

A number of people have made useful comments on various drafts of this book including stu-
dents at Cornell University and the University of Chicago. We thank Christian Benes, Juliana
Freire, Michael Kozdron, José Truillijo Ferreras, Robert Masson, Robin Pemantle, Mohammad Ab-
bas Rezaei, Nicolas de Saxcé, Joel Spencer, Rongfeng Sun, John Thacker, Brigitta Vermesi, and
Xinghua Zheng. The research of Greg Lawler is supported by the National Science Foundation.
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Introduction

1.1 Basic definitions

We will define the random walks that we consider in this book. We focus our attention on random
walks in Z? that have bounded symmetric increment distributions although we occasionally discuss
results for wider classes of walks. We also impose an irreducibility criterion to guarantee that all
points in the lattice Z% can be reached.

Fig 1.1. The square lattice Z?

We start by setting some basic notation. We use z,y, z to denote points in the integer lattice
74 = {(:Ul, e ,:Ed) = Z}. We use superscripts to denote components, and we use subscripts
to enumerate elements. For example, x,Z9,... represents a sequence of points in Z¢, and the
point x; can be written in component form x; = (le, .. ,x?). We write e; = (1,0,...,0),...,e4 =
(0,...,0,1) for the standard basis of unit vectors in Z%. The prototypical example is (discrete
time) simple random walk starting at = € Z¢. This process can be considered either as a sum of a
sequence of independent, identically distributed random variables

Sp=r+X1+- -+ X,
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where P{X; = e,} = P{X; = —ex} = 1/(2d),k = 1,...,d, or it can be considered as a Markov
chain with state space Z% and transition probabilities

1
P{Sn+1:z|5n:y}:2—d, z—y € {£ey,... L eq}.

We call V = {x1,...,2;} C Z4\ {0} a (finite) generating set if each y € Z? can be written as
kizi 4 -+ kjx; for some kq,...,k € Z. We let G denote the collection of generating sets V with
the property that if 2 = (2!,...,2%) € V then the first nonzero component of x is positive. An
example of such a set is {e1,...,eq}. A (finite range, symmetric, irreducible) random walk is given
by specifying a V' = {z1,...,2;} € G and a function x : V' — (0, 1] with x(z1) + - + s(z;) < 1.
Associated to this is the symmetric probability distribution on Z%

1
plax) = p(-2x) = 5 wlzr),  p(0) =1- ) s(2).
zeV
We let P, denote the set of such distributions p on Z% and P = Ug>1Pq. Given p the corresponding
random walk S,, can be considered as the time-homogeneous Markov chain with state space Z¢ and
transition probabilities

p(y,2) == P{Shs1=2| S =y} =p(z —y).
We can also write

Sn:SO+X1++Xn

where X7, Xo, ... are independent random variables, independent of Sy, with distribution p. (Most
of the time we will choose Sy to have a trivial distribution.) We will use the phrase P-walk or
Pg-walk for such a random walk. We will use the term simple random walk for the particular p
with

1
2%
We call p the increment distribution for the walk. Given p € P, we write p,, for the n-step
distribution

ple)) =pl—e)) = ooy G=1L.....d.

pn(z,y) =P{Sp =y | So =z}

and pp(x) = p,(0,2). Note that p,(-) is the distribution of Xj + --- + X,, where Xq,...,X,, are
independent with increment distribution p.

& In many ways the main focus of this book is simple random walk, and a first-time reader might find it useful
to consider this example throughout. We have chosen to generalize this slightly, because it does not complicate
the arguments much and allows the results to be extended to other examples. One particular example is simple
random walk on other regular lattices such as the planar triangular lattice. In Section 1.3, we show that walks on
other d-dimensional lattices are isomorphic to p-walks on Z.

If S, = (S},...,S8%) is a P-walk with Sy = 0, then P{S5, = 0} > 0 for every even integer n; this
follows from the easy estimate P{Sy, = 0} > [P{Sy = 0}]" > p(x)*" for every x € Z. We will call
the walk bipartite if p,(0,0) = 0 for every odd n, and we will call it aperiodic otherwise. In the



1.1 Basic definitions 11

latter case, p,(0,0) > 0 for all n sufficiently large (in fact, for all n > k where k is the first odd
integer with pz(0,0) > 0). Simple random walk is an example of a bipartite walk since S} + - - -+ 59
is odd for odd n and even for even n. If p is bipartite, then we can partition Z¢ = (Z%), U (Z%),
where (Z%), denotes the points that can be reached from the origin in an even number of steps
and (Z%), denotes the set of points that can be reached in an odd number of steps. In algebraic
language, (Z9). is an additive subgroup of Z? of index 2 and (Z%), is the nontrivial coset. Note
that if z € (Z%),, then (Z%), = z + (Z9)..

&It would suffice and would perhaps be more convenient to restrict our attention to aperiodic walks. Results
about bipartite walks can easily be deduced from them. However, since our main example, simple random walk,
is bipartite, we have chosen to allow such p.

If p e Py and jy,. .., jq are nonnegative integers, the (j1,...,jq) moment is given by
B(XD)7 - (X0 = 3 (@) (2 pla),
x€Z4

We let I' denote the covariance matrix
r— [E XJ Xk } .
(X7 XT] L<ihed

The covariance matrix is symmetric and positive definite. Since the random walk is truly d-
dimensional, it is easy to verify (see Proposition 1.1.1 (a)) that the matrix I' is invertible. There
exists a symmetric positive definite matrix A such that I' = A AT (see Section 12.3). There is a
(not unique) orthonormal basis uy, ..., ug of R? such that we can write

d d
Fx:ZU?(x'uj)uj, Ax:ZJj(az'uj)uj.
j=1 j=1

If X; has covariance matrix I' = A AT, then the random vector A~ X; has covariance matrix I.
For future use, we define norms J*, J by

d
T @) =lo Tl = A 2P = 02 (2 wy)?, T(2) =d 2T (). (1.1)
j=1

If p € Py,
BT (X1)%] = SEIT*(X1)%] = SE (A~ X”] = 1
For simple random walk in Z¢,
P=d'I, J'@=)=d"?z|, J()=|z|
We will use B,, to denote the discrete ball of radius n,
B, ={xecZ: |z| <n},
and C,, to denote the discrete ball under the norm 7,
Co={zeZ: J)<n}={xez’: J*@)<d/?n}.
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We choose to use J in the definition of C,, so that for simple random walk, C,, = B,,. We will write
R = R, = max{|z| : p(z) > 0} and we will call R the range of p. The following is very easy, but it
is important enough to state as a proposition.

Proposition 1.1.1 Suppose p € Py.
(a) There exists an € > 0 such that for every unit vector u € RY,

E[(X1-u)?] > e
(b) If j1,...,jq are nonnegative integers with j1 + - - + jq odd, then
E[(X1) - (X8)] = 0.
(¢) There exists a 6 > 0 such that for all z,
5§ J(x) < |z| <57t T(x).
In particular,
Con C By C Cpys-

We note for later use that we can construct a random walk with increment distribution p € P from
a collection of independent one-dimensional simple random walks and an independent multinomial
process. To be more precise, let V = {z1,...,2;} € G and let k : V — (0, l]l be as in the
definition of P. Suppose that on the same probability space we have defined [ independent one-
dimensional simple random walks Sp 1, Sp2, ... ,S,; and an independent multinomial process
L, = (L%, ... L) with probabilities s(x1),...,s(x;). In other words,

L, = Zn:}/]a
j=1

where Y7,Ys, ... are independent Z!-valued random variables with
P{Y; = (1,0,...,0)} = k(x1), ... ,P{Y, = (0,0,...,1)} = r(xy),
and P{Y; = (0,0,...,0)} =1 — [s(x1) + - - - + k(x7)]. It is easy to verify that the process
Spi=a1Sp 1+ x2Sz + -+ xSy (1.2)

has the distribution of the random walk with increment distribution p. Essentially what we have
done is to split the decision as to how to jump at time n into two decisions: first, to choose an
element x; € {x1,...,2;} and then to decide whether to move by +z; or —z;.

1.2 Continuous-time random walk

It is often more convenient to consider random walks in Z¢ indexed by positive real times. Given
V, k,p as in the previous section, the continuous-time random walk with increment distribution p is
the continuous-time Markov chain S; with rates p. In other words, for each z,y € Z¢,

P{Sint =y | Sy =z} =ply —z) At + o(At), y #u,
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P{Sint=x| Sy =a}=1— | p(y—=)| At+o(At).
(ratd

Let py(z,y) = P{S; =y | So = 2}, and p(y) = p+(0,y) = pi(x, 2 +y). Then the expressions above
imply

a0 = 3 o) e~ y) — pila)]

y€eZd

There is a very close relationship between the discrete time and continuous time random walks
with the same increment distribution. We state this as a proposition which we leave to the reader
to verify.

Proposition 1.2.1 Suppose S,, is a (discrete-time) random walk with increment distribution p and
N; is an independent Poisson process with parameter 1. Then Sy := Sy, has the distribution of a
continuous-time random walk with increment distribution p.

There are various technical reasons why continuous-time random walks are sometimes easier to
handle than discrete-time walks. One reason is that in the continuous setting there is no periodicity.
If p € Py, then pi(x) > 0 for every t > 0 and = € Z% Another advantage can be found in the
following proposition which gives an analogous, but nicer, version of (1.2). We leave the proof to
the reader.

Proposition 1.2.2 Suppose p € Py with generating set V.= {x1,...,x;} and suppose S}J, .. ,Stl

)

are independent one-dimensional continuous-time random walks with increment distribution qq, . . .,
qi where q;(£1) = p(x;). Then

gt =T gt,l + X9 5’@2 + - +a gt,l (1.3)
has the distribution of a continuous-time random walk with increment distribution p.

If p is the increment distribution for simple random walk, we call the corresponding walk S,
the continuous-time simple random walk in Z%. From the previous proposition, we see that the
coordinates of the continuous-time simple random walk are independent — this is clearly not true
for the discrete-time simple random walk. In fact, we get the following. Suppose S’m, e 7§t,d are
independent one-dimensional continuous-time simple random walks. Then,

gt = (5t/d71= AR 7St/d,d)
is a continuous time simple random walk in Z%. In particular, if Sy = 0, then
P{S; = (', ...y} =P{Sya1 =y"} - P{Syas = v'}.
Remark. To verify that a discrete-time process S, is a random walk with distribution p € Py
starting at the origin, it suffices to show for all positive integers j; < jo < --+ < ji and z1,...,x €
Zd
P{Sj, = a1, iy = wr} = pjy (€1) pjo—jn (T2 — 1) -+ Pji—jiy (Tk — Th—1)-

To verify that a continuous-time process S, is a continuous-time random walk with distribution p
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starting at the origin, it suffices to show that the paths are right-continuous with probability one,
and that for all real t; < tg < --- <t and x1,..., 2 € Z%,

]P’{Stl =Ty 7Stk = xk} = ﬁtl (ﬂfl)ﬁtg—tl (332 - 11) ﬁtk—tk,l(mk - l’k—l)-

1.3 Other lattices

A lattice L is a discrete additive subgroup of R¢. The term discrete means that there is a real
neighborhood of the origin whose intersection with L is just the origin. While this book will focus
on the lattice Z%, we will show in this section that this also implies results for symmetric, bounded
random walks on other lattices. We start by giving a proposition that classifies all lattices.

Proposition 1.3.1 If L is a lattice in R?, then there exists an integer k < d and elements
x1,. ..o, € L that are linearly independent as vectors in R¢ such that

L:{]1$1++kak7 jl,---,jkEZ}-

In this case we call L a k-dimensional lattice.

Proof Suppose first that L is contained in a one-dimensional subspace of R%. Choose z; € L'\ {0}
with minimal distance from the origin. Clearly {jz; : j € Z} C L. Also, if x € L, then jz; <z <
(j + 1)xy for some j € Z, but if x > jxq, then x — jz; would be closer to the origin than z;. Hence
L ={jx1:j€Z}.

More generally, suppose we have chosen linearly independent x1,...,x; such that the following
holds: if IL; is the subgroup generated by x1,...,z;, and Vj is the real subspace of R? generated
by the vectors z1,...,z;, then LNV; =L;. If L = LL;, we stop. Otherwise, let wy € L \ L; and let

U = {twg:teR, twy+yo €L for some yy € V;}
= {two:t € R, twy+tix1 + -+ tjz; € L for some t1,...,t; € [0,1]}.

The second equality uses the fact that L is a subgroup. Using the first description, we can see
that U is a subgroup of R? (although not necessarily contained in ). We claim that the second
description shows that there is a neighborhood of the origin whose intersection with U is exactly
the origin. Indeed, the intersection of L with every bounded subset of R? is finite (why?), and
hence there are only a finite number of lattice points of the form

two +t1x1 + - - + L5z

with 0 <¢ < 1;and 0 <t,...,%; < 1. Hence there is an € > 0 such that there are no such lattice
points with 0 < [t| < e. Therefore U is a one-dimensional lattice, and hence there is a w € U such
that U = {kw : k € Z}. By definition, there exists a y; € V; (not unique, but we just choose one)
such that z;11 := w+y; € L. Let L;j1,Vj41 be as above using 21,...,2j,2;41. Note that V4
is also the real subspace generated by {z1,...,z;,wo}. We claim that LNV, = L;;1. Indeed,
suppose that z € L. N Vj 41, and write 2 = sowp + y2 where y2 € V;. Then spwg € U, and hence
sowp = lw for some integer [. Hence, we can write z = lz;11 + y3 with y3 = y2 — ly1 € V. But,
z—lxjy1 € V;NL =1L;. Hence z € Lj41. O
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& The proof above seems a little complicated. At first glance it seems that one might be able to simplify
the argument as follows. Using the notation in the proof, we start by choosing z1 to be a nonzero point in L
at minimal distance from the origin, and then inductively to choose ;.1 to be a nonzero point in L \ L; at
minimal distance from the origin. This selection method produces linearly independent z1, ..., zx; however, it is
not always the case that

L:{]1I1++jk$k _]1,,]k GZ}
As an example, suppose L is the 5-dimensional lattice generated by

2e1, 2ez, 2e3, 2e4, € +ey+ - Fes.

Note that 2e5 € IL and the only nonzero points in LL that are within distance two of the origin are +2e;,j =
1,...,5. Therefore this selection method would choose (in some order) +2e;,...,+2e5. But, e +- -+ €5 is
not in the subgroup generated by these points.

It follows from the proposition that if & < d and L is a k-dimensional lattice in R¢, then we
can find a linear transformation A : R — RF that is an isomorphism of L onto Z*. Indeed, we
define A by A(x;) = e; where x1,..., 2y is a basis for L. as in the proposition. If S, is a bounded,
symmetric, irreducible random walk taking values in L, then S} := AS,, is a random walk with
increment distribution p € Pj. Hence, results about walks on Z* immediately translate to results
about walks on L. If L is a k-dimensional lattice in R? and A is the corresponding transformation,
we will call | det A| the density of the lattice. The term comes from the fact that as r — oo, the
cardinality of the intersection of the lattice and ball of radius r in R? is asymptotically equal to
|det A|r* times the volume of the unit ball in R¥. In particular, if ji, ..., are positive integers,

then (j17Z) x --- x (jrZ) has density (j---jx) "'

Examples.

e The triangular lattice, considered as a subset of C = R? is the lattice generated by 1 and e'"/3,

Lt = {k‘l + ko e”/g c ki, ko € Z}.

Note that e7/3 = ¢i™/3 — 1 € L. The triangular lattice is also considered as a graph with the
above vertices and with edges connecting points that are Euclidean distance one apart. In this
case, the origin has six nearest neighbors, the six sixth roots of unity. Simple random walk on
the triangular lattice is the process that chooses among these six nearest neighbors equally likely.
Note that this is a symmetric walk with bounded increments. The matrix

A=l 35 )

maps Lt to Z2 sending {1, e"™/3,e27/3} to {e, ey, e3 — €1 }. The transformed random walk gives
probability 1/6 to the following vectors: +e;, tes, £(e2 — e1). Note that our transformed walk
has lost some of the symmetry of the original walk.
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Fig 1.2. The triangular lattice Lt and its transformation ALy

The hexagonal or honeycomb lattice is not a lattice in our sense but rather a dual graph to
the triangular lattice. It can be constructed in a number of ways. One way is to start with
the triangular lattice L. The lattice partitions the plane into triangular regions, of which some
point up and some point down. We add a vertex in the center of each triangle pointing down.
The edges of this graph are the line segments from the center points to the vertices of these
triangles (see figure).

Fig 1.3. The hexagons within L

Simple random walk on this graph is the process that at each time step moves to one of the
three nearest neighbors. This is not a random walk in our strict sense because the increment
distribution depends on whether the current position is a “center” point or a “vertex” point.
However, if we start at a vertex in L, the two-step distribution of this walk is the same as the walk
on the triangular lattice with step distribution p(£1) = p(e?™/3) = p(£e?7/3) = 1/9; p(0) = 1/3.

When studying random walks on other lattices L, we can map the walk to another walk on Z¢.

However, since this might lose useful symmetries of the walk, it is sometimes better to work on the

original lattice.

1.4 Other walks

Although we will focus primarily on p € P, there are times where we will want to look at more
general walks. There are two classes of distributions we will be considering.

Definition
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e P; denotes the set of p that generate aperiodic, irreducible walks supported on Z% i.e., the set
of p such that for all z,y € Z¢ there exists an N such that p,(z,y) > 0 for n > N.
e P/ denotes the set of p € P} with mean zero and finite second moment.

We write P* = UgPj, P = UP).

Note that under our definition P is not a subset of P’ since P contains bipartite walks. However,
if p € P is aperiodic, then p € P’.

1.5 Generator

If f:Z%— Ris a function and = € Z%, we define the first and second difference operators in z by

Vaf(y) = fly+z)— fy),
) 1 1
Vaf(y) =5 fly+2)+5 fly—a)— fy)
Note that V2 = V2 . We will sometimes write just vV, V? for Ve, ng. If p € P, with generator
set V, then the generator £ = L, is defined by
L) = p@)Vaf(y) =D k@) Vifly) = —fy)+ Y pl@) [z +y).
zeZd zeV zEL?

In the case of simple random walk, the generator is often called the discrete Laplacian and we will
represent it by Ap,

Apfly) =

SHN

d
> Vifw).
=

Remark. We have defined the discrete Laplacian in the standard way for probability. In graph
theory, the discrete Laplacian of f is often defined to be

2dApf(y) = D [f(@) = fy)l.

|z—y|=1

&We can define
Lfy) =D p@)[fx+y) = f(y)]

zeZd
for any p € Pj. If p is not symmetric, one often needs to consider
LOf(y) = > pl=2) [f@+y) - ).
z€Z4

The R stands for “reversed”; this is the generator for the random walk obtained by looking at the walk with time
reversed.

The generator of a random walk is very closely related to the walk. We will write E*, P* to denote
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expectations and probabilities for random walk (both discrete and continuous time) assuming that
So =z or Sy = x. Then, it is easy to check that

d

Lf(y) =ELf(S)] - fy) = EEy[f(gt)] :
t=0

(In the continuous-time case, some restrictions on the growth of f at infinity are needed.) Also,
the transition probabilities p,(z),p;(x) satisfy the following “heat equations”:

P (2) — pala) = Lon(a), o) = L)

The derivation of these equations uses the symmetry of p. For example to derive the first, we write

pori(z) = D P{Si=y;Sni1—Si=z—y}

yeZd

= > py)palz —y)
yezZd

= Y p(=y) pu(x — y) = pu() + Lpa().
yEZ

The generator £ is also closely related to a second order differential operator. If u € R? is a unit
vector, we write 92 for the second partial derivative in the direction u. Let £ be the operator

L) = 5 S (o) ol 20 f0)

zeV

In the case of simple random walk, L= (2d)~' A, where A denotes the usual Laplacian,
d
j=1

Taylor’s theorem shows that there is a ¢ such that if f: R? — R is C* and y € Z¢,
ILf(y) — Lf(y)] < cR* My, (1.4)

where R is the range of the walk and My = My(f,y) is the maximal absolute value of a fourth
derivative of f for |z — y| < R. If the covariance matrix I" is diagonalized,

d
— 2 g
Iz = E o; (- uj) uy,
Jj=1
where uq,...,uq is an orthonormal basis, then

d
4 1
Liw) =5 070, f(v).
j=1
For future reference, we note that if y # 0,

d—2 d—2
=7 - agwr Y

d
Lllog T*(y)’] = Llog T (y)*] = £ [log > 07> (y - u;)°
s
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& The estimate (1.4) uses the symmetry of p. If p is mean zero and finite range, but not necessarily symmetric,
we can relate its generator to a (purely) second order differential operator, but the error involves the third
derivatives of f. This only requires f to be C? and hence can be useful in the symmetric case as well.

1.6 Filtrations and strong Markov property

The basic property of a random walk is that the increments are independent and identically dis-
tributed. It is useful to set up a framework that allows more “information” at a particular time
than just the value of the random walk. This will not affect the distribution of the random walk
provided that this extra information is independent of the future increments of the walk.

A (discrete-time) filtration Fy C Fy C --- is an increasing sequence of o-algebras. If p € Py,
then we say that S, is a random walk with increment distribution p with respect to {F,} if:

e for each n, S, is F,-measurable;
e for each n >0, S, — S, _1 is independent of F,,_1 and P{S,, — S,,—1 = =z} = p(z).

Similarly, we define a (right continuous, continuous-time) filtration to be an increasing collection
of g-algebras F; satisfying Fy = NesoFtre. If p € Py, then we say that Sy is a continuous-time
random walk with increment distribution p with respect to {F;} if:

e for each t, 5} isj-}—nzeasurable; . 3
e for each s < t, Sy — Sy is independent of Fs and P{S; — Ss = 2} = py—s(x).

We let F, denote the o-algebra generated by the union of the F; for ¢t > 0.

If S, is a random walk with respect to F,, and T is a random variable independent of F,
then we can add information about T to the filtration and still retain the properties of the random
walk. We will describe one example of this in detail here; later on, we will do similar adding of
information without being explicit. Suppose T" has an exponential distribution with parameter A,
i.e., P{T > A} = e™*. Let F/, denote the o-algebra generated by F, and the events {T' < t} for
t <n. Then {F) } is a filtration, and S, is a random walk with respect to F,. Also, given F,,, then
on the event {T' > n}, the random variable ' — n has an exponential distribution with parameter
A. We can do similarly for the continuous-time walk S;.

We will discuss stopping times and the strong Markov property. We will only do the slightly
more difficult continuous-time case leaving the discrete-time analogue to the reader. If {F;} is a
filtration, then a stopping time with respect to {F;} is a [0, co]-valued random variable 7 such that
for each t, {7 < t} € F;. Associated to the stopping time 7 is a o-algebra F, consisting of all
events A such that for each t, AN{r <t} € F. (It is straightforward to check that the set of such
A is a o-algebra.)

Theorem 1.6.1 (Strong Markov Property) Suppose Sy is a continuous-time random walk with
increment distribution p with respect to the filtration {F;}. Suppose T is a stopping time with respect
to the process. Then on the event {T < oo} the process

}/t = §t+T - ST)

is a continuous-time random walk with increment distribution p independent of F.
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Proof (sketch) We will assume for ease that P{7 < co} = 1. Note that with probability one Y; has
right-continuous paths. We first suppose that there exists 0 = tg < t; < t3 < ... such that with
probability one 7 € {tg,t1,...}. Then, the result can be derived immediately, by considering the
countable collection of events {T = ¢;}. For more general 7, let 7,, be the smallest dyadic rational
[/2™ that is greater than 7. Then, 7, is a stopping time and the result holds for 7,,. But,
}QZZ lim £%+ﬂl__éhh'
n—oo
O

We will use the strong Markov property throughout this book often without being explicit about
its use.

Proposition 1.6.2 (Reflection Principle.) Suppose S, (resp., S;) is a random walk (resp.,
continuous-time random walk) with increment distribution p € Py starting at the origin.
(a) If u € R? is a unit vector and b > 0,

P{og?gxn Sj-u>b} <2P{S, -u > b},

P{sup S - u > b} < 2P{S; - u > b}.
s<t
(b) If b > 0,
> < >
P{max [9j] 2 b} < 2P{[Sn| = b},

P{ sup |S;| > b} < 2P{|S| > b}.
0<s<t

Proof We will do the continuous-time case. To prove (a), fix t > 0 and a unit vector v and let
Ap = Ay tp be the event

Ap = {j_rilaxw Sjt27n Su > b} .

Ay

The events A, are increasing in n and right continuity implies that w.p.1,

lim A, = {supgs-u > b}.

n—oo Sgt
Hence, it syﬂices to show that for each n, P(A,) < 2]P’{5't -u > b}. Let 7 = 7,4 be the smallest j
such that Sj;5-n -u > b. Note that

on

O =46 S uzohc tdusn

J=1

Since p € P, symmetry implies that for all ¢, P{S; -u > 0} > 1/2. Therefore, using independence,
P{7 = j; (St — Sji2-n) -u > 0} > (1/2) P{7 = j}, and hence

2m 2m
= oy ~ 1 . 1
PLS, - uzb) = :P{T:];(st—sjtzfn).uzo} > 2 Y BT =j} = 5 B(An).
j=1

J=1
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Part (b) is done similarly, by letting 7 be the smallest j with {]5}127”\ > b} and writing

.
U{r =15 (5 = Sjo-n) - Sjon = 0} < {151 = b1

j=1
O

Remark. The only fact about the distribution p that is used in the proof is that it is symmetric
about the origin.

1.7 A word about constants

Throughout this book ¢ will denote a positive constant that depends on the dimension d and the
increment distribution p but does not depend on any other constants. We write

f(n,x) = g(n,z) + O(h(n)),
to mean that there exists a constant ¢ such that for all n,
|[f(n, ) = g(n, 2)| < c[h(n)].
Similarly, we write
f(n,x) = g(n,z) + o(h(n)),
if for every € > 0 there is an N such that
[f(n,x) — g(n,x)| < e€lh(n)], n=N.

Note that implicit in the definition is the fact that ¢, N can be chosen uniformly for all z. If f, g
are positive functions, we will write

f(n,z) < g(n,z), n— oo,
if there exists a ¢ (again, independent of x) such that for all n, z,
¢t g(n,x) < f(n,z) < cgln, o).

We will write similarly for asymptotics of f(t,z) as t — 0.
As an example, let f(z) = log(1 — z),|z| < 1, where log denotes the branch of the complex
logarithm function with log 1 = 0. Then f is analytic in the unit disk with Taylor series expansion
o
J
log(l —z2) = — =,
=17

By the remainder estimate, for every € > 0,

|k+1

k
27
logl—z 27_m |Z|§1—E
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For a fixed value of k we can write this as

k
log(1 — 2) 227 (25T, |2 < 1/2, (1.6)
or
k ZJ
log(1—2)=—|>_ 7 +Oc(2), 2l < 1—¢ (1.7)

]:

where we write O, to indicate that the constant in the error term depends on e.

Exercises

Exercise 1.1 Show that there are exactly 2¢ — 1 additive subgroups of Z? of index 2. Describe
them and show that they all can arise from some p € P. (A subgroup G of Z? has index two if
G # Z4 but GU (z + G) = Z for some z € Z%.)

Exercise 1.2 Show that if p € Py, n is a positive integer, and x € Z¢, then pa,(0) > pan ().

Exercise 1.3 Show that if p € P, then there exists a finite set {z1,..., 2} such that:

e p(x;) >0, j=1,...,k,
e For every y € Z%, there exist (strictly) positive integers n1,...,n; with

nyTy 4+ ng TR =Y. (1.8)

(Hint: first write each unit vector +e; in the above form with perhaps different sets
{z1,...,2r}. Then add the equations together.)

Use this to show that there exist € > 0,¢q € P/, ¢’ € P} such that ¢ has finite support and
p=eq+(1-ed

Note that (1.8) is used with y = 0 to guarantee that ¢ has zero mean.

Exercise 1.4 Suppose that S, = X; + --- + X,, where X1, X»,... are independent R%valued
random variables with mean zero and covariance matrix I'. Show that

=1S,* = () n

is a martingale.

Exercise 1.5 Suppose that p € P, U P; with covariance matrix I' = AAT and S, is the corre-
sponding random walk. Show that

is a martingale.
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Exercise 1.6 Let L be a 2-dimensional lattice contained in R? and suppose z1,zs € LL are points
such that

|z1| = min{|x| : z € L\ {0}},
|xo| = min{|x| : z € L\ {jx1:j € Z} }.
Show that
L = {jiz1 + jowa : j1,j2 € Z}.

You may wish to compare this to the remark after Proposition 1.3.1.

Exercise 1.7 Let S}, 52 be independent simple random walks in Z and let

1 2 1 @2
Yn:<sn+sn, sS4 Sn>7
2 2

Show that Y, is a simple random walk in Z2.

Exercise 1.8 Suppose S, is a random walk with increment distribution p € P* UP. Show that
there exists an € > 0 such that for every unit vector § € R? P{S; -0 > ¢} > e.
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Local Central Limit Theorem

2.1 Introduction

If X1, Xo,... are independent, identically distributed random variables in R with mean zero and
variance o2, then the central limit theorem (CLT) states that the distribution of

X4+ X

At An (2.1)

Vn
approaches that of a normal distribution with mean zero and variance o
—0<r<s< oo,

2. In other words, for

... 8 2
limP{rguﬁs}:/ ! e_;y_2dy.
n—oo \/ﬁ r \/W

, we can use this to motivate the following approximation:

1

If p € P is aperiodic with variance o

(k+1)/v/n 2 1 k2
%/ eﬁdyziexp{——2 }
k/v/m V2mo? V2ro3n 20°n

Similarly, if p € P; is bipartite, we can conjecture that

kv

2 k2
n(k) + pn(k+1 %/ e 202 dy ¥ ——ex {——}
pn(k) +pn(k +1) o s s U e

The local central limit theorem (LCLT) justifies this approximation.

& One gets a better approximation by writing

k-1 5 k41 (k+3)/vn 2
]P’{Sn:k}:IP’{ 2§—<—2}z/ i 737 dy.
vn vn vn (k—3)/ym V2mo3n

If p € Py with covariance matrix I' = AA”T = A2, then the normalized sums (2.1) approach a
joint normal random variable with covariance matrix I', i.e., a random variable with density

1 12 1 —1
S S V) St A —(@I'~'z)/2.
T = i@ ¢ Gy VAT

24
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(See Section 12.3 for a review of the joint normal distribution.) A similar heuristic argument can
be given for p,(x). Recall from (1.1) that J*(x)? = o -T'"'2. Let p,(x) denote the estimate of
pn(x) that one obtains by the central limit theorem argument,

_ 1 _ T @)? 1 / i _sDs g
x) = e Tm = ———— evre 2 d%. 2.2
Pn(®) (27n)%/2 y/det T (2m)dnd/2 Jpa (22)
The second equality is a straightforward computation, see (12.14). We define p,(z) for real ¢t > 0
in the same way. The LCLT states that for large n, p,(z) is approximately p, (). To be more
precise, we will say that an aperiodic p satisfies the LCLT if
lim n%? sup |py(z) — P, (z)] = 0.

n—oo x€Z4

A bipartite p satisfies the LCLT if

lim n%? sup [pn(2) + pati1(e) — 25, ()| = 0.
n—oo €L
In this weak form of the LCLT we have not made any estimate of the error term |p,(x) — p,,(z)|

other than that it goes to zero faster than n~%?2 uniformly in z. Note that p,(x) is bounded by
cn~%?2 uniformly in z. This is the correct order of magnitude for |z| of order \/n but B, () is
much smaller for larger |z|. We will prove a LCLT for any mean zero distribution with finite second
moment. However, the LCLT we state now for p € P, includes error estimates that do not hold for
all p € Pl

Theorem 2.1.1 (Local Central Limit Theorem) Ifp € P, is aperiodic, and p,,(x) is as defined
in (2.2), then there is a ¢ and for every integer k > 4 there is a c(k) < oo such that for all integers
n >0 and v € Z the following hold where z = x/\/n:

_ c(k _ T 2)? 1
pale) ~ula)] <~ e e 4 L] (23)
— C
lpn (@) — Pn(2)] < W/QMQ (2.4)

We will prove this result in a number of steps in Section 2.3. Before doing so, let us consider
what the theorem states. Plugging k = 4 into (2.3) implies that
_ c

For “typical” x with |z| < \/n, B,(z) < n~%2. Hence (2.5) implies

Pu() = () [1 e (%)} <

The error term in (2.5) is uniform over x, but as |z| grows, the ratio between the error term and
pn(z) grows. The inequalities (2.3) and (2.4) are improvements on the error term for |z| > /n.
Since p,,(z) < n=42 =7 @)?/2n (2 3) implies

~ O(lz/v/n[*) 1

n
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where we write Oy, to emphasize that the constant in the error term depends on k.
An even better improvement is established in Section 2.3.1 where it is shown that

) =7) e {0 (1 EEY af < en

Although Theorem 2.1.1 is not as useful for atypical x, simple large deviation results as given in
the next propositions often suffice to estimate probabilities.

Proposition 2.1.2

o Suppose p € P, and S, is a p-walk starting at the origin. Suppose k is a positive integer
such that E[|X1|**] < co. There exists ¢ < co such that for all s > 0

IP’{ max |S;| > sﬁ} <cs 2, (2.6)

0<j<n

e Suppose p € Py and S, is a p-walk starting at the origin. There exist 3 > 0 and ¢ < oo such
that for all n and all s > 0,

| > <ce P :
P{Orgjaécn|5]| _sﬁ} <ce (2.7)

Proof 1t suffices to prove the results for one-dimensional walks. See Corollaries 12.2.6 and 12.2.7.
O

& The statement of the LCLT given here is stronger than is needed for many applications. For example, to
determine whether the random walk is recurrent or transient, we only need the following corollary. If p € Py
is aperiodic, then there exist 0 < ¢; < ¢a < oo such that for all z, p,(z) < ¢ n~%2 and for lz] < /n,
pn(x) > 1 n~%2. The exponent d/2 is important to remember and can be understood easily. In n steps, the
random walk tends to go distance \/n. In Z%, there are of order n%/? points within distance \/n of the origin.
Therefore, the probability of being at a particular point should be of order n~=%/2,

The proof of Theorem 2.1.1 in Section 2.2 will use the characteristic function. We discuss LCLT's
for p € P!, where, as before, P!, denotes the set of aperiodic, irreducible increment distributions p
in Z% with mean zero and finite second moment. In the proof of Theorem 2.1.1, we will see that
we do not need to assume that the increments are bounded. For fixed k > 4, (2.3) holds for p € P},
provided that E[|X|**1] < co and the third moments of p vanish. The inequalities (2.5) and (2.4)
need only finite fourth moments and vanishing third moments. If p € P/, has finite third moments
that are nonzero, we can prove a weaker version of (2.3). Suppose k& > 3, and E[|X;[*"!] < oco.
There exists c(k) < oo such that

_ c(k) i _ T (2)? 1
|pn($)—pn($)|ﬁm ([z]" +1)e” 2 +W .

Also, for any p € P with E[|X;[*] < oo,

_ c _ c
Ipn(z) = Pp(2)] < INCESIYOR Ipn(z) —Pp(z)] < m

We focus our discussion in Section 2.2 on aperiodic, discrete-time walks, but the next theorem
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shows that we can deduce the results for bipartite and continuous-time walks from LCLT for
aperiodic, discrete-time walks. We state the analogue of (2.3); the analogue of (2.4) can be proved
similarly.

Theorem 2.1.3 If p € Py and D, (x) is as defined in (2.2), then for every k > 4 there is a
c = c(k) < oo such that the follwing holds for all x € 74,

e Ifn is a positive integer and z = x/\/n, then

_ C —T*(2 1
() + puia(e) = 27 0)| < i (a1 4 DTy L 2
o If ft >0 and z = x/\/1,

~ _ C T 2 1
) = P < s [l 0T O . (2.9

Proof (assuming Theorem 2.1.1) We only sketch the proof. If p € P, is bipartite, then S} := Sy,
is an aperiodic walk on the lattice Z¢. We can establish the result for S by mapping Z¢ to Z¢ as
described in Section 1.3. This gives the asymptotics for pg,(z),z € Z4 and for x € Z2, we know
that

Pant1(z) = Y pon(z — ) p(y).
y€eZ4
The continuous-time walk viewed at integer times is the discrete-time walk with increment dis-
tribution p = py. Since p satisfies all the moment conditions, (2.3) holds for p,(z),n =0,1,2,....
If 0 <t <1, we can write
Pntt(T) = Z (T —y) De(y),

y€eZ4

and deduce the result for all ¢.

2.2 Characteristic Functions and LCLT
2.2.1 Characteristic functions of random variables in R?

One of the most useful tools for studying the distribution of the sums of independent random
variables is the characteristic function. If X = (X! ..., X d) is a random variable in R%, then its
characteristic function ¢ = ¢x is the function from R? into C given by

6(60) = Elexp{i0 - X}.

Proposition 2.2.1 Suppose X = (X',...,X%) is a random wvariable in R with characteristic
function ¢.

(a) ¢ is a uniformly continuous function with ¢(0) = 1 and |p(0)| < 1 for all 6 € R,

(b) If 0 € RY then ¢x g(s) := ¢(s0) is the characteristic function of the one-dimensional random
variable X - 6.
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(c¢) Suppose d =1 and m is a positive integer with E[|X|™] < co. Then ¢(s) is a C™ function of
s; in fact,
qb(m) (S) —m E[XmeiSX].

(d) If m is a positive integer, E[|X|™] < oo, and |u| =1, then

[y

m—

JE[(X -u)] S E[X - u™]
d(su) — Y et e Ui
j=
(e) If X1,Xs,..., X, are independent random variables in R?, with characteristic functions

¢X17 . 7¢Xn) then

In particular, if X1, Xs,... are independent, identically distributed with the same distribution as
X, then the characteristic function of S, = X1 + -+ - + X,, is given by

s, (0) = [9(0)]".

Proof To prove uniform continuity, note that
601 +0) — ¢(6)| = [E[X ) — 0] < R[Je N — 1],
and the dominated convergence theorem implies that

lim E[|eX% —1|] = 0.
61—0

The other statements in (a) and (b) are immediate. Part (c) is derived by differentiating; the
condition E[|X|™] < oo is needed to justify the differentiation using the dominated convergence
theorem (details omitted). Part (d) follows from (b), (c), and Taylor’s theorem with remainder.
Part (e) is immediate from the product rule for expectations of independent random variables. [

We will write P,,(0) for the m-th order Taylor series approximation of ¢ about the origin. Then
the last proposition implies that if E[|X|™] < oo, then

®(0) = Pn(0) +o(]0]™), 6—0. (2.10)

Note that if E[X] = 0 and E[|X|?] < oo, then

d d
1 , , 6-T0 E[(X - 0)?]
_1_ = ixkipipk -1 _ 2 -7 1 _ 20\ " Y) 1
Py(6) =1 2;:1:;:1:E[XX]09_1 5 =1 5 .

Here I" denotes the covariance matrix for X. If E[|X|™] < oo, we write
6-T6
Pu(0) =1 ==+ 4;(0), (2.11)

where ¢; are homogeneous polynomials of degree j determined by the moments of X. If all the
third moments of X exist and equal zero, g3 = 0. If X has a symmetric distribution, then ¢; = 0
for all odd j for which E[|X|’] < oo.
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2.2.2 Characteristic functions of random variables in 7¢
If X = (X',..., X% is a Z%valued random variable, then its characteristic function has period 2m
in each variable, i.e., if k1, ..., kg are integers,

(0%, ...,0%) = ¢p(0' + 2Ky, ..., 0% + 2hkqm).

The characteristic function determines the distribution of X in fact, the next proposition gives a
simple inversion formula. Here, and for the remainder of this section, we will write df for df' - - - do°.

Proposition 2.2.2 If X = (X!,..., X% is a Z%-valued random variable with characteristic func-
tion ¢, then for every x € Z¢,

P{X = 2} = # /[_7r 00 0 .

Proof Since

$(0) =Bl = > eWIP{X =y},

yezZd

we get

/[ ’ ¢(0) e 0 do = > P{X =y} etw=2)0 g,

yEZd [_7‘-77‘—}(1

(The dominated convergence theorem justifies the interchange of the sum and the integral.) But,

if ,y € 74,
/ ei(y—x)~9 do = { (27T>d7 y=x
[_ﬂ-?ﬂ-]d 07 y # z.
O
Corollary 2.2.3 Suppose X1, Xs,... are independent, identically distributed random variables in
7% with characteristic function ¢. Let Sy, = X1 + -+ + X,,. Then, for all z € Z¢,

. _ 1 n —ixz-0
P{S, = 2} = o /{_md¢ (0) e~ dg.

2.3 LCLT — characteristic function approach

In some sense, Corollary 2.2.3 completely solves the problem of determining the distribution of
a random walk at a particular time n. However, the integral is generally hard to evaluate and
estimation of oscillatory integrals is tricky. Fortunately, we can use this corollary as a starting
point for deriving the local central limit theorem. We will consider p € P’ in this section. Here, as
before, we write p,,(z) for the distribution of S,, = X; +---+ X,, where X3,..., X,, are independent
with distribution p. We also write S; for a continuous time walk with rates p. We let ¢ denote the
characteristic function of p,

¢(0) = ¢ p(x).

zeZ4
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We have noted that the characteristic function of S, is ¢™.
Lemma 2.3.1 The characteristic function of Sy is

¢g,(0) = exp{t[p(6) — 1]}.

Proof Since S; has the same distribution as S N, where N, is an independent Poisson process with
parameter 1, we get

05,(6) = BIe"5) = Y- TR ) = Yt T o(6)) = expltlo(6) 1)

=0 7 j=0
O
Corollary 2.2.3 gives the formulas
pul) = ﬁ /[—mﬂd 6"(6) e~ do), (2.12)
bulz) = 1 / 60 -1] 0z gy
(2m)d Ji_p ma
Lemma 2.3.2 Suppose p € P.
(a) For every e > 0,
sup {|¢(9)| L0 ¢ [—m, 74, |0] > e} <1
(b) There is a b > 0 such that for all § € [—m, 7],
|6(6) < 1—bl6*. (2.13)
In particular, for all 6 € [—m,7)%, and r > 0,
16(0)" < [1—b|6)*]" < exp {~br|6)*}. (2.14)

Proof By continuity and compactness, to prove (a) it suffices to prove that |p(f)] < 1 for all
0 € [—m, 7%\ {0}. To see this, suppose that |#(d)| = 1. Then |¢(#)"?| = 1 for all positive integers
n. Since

¢(9)n _ Z pn(z) eiz-ﬁ’

2€Z4

and for each fixed z, p,(z) > 0 for all sufficiently large n, we see that ¢*? = 1 for all z € Z%
(Here we use the fact that if wi,ws,... € C with |wi +wa + -+ | =1 and |wy| + |we| + -+ = 1,
then there is a 1 such that w; = r;e?¥ with r; > 0.) The only 6 € [, 7]? that satisfies this is
6 = 0. Using (a), it suffices to prove (2.13) in a neighborhood of the origin, and this follows from
the second-order Taylor series expansion (2.10). O

& The last lemma does not hold for bipartite p. For example, for simple random walk ¢(7i, i, ..., 7i) = —1.
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In order to illustrate the proof of the local central limit theorem using the characteristic function,
we will consider the one-dimensional case with p(1) = p(—1) = 1/4 and p(0) = 1/2. Note that
this increment distribution is the same as the two-step distribution of (1/2 times) the usual simple
random walk. The characteristic function for p is

1 1, 1 5, 1 1 62

_ - - b P 1 - —1_ 2 4
¢(9)—2+4e —|-4€ 2+2COSH 1 4—1—0(0).

The inversion formula (2.12) tells us that

1 [, 1 v
pale) = 5 [ a0y a0 = s [ I g(s

The second equality follows from the substitution s = 6/n. For |s| < m+/n, we can write

¢ <%> =1- % L0 (Zé) - (s*/4) +n0(84/n)'

We can find 6 > 0 such that if |s| < d/n,

2 4
s s n
—+0|— )| <=
Therefore, using (12.3), if |s| < dy/n,

s " 82 84 ! —s2/4 s,n
o(25) = [1- Lo (L] =ermanen,

where
o
<c—.
l9(s,n)| < ¢ —
If € = min{4, 1/+/8c} we also have
2
lg(s, )| < |s] < ev/n.

For e /n < |s| < m+/n, (2.13) shows that |e~"®@/V™)s ¢(s/\/n)"| < e P" for some > 0. Hence, up
to an error that is exponentially small in n, p,(x) equals

zm/fs —52/4 g(s,n)
27“/,/ e ds.

|eg(s,n) _ 1| < 0324/77‘7 ‘S‘ < n'/4
= /8, i< |s| <eyn

We now use

to bound the error term as follows:
1 [evm

277\/ﬁ —ev/n

v
< ° /4 [e9(5m) _ 1] g,
—eyn

eI/ (=54 [golsm) _ 1] g

1/4

n o0
/ /4 ealam) _ 1) gs < © / sle/hgs< &
—00

_p—1/4 n n
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/ o= 52/4 ‘eg(sm —1]ds < / e/ ds = O(n_l)'
nl/4<|s|<ey/n |s|>nl/4

Hence we have

1 1 e 2
N — O — —z(x/\/_)s —s?/4 d
Pn(z) <n3/2> 27‘('\/_ _E\/_ 5

zm/fs —32/4d

- OQWJ vl

The last term equals p, (), see (2.2), and so we have shown that

o) =7a(0)+ 0 (55 ).

We will follow this basic line of proof for theorems in this subsection. Before proceeding, it will be
useful to outline the main steps.

e Expand log ¢(#) in a neighborhood |0| < € about the origin.

e Use this expansion to approximate [¢(6/+/n)]", which is the characteristic function of S,,/\/n.

e Use the inversion formula to get an exact expression for the probability and do a change of
variables s = 6 y/n to yield an integral over [—my/n, 7y/n]%. Use Lemma 2.3.2 to show that the
integral over |f| > e/n is exponentially small.

e Use the approximation of [¢(0/y/n)]" to compute the dominant term and to give an expression
for the error term that needs to be estimated.

e Lstimate the error term.

Our first lemma discusses the approximation of the characteristic function of S,/v/n by an
exponential. We state the lemma for all p € P/, and then give examples to show how to get sharper
results if one makes stronger assumptions on the moments.

Lemma 2.3.3 Suppose p € P/, with covariance matriz I' and characteristic function ¢ that we
write as
0-10
B(0) =1— ==+ h(0),
where h(0) = o(|0]?) as 6 — 0. There exist € > 0,c < oo such that for all positive integers n and

all 10] < e/n, we can write

[¢ <%>r — exp {—92—9 + g(@,n)} — S 14 0)], (2.15)
where F,,(0) = 9@ — 1 and

l9(0,n)] Smin{ 9-4_1“97 n‘h <%>‘+$ } (2.16)

In particular,
6-16

IF,(0)] < e"T° +1.
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Proof Choose § > 0 such that
1
60) -1 < 5. 1o <a

For |0| < 4, we can write

. . 2
tog o(0) = ~ 5+ (o)~ L2 o) 0P) + 010, (2.17)
Define g(6,n) by
n loggb (%) = —g =+ 9(07n)7

so that (2.15) holds. Note that

gy <n |n ()] +o (1L
g\, = NG n
Since nh(0//n) = o(|0|?), we can find 0 < € < § such that for |§] < ey/n,

90.m < 227

O

& The proofs will require estimates for F,(6). The inequality |e* — 1] < O(]z|) is valid if z is restricted to a
bounded set. Hence, the basic strategy is to find c1,7(n) < O(n'/*) such that

0

— < <
h(\/ﬁ>‘_cla |9|—T(n)
Since O(|6]*/n) < O(1) for |6] < n'/%, (2.16) implies

n

[Fn(0)] =

e9Om) _ 1} <clgB,n)| <c [n

h(&)%% 6] < r(n),

Fu(0)] < ™ 41, r(n) <10 < e v/

Examples
We give some examples with different moment assumptions. In the discussion below, € is as in
Lemma 2.3.3 and 6 is restricted to |0] < e/n.

e If E[|X;|%] < oo, then by (2.11),
h(0) = g3(0) + O(|0]"),

and
6-T6
log ¢(0) = ——— + f3(0) + o(lof),
where f3 = ¢3 is a homogeneous polynomial of degree three. In this case,
4 o(lol")
_ - 2.1
0.0 =nfu (=) + 2, (2.18)
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and there exists ¢ < oo such that

_(0-TO |0
< —_— .
9(6.m) < min { 12,70

We use here and below the fact that |0]3//n > |8]*/n for |8] < ey/n.
e If E[X1|% < oo and all the third and fifth moments of X; vanish, then

h(0) = aa(0) + O(10]°),

6-T0
log ¢(0) = ——— + fa(6) + 0(161°),
where f4(6) = q4(0) — (6 - T9)?/8 is a homogeneous polynomial of degree four. In this case,
4 O(l01°)
g(,n)=nfy <%> T (2.19)
and there exists ¢ < oo such that
. [0-T0 c|o)*
< —_— .
I

e More generally, suppose that k& > 3 is a positive integer such that E[|X;|**!] < co. Then

k
(o) = a;(6) +O(lo]**),
j=3
0- re i
log $(6) = ——— + Zf] +0(o]**),
where f; are homogeneous polynomials of degree j that are determined by I', g3, ..., qx. In this

case,
k 0 o) Qk—l—l

Moreover, if j is odd and all the odd moments of X of degree less than or equal to j vanish, then
fj =0. Also,

_[(0-T9 clg|2te
\manﬂgmm{—z—,nWQ},

where o = 2 if the third moments vanish and otherwise o = 1.

e Suppose E[e"X] < oo for all b in a real neighborhood of the origin. Then z + ¢(z) = e”* X! is a
holomorphic function from a neighborhood of the origin in C™ to C. Hence, we can choose € so
that log ¢(z) is holomorphic for |z| < € and hence z — g(z,n) and z — F,(z) are holomorphic

for |z] < e/n.

The next lemma computes the dominant term and isolates the integral that needs to be estimated
in order to obtain error bounds.
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Lemma 2.3.4 Suppose p € Pl with covariance matriz I'. Let ¢, €, F,, be as in Lemma 2.8.3. There
exist ¢ < 00,( > 0 such that for all 0 < r < e\/n, if we define v,(x,r) by

1 ix-0 0.1
n =D n\<, (9\d ,d/2 et F" ’ d07
Pn(x) = Dp(2) + vn(z,7) + (2m)d nd/2 /|9<re o

then

lon (2, 7)] < en~? e,

Proof The inversion formula (2.12) gives
1 / —iz-6 1 S " i
pn(z) = —— ()" e ™ d@zi/ <;5<—> e "% ds,
SUCTLY B O e s U\

where z = z//n. Lemma 2.3.2 implies that there is a 3 > 0 such that |¢(8)| < e for |0] > e.
Therefore,

1 / s \" i _ 1 s \" _i.
T S S SV L DA
2m)dnd/2 Ji_ Jar yame \V7T ™) @2m)dnd/? Jig<eym \Vn

For |s| < ey/n, we write

Ts sI's

¢<%>n:e—s‘z +em "2 Fy(s).

By (2.2) we have

1 —iz-8 _sIs =
W/ € € 2 ds-pn(aj) (221)

Also,

1 / —izs —5Ls
—_— e e 2 ds
@2m)and2 Jigzeym

for perhaps a different 3. Therefore,

palae) =B(@) + O™ 4 i [ ) a0
(2m)dnd/? Jjg<cym

This gives the result for r = ey/n. For other values of r, we use the estimate
6-16
[Fn(0)] < ei +1,
to see that

—iz-0 . .
/ e vn e 2 F,(0)do| < 2/ e "1’ do = O(e_crz).
r<|0|<evn |0|>r

O

The next theorem establishes LCLTs for p € P’ with finite third moment and p € P’ with finite
fourth moment and vanishing third moments. It gives an error term that is uniform over all z € Z¢.
The estimate is good for typical =, but is not very sharp for atypically large x.
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Theorem 2.3.5 Suppose p € P’ with E[|X1]3] < co. Then there exists a ¢ < oo such for all n,x,
_ c
(@) = Pn(@)| < Gy (2.22)
IfE[|X1|Y] < oo and all the third moments of X1 are zero, then there is a c such that for all n,z,

_ c
[pn(z) — Py ()] < PTEyoR (2.23)

Proof We use the notations of Lemmas 2.3.3 and 2.3.4. Letting r = n'/® in Lemma 2.3.4, we see
that,

_iz-0 6.0

- —Bnl/4 1 20 016
Pu(®) = Pn(x) + O(e )+7(27T)dnd/2 /€|Sn1/8e e” 2 Fn(0)df.

Note that |h(0)] = O(|0|>T®) where a = 1 under the weaker assumption and o = 2 under the

stronger assumption. For |8] < n'/%, |g(8,n)| < ¢|8]*F*/n®/?, and hence
|9|2+a

This implies

< £ /\9[2+ae—9'2md0§ ¢
R4

~V "5 B (0) do
n 2
|9‘§n1/86 ¢ n( ) ne/2 ne/2’

& The choice = n!/® in the proof above was somewhat arbitrary. The value r was chosen sufficiently large
so that the error term v, (x, ) from Lemma 2.3.4 decays faster than any power of n but sufficiently small so that
|g(6,m)] is uniformly bounded for || < r. We could just as well have chosen r(n) = n" for any 0 < x < 1/8.

& The constant c in (2.22) and (2.23) depends on the particular p. However, by careful examination of the
proof, one can get uniform estimates for all p satisfying certain conditions. The error in the Taylor polynomial
approximation of the characteristic function can be bounded in terms of the moments of p. One also needs a
uniform bound such as (2.13) which guarantees that the walk is not too close to being a bipartite walk. Such
uniform bounds on rates of convergence in CLT or LCLT are often called Berry-Esseen bounds. We will need one
such result, see Proposition 2.3.13, but for most of this book, the walk p is fixed and we just allow constants to

depend on p.

O

The estimate (2.5) is a special case of (2.23). We have shown that (2.5) holds for any symmetric
p € P’ with E[|X1]*] < co. One can obtain a difference estimate for p,(z) from (2.5). However, we
will give another proof below that requires only third moments of the increment distribution. This
theorem also gives a uniform bound on the error term.

& If o # 0 and
f(n) =n®+0(n>1, (2.24)
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then
Fln+1) = fn) = [0+ 1)* = 0] + [O((n+1)*1) = O 1))

This shows that f(n + 1) — f(n) = O(n®~!), but the best that we can write about the error terms is O((n +
DoY) — Om*~t) = O(n®~1), which is as large as the dominant term. Hence an expression such as (2.24) is
not sufficient to give good asymptotics on differences of f. One strategy for proving difference estimates is to go
back to the derivation of (2.24) to see if the difference of the errors can be estimated. This is the approach used
in the next theorem.

Theorem 2.3.6 Suppose p € P with E[| X1 [*] < co. Let V,, denote the differences in the x variable,
and Vj = V.
e There exists c < oo such that for all z,n,y,

_ cly
[Vypn(x) — Vb, ()| < n(d-l—2’)/2'

e IfE[|X1]*] < co and all the third moments of X1 vanish, there exists ¢ < oo such that for
all z,n,y,
— cly
Vune) — V7, )] < 0

Proof By the triangle inequality, it suffices to prove the result for y = e;,j =1,...,d. Let a =1
under the weaker assumptions and o = 2 under the stronger assumptions. As in the proof of
Theorem 2.3.5, we see that

1 _i(ache,-)-@ _iz-0 .
Vipn(x) = VB, (x) + O(e ")y + ——— /@|< L [e Ve ﬁ} e 2" F,(6) df.

(27T)dnd/2
Note that
_i(z+ej)-9 _ize0 _iej~9 ’9‘
e v —e Vn|l=le v —1| < —,
n
and hence

1 .10
< — Ble” 2 |F,(0)| db.
< fo 1 1)

_fere)t  _we] are
e N —e Vn e 2 Fn(e) d@
16]<n1/3 '

The estimate

Cc

/ ol |F(0)] db < <.
ol<ntss n

where o = 1 under the weaker assumption and o = 2 under the stronger assumption, is done as in
the previous theorem. O
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The next theorem improves the LCLT by giving a better error bound for larger x. The basic
strategy is to write F),(6) as the sum of a dominant term and an error term. This requires a stronger
moment condition. If E[|X;|/] < oo, let f; be the homogeneous polynomial of degree j defined in
(2.20). Let

1 e, _sI's
uj(z) = @i /]Rd e " fi(s)e” 2 ds. (2.25)
Using standard properties of Fourier transforms, we can see that
*(y 2
uj(2) = f7(2) e CT I = pr(z) e T (2:26)

for some jth degree polynomial f that depends only on the distribution of Xj.

Theorem 2.3.7 Suppose p € P.
o IfE[|X1]Y] < oo, there exists ¢ < oo such that

_ us(z/v/n) c
pn(x) — Pn (‘T) - nld+1)/2 | = (d+2)/2° (227)
where ugz is a defined in (2.25).
e IfE[|X1|°] < oo and the third moments of X1 vanish there exists ¢ < oo such that
= ua(x/v/n) c
pn(gj) — Pn (:E) - n(d+2)/2 < n(d+3)/2° (228)

where uyg is a defined in (2.25).

If k > 3 is a positive integer such that E[|X1|*] < oo and uy, is as defined in (2.25), then there is
a c(k) such that
J*(z)2

ur(2)] < e(k) (J21° + 1) e "=

Moreover, if j is a positive integer, there is a c(k,j) such that if D; is a jth order derivative,

J*(z)z

IDjun(2)] < ek, ) (|24 + 1) e (2.29)

Proof Let a =1 under the weaker assumptions and a = 2 under the stronger assumptions. As in
Theorem 2.3.5,

sk

02 [pn (@) = Bo(@)] = O(") 4 / e Vi e "3 F,(0) db. (2.30)
(27‘(’) |0\§n1/8

Recalling (2.20), we can see that for |9 < n'/$,

foya(0) O(|0]*T)
Fo(0) = nal2 nlatl)/2

Up to an error of O(e‘ﬁnm), the right-hand side of (2.30) equals

1 —iz6 _gre forq(0) 1 _iz®  grg fora(0)
vn D —
@) /Rd e Ry do + ) /9|§n1/8 e ez | F,(0) o/ do.
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The second integral can be bounded as before

_iz0 _gr9 fora(0) c 8+a - 010 c
_ < - < ———=
‘/wws e e PO T S S ) e e
The estimates on uy and Djuy, follows immediately from (2.26). O

The next theorem is proved in the same way as Theorem 2.3.7 starting with (2.20), and we omit
it. A special case of this theorem is (2.3). The theorem shows that (2.3) holds for all symmetric
p € P, with E[|X1|%] < co. The results stated for n > |z|? are just restatements of Theorem 2.3.5.

Theorem 2.3.8 Suppose p € P}, and k > 3 is a positive integer such that E[| X1 < co. There
exists ¢ = c(k) such that

k
e Z i(z/vn) c (2.31)

ndri—2)/2| = n(d+k—1)/2’
Jj=

where u; are as defined in (2.25).
In particular, if z = x/\/n,

_ c _J*(»)? 1
Ipn(z) —Pp(z)] < d+)/2 [’Z‘k 2+ W] N (S ’37‘27

_ c
lpn (@) = Pn(2)] < @ 2 2.

If the third moments of X1 vanish (e.g., if p is symmetric) then us =0 and

_ c _T*=)? 1
() = Balo)] < g [l e 5+ ] n ol

_ c
Ipn (@) = Pp(2)| < @ 2 .

Remark. Theorem 2.3.8 gives improvements to Theorem 2.3.6. Assuming a sufficient number of
moments on the increment distribution, one can estimate V,p,(z) up to an error of O(n~(@++=1)/2)
by taking V, of all the terms on the left-hand side of (2.31). These terms can be estimated using
(2.29). This works for higher order differences as well.

The next theorem is the LCLT assuming only a finite second moment.
Theorem 2.3.9 Suppose p € P). Then there exists a sequence 6, — 0 such that for all n,x,
_ 0
Ipa(z) = Pu(@)] < 75 (2.32)

Proof By Lemma 2.3.4, there exist ¢, ( such that for all n,z and r > 0,

02 |p(2) — ()] < ¢ [f + [ 1) de} <e [f T sup | F(0)]

0<r
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We now refer to Lemma 2.3.3. Since h(0) = o(|0|?),

lim sup |g(f,n)| =0,

and hence

lim sup |F,(0)| = 0.

gl <r
In particular, for all n sufficiently large,
0 |pa(x) = ()] < 2ce”".
O

The next theorem improves on this for || larger than y/n. The proof uses an integration by parts.
One advantage of this theorem is that it does not need any extra moment conditions. However, if
we impose extra moment conditions we get a stronger result.

Theorem 2.3.10 Suppose p € P),. Then there ezists a sequence 6, — 0 such that for all n,x,

_ O
[pn(x) — Pp(@)] < FECEEs (2.33)

Moreover,

o IfE[|X1]] < oo, then 6, can be chosen O(n~'/2).
o IfE[|X1|*] < oo and the third moments of X1 vanish, then &, can be chosen O(n™1).

Proof If 41,19 are C? functions on R? with period 27 in each component, then it follows from
Green’s theorem (integration by parts) that

[ @l @@= [ o) o) @

[—7,m]d

(the boundary terms disappear by periodicity). Since A[e*®?] = —|z|? =%, the inversion formula
gives

_ 1 ix-0 _ _# ix-0
pn(_‘r) - (27T)d /[—n,ﬂd e 1/}(6) df = ’x‘g (27T)d /[—7r,7r]d e Al/f(e) d@,

where 1(0) = ¢(0)". Therefore,

@ _ __L ix-0 n—2 _
R T I G (R R ORORC IR

where
d
AO) = _[0;0(0)]" -
j=1
The first and second derivatives of ¢ are uniformly bounded. Hence by (2.14), we can see that

|6(0)" 72 [(n — 1) A(0) + 6(0) Ap(0)]] < c[1+n|o]?] e I < ce=IOF,
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where 0 < 8 < b. Hence, we can write

| 1

Epn() 0 = g [ 0900 (in - )XO) +900) A9(0)] 0

The usual change of variables shows that the right-hand side equals

b () o () o) ()

where z = z//n.
Note that

A [e—ﬁ] = =27 DO — tr(D)].
We define F,(6) by

() [ () o) 3 ()] -]

A straightforward calculation using Green’s theorem shows that

1 . 9.T0 n . 0.6
= (_ - - i(z/\/n)0 ,—F= - i(z//n)-0 — =L
Pp(—z) = @n) i /Rde e” 2 df = E @) /Rde Ale™ 2 ]db.
Therefore (with perhaps a different [3),
|z|? . —Br2 1 / iz _OT0 o
wonl(oa) = S Pa) 0 - oy | O Ry (230)

The remaining task is to estimate F},(6). Recalling the definition of F},(6) from Lemma 2.3.3, we
can see that

() o) () ()
MO/ | Ao/
o(0/vn)? ~ ¢(0/vn)

_0.T9

L EO)] |01

We make three possible assumptions:
e peP
e p € P, with E[| X;|3] < oc.
e p € P/ with E[|X1]*] < co and vanishing third moments.

We set @ = 0,1, 2, respectively, in these three cases. Then we can write
0-T6
B(6) = 1= 5= 4 garal®) + 0|07+,
where g2 = 0 and g3, g4 are homogeneous polynomials of degree 3 and 4 respectively. Because ¢ is
C?*t and we know the values of the derivatives at the origin, we can write

0-1T0
0j9(0) = —ajT + 0jq2+a(0) + o(10] ),
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0-10
jj¢( ) ]J 9 +8JJQ2+a( )+0(|9|a)-

Using this, we see that

>0 10;6(0)”
(6)
Ad0) _
0(0)
where §oyo 1S @ homogeneous polyonomial of degree 2 + « with s = 0, and ¢, is a homogeneous
polynomial of degree a with gy = 0. Therefore, for [0 < n!/3,

AO/vn) | Ag(0/yn) o0 G2+a(0) + Ga(6) 6] + |6]>+>
D Servar T e o (FETE—).
which establishes that for o = 1,2

R 24+«
mol=o(F0) ws
na

= |10 + Gara(0) + o(|0]*T),

—tr(I) + g (0) + o(10]%),

tr(I') +

and for o = 0, for each r < oo,
lim sup |F,(8)] = 0.

The remainder of the argument follows the proofs of Theorem 2.3.5 and 2.3.9. For o = 1,2 we can
choose = n7/16 in (2.34) while for & = 0 we choose r independent of n and then let  — oo.
O

2.3.1 FExponential moments

The estimation of probabilities for atypical values can be done more accurately for random walks
whose increment distribution has an exponential moment. In this section we prove the following.

Theorem 2.3.11 Suppose p € P/, such that for some b > 0,
E [eb‘Xﬂ] < . (2.35)

Then there exists p > 0 such that for all n >0 and all x € Z¢ with |z| < pn,

pn(x) = P, (x) exp {O <ﬁ + @> } .

Moreover, if all the third moments of X1 vanish,

ple) = paa) exp {0 (1 + @) 2

& Note that the conclusion of the theorem can be written

- - 1 ot Lta
Ipn(2) = P (@)| < D, () ez T e | |z| < n2e,
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T 24« 1ta
n(e) =7 < 7) e {0 (L)) e 28

where o = 2 if the third moments vanish and « = 1 otherwise. In particular, if z,, is a sequence of points in Z,
then as n — oo,

Pr(@n) ~ Pp(2n) i |2,] = O(nﬁ)v
Pu(Tn) X Pp(xn) if |on] = O(nﬁ)v

where § =2/3ifa=1and B =3/4ifa=2.

Theorem 2.3.11 will follow from a stronger result (Theorem 2.3.12). Before stating it we introduce
some additional notation and make several preliminary observations. Let p € P/, have characteristic
function ¢ and covariance matrix I', and assume that p satisfies (2.35). If the third moments of p
vanish, we let a = 2; otherwise, « = 1. Let M denote the moment generating function,

M(b) = E[e"*] = ¢(—ib),
which by (2.35) is well defined in a neighborhood of the origin in C?. Moreover, we can find
C < 00,€e > 0 such that
E [|X|4elb'Xq <0, |pl<e (2.36)
In particular, there is a uniform bound in this neighborhood on all the derivatives of M of order at
most four. (A (finite) number of times in this section we will say that something holds for all b in a

neighborhood of the origin. At the end, one should take the intersection of all such neighborhoods.)
Let L(b) =log M (b), L(i#) = log ¢(#). Then in a neighborhood of the origin we have

) =1+ 200 (b TME) = Th+ 0 ().

b-Tb VM (b)
L(b) = —— b|ot2 L(b) = =Tb b|oth). 2.
) =23 O™, TL0) = ) = b o) (2.37)
For |b| < €, let p, € P} be the probability measure
e p(a)
=& Y 2.

and let Py, E, denote probabilities and expectations associated to a random walk with increment
distribution p,. Note that

Pp{S, = x} = e M(b) " P{S, = z}. (2.39)
The mean of pp is equal to
E[X e>X]

A standard “large deviations” technique for understanding P{S,, = z} is to study Py{S, = =}
where b is chosen so that my, = x/n. We will apply this technique in the current context. Since
I is an invertible matrix, (2.37) implies that b — VL(b) maps {|b] < €} one-to-one and onto a



44 Local Central Limit Theorem

neighborhood of the origin, where € > 0 is sufficiently small. In particular, there is a p > 0 such
that for all w € R? with |w| < p, there is a unique |b,| < € with VL(b,) = w.

& One could think of the “tilting” procedure of (2.38) as “weighting by a martingale”. Indeed, it is easy to
see that for |b| < ¢, the process

N, = M(b)™" exp {bSy}

is a martingale with respect to the filtration {F,,} of the random walk. The measure P, is obtained by weighting
by N,,. More precisely, if E is an JF,,-measurable event, then

Py(E) =E [N, 1g].

The martingale property implies the consistency of this definition. Under the measure P, S,, has the distribution
of a random walk with increment distribution p, and mean my,. For fixed n,z we choose mj, = x/n so that z is
a typical value for S,, under P,. This construction is a random walk analogue of the Girsanov transformation for
Brownian motion.

Let ¢y denote the characteristic function of p, which we can write as

%@zmmmﬂzgg%ﬂ. (2.40)

Then there is a neighborhood of the origin such that for all b, # in the neighborhood, we can expand

log ¢y as

log dy(6) = iy, -6 —

+ f3,6(6) + hap(0). (2.41)

Here I'y is the covariance matrix for the increment distribution p,, and f3 () is the homogeneous
polynomial of degree three

f30(0) = —5 [E3l(0 X)) + 2 (Baf0 - X))°).

Due to (2.36), the coefficients for the third order Taylor polynomial of log ¢ are all differential in
b with bounded derivatives in the same neighborhood of the origin. In particular we conclude that

|[f5p(0)] < clbl*7H 10, 1], 10] <e.

To see this if @ = 1 use the boundedness of the first and third moments. If o = 2, note that
f30(0) =0, 0 € R%, and use the fact that the first and third moments have bounded derivatives as
functions of b. Similarly,

E[X XTebX]

b= )

=T+ 0([b*),

The error term hyp is bounded by
h47b(0) < C|9|47 |b|7 |9| <€

Note that due to (2.37) (and invertibility of I') we have both |b,| = O(|w]) and |w| = O(|by])-
Combining this with the above observations, we can conclude

mp =Lb+ O(]w]Ha),
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by = T w + O(Jw|' ), (2.42)
detI'y, = detT' 4+ O(|w|*) = detT' + O(|bw|®), (2.43)
by - T'by, ar w-T7hw o
L(by) = == + O(|by|*T) = — + O(Jw]*T®). (2.44)

By examining the proof of (2.13) one can find a (perhaps different) § > 0, such that for all |b| < e
and all € [, )%,

le= ™m0 gy (0)] < 1— 410

(For small # use the expansion of ¢ near 0, otherwise consider maxy|e~ % ¢,(6)| where the
maximum is taken over all such 6 € {z € [-m,7|?: |2| > €} and all |b| < ¢.)

Theorem 2.3.12 Suppose p satisfies the assumptions of Theorem 2.3.11, and let L, b,, be defined
as above. Then there exists ¢ < oo and p > 0 such that the following holds. Suppose x € Z% with
|z| < pn and b =b,,. Then

c(lz|*t + /i
(27 det Ty) Y2 n#?2 Py {S, = z} — 1( < ( TL(QH)/;F). (2.45)
In particular,
B 1 |$|2+a

Proof [of (2.46) given (2.45)] We can write (2.45) as

: Lpof 1
(27 det Ty )4/2 nd/2 + nlat1)/2 + nalz )|

]P’b{Sn = l‘} =

By (2.39),
pn(z) =P{S, =2} = M(b)" e "* P {S, = x} = exp {n L(b) — b- x} P{S, = z}.

From (2.43), we see that

(det T'y)~%/2 = (det I') /2 [1 +0 <|:”|a>] ,

nOé

and due to (2.44), we have

T -F_lﬂj‘ |2+a

2n

< |$
=¢ nlta ’

n L(b)

Applying (2.42), we see that

o _1 E ’x‘a—l—l ' _x-F_lx ‘x’a+2
b:E_[F <n>+0<na+1 = +0 o+t )¢

exp{nL(b) —b- 2} = exp{—x gn_l”“’} eXp{O (%)}

Therefore,
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Combining these and recalling the definition of p,,(z) we get,
s o ‘x’2+a
pn(T) = Py () exp T ) (-

Therefore, it suffices to prove (2.45). The argument uses an LCLT for probability distributions on
Z¢ with non-zero mean. Suppose K < oo and X is a random variable in Z%¢ with mean m € R?,
covariance matrix I', and E[| X |4] < K. Let 9 be the characteristic function of X. Then there exist
e, C, depending only on K, such that for |0| < e,

O

log 1 (6) — [Zm 6+ g + fg(e)} ‘ < Co% (2.47)

where the term f3(#) is a homogeneous polynomial of degree 3. Let us write K3 for the smallest
number such that |f3(0)] < K3|0|® for all §. Note that there exist uniform bounds for m, ' and K3
in terms of K. Moreover, if « = 2 and f3 corresponds to pp, then |K3| < ¢|b|. The next proposition
is proved in the same was as Theorem 2.3.5 taking some extra care in obtaining uniform bounds.
The relation (2.45) then follows from this proposition and the bound K3 < ¢ (z|/n)*~!.

Proposition 2.3.13 For every § > 0, K < oo, there is a ¢ such that the following holds. Let p
be a probability distribution on Z¢ with E[|X|*] < K. Let m,T',C,¢,9, K3 be as in the previous
paragraph. Moreover, assume that

e ™0 (0) <1-610)%, 0¢ [
Suppose X1, Xo, ... are independent random variables with distribution p and S, = X1+ -+ X,,.
Then if nm € 7,
K 1
(27rn det T)Y2 P{S,, = nm} — 1| < 0[37\/%—'_]
n

Remark. The error term indicates existence of two different regimes: K3 < n~1/2 and K3 > n=1/2,

Proof We fix §, K and allow all constants in this proof to depend only on § and K. Proposition
2.2.2 implies that

P{S, = nm} = ﬁ /[_m]d[e—im-" W(O)]" db.

The uniform upper bound on E[|X|*] implies uniform upper bounds on the lower moments. In
particular, det I" is uniformly bounded and hence it suffices to find ng such that the result holds for
n > ng. Also observe that (2.47) holds with a uniform C' from which we conclude

.T 4
nlogd;(%) —i\/ﬁ(mﬂ)—y—nfg <%>‘ SC%.
In addition we have |nf3(8//n)| < K3 |0]3/y/n. The proof proceeds as the proof of Theorem 2.3.5,
the details are left to the reader. O
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2.4 Some corollaries of the LCLT

Proposition 2.4.1 If p € P’ with bounded support, there is a ¢ such that

> Ipn(2) = pu(z +y)| < clyln”
2€74

Proof By the triangle inequality, it suffices to prove the result for y = e = e;. Let § = 1/2d. By
Theorem 2.3.6,

_ 1
Pn(z +e€) = pn(2) = V;pu(2) + O <W> :
Also Corollary 12.2.7 shows that

> Iz —pa(zte)l < D [pa(2) +palz + )] = o(n” 1),
|z|2n(1/2)+6 |z|2n(1/2)+6
But,
1
> @ -merel £ mE-nerelt Y 0 ()

2| <n(1/2)+6 274 |2|<n(1/2)+6

O™ %)+ Y IV;Pn(2)]:

ze74

IN

A straightforward estimate which we omit gives
> IViPa(2)] = O(n™?).
2€74
O
The last proposition holds with much weaker assumptions on the random walk. Recall that P*

is the set of increment distributions p with the property that for each = € Z?, there is an N, such
that p,(x) > 0 for all n > N,.

Proposition 2.4.2 If p € P*, there is a ¢ such that

> Ipa(z) = pa(z +y)| < clyln”
2€74

Proof In Exercise 1.3 it was shown that we can write
p=cq+(1-ed

where ¢ € P’ with bounded support and ¢’ € P*. By considering the process of first choosing ¢ or
¢’ and then doing the jump, we can see that

n

pale) =2 (M) -0 E ayte = 2) diy o) (2.48)

i=o \J ~ezd
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Therefore,

Z |pn($) _pn(x +y)| <

x€Z4

S () 0= 0" S dslo) Xt~ 2) ety -2

Jj=0 zeZd zeZ4

We split the first sum into the sum over j < (¢/2)n and j > (¢/2)n. Standard exponential estimates
for the binomial (see Lemma 12.2.8) give

> (”) (1= g (@) Y laja —2) — gje +y — )|

j<(e/2) J zez? z€24

3> (%)= =0

J<(e/2)

for some a = a(e) > 0. By Proposition 2.4.1,

S (M- T by X e - 2) - gl +y )

j>(e/2) J zezd z€24

”’L . .
cen iyl Y (M) a0 S ) <en

i=(€/2) z€zd

O

The last proposition has the following useful lemma as a corollary. Since this is essentially a
result about Markov chains in general, we leave the proof to the appendix, see Theorem 12.4.5.

Lemma 2.4.3 Suppose p € P;. There is a ¢ < oo such that if x,y € 72, we can define Sy, S’ on
the same probability space such that: S, has the distribution of a random walk with increment p
with So = x; S} has the distribution of a random walk with increment p with Sy = y; and such that
for all n,

clz —yl

=5 > >1-—
P{S, =S}, forallm>n}>1 NG

& While the proof of this last lemma is somewhat messy to write out in detail, there really is not a lot of
content to it once we have Proposition 2.4.2. Suppose that p, ¢ are two probability distributions on Z¢ with

23 ) —a) =
z€Z4

Then there is an easy way to define random variables X,Y on the same probability space such that X has
distribution p, Y has distribution ¢ and P{X # Y} = €. Indeed, if we let f(z) = min{p(z), ¢(z)} we can let the
probability space be Z¢ x Z% and define x by

p(z,z) = f(2)
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and for x # y,
p(x,y) = e tp(x) — f(@)] lay) — f(»)]-

If we let X (z,y) = x,Y (xz,y) =y, it is easy to check that the marginal of X is p, the marginal of Y is ¢ and
P{X =Y} =1—e. The more general fact is not much more complicated than this.

Proposition 2.4.4 Suppose p € P;. There is a ¢ < oo such that for all n,z,

C

Proof If p € P}, with bounded support this follows immediately from (2.22). For general p € Pj,
write p = eq + (1 — €) ¢’ with ¢ € P);,¢' € Pj as in the proof of Proposition 2.22. Then p,(x)
is as in (2.48). The sum over j < (¢/2)n is O(e~®") and for j > (¢/2)n, we have the bound
gj(x — 2) < en™9/2. O

The central limit theorem implies that it takes O(n?) steps to go distance n. This proposition
gives some bounds on large deviations for the number of steps.

Proposition 2.4.5 Suppose S is a random walk with increment distribution p € Py and let
T, = min{k : |Sk| > n}, & = min{k : T*(Sk) > n}.
There exist t > 0 and ¢ < co such that for all n and all v > 0,

P{r, < rn’} +P{& <rn®} <ce /", (2.50)
P{7, > rn?} + P{&, >’} < ce ™. (2.51)

Proof There exists a ¢ such that &, < 7, < &,/ so it suffices to prove the estimates for 7,. It also
suffices to prove the result for n sufficiently large. The central limit theorem implies that there is
an integer k£ such that for all n sufficiently large,

P{|Skn2| = 2n} =

N —

By the strong Markov property, this implies for all [
1
P{r, > kn®+1|7, >1} < 5

and hence
P{r, > jkn?} < (1/2)] = ¢ 7082 — o—ik(log2/k)

This gives (2.51). The estimate (2.50) on 7, can be written as

IP’{ max |Sj|2n}:]P’{ max |Sj|2(1/\/F)\/rn2}§ce_t/r,

1<j<rn? 1<j<rn?

which follows from (2.7). O
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& The upper bound (2.51) for 7, does not need any assumptions on the distribution of the increments other
than they be nontrivial, see Exercise 2.7.

Theorem 2.3.10 implies that for all p € P, pu(z) < en~¥?(\/n/|z[)?. The next proposition
extends this to real > 2 under the assumption that E[|X1]"] < oc.

Proposition 2.4.6 Suppose p € P;. There is a ¢ such that for all n,x,
c
< —— > .
pul@) < — Jmax P{[5;| = [=|/2}

In particular, if r > 2, p € P and E[|X1]"] < oo, then there exists ¢ < oo such that for all n,z,

pal) < # <*/ﬁ>r (2.52)

]

Proof Let m =n/2 if n is even and m = (n 4+ 1)/2 if n is odd. Then,
{Sn =2} ={Sn = 2,|9m| = []/2} U {Sn ==,|50 — S| = |2|/2}.
Hence it suffices to estimate the probabilities of the events on the right-hand side. Using (2.49) we
get
P{Sn = 2,[Sm| = [2[/2} = P{|Sm| = |2[/2} P{Sn = 2 [ |Sm| > |2[/2}

< Pl [01/2) [sup (o)
< en PP{|Sy| > |z|/2}.

The other probability can be estimated similarly since

P{S, = x,|Sn — Sm| > |z|/2} =P{S, =, |Sn-m| > |z|/2}.

We claim that if p € P/, 7 > 2, and E[|X1|"] < oo, then there is a ¢ such that E[|S,|"] < cn'/2.
Once we have this, the Chebyshev inequality gives for m < n,
Cnr/2

el

P{[Sm| = [a]} <

The claim is easier when r is an even integer (for then we can estimate the expectation by expanding
(X1+4 -+ X,,)"), but we give a proof for all » > 2. Without loss of generality, assume d = 1. For
a fixed n define

T1 = Tl = mln{] : |S]| > Cl\/ﬁ},
and for [ > 1,
Tl:min{j>fl—13|Sj_STL,1‘261\/ﬁ}7 Tl:Tl_Tl—la

where ¢; is chosen sufficiently large so that

P{T, > n} >

DO | =
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The existence of such a ¢; follows from (2.6) applied with k& = 1.
Let Vi = |Spy| and for I > 1, v = ‘sﬂ . ‘ Note that (T1, Y1), (Ty, Ya), (T3, Y3), ... are

-1
independent, identically distributed random variables taking values in {1,2,...} x R. Let & be the
smallest [ > 1 such that T; > n. Then one can readily check from the triangle inequality that

IS < Y1+Y2+"'+Y§_1+Cl\/7_l
= Cl\/ﬁ—i_szla
=1

where Y; = Y, 1{T; < n}1{¢ > [ — 1}. Note that

P{Y1>c1vn+t:T1 <n} < P{|X;|>¢forsomel<j<n}
< nP{|Xy| >t}

Letting Z = | X1|, we get

BV =BT Ti<n] = ¢ 5B 2 5T < nhds
0
< ¢ nr/z—l—/ S InP{Z >s—civ/n}ds
i (1 +1)VA
= ¢ |n/? +/ (s +vn) " tnP{Z > s} ds}
! v
< ¢ |n? o 2T_1/ s" 1 nP{Z > s} ds}
_- Vvn
< e n?yo! nE[ZT]} <en'?.
For [ > 1,
. 1\t
BIff] < Ple > 1- DED7 1Tz nb e >1-1 = (3) B
Therefore,
E [(E+Y2+---)T] = JmE _(Y1+---+Yl)7”}

2.5 LCLT — combinatorial approach

In this section, we give another proof of an LCLT with estimates for one-dimensional simple random
walk, both discrete and continuous time, using an elementary combinatorial approach. Our results
are no stronger than that derived earlier, and this section is not needed for the remainder of the
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book, but it is interesting to see how much can be derived by simple counting methods. While we
focus on simple random walk, extensions to p € P, are straightforward using (1.2). Although the
arguments are relatively elementary, they do require a lot of calculation and estimation. Here is a
basic outline:

e Establish the result for discrete time random walk by exact counting of paths. Along the way
we will prove Stirling’s formula.

e Prove an LCLT for Poisson random variables and use it to derive the result for one-dimensional
continuous-time walks. (A result for d-dimensional continuous-time simple random walks follows
immediately.)

We could continue this approach and prove an LCLT for multinomial random variables and use
it to derive the result for discrete-time d-dimensional simple random walk, but we have chosen to
omit this.

2.5.1 Stirling’s formula and 1-d walks

Suppose S, is a simple one-dimensional random walk starting at the origin. Determining the
distribution of S, reduces to an easy counting problem. In order for X7 + --- + Xo, to equal 2k,
exactly n + k of the X; must equal +1. Since all 272" sequences of &1 are equally likely,

p%xzk)::P{S%1::2k}::2—%l(n%fk> ::2—2"(n_Fé;?E__k)r (2.53)

We will use Stirling’s formula, which we now derive, to estimate the factorial. In the proof, we will
use some standard estimates about the logarithm, see Section 12.1.2.

Theorem 2.5.1 (Stirling’s formula) As n — oo,
n! ~2rn" /2 e,

In fact,

n 1+ oL
/2m nnt(1/2) g—n a 12n n? )’
Proof Let b, = n"t(1/2e=" /n!. Then, (12.5) and Taylor’s theorem imply
b 1 1\" 1\ /2
= :-—Q+—> Q+—>
by, e n n
1 11 1 1 1 1
- 1-= S I —
[ 2n+24n2+0<n3>} [ o 8n2+0<n3>}
14—

Therefore,

bm T 1 1\] _ 1 1
i = [“mW(ﬁﬂ—”m*O(m)'
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The second equality is obtained by
[ee]
1 1 1
1 1+ — — = 1 —
Ong[ +12l2+0<l3>] Z Og[ 1212 O(ﬁ)]
=n

[e.9]

1 1

1 1

This establishes that the limit

exists and

12n n?

n! = Cnt/2) g—n [1+L+O< 1 )} .

There are a number of ways to determine the constant C. For example, if S,, denotes a one-
dimensional simple random walk, then

V/ nf 2n _ (2n)!

P n < V2nl = 4" = 4" .

{IS2n] < v2n logn} 2 <n+k> 2 (n+k)l(n — k)!
[2k|<v2n logn |2k|<v2n logn

Using (12.3), we see that as n — oo, if |2k| < v/2n logn,

S m oy O\/\if <1 " k>_(n+k) <1 B §>_(n_k)

_ V2 <1_@>‘" <1+k2/n> <1_k2/n>kN V2 e

C\/n n k k C\n
Therefore,
2 2 [ V2
nILH;OP{|S2n| < V2n 10gn}:nhj{.lo Z CL\/ﬁe_kQ/": % /_ooe_m2 dr = Tﬂ
|k|<y/m/2 logn
However, Chebyshev’s inequality shows that
n 1
P{|Ss,| > v2n logn} < Var[sé | _ — — 0.
2n log“n  log“n
Therefore, C' = /2. O

& By adapting this proof, it is easy to see that one can find 71 = 1/12,73, 73, ... such that for each positive
integer k,

_ n+(1/2) ,—n Lo T2 1
n! =V2rn"t1/2 ¢ L+ —+ S+ +_+O<k+1>] (2.54)
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We will now prove Theorem 2.1.1 and some difference estimates in the special case of simple
random walk in one dimension by using (2.53) and Stirling’s formula. As a warmup, we start with
the probability of being at the origin.

Proposition 2.5.2 For simple random walk in Z, if n is a positive integer, then

P{S%ZO}:\/% [1—8%+0<%>].

By plugging into Stirling’s formula, we see that the right hand side equals

1 1+ (24n)"t+0(n7?) 1 [ 1 (1)]

Proof The probability is exactly

A2 1 0m P van || s 7O

n2
O

In the last proof, we just plugged into Stirling’s formula and evaluated. We will now do the same
thing to prove a version of the LCLT for one-dimensional simple random walk.

Proposition 2.5.3 For simple random walk in Z, if n is a positive integer and k is an integer with
k| < n,

™

1 _k2 n 1 k4
pl2h) =Pl =20) = e o fO (1455 ) .
In particular, if |k| < n3/%, then

P{S,, = 2k} = \/% ek /n [1 +0 (l + k—4>} .

& Note that for one-dimensional simple random walk,

2
e K/,

5 PSS S G _ L
2D5, (2k) =2 I p{ 2(2n)} NG

& While the theorem is stated for all |k| < n, it is not a very strong statement when k is of order n. For
example, for n/2 < |k| < n, we can rewrite the conclusion as

Pan(2h) = —= ek /m (O) = O,

Jan

which only tells us that there exists a such that

e " < pan(2k) < e,
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In fact, 2p,,,(2k) is not a very good approximation of pa, (2k) for large n. As an extreme example, note that

Y _ 1,
pon(2n) =47", 2Dy, (2n) = N e "

Proof If n/2 < |k| < n, the result is immediate using only the estimate 272" < P{Sy, = 2k} < 1.
Hence, we may assume that |k| < n/2. As noted before,

—on on 2n)!
P{San = 2k} = 277 <n + /<:> - 22"(n—i—(k)')(n — k)l

If we restrict to |k| < n/2, we can use Stirling’s formula (Lemma 2.5.1) to see that

e o (2)] e (-5 (8) ()

The last two terms approach exponential functions. We need to be careful with the error terms.

Using (12.3) we get,
k2 " _k2 n k4
(1—m> = e K/ exp{0<$>}.
2]€ k —2k2/(n+k) 2k3 k4
(1-758) = el o ()
2k3 Kt
e—2k2/(n+k) exp {_n_k; +0 <$> } ’

3 4
e—2k2/(n+k) _ e—2k2/n exp {% +0 <k7_3> }
n n

Also, using k?/n? < max{(1/n), (k*/n®)}, we can see that

2\ —1/2 4
1 k

<1 ]{72> —_exp{()<—+—3>}-
n n n

Combining all of this gives the theorem. O

& We could also prove “difference estimates” by using the equalities

k

(2K ) P
Pon(2k+2) = =y

p2n(2k)a

(2n+1)(2n+ 2)

_ 1
Pant)(2K) = pan(2R) 470 2SS O Ty
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Corollary 2.5.4 If S, is simple random walk, then for all positive integers n and all |k| < n,

P{Soms1 = 2k +1} = \/jr_n exp {—@} exp {o (% + z—i:) } . (2.55)

Proof Note that
1 1
P{SQn_H =2k + 1} = 5 ]P){Sgn = 2]{7} + 5 P{Sgn = 2(1{7 + 1)}

Hence,

™ n  nd

{5 [ (5]
Sk

2 2
eXP{ (k+1) kQ/"[ %—I—O(%)],

k 1\2 2
e oo o 5]

Using k2?/n? < max{(1/n), (k*/n3)}, we get (2.55). O

1 1 k4
P{S2n+1 - 2k + 1} = T[e_kz/n + 6_(k+1)2/n] exp {O <— + —> } .

But,

which implies

& One might think that we should replace n in (2.55) with n + (1/2). However,

5
o)

Hence, the same statement with n + (1/2) replacing n is also true.

2.5.2 LCLT for Poisson and continuous-time walks

The next proposition establishes the strong LCLT for Poisson random variables. This will be used
for comparing discrete-time and continuous-time random walks with the same p. If NV; is a Poisson
random variable with parameter ¢, then E[N;] = ¢, Var[IV;] = ¢. The central limit theorem implies
that as t — oo, the distribution of (N; — t)/+/t approaches that of a standard normal. Hence, we
might conjecture that

m—t Ny —t m-+1—t
P{N,; = = P < <
e =m) {\/Z <V Vi }
/(m“‘t)/\/Z 1 a2 1 mp?
3t .
(

T2 dx x e

—¢€
m—t)/vt V2 V2rt

In the next proposition, we use a straightforward combinatorial argument to justify this approxi-
mation.

Q
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Proposition 2.5.5 Suppose N; is a Poisson random variable with parameter t, and m is an integer
with |m —t| < t/2. Then

1 m—t)? 1 —t3
PN, = m} = e 5 eXp{O <W+ e >}

Proof For notational ease, we will first consider the case where ¢ = n is an integer, and we let
m=n-+k. Let

nn—i—k

qn, k) =P{N,=n+k}=¢e" eI

and note the recursion formula

n
Q(n, kT) = n—+l<: Q(n, k — 1)-

Stirling’s formula (Theorem 2.5.1) gives

¢(n,0) = e_;”n - \/2177—71 [1 10 (%)] . (2.56)

By the recursion formula, if £ < n/2,

o(n, k) = q(n, 0) [<1+%> <1+%> <1+§>r,

and,

The last equality uses the inequality

n = vn'n? |’
which will also be used in other estimates in this proof. Using (2.56), we get

log g(n, k) = —log v2 —k—2+0 L+k—3
ogq(n, k) = —logv2mn — o~ N A

and the result for £ > 0 follows by exponentiating.

q(n,—k) = q(n,0) (1_%> (1_%>m<1_k;1>

Similarly,
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and
k—1 .
loggq(n,—k) = —logVv2mn+ log H <1 — l)
j=1 "

= —logVv2 n—k—2+0 L—Fk—g
N BV AT T o N

The proposition for integer n follows by exponentiating. For general ¢, let n = |t] and note that

_ o\ ntk
t—n\* 1
= ]P’{Nn:n+k}<1+ > [1+O<—>}
n n
P{N, = n+ k} [1+0 <WT+1>]
3
= ek epfo (L 1))
3
= (2rt) 72 e =Y/ oxp {O <i + m> } '

The last step uses the estimates
1 1 1 2 2 k?
G lre()] crecteolo(R))

We will use this to prove a version of the local central limit theorem for one-dimensional,
continuous-time simple random walk.

O

Theorem 2.5.6 If S, is continuous-time one-dimensional simple random walk, then if |z| < t/2,

ﬁg@::¢%geﬁfap{o<§§+%§>}.

Proof We will assume that z = 2k is even; the odd case is done similarly. We know that

Pr(2k) =) P{N; = 2m} pom (2K).

m=0

Standard exponential estimates, see (12.12), show that for every e > 0, there exist ¢, 8 such that
P{|N; —t| > et} < ce™P!. Hence,

Pr(2k) = D P{N; = 2m} pom(2k)

m=0

= O(e ™) +> P{N, = 2m} pym (2k), (2.57)
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where here and for the remainder of this proof, we write just ) to denote the sum over all integers
m with [t — 2m| < et. We will show that there is an e such that

SOP{N, = 2m} o (2K) = \/;_m e % exp {0 <% 4 f—f) } .

A little thought shows that this and (2.57) imply the theorem.
By Proposition 2.5.3 we know that

2 1K
pom (2k) = P{Sop, = 2k} = e mexpsO|—+—]¢,

and by Proposition 2.5.5 we know that

1 (2m—1)? 1 2m—¢?
P{Nt:2m}:\/ﬁ6_22tt exp{O(——l—M)}.

Also, we have

which implies

2 2 k2 |2m —t
e_% = 6_% exp {O (%) } .

Combining all of this, we can see that the sum in (2.57) can be written as

1 a2 1 |z 2 _Cem? 12m — t[?
\/2—7Tt€ 2 eXp{O<W+t—2>}Z\/2—ﬂ-t6 2 exp{O(T .

We now choose € so that |O(|2m —t|3/t2)| < (2m —t)?/(4t) for all |2m — t| < et. We will now show

that
2 _emn? |2m — t\3>} ( 1 )
e 2t expq O | ———— =14+0(—),
Z V 2t P { ( t2 \/z

which will complete the argument. Since

(2m—t)2 2m — t|? (2m—)2
e 2  exp {O <‘t72’>} <e T @

is easy to see that the sum over [2m —t| > t2/3 decays faster than any power of t. For |2m —t| < t?/3
we write
|2m —t[? |2m — t|3
exp{0<t72 =140 — )
The estimate

2 _emp? 2 o(m/Vi)?
e 2t = e
Z V2t Z V2t

|2m—t]<t2/3 Iml<t2/3/2

1 * 1 > 1
= O|— +2/ g :1+o<_>
<\/E> —0o0 277'6 Y \/E
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is a standard approximation of an integral by a sum. Similarly,

\2m—t\3> 2 _(2mft>2 /OO Iyl o207 < 1 )
O t Vdy=0|—].
Z < t2 \/27Tte i Vit

[2m—t|<t2/3

Exercises

Exercise 2.1 Suppose p € P/, € € (0,1) and E[|X1|*™] < co. Show that the characteristic function

has the expansion

T
6(0) =1 20 Lol 00

Show that the §, in (2.32) can be chosen so that n¢/? 4§, — 0.

Exercise 2.2 Show that if p € P}, there exists a ¢ such that for all z € Z% and all positive integers
n?
|z
[P () = pa(0)] < TR
(Hint: first show the estimate for p € P/ with bounded support and then use (2.48). Alternatively,
one can use Lemma 2.4.3 at time n/2, the Markov property, and (2.49). )
Exercise 2.3 Show that Lemma 2.3.2 holds for p € P*.

Exercise 2.4 Suppose p € P} with E[|X[*] < co. Show that there is a ¢ < oo such that for all

lyl =1,
C
1Pn(0) — pa(y)] < @

Exercise 2.5 Suppose p € P. Let A C 74 and
h(z) =P*{S, € Aio.}.
Show that if h(z) > 0 for some z € Z%, then h(x) = 1 for all x € Z.

Exercise 2.6 Suppose S, is a random walk with increment distribution p € P;. Show that there

exists a b > 0 such that
2
supE [exp{b|5ﬂ| H < 0.
n>1 n

Exercise 2.7 Suppose X1, X, ... are independent, identically distributed random variables in Z%
with P{X; =0} <1 andlet S, = X1 +--- + X,,.

e Show that there exists an r such that for all n

P{’Srn2’ > n} >

NI)—t
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e Show that there exist ¢, t such that for all b > 0,

]P’{ max 1S;] < bn} < ce P,

1<j<n
Exercise 2.8 Find ry,73 in (2.54).

Exercise 2.9 Let .S, denote one-dimensional simple random walk. In this exercise we will prove
without using Stirling’s formula that there exists a constant C' such that

pan(0) = % [1— 8%+O (%)] .

1 1\ !
poy = (15, (145) oo

b. Let b, = v/n p2,(0). Show that by = 1/2 and for n > 1,

bn—i—l 1 1
=14+—-— — |-
by, Tt © <n3>

a. Show that if n > 1,

c. Use this to show that b, = lim b,, exists and is positive. Moreover,

1 1
e [ Lo (L))

Exercise 2.10 Show that if p € P with E[|X}[3] < oo, then
Vipa(z) = Vip,(z) + O(n~ /2,

Exercise 2.11 Suppose ¢ : Z% — R has finite support, and k is a positive integer such that for all
le{l,...,k—1} and all j1,...,5 € {1,...,d},

Z a2 gdg(x) = 0.
z=(z1,...,z4)€Z

Then we call the operator

Af(z) = flx+y) )

Y

a difference operator of order (at least) k. The order of the operator is the largest k for which this
is true. Suppose A is a difference operator of order k > 1.

e Suppose g is a C™ function on R?. Define g. on Z? by g.(x) = g(ex). Show that
[Age(0)] = O(le*), e — 0.
e Show that if p € P/, with E[|X;]*] < oo, then

App(x) = AP, (2) + O(n~@HIHR/2),
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e Show that if p € P/ is symmetric with E[|X;|*] < oo, then
Apn(z) = AP, (x) + O(n~(d+2+R)/2),

Exercise 2.12 Suppose p € P’ UP}. Show that there is a ¢ such that the following is true. Let S,
be a p-walk and let

Tp, = inf{j : || > n}.
If y € Z2, let

Tn—1

Valy) = > 1{S; =y}

J=0

denote the number of visits to y before time 7,,. Then, if 0 < |y| < n,

1+ logn —log|y|
c )
n

E[Vk(y)] <
Hint: Show that there exist cq, 8 such that for each positive integer 7,

Z H{Sj=y;j<m}<a e Pipt
Jn?<i<(j+1)n?
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Approximation by Brownian motion

3.1 Introduction

Suppose S, = X7 + -+ + X, is a one-dimensional simple random walk. We make this into a
(random) continuous function by linear interpolation,

Sy =8+ (t—n)[Spy1—Sn], n<t<n+l1.

For fixed integer n, the LCLT describes the distribution of S,,. A corollary of LCLT is the usual
central limit theorem that states that the distribution of n=1/2 S, converges to that of a standard
normal random variable. A simple extension of this is the following: suppose 0 < t; <t < ... <
t, = 1. Then as n — oo the distribution of

’I’L_1/2 (St1n7 Sf/2”7 e aStkn)
converges to that of
(Y, Y1+ Yo,..., Y1 + Yo +---Y3),

where Y7, ...,Y} are independent mean zero normal random variables with variances t{,t9 —t1, ...,
tr — tp_1, respectively.

The functional central limit theorem (also called the invariance principle or Donsker’s theorem)
for random walk extends this result to the random function

Wt(") =n"128,,. (3.1)

The functional central limit theorem states roughly that as n — oo, the distribution of this random
function converges to the distribution of a random function ¢ — B;. From what we know about the
simple random walk, here are some properties that would be expected of the random function B:

e If s < t, the distribution of By — By is N(0,t — s).
o If 0 <ty <ty <...<ty, then By, — By,..., By, — By, , are independent random variables.

These two properties follow almost immediately from the central limit theorem. The third property
is not as obvious.

e The function ¢t — B; is continuous.
Although this is not obvious, we can guess this from the heuristic argument:

E[(Bisar — Bi)?] = At,

63
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which indicates that |Bi1ar — Bt| should be of order VAL A process satisfying these assumptions
will be called a Brownian motion (we will define it more precisely in the next section).

There are a number of ways to make rigorous the idea that W) approaches a Brownian motion
in the limit. For example, if we restrict to 0 < ¢ < 1, then W) and B are random variables taking
values in the metric space C0, 1] with the supremum norm. There is a well understood theory of
convergence in distribution of random variables taking values in metric spaces.

We will take a different approach using a method that is often called strong approrimation of
random walk by Brownian motion. We start by defining a Brownian motion B on a probability
space and then define the random walk S,, as a function of the Brownian motion, i.e., for each
realization of random function B; we associate a particular random walk path. We will do this in
a way so that the random walk S, has the distribution of simple random walk. We will then do
some estimates to show that there exist positive numbers ¢, a such that if Wt(") is as defined in
(3.1), then for all » < nl/4,

P{|B—W™| >rn=/*\/logn} < ce™", (3.2)
where || - || denotes the supremum norm on C|0,1]. The convergence in distribution follows from

the strong estimate (3.2).

& There is a general approach here that is worth emphasizing. Suppose we have a discrete process and we
want to show that it converges after some scaling to a continuous process. A good approach for proving such a
result is to first study the conjectured limit process and then to show that the scaled discrete process is a small
perturbation of the limit process.

We start by establishing (3.2) for one-dimensional simple random walk using Skorokhod embed-
ding. We then extend this to continuous-time walks and all increment distributions p € P. The
extension will not be difficult; the hard work is done in the one-dimensional case.

We will not handle the general case of p € P’ in this book. One can give strong approximations
in this case to show that the random walk approaches Brownian motion. However, the rate of
convergence depends on the moment assumptions. In particular, the estimate (3.2) will not hold
assuming only mean zero and finite second moment.

3.2 Construction of Brownian motion

A standard (one-dimensional) Brownian motion with respect to a filtration Fy is a collection of
random variables By, t > 0 satisfying the following:

(a) Bo = 0;

(b) if s < t, then B; — B is an Fi-measurable random variable, independent of F,, with a
N(0,t — s) distribution;

(c) with probability one, ¢t — B is a continuous function.

If the filtration is not given explicitly, then it is assumed to be the natural filtration, F; = o{B; :

0 < s < t}. In this section, we will construct a Brownian motion and derive an important estimate
on the oscillations of the Brownian motion.
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We will show how to construct a Brownian motion. There are technical difficulties involved in
defining a collection of random variables {B;} indexed over an uncountable set. However, if we
know a priori that the distribution should be supported on continuous functions, then we know
that the random function ¢ — B; should be determined by its value on a countable, dense subset of
times. This observation leads us to a method of constructing Brownian motion: define the process
on a countable, dense set of times and then extend the process to all times by continuity.

Suppose (2, F,P) is any probability space that is large enough to contain a countable collection
of independent N (0, 1) random variables which for ease we will index by

Npg, n=0,1,...; k=0,1,...

We will use these random variables to define a Brownian motion on (2, F,P). Let

k o0
D,={—: k=0,1,...,, D=||D,
lgrs k=0t p 02U

denote the nonnegative dyadic rationals. Our strategy will be as follows:

e define B, for ¢ in D satisfying conditions (a) and (b);

e derive an estimate on the oscillation of B;,t € D, that implies that with probability one the
paths are uniformly continuous on compact intervals;

e define B; for other values of ¢ by continuity.

The first step is straightforward using a basic property of normal random variables. Suppose
X,Y are independent normal random variables, each mean 0 and variance 1/2. Then Z = X +Y
is N(0,1). Moreover, the conditional distribution of X given the value of Z is normal with mean
Z/2 and variance 1/2. This can be checked directly using the density of the normals. Alternatively,
one can check that if Z, N are independent N(0,1) random variables then
N N
) 5 (3.3)

are independent N(0,1/2) random variables. To verify this, one only notes that (X,Y") has a joint
normal distribution with E[X] = E[Y] = 0,E[X?] = E[Y?] = 1/2,E[XY] = 0. (See Corollary
12.3.1.) This tells us that in order to define X,Y we can start with independent random variables
N, Z and then use (3.3).
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Figure 3.1: The dyadic construction
We start by defining B; for t € Dy = N by By = 0 and

Bj = Nojy+ -+ Noj.

We then continue recursively using (3.3). Suppose B; has been defined for all ¢ € D,,. Then we
define B, for t € D41\ D), by

1
Boki1 = B%n + B [B% — Bgin] + 9~ (n+2)/2 Nogt1mn+1-

on+1

By induction, one can check that for each n the collection of random variables Zj ,, := By on —
B(x—1)/2n are independent, each with a N (0,27™) distribution. Since this is true for each n, we
can see that (a) and (b) hold (with the natural filtration) provided that we restrict to t € D. The
scaling property for normal random variables shows that for each integer n, the random variables

2"2 By jpn, tE€D,
have the same joint distribution as the random variables
B, teD.
We define the oscillation of By (restricted to t € D) by
osc(B; 9, T) =sup{|By — Bs| : s,t € D;0 < s,t <T;|s —t| <}
For fixed ¢, T, this is an Fp-measurable random variable. We write osc(B; ) for osc(B;d,1). Let

M = nga%);n Sup {’Bt+k2*n — Bja-—n|:t€D;0<t< 2—n} '

The random variable M,, is similar to osc(B;2~") but is easier to analyze. Note that if r < 277",

osc(B;r) < osc(B;27") < 3 M,. (3.4)
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To see this, suppose 6 < 27" 0 < s <t <s+0d <1, and |[Bs — B| > €. Then there exists a k
such that either k27" < s <t < (k+1)27"or (k—1)27" < s < k27" <t < (k+ 1)27". In either
case, the triangle inequality tells us that M, > €/3. We will prove a proposition that bounds the
probability of large values of osc(B;d,T"). We start with a lemma which gives a similar bound for
M,.

Lemma 3.2.1 For every integer n and every § > 0,

P{M, > 527"/} <4 @% e /2,
Proof Note that
P{M, > §27"/?} < 2“]1”{ sup  |By| > 627"/? } = 2”]?{ sup |Bi| >0 }
0<t<2-7 0<t<1
Here the supremums are taken over ¢t € D. Also note that
P{sup{|B;|:0<t<1,teD} >} = nlLH;oP{ max{|Bys-—n|:k=1,...,2"} >0 }
2 lim P{max{Bjo-n:k=1,...,2"} > ¢ }.

n—~0o0

IN

The reflection principle (see Proposition 1.6.2 and the remark following) shows that

P{ max{Bjs-» : k=1,...,2"} >0} < 2P{B; >}
*© 1 2
= 2 —— e /24
/6 2716 T
2 /OO L e %0/2 dp =9 \/25_16_62/2.
s V2T ™

Proposition 3.2.2 There exists a ¢ > 0 such that for every 0 < § < 1, r > 1, and positive integer
T,

IN

O

P{osc(B;0,T) > cr/dlog(1/d)} < cTs"”.
Proof 1t suffices to prove the result for 7' = 1 since for general T" we can estimate separately the

oscillations over the 27" — 1 intervals [0, 1], [1/2,3/2], [1,2], ...,[T"—1,T]. Also, it suffices to prove
the result for § < 1/4. Suppose that 27771 < § < 27", Using (3.4), we see that

P{osc(B;d) > cr+/dlog(1/6)} <P {Mn > % V2™ log(l/é)} .

By Lemma 3.2.1, if ¢ is chosen sufficiently large, the probability on the right-hand side is bounded

by a constant times
1 [ c?r?
exp{—z <F> log(l/é)} ,

which for ¢ large enough is bounded by a constant times 5 O
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Corollary 3.2.3 With probability one, for every integer T < oo, the function t — By, t € D is
uniformly continuous on [0,T].

Proof Uniform continuity on [0, T is equivalent to saying that osc(B;27",T) — 0 as n — oo. The
previous proposition implies that there is a ¢; such that

P{osc(B; 27", T) > ¢1 272 \/n} < ey T27".
In particular,
o
Z]P’{OSC(B; 27" T) > ¢1 272 \/n} < o0,
n=1

which implies by Borel-Cantelli that with probability one osc(B;2~",T) < ¢; 272 \/n for all n
sufficiently large. O

Given the corollary, we can define B; for t ¢ D by continuity, i.e.,
By = lim B
t t:glt tns

where t,, € D with t,, — ¢. It is not difficult to show that this satisfies the definition of Brownian
motion (we omit the details). Moreover, since B, has continuous paths, we can write

osc(B;0,T) = sup{|B; — Bs| : 0 < s,t < T|s —t| <4}
We restate the estimate and include a fact about scaling of Brownian motion. Note that if B; is a

standard Brownian motion and a > 0, then Y; := a~1/2 B, is also a standard Brownian motion.

Theorem 3.2.4 (Modulus of continuity of Brownian motion) There is a ¢ < oo such that
if By is a standard Brownian motion, 0 <0 <1,r>¢,T > 1,

P{osc(B;8,T) > r/dlog(1/8)} < ¢ T 67/,
Moreover, if T > 0, then osc(B;6,T) has the same distribution as /T osc(B,8/T). In particular,
ifT>1,

P{osc(B;1,T) > cr+/logT} = P{osc(B;1/T) > r+/(1/T) logT} < T/, (3.5)

3.3 Skorokhod embedding

We will now define a procedure that takes a Brownian motion path B; and produces a random walk
Sn. The idea is straightforward. Start the Brownian motion and wait until it reaches +1 or —1.
If it hits +1 first we let S7 = 1; otherwise, we set S1 = —1. Now we wait until the new increment
of the Brownian motion reaches +1 or —1 and we use this value for the increment of the random
walk.

To be more precise, let B; be a standard one-dimensional Brownian motion, and let

T=inf{t > 0:|B = 1}.
Symmetry tells us that P{B,; =1} = P{B, = -1} = 1/2.
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Lemma 3.3.1 E[7] = 1 and there exists a b < oo such that E[e’™] < co.

Proof Note that for integer n
P{r >n} <P{r>n—-1,|B, — By—1| <2} =P{r >n—1}P{|B,, — B—1| < 2},

which implies for integer n,

P{r >n} <P{|B, — B,—1| <2}" =e ",
with p > 0. This implies that E[e*"] < oo for b < p. If s < t, then E[B? —t | F,] = B2 — s (Exercise
3.1). This shows that B? — t is a continuous martingale. Also,

E[|B} —t|;7 > t] < (t+1)P{r >t} — 0.
Therefore, we can use the optional sampling theorem (Theorem 12.2.9) to conclude that E[B2—7] =
0. Since E[B2] = 1, this implies that E[r] = 1. O

More generally, let 79 = 0 and
Tn =inf{t > 7,1 :|By — B.,_,| = 1}.

Then S, := B;, is a simple one-dimensional random walkf{. Let T,, = 7, — 7,—;. The random
variables Ty, T5, ... are independent, identically distributed, with mean one satisfying E[e?”/] < oo

for some b > 0. As before, we define S; for noninteger ¢ by linear interpolation. Let
O(B,S;n) =max{|B; — S¢| : 0 <t <n}.

In other words, ©(B, S;n) is the distance between the continuous functions B and S in C[0,n]
using the usual supremum norm. If j <t < j+ 1 < n, then

|Bt — St| < |S] — St| + |Bj — Bt| + |Bj — S]| <1 —I—OSC(B; 1,1’L) + |Bj — BTj|.
Hence for integer n,
O(B,S;n) < 1+4o0sc(B;1,n) + max{|B; — By,|:j =1,...,n}. (3.6)

We can estimate the probabilities for the second term with (3.5). We will concentrate on the last
term. Before doing the harder estimates, let us consider how large an error we should expect. Since
11,75, ... are i.i.d. random variables with mean 1 and finite variance, the central limit theorem says
roughly that
n
7 =l = |17y = 1]| = V.

J=1

Hence we would expect that

1B, — By, | = /|t — n| ~ n'/%,

From this reasoning, we can see that we expect ©(B,S;n) to be at least of order n'/4. The next

theorem shows that it is unlikely that the actual value is much greater than n'/*,

1t We actually need the strong Markov property for Brownian motion to justify this and the next assertion. This is not difficult
to prove, but we will not do it in this book.
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Theorem 3.3.2 There exist 0 < ¢1,a < oo such that for all r < n'/* and all integers n > 3
P{O(B, S;n) > rn*\/logn} < c; e .

Proof Tt suffices to prove the theorem for r > 9¢? where c, is the constant ¢ from Theorem 3.2.4 (if
we choose ¢; > €99 | the result holds trivially for r < 9¢2). Suppose 9¢2 < r < n'/4 If |B, — B, |
is large, then either |n — 7,| is large or the oscillation of B is large. Using (3.6), we see that the
event {O(B,S;n) > rn'/*\/logn} is contained in the union of the two events

{ ose(B;rv/n, 2n) > (r/3)n'/* \/logn },
{Imm\q—j]>rvh}

1<5<

Indeed, if osc(B;ry/n,2n) < (r/3)n'/*logn and |r; — j| < r/n for j = 1,...,n, then the three
terms on the right-hand side of (3.6) are each bounded by (r/3)n/* /Iogn.
Note that Theorem 3.2.4 gives for 1 < r < nl/4,

P{ osc(B;ry/n, 2n) > (r/3)n/* \/logn }
< 3P{ osc(B;rv/n,n) > (r/3)n'/* \/logn }
= 3P{osc(B;rn~Y?) > (r/3)n"1/* \/log n}

3P {osc(B;rn_l/z) > (v/1/3) \/7‘ n=1/2 10g(n1/2/r)} .

IN

If \/7r/3> ¢, and r < nt/ 4 we can use Theorem 3.2.4 to conclude that there exist ¢, a such that

P {OSC(B§7‘n_1/2) > (Vr/3) \/7‘ n=1/2 log(n1/2/r)} < cemarlosn

For the second event, consider the martingale

Mj = Tj — j
Using (12.12) on M; and —M;, we see that there exist ¢, a such that
P{max |Tj—j|2r\/ﬁ}§ce_‘"2. (3.7)
1<j<n
O

& The proof actually gives the stronger upper bound of ¢ [e“"2 +e7971%8 "] byt we will not need this improve-
ment.

Extending the Skorokhod approximation to continuous time simple random walk S; is not difficult
although in this case the path ¢ — S; is not continuous. Let Ny be a Poisson process with parameter
1 defined on the same probability space and independent of the Brownian motion B. Then

St = SNt

has the distribution of the continuous-time simple random walk. Since N; — t is a martingale, and
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the Poisson distribution has exponential moments, another application of (12.12) shows that for
r< /4,

]P’{On<1ax | Ny —s\>r\/_}<ce ar?,

Let
O(B,S;n) =sup{|B; — S| : 0 <t <n}.

Then the following is proved similarly.

Theorem 3.3.3 There exist 0 < ¢,a < 0o such that for all 1 < r < n'/* and all positive integers n

P{O(B, S;n) > rn/*\/logn} < ce .

3.4 Higher dimensions

It is not difficult to extend Theorems 3.3.2 and 3.3.3 to p € Py for d > 1. A d-dimensional Brownian
motion with covariance matrix I" with respect to a filtration F; is a collection of random variables
By, t > 0 satisfying the following;:

(a) By = 0;

(b) if s < t, then By — B is an Fi-measurable random R?-valued variable, independent of Fi,
whose distribution is joint normal with mean zero and covariance matrix (¢t — s) T

(c) with probability one, ¢t — B is a continuous function.

Lemma 3.4.1 Suppose BY ..., BO are independent one-dimensional standard Brownian motions
and vq,...,v € RE Then

B; .= Bgl) U1 —|—---—|—B§l) Uy

is a Brownian motion in R? with covariance matriz T = AAT where A = [vi v --- vy].

Proof Straightforward and left to the reader. O

In particular, a standard d-dimensional Brownian motion is of the form
B, =BY,. .., BY)

where B® ..., B@ are independent one-dimensional Brownian motions. Its covariance matrix is
the identity.

The next theorem shows that one can define d-dimensional Brownian motions and d-dimensional
random walks on the same probability space so that their paths are close to each other. Although
the proof will use Skorokhod embedding, it is not true that the d-dimensional random walk is
embedded into the d-dimensional Brownian motion. In fact, it is impossible to have an embedded
walk since for d > 1 the probability that a d-dimensional Brownian motion B; visits the countable
set Z¢ after time 0 is zero.
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Theorem 3.4.2 Let p € Py with covariance matriz I'. There exist ¢,a and a probability space
(Q,F,P) on which are defined a Brownian motion B with covariance matriz T'; a discrete-time
random walk S with increment distribution p; and a continuous-time random walk S with increment
distribution p such that for all positive integers n and all 1 < r < nt/4,

P{O(B, S;n) > rn/*/logn} < ce™™,
P{O(B, S;n) > rn**\/logn} < ce .

Proof Suppose v1,...,v are the points such p(v;) = p(—v;) = ¢;/2 and p(z) = 0 for all other
z € 74\ {0}. Let L,, = (LL,...,L.) be a multinomial process with parameters q1,...,q, and let
B',..., B! be independent one-dimensional Brownian motions. Let S', ..., S’ be the random walks
derived from B!,..., B! by Skorokhod embedding. As was noted in (1.2),

Sy = Sik v+ ...+ SlLil vy,
has the distribution of a random walk with increment distribution p. Also,
Bi:= B} vy +---+ Bluy,

is a Brownian motion with covariance matrix I'. The proof now proceeds as in the previous cases.
One fact that is used is that the L}, have a binomial distribution and hence we can get an exponential
estimate

1<j<n

]P’{ max L} — ¢ j| Za\/ﬁ} <ce

3.5 An alternative formulation

Here we give a slightly different, but equivalent, form of the strong approximation from which we
get (3.2). We will illustrate this in the case of one-dimensional simple random walk. Suppose B
is a standard Brownian motion defined on a probability space (2, F,P). For positive integer n, let

Bgn) denote the Brownian motion
B =n=2B,,.

Let S denote the simple random walk derived from B using the Skorokhod embedding. Then
we know that for all positive integers T,

(n) _ g < 1/4 <ce
g {og‘}%}%n [ By7| = cr (Tn) IOg(Tn)} <ce o,

If we let
Wt(n) — /2 gM

tn

then this becomes

IP’{ max |Wt(n) — By| > erT/tp74 \/log(Tn)} <ce .

0<t<T
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In particular, if » = ¢; logn where ¢; = ¢1(7T') is chosen sufficiently large,
IP’{ max |Wt(") — B > n—1/4 log3/2n} <ecn2
0<t<T

By the Borel-Cantelli lemma, with probability one

w™ _ B < —1/4 1g3/2
Olgttzg(TI ; | <cin og”n

for all n sufficiently large. In particular, with probability one W) converges to B in the metric
space C[0,T1.

By using a multinomial process (in the discrete-time case) or a Poisson process (in the continuous-
time) case, we can prove the following.

Theorem 3.5.1 Suppose p € Py with covariance matriz I'. There exist ¢ < co,a > 0 and a prob-
ability space (2, F,P) on which are defined a d-dimensional Brownian motion By with covariance

matriz T'; an infinite sequence of discrete-time p-walks, S, 8@ .- and an infinite sequence of

continuous time p-walks SN, S@ ... such that the following holds for every r > 0,T > 1. Let
Wt(n) — 12 57(;)7 Wt(") — L2 57(;)'
Then,

P {0121?2% ]Wt(") — By > erT/tp4 \/log(Tn)} <ce .

IP’{ max |Wt(n) — By| > erT/t 74 \/log(Tn)} <ce .

0<t<T

In particular, with probability one W™ — B and W™ — B in the metric space Cd[O,T].

Exercises

Exercise 3.1 Show that if B; is a standard Brownian motion with respect to the filtration F; and
s <t, then E[B? —t | F,] = B2 — s.

Exercise 3.2 Let X be an integer-valued random variable with P{X = 0} = 0 and E[X] = 0.
(a) Show that there exist numbers r; € (0, c0],

ri<rg<---, r1<ro<---

)

such that if B; is a standard Brownian motion and
T =inf{t: B, € Z\ {0},t <rp,},

then Bp has the same distribution as X.

(b) Show that if X has bounded support, then there exists a b > 0 with E[e"7] < oco.

(c) Show that E[T] = E[X?].

(Hint: you may wish to consider first the cases where X is supported on {1,—1}, {1,2,—1}, and
{1,2,—1, —2}, respectively.)
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Exercise 3.3 Show that there exist ¢ < oo,a > 0 such that the following is true. Suppose
B; = (B}, B?) is a standard two-dimensional Brownian motion and let T = inf{t : |B;| > R}. Let
Ug denote the unbounded component of the open set R?\ B[0,Tg]. Then,

P*{0 € Ur} < c(]z|/R)“.
(Hint: Show there is a p < 1 such that for all R and all || < R,
P*{0 € Usr |0 € Ur} <p. )
Exercise 3.4 Show that there exist ¢ < co,a > 0 such that the following is true. Suppose S, is
simple random walk in Z? starting at = # 0, and let g = min{n : |S,| > R}. Then the probability
that there is a nearest neighbor path starting at the origin and ending at {|z| > R} that does

intersect {S; : 0 < j < g} is no more than ¢(|z|/R)“. (Hint: follow the hint in Exercise 3.3, using
the invariance principle to show the existence of a p.)
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Green’s Function

4.1 Recurrence and transience

A random walk S,, with increment distribution p € P;UP} is called recurrent if P{S, = 0i.0.} = 1.
If the walk is not recurrent it is called transient. We will also say that p is recurrent or transient.
It is easy to see using the Markov property that p is recurrent if and only if for each z € Z¢,

P*{S,, =0 for some n > 1} =1,
and p is transient if and only if the escape probability, q, is positive, where ¢ is defined by

q=P{S, #0 for all n > 1}.

Theorem 4.1.1 If p € P, with d = 1,2, then p is recurrent. If p € P with d > 3, then p is
transient. For all p,

- 1
q= [Z pn(O)] : (4.1)
n=0

where the left-hand side equals zero if the sum is divergent.

Proof Let Y =% 1{S, = 0} denote the number of visits to the origin and note that

E[Y] =Y P{S, =0} = pa(0).
n=0 n=0

If p € P, with d = 1,2, the LCLT (see Theorem 2.1.1 and Theorem 2.3.9) implies that p,(0) ~
cn~%? and the sum is infinite. If p € P} with d > 3, then (2.49) shows that p,(0) < cn~%? and
hence E[Y] < co. We can compute E(Y) in terms of ¢. Indeed, the Markov property shows that,
P{Y = j} = (1 — q¢)7~! q. Therefore, if ¢ > 0,

BIY] = 3G =4} =2 i (-0 o=
j=0 J=0

75
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4.2 Green’s generating function

If pe PUP* and z,y € Z%, we define the Green’s generating function to be the power series in &:
o o
Gz, ;) =Y P S =y} => & puly—a).
n=0 n=0

Note that the sum is absolutely convergent for |£| < 1. We write just G(y;&) for G(0,y,&). If
p € P, then G(z;¢) = G(—x;§).

The generating function is defined for complex &, but there is a particular interpretation of the
sum for positive £ < 1. Suppose T is a random variable independent of the random walk S with a
geometric distribution,

P{T=j}=¢""1-¢, j=12...,

ie, P{T > j} = ¢ (if ¢ = 1, then T = o). We think of T" as a “killing time” for the walk and we
will refer to such T as a geometric random variable with killing rate 1 — £. At each time j, if the
walker has not already been killed, the process is killed with probability 1 — £, where the killing
is independent of the walk. If the random walk starts at the origin, then the expected number of
visits to x before being killed is given by

E|> 1{S;=a}| =E Y 1{S; =x,T > j}
j<T =0

= Z]P’{Sj =x;T >j} = ij(x) fj = G(x:§).
=0

j=0
Theorem 4.1.1 states that a random walk is transient if and only if G(0;1) < oo, in which case

the escape probability is G(0;1)~!. For a transient random walk, we define the Green’s function
to be

G(z,y) = Gz, y;1) = Y _paly — o).
n=0
We write G(x) = G(0,z); if p € P, then G(z) = G(—=z). The strong Markov property implies that
G(0,z) = P{S,, = z for some n > 0} G(0,0). (4.2)
Similarly, we define
Gz, y:€) :/0 €' pe(w,y) dt.

For £ € (0,1) this is the expected amount of time spent at site y by a continuous-time random
walk with increment distribution p before an independent “killing time” that has an exponential
distribution with rate —log(1 —¢&). We will now show that if we set £ = 1, we get the same Green’s
function as that induced by the discrete walk.

Proposition 4.2.1 If p € P} is transient, then

/ T i) dt = (o).
0
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Proof Let S,, denote a discrete-time walk with distribution p, NV; an independent Poisson process
with parameter 1, and let S; denote the continuous-time walk S; = Sy,. Let

V=S 1{S,=a}, V.= / S, = a} dt,
n=0 0

denote the amount of time spent at = by S and S, respectively. Then G(z) = E[Y,]. If we let
T,, = inf{t : N; = n}, then we can write

Yo =Y USu=2a}(Thp1 —Tp).
n=0

Independence of S and N implies
E[1{S, = 2} (Th41 — Ty)] = P{S,, = 2} E[T),41 — T,,) = P{S,, = z}.

Hence E[Y;] = E[Y,]. O

Remark. Suppose p is the increment distribution of a random walk in Z?. For € > 0, let p. denote
the increment of the “lazy walker” given by

_J =¢)p), z#0
pE(w)_{e+(1—e)p(0), z =0

If p is irreducible and periodic on Z%, then for each 0 < € < 1, p, is irreducible and aperiodic. Let
L, ¢ denote the generator and characteristic function for p, respectively. Then the generator and
characteristic function for p. are

Le=1—€)L,  &c(0) =e+(1—¢€) o(0). (4.3)
If p has mean zero and covariance matrix I', then p. has mean zero and covariance matrix
I.=(1—-¢el, detT.=(1—¢)?detl. (4.4)

If p is transient, and G, G denote the Green’s function for p, p., respectively, then similarly to the
last proposition we can see that
1

:1—6

G(x)

G(z). (4.5)
For some proofs it is convenient to assume that the walk is aperiodic; results for periodic walks can
then be derived using these relations.

If n > 1, let f,(z,y) denote the probability that a random walk starting at x first visits y at
time n (not counting time n = 0), i.e.,

fn(z,y) = ]P)x{Sn =y;S1# Y, .., 1 F y} = ]P’I{Ty = n}7

where

Ty =min{j >1:5; =y}, 7T,=min{j>0:5; =y}
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Let fn(z) = fn(0,2) and note that

P*{r, < oo} = an(33>y) = an(y —z) <1
n=1

n=1

Define the first visit generating function by
F(z,;) = Fly—2:6) = Y & fuly — x).
n=1
If £ € (0,1), then

F(z,y;§) = P*{r, < T¢},

where T¢ denotes an independent geometric random variable satisfying P{T¢ > n} = £".

Proposition 4.2.2 Ifn > 1,

n

pa(y) =Y £i(y) pnj(0).

j=1
If§eC,
G(y;€) = dly) + Fy:£) G(0; ), (4.6)
where ¢ denotes the delta function. In particular, if |F(0,§)| < 1,
1

Proof The first equality follows from
P{S, =y} =Y P{r, =75 —S; =0} => P{ry =} pu(0).
j=1 j=1

The second equality uses

> pn(z) € = [Z fulz) 5"] [Z P (0) 5”1 :
n=1 n=1 m=0

which follows from the first equality. For £ € (0, 1], there is a probabilistic interpretation of (4.6).
If y # 0, the expected number of visits to y (before time T¢) is the product of the probability of
reaching y and the expected number of visits to y given that y is reached before time T¢. If y = 0,
we have to add an extra 1 to account for py(y). O

& If £ € (0,1), the identity (4.7) can be considered as a generalization of (4.1). Note that

F(0;6) =Y P{ro = ji Te > j} = P{ro < T¢}

j=1
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represents the probability that a random walk killed at rate 1 — £ returns to the origin before being killed. Hence,
the probability that the walker does not return to the origin before being killed is

1— F(0;¢) = G(0;6) 7" (4.8)

The right-hand side is the reciprocal of the expected number of visits before killing. If p is transient, we can plug
& =1 into this expression and get (4.1).

Proposition 4.2.3 Suppose p € Py U P} with characteristic function ¢. Then if x € Ze €| < 1,

. _ 1 1 —ixz-0
G($7£) - (27T)d /[_Wm]d 1 §¢(0) (& de.

If d > 3, this holds for € =1, i.e.,

_ 1 1 —ix-0
5 = G | Tem

Proof All of the integrals in this proof will be over [—m, 7]?. The formal calculation, using Corollary
92.2.3, is

Glaie) = & mle) = > 5 [ ooy et as
n=0 n=0

- @ / [wa))"] e df

n=0

1 / 1 vt
= e v de.
@2m)d ) 1-£6(9)
The interchange of the sum and the integral in the second equality is justified by the dominated

convergence theorem as we now describe. For each N,

N ' 1
Sn(b(e)ne—wc-ﬁ < ]
;::0 1—[¢]|¢(0)]
If |¢| < 1, then the right-hand side is bounded by 1/[1—[¢|]. If p € P and £ = 1, then (2.13) shows
that the right-hand side is bounded by c¢|0|~2 for some c. If d > 3, |§|~2 is integrable on [—m,7]%.
If p € Py is bipartite, we can use (4.3) and (4.5). O

Some results are easier to prove for geometrically killed random walks than for walks restricted
to a fixed number of steps. This is because stopping time arguments work more nicely for such
walks. Suppose that S, is a random walk, 7 is a stopping time for the random walk, and T is
an independent geometric random variable. Then on the event {7" > 7} the distribution of 7' — 7
given S,,n =0,...,7 is the same as that of T. This “loss of memory” property for geometric and
exponential random variables can be very useful. The next proposition gives an example of a result
proved first for geometrically killed walks. The result for fixed length random walks can be deduced
from the geometrically killed walk result by using Tauberian theorems. Tauberian theorems are one
of the major tools for deriving facts about a sequence from its generating functions. We will only
use some simple Tauberian theorems; see Section 12.5.
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Proposition 4.2.4 Suppose p € PgUP,, d=1,2. Let

gn) =P{S; #0:j=1,...,n}.

Then as n — o0,

(n) rain 2 d=1
a r(logn)~t, d=2.

where v = (2m)%? \/det T,

Proof We will assume p € PJ; it is not difficult to extend this to bipartite p € Py. We will establish
the corresponding facts about the generating functions for ¢(n): as & — 1—,

1
Z gn 1/2) /—67 d=1, (4.9)

an § [lg(ligﬂ_l, d=2. (4.10)

Here T' denotes the Gamma function.t Since the sequence ¢(n) is monotone in n, Propositions
12.5.2 and 12.5.3 imply the proposition (recall that I'(1/2) = /7).
Let T be a geometric random variable with killing rate 1 — £. Then (4.8) tells us that

P{S;#0:j=1,....T — 1} = G(0;¢) ™"
Also,

P{S; #0:j=1,...., T -1} = ZP{T—n+1}q (1-¢ Zf”

Using (2.32) and Lemma 12.5.1, we can see that as £ — 1—,

N = .01 1 1 1
:nZ:%S pn(O)ZHZ::OS [Tnd/2+0<nd/2>} ~;F<q>,

where

1
log s, 2.

[ T(/2) 5 d=
F(s) = { d

This gives (4.9) and (4.10). O
Corollary 4.2.5 Suppose Sy, is a random walk with increment distribution p € Py and

T =19 =min{j >1:5; =0}.
Then E[r] =

1t We use the bold face I' to denote the Gamma function to distinguish it from the covariance matrix I".
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Proof If d > 3, then transience implies that P{r = co} > 0. For d = 1,2, the result follows from
the previous proposition which tells us

]P’{T>n}2{

~1/2 _
)

cn
c(logn)~t,

)

d=1
d=2.

O

& One of the basic ingredients of Proposition 4.2.4 is the fact that the random walk always starts afresh when
it returns to the origin. This idea can be extended to returns of a random walk to a set if the set if sufficiently
symmetric that it looks the same at all points. For an example, see Exercise 4.2.

4.3 Green’s function, transient case

In this section, we will study the Green’s function for p € Py,d > 3. The Green’s function
G(z,y) = G(y,z) = G(y — =) is given by

G(z) =) pulz) =E [Z 1S, = x}] = E* [Z 1S, = 0}] .
n=0

n=0 n=0

Note that

G(x) =z =0} + > p(z,y) B [Z 1S, = 0}] =0(x) + > _pla,y) Gy),

Y n=0
In other words,

£G() = —8(x) = { b p >

Recall from (4.2) that
G(z) = P{7,; < 00} G(0).

& In the calculations above as well as throughout this section, we use the symmetry of the Green's function,
G(z,y) = G(y,z). For nonsymmetric random walks, one must be careful to distinguish between G(z,y) and

G(y, ).

The next theorem gives the asymptotics of the Green’s function as |z| — co. Recall that J*(z)? =
dJ(z)? = x-T 1z, Since T is nonsingular, J*(x) < J(z) = |z|.

Theorem 4.3.1 Suppose p € Py with d > 3. As |z| — oo,
G 1Y Oy 1
60 = e+ () = 7+ ()

NGO N )
2md/2\/detT  (d —2)n4/2/detT

where

Ch=dY1 ey =
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Here T' denotes the covariance matriz and T' denotes the Gamma function. In particular, for

stmple random walk,
dT(%) 1 1
60 = 17 gy e+ ()

& For simple random walk we can write

o2 2
T d=2wy @=-2)Vy

where wy denotes the surface area of unit (d — 1)-dimensional sphere and V; is the volume of the unit ball in RY.
See Exercise 6.18 for a derivation of this relation. More generally,

2

Ci=ayv)

where V(T') denotes the volume of the ellipsoid {z € R? : J(z) < 1}.

The last statement of Theorem 4.3.1 follows from the first statement using I' = d~1 I, J (z) = |z|
for simple random walk. It suffices to prove the first statement for aperiodic p; the proof for
bipartite p follows using (4.4) and (4.5). The proof of the theorem will consist of two estimates:

o0 1 o0 3
60) = > mule) =0 () + L mula) (4.11)
n=0 n=1
and
> C* 1
Pn(z) = *7d_ +o <—> .
2 2ale) = Fage + o o
The second estimate uses the next lemma.

Lemma 4.3.2 Let b > 1. Then asr — oo,
o
r'bv-1) 1
b _—r/n _
Z:ln € = 1 +O<Tb+1>
n=

Proof The sum is a Riemann sum approximation of the integral

< L[, r(b-1)
L= | t° T’/tdt:—/ P2 dy = 2 4.12
/0 e AT ) Yy = (4.12)

If f:(0,00) — R is a C? function and n is a positive integer, then Lemma 12.1.1 gives
n+(1/2)
fo— [ (s)ds
n—(1/2)
Choosing f(t) =t="e™"/, we get

n+(1/2)
‘n‘b e/ / tbe "/t gt

1 " .
< o swpllf7 (O]« [t =l < 1/2}.

<c

L P r e >t
—(1/2) nb+2 n2 ? — :
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(The restriction n > /7 is used to guarantee that e~"/("+(1/2)) < ¢ce="/" ) Therefore,

b1/ /"+(1/2) b=/t g Z 1 [1 7’2] /
n e /M — t7Pe N dt] < ¢ —— |14+ | e /"
n—(1/2) ) nZ

n>\/r n>\/r
[e’9) 2
< c/ =02 (D) et gy
< ep— (D)

The last step uses (4.12). It is easy to check that the sum over n < /r and the integral over t < /r
decay faster than any power of r. O

Proof of Theorem 4.3.1. Using Lemma 4.3.2 with b = d/2,r = J*(x)?/2, we have
$ 0= 3 e TR o (),
n * (27n)4/2 \/det T 272 /det T J*(z)(d-2) || d+2

Hence we only need to prove (4.11). A simple estimate shows that

> Ba(x)

n<|z|

as a function of x decays faster than any power of x. Similarly, using Proposition 2.1.2,

> palz) = ofj] ™). (4.13)

n<|z|

Using (2.5), we see that

D Ipa@) = Pu(@) < ¢ Yo nT T2 = 0(a] 7).

n>|z|? n>|x|?

Let k =d + 3. For |z| <n < |z|%, (2.3) implies that there is an r such that

— ‘Z” g —r|z|?2/n 1 1
[Pn(@) = Pu(@)] < ¢ [(ﬁ e e T | (4.14)
Note that
Z —(d+k-1)/2 (|$| (d+k—3)/2) :O(|$|_d),
n>|z|
and
|3§‘| F —r\x\Q/n 1 o |3§‘| F e—r|x|2/t —d
Z <% € n(d+2)/2 < C/O % (VE)d+2 dt < clz[™%.

n|z|

Remark. The error term in this theorem is very small. In order to prove that it is this small we need
the sharp estimate (4.14) which uses the fact that the third moments of the increment distribution
are zero. If p € P/ with bounded increments but with nonzero third moments, there exists a
similar asymptotic expansion for the Green’s function except that the error term is O(|z|~(*=1),
see Theorem 4.3.5. We have used bounded increments (or at least the existence of sufficiently large
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moments) in an important way in (4.13). Theorem 4.3.5 proves asymptotics under weaker moment
assumptions; however, mean zero, finite variance is not sufficient to conclude that the Green’s
function is asymptotic to ¢ J7*(x)?~? for d > 4. See Exercise 4.5.

& Often one does not use the full force of these asymptotics. An important thing to remember is that
G(z) < |z|>~9. There are a number of ways to remember the exponent 2 — d. For example, the central limit
theorem implies that the random walk should visit on the order of R? points in the ball of radius R. Since
there are R% points in this ball, the probability that a particular point is visited is of order R2~%. In the case of
standard d-dimensional Brownian motion, the Green's function is proportional to |z|>~%. This is the unique (up
to multiplicative constant) harmonic, radially symmetric function on R?\ {0} that goes to zero as |z| — oo (see
Exercise 4.4).

Corollary 4.3.3 If p € Py, then
Cd —d
V,;G(x) = ij + O(|z[7).
In particular, V;G(x) = O(|z|~41). Also,
2 _ —d
ViG(z) = O(|z|™%).

Remark. We could also prove this corollary with improved error terms by using the difference
estimates for the LCLT such as Theorem 2.3.6, but we will not need the sharper results in this
book. If p € P/, with bounded increments but nonzero third moments, we could also prove difference
estimates for the Green’s function using Theorem 2.3.6. The starting point is to write

VyG(z) = Z VD (2) + Z[Vypn(x) = VP (2)].
n=0 n=0

4.3.1 Asymptotics under weaker assumptions

In this section we establish the asymptotics for G for certain p € Pj,d > 3. We will follow the
basic outline of the proof of Theorem 4.3.1. Let G(z) = C}/J*(x)¢~? denote the dominant term
in the asymptotics. From that proof we see that

G(x) = G(z) + o[~ + ) _[pulx) = Pu(2)]-
n=0

In the discussion below, we let a € {0,1,2}. If E[|X;|*] < co and the third moments vanish, we
set a = 2. If this is not the case, but E[|X;|?] < oo, we set o = 1. Otherwise, we set a = 0. By
Theorems 2.3.5 and 2.3.9 we can see that there exists a sequence d,, — 0 such that

_ o+« o(|z|?>~9), a=0
E _ < E _nt =
>|z|? pul®) = Pall = ¢ >|z2 || (d+e)/2 { O(’w‘2_d_a)a a=1,2

This is the order of magnitude that we will try to show for the error term, so this estimate suffices



4.3 Green’s function, transient case 85

for this sum. The sum that is more difficult to handle and which in some cases requires additional

moment conditions is
> pnl@) = o))

n<|z|?

Theorem 4.3.4 Suppose p € P;. Then

IfE[| X1 %] < oo we can write

IfE[|X1|*] < oo and the third moments vanish, then
— 1
G(z) =G(z)+ O (, ‘2>

Proof By Theorem 2.3.10, there exists d,, — 0 such that

O+
Z [pn(2) =P (2)] < € Z |22 n(+a)/2

n<|z|? n<|z|?

O

The next theorem shows that if we assume enough moments of the distribution, then we get the
asymptotics as in Theorem 4.3.1. Note that as d — oo, the number of moments assumed grows.

Theorem 4.3.5 Suppose p € Pl;,d > 3.
o IfE|X|™] < oo, then
G(z) = G(z) + O(Jz['~9).
o IfE|X1|%?] < 0o and the third moments vanish,

G(z) = G(x) + O(ja| ™).

Proof Let a = 1 under the weaker assumption and o = 2 under the stronger assumption, set
k =d+ 2o — 1 so that E[|X;|*] < co. As mentioned above, it suffices to show that

> [pa(@) =D (@)] = O(Jx~*).
n<|z|?

Let € = 2(1 + «)/(1 + 2a). As before,

> Da)

n<|z|€
decays faster than any power of |z|. Using (2.52), we have

> pole) < 1 2 0F = Ol

n<|x|€ n<|xz|€
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(The value of € was chosen as the largest value for which this holds.) For the range |z|¢ < n < |z|?,
we use the estimate from Theorem 2.3.8:

¢ —TZE n — e’
[P () — Dy ()] <W [|3:/\/_|k 1 2|2/ + p—(k=2—0)/2

As before,
|3§‘/\/7|k L ‘2/ /oo |ZL'|k_1 L |2/t i
rEnm < e S bl E—— L T T ay
n>z|:;|e “pldta)/2 o (Vi)ktdta—l (] )
Also,
1 € a—5 6%
> o = Ol D) < O(lal~),
n>|xl¢ nz-z

provided that

5\ 2(1+ )
- > —
<d+a 2) 1 2a >d—2+a,

which can be readily checked for o = 1,2 if d > 3.

O
4.4 Potential kernel
4.4.1 Two dimensions
If p € P3, the potential kernel is the function
[e%S) N
a(z) = ,;[ n(0) = po(2)] = lim_ [Z Pn(0 ;:%pn(x)] : (4.15)

Exercise 2.2 shows that |p,(0) —pn ()| < ¢|z|n =%/, so the first sum converges absolutely. However,
since p,(0) < n~!, it is not true that

= [an(o)] - [an(x)] : (4'16)
n=0 n=0

If p € Py is bipartite, the potential kernel for z € (Z?), is defined in the same way. If x € (Z?), we
can define a(x) by the second expression in (4.15). Many authors use the term Green’s function
for a or —a. Note that

a(0) = 0.

& If p € P} is transient, then (4.16) is valid, and a(z) = G(0) — G(z), where G is the Green's function for p.
Since [pn(0) — pu(x)| < c|z|n=3/2 for all p € P, the same argument shows that a exists for such p.

Proposition 4.4.1 If p € P}, then 2a(z) is the expected number of visits to x by a random walk
starting at x before its first visit to the origin.



4.4 Potential kernel 87
Proof We delay this until the next section; see (4.31). O

Remark. Using Proposition 4.4.1, we can see that if p. is defined as in (4.3), and a. denotes the
potential kernel for p. then

ac(x) = a(x). (4.17)

Proposition 4.4.2 If p € Py,

1, =0
x # 0.

Proof Recall that
Lpn(0) = pn(z)] = —Lpn(z) = pu() — Ppt1(z).

For fixed z, the sequence p,(x) — pp+1(x) is absolutely convergent. Hence we can write

Zﬁpn Pn )] - hm Zﬁpn n )]

= lim Z[pn pn—l—l )]

N—>oo

— i [olo) - oy (o)
= po(x) = do(x).

Proposition 4.4.3 If p € P5 UPa, then

1 1—e il
= e T

Proof By the remark above, it suffices to consider p € P5. The formal calculation is

— - L n _e—m-e
Z[pn mol = 3 g [otor - e

1 > .
= — )" [1—e ™’ do
(QW)Q/Ew ) ] 1= e
1 1— —ix-0
- / < __dp.
2m)2 )] 1—0(0)
All of the integrals are over [—m, 7|2, To justify the interchange of the sum and the integral we use
(2.13) to obtain the estimate

N —ix-0
"™ 1 — —iz-0]| |1_€ | C|$0| C|$|
200" L= < T pr < Jgp < g
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Since ||~! is an integrable function in [—, ]2, the dominated convergence theorem may be applied.
O

Theorem 4.4.4 If p € Py, there exists a constant C' = C(p) such that as |x| — oo,

a(r) = logl.7*(2)] + C + O(|z| 7).

1
mvdetT’

For simple random walk,

2 2y +log8 _
afa) = = log |o| + "=+ O(lz|?),

where v is Fuler’s constant.

Proof We will assume that p is aperiodic; the bipartite case is done similarly. We write

a@)= Ym0 Y @+ S [pal0) - pala):

n<J*(z)? n<J*(z)? n>J*(x)?

We know from (2.23) that

1 1 1
w(0)= ————-10(=).
Pa(0) 21 v/detT n <n2>

We therefore get

11 11
> O =1+0(a )+ Y 7_—+z[n<0>_7_
n<J*(x)? 1<n<J*(2)2 2/ detI' =1 2rvVdet' n

where the last sum is absolutely convergent. Also,
1 . _
> —=2l0g[7" (@) + 7+ O(lal ),
1<n<J*(x)2
where v is Euler’s constant (see Lemma 12.1.3). Hence,
= ———= log[J"(2)] + ¢ + O(|z|~?)
n<J*(x)2

for some constant ¢'.
Proposition 2.1.2 shows that

Z pn()

n<|z|

decays faster than any power of |z|. Theorem 2.3.8 implies that there exists ¢,r such that for

n < J*(x)?,

1 e—J*(x)2/2n

n(2) — ————=
Pal@) 2rnvdetT’

- n? n3

5 —r|z|?/n
<ec [W\/ﬁ’ ¢ LA (4.18)
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Therefore,

1 e_j*(x)2/2n

Z Pal®) - 2rnvdetT

|z[<n<T* (2)?

B T n5e—r\x\2/n 1 B
O(lz[?) +¢ Y [’ /\ﬂnz +—| <elal™

|| <n<T*(x)?

The last estimate is done as in the final step of the proof of Theorem 4.3.1. Similarly to the proof
of Lemma 4.3.2 we can see that

1 * 22 J*(CL‘) 2 —92
S e T / LT W gt 1 Ofa] )
n 0 t

[el<nd o)?
> 1

_ / Lemv2 4y 1+ O(|22).
1Y

The integral contributes a constant. At this point we have shown that

S [pn(0) — pala)] = —

log[7*(z)] + C" + O(|z|~?)
< T (@)? detT

for some constant C’. For n > J*(x)?, we use Theorem 2.3.8 and Lemma 4.3.2 again to conclude
that

> [pal0) = pal@) = /011[1—e—y/2] dy +O(|a| ).

n>J*(z)2 4
For simple random walk in two dimensions, it follows that
a(r) = ~logla] + k +O(1a] ),
for some constant k. To determine k, we use
P(0',0%) =1 — % [cos 6! + cos 6?].

Plugging this into Proposition 4.4.3 and doing the integral (details omitted, see Exercise 4.9), we
get an exact expression for z, = (n,n) for integer n > 0
4 1 1 1

D= 14—+t
a(xy) - +3+5+ +2n—1

However, we also know that

a(x,) = logn+ log\/_—i-k—l—O( —2).

Therefore,

k‘—nlgrolo ——10g2——logn+ 22]_1
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Using Lemma 12.1.3 we can see that as n — oo,

n 2n n

1 1 1 1 1
E :E — — =1 log2 + = 1).
j—12j_1 j—1j j—12j 20gn+0g +27+0()

Therefore,
2
k= 3 log2 + — 7.
T T

O

& Roughly speaking, a(z) is the difference between the expected number of visits to 0 and the expected
number of visits to = by some large time N. Let us consider N >> |z|2. By time |z|?, the random walker has

visited the origin about
c
S p0~ Y ~2cloglal,
n<|z|? n<|z|?

times where ¢ = (2mv/det ') L. It has visited 2 about O(1) times. From time |x|? onward, p,(z) and p,(0) are
roughly the same and the sum of the difference from then on is O(1). This shows why we expect

a(x) = 2¢ log |z| + O(1).

Note that log|z| = log J*(z) + O(1).

& Although we have included the exact value o for simple random walk, we will never need to use this value.

Corollary 4.4.5 If p € Py,

Vja(z) =V, log[7*(x)]| +O(lz[7%).

1
mVdetT’
In particular, V;a(x) = O(|z|~1). Also,

V?a(m) = O(|z|7?).

Remark. One can give better estimates for the differences of the potential kernel by starting with
Theorem 2.3.6 and then following the proof of Theorem 4.3.1. We give an example of this technique
in Theorem 8.1.2.

4.4.2 Asymptotics under weaker assumptions

We can prove asymptotics for the potential kernel under weaker assumptions. Let
a(z) = [r VdetT| ™! log[T*(z)]

denote the leading term in the asymptotics.
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Theorem 4.4.6 Suppose p € P. Then
a(z) =a(x) + o(log|z|).
If E[|X1|?] < oo, then there exists C' < 0o such that
a(z) =a(z) + C + O(|z[ 7).
IfE[|X1]%] < oo and the third moments vanish, then
a(z) =a(z) + C + O(|z[7?).

Proof Let @ = 0,1,2 under the three possible assumptions, respectively. We start with o = 1,2
for which we can write

Y 2a(0) = pa(@)] = Y [Pn(0) =Dy (@)] + D _[pa(0) =By (0)] + Y [Pn(2) — pa(2)] (4.19)
n=0 n=0 n=0 n=0

The estimate

Y 19n(0) = B, (2)] = a(z) + C + O(|z|?)
n=0

is done as in Theorem 4.4.4. Since |p,, (0) —7,,(0)] < ¢n~3/2, the second sum on the right-hand side
of (4.19) converges, and we set

C=C+ 3 [pa(0) =5, (0)].
n=0
We write

< Y [Pale D)+ Y Pul@) = palx)].

n<|z|? n>|z|?

By Theorem 2.3.5 and and Theorem 2.3.9,

> (e @l <e Y @2 =0(z|7).

n>|z|? n>|x|?

TL

For a« = 1, Theorem 2.3.10 gives

0 Pal@) =@ < 3 o = Ol ™,

n<|z|? n<|z|?

If E[|X1]%] < co and the third moments vanish, a similar arugments shows that the sum on the
left-hand side is bounded by O(|z|~2 log |z|) which is a little bigger than we want. However, if
we also assume that E[|X1|%] < oo, then we get an estimate as in (4.18), and we can show as in
Theorem 4.4.4 that this sum is O(|z|~2).
If we only assume that p € P, then we cannot write (4.19) because the second sum on the
right-hand side might diverge. Instead, we write
[e.e]

Z[ n(0) — pn(x)] =

n=0
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Y 2a(0) = pa@)] + Y [Pu(0) = Bu(@)] + Y [pal0) = Bu(0)] + D [Pu(2) —pul)]:

n>|z|? n<|z|? n<|z|? n<|z|?
As before,
> 1,(0) =B, (2)] = a(z) + O(1).

n<|z|?

Also, Exercise 2.2, Theorem 2.3.10, and (2.32), respectively, imply

S @ -l < S S < oq),

n>|z|? n>|z|?
C
Z |pn )| = Z W 20(1)7
n<|z|? n<|z|? r
1
> B0 -ra) € Y o L) = oftoxal).
n<|z|? n<|z|?

4.4.3 One dimension

If p € P{, the potential kernel is defined in the same way

N
= Jlim [an an(x)] :
n=0

In this case, the convergence is a little more subtle. We will restrict ourselves to walks satisfying
E[| X|?] < oo for which the proof of the next proposition shows that the sum converges absolutely.

Proposition 4.4.7 Suppose p € P} with E[|X|3] < co. Then there is a ¢ such that for all z,
‘a(:n) o? — |ZE|‘ < c log |z|.
IfE[|X|*] < co and E[X3] = 0, then there is a C such that

\fc!

a(r) = — +C+O(|z|” b,

Proof Assume x > 0. Let o = 1 under the weaker assumption and o = 2 under the stronger
assumption. Theorem 2.3.6 gives

Pn(0) = pu(x) =D, (0) — P, (x) + 2 O(n~+)/2),
which shows that

S [1a(0) ~ pu(@)] — [Ba(0) ~ Bo(@)]| < cx 3 0 BHI2 < el

n>x2 n>x?
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If « =1, Theorem 2.3.5 gives

> pa(0) =B, (0)] < e > n7t = O(logx).

n<x? n<xz?

If @ = 2, Theorem 2.3.5 gives |p,(0) — 5, (0)| = O(n~3/2) and hence

Y [pa(0) =P, (0)] = C"+O(lz 1), €= [pa(0) = P, (0)],
n<z? n=0

In both cases, Theorem 2.3.10 gives
> pul@) =pu@)] < =5 D nlm2 < cal e,
n<x? n<z?

Therefore,

x>+gm<o>—m ﬁ:: e [1- 5

where e(z) = O(logz) if @ = 1 and e(z) = €’ + O(z~ ') if o = 2. Standard estimates (see Section
12.1.1), which we omit, show that there is a C” such that as x — oo,
2

1-— e_%?t] dt 4 o(z™1),

S o[l
— V2moin 0 V2mo?t

and
& 1 x? 1 2 x
1— e 202 | dt = (1= ¥2) du = =,
/0 V2oro?t [ } o221 Jo  u? ( ) o2’
Since C = O’ + C” is independent of x, the result also holds for z < 0. O

Theorem 4.4.8 Ifp € Py, and x > 0,

xT

z ST
a(x) = 2 +E [a(ST) - ;] (4.20)
where T = min{n : S, <0}. There exists 3 > 0 such that for x >0,
a(x) = % +C+0(eP), - o0, (4.21)
where
St
C = lim EY a(ST) — —
y—00 o

In particular, for simple random walk, a(x) = |z|.

Proof Assume y > x, let T, = min{n : S,, < 0or S, > y}, and consider the bounded martingale
Snnt,- Then the optional sampling theorem implies that

Tr = Ex[S()] = Em[STy] = Ex[ST;T < Ty] —I-Em[STy;T > Ty].
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If we let y — 0o, we see that

lim Ex[STy;T > Ty] =T — Ex[ST]

y—0o0
Also, since E[ST, | T, < T| = y + O(1), we can see that
lim yP*{T, < T} =« — E*[S7].
Yy—00

We now consider the bounded martingale M,, = a(Syat,). Then the optional sampling theorem
implies that

a(z) = E*[Mo] = E*[Mr,] = E*[a(ST); T < T})] + E*[a(ST, ); T > T,].
As y — oo, E*[a(S7); T < Ty] — E*[a(ST)]. Also, as y — oo,

x — E*[S7]
~ T

E*[a(S,); T > T,] ~ P*{T, < T} [% + 0(1)]

This gives (4.20).
We will sketch the proof of (4.21); we leave it as an exercise (Exercise 4.12) to fill in the details.
We will show that there exists a § such that if 0 < x < y < 0o, then

oo

Y [PH{Sr = —j} —PY{Sr = —j}| = O(e™™). (4.22)

J=0

Even though we have written this as an infinite sum, the terms are nonzero only for j less than the
range of the walk. Let p, = min{n > 0:S,, < z}. Irreducibility and aperiodicity of the random walk
can be used to see that there is an € > 0 such that for all z > 0, P*F1{S, =2} =P{p; =0} > e.
Let

f(r) = f-j(r) = sup [P*{Sr = —j} = P{Sr = —j}|.

T,y>r
Then if R denotes the range of the walk, we can see that
fr+1) <1 —¢) f(r—R).
Tteration of this inequality gives f(kR) < (1 — €)*~! f(R) and this gives (4.22). O

Remark. There is another (perhaps more efficient) proof of this result, see Exercise 4.13. One
may note that the proof does not use the symmetry of the walk to establish

a(z) = % +C+0(e™ ™), x— o0

Hence, this result holds for all mean zero walks with bounded increments. Applying the proof to
negative x yields
|| -
—z) = o+ C_ + O(e~?l.
a(—x) 2 + + O(e )

If the third moment of the increment distribution is nonzero, it is possible that C' # C_, see Exercise
4.14.
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& The potential kernel in one dimension is not as useful as the potential kernel or Green’s function in higher
dimensions. For d > 2, we use the fact that the potential kernel or Green's function is harmonic on Z? \ {0}
and that we have very good estimates for the asymptotics. For d = 1, similar arguments can be done with the
function f(x) = x which is obviously harmonic.

4.5 Fundamental solutions

If p € P, the Green’s function G for d > 3 or the potential kernel a for d = 2 is often called the
fundamental solution of the generator L since

LG(x) = —d(x), La(x)=d(x). (4.23)
More generally, we write
where £, denotes £ applied to the x variable.

Remark. Symmetry of walks in P is necessary to derive (4.23). If p € P* is transient, the
Green’s function G does not satisfy (4.23). Instead it satisfies LG(x) = —dg(x) where £ denotes
the generator of the “backwards random walk” with increment distribution pf*(z) = p(—z). The
function f(x) = G(—=) satisfies Lf(z) = —do(x) and is therefore the fundamental solution of the
generator. Similarly, if p € Pj, the fundamental solution of the generator is f(z) = a(—x).

Proposition 4.5.1 Suppose p € Py with d > 2, and f : Z¢ — R is a function satisfying f(0) = 0,
f(z) =o(|z]) as x — oo, and Lf(x) =0 for x # 0. Then, there exists b € R such that

f(z) =b[G(z) - G(0)], d=3,
flx)=ba(x), d=2.

Proof See Propositions 6.4.6 and 6.4.8. O
Remark. The assumption f(z) = o(|z|) is clearly needed since the function f(x!,...,z%) = 2! is
harmonic.

Suppose d > 3. If f: Z% — R is a function with finite support we define

Gf(x) =Y G,y fy) = Gly—=z)f) (4.24)

y€eZ4 yeZ4
Note that if f is supported on A, then LG f(z) =0 for z ¢ A. Also if z € A,
LGf(x) = Lo ) Glz,y) fy) = Y LoGla,y) fly) = —f(@). (4.25)
y€eZd yEZ

In other words —G = L£~!. For this reason the Green’s function is often called the inverse of the
(negative of the) Laplacian. Similarly, if d = 2, and f has finite support, we define

af(x) = alz,y) fly) = Y aly —z) f(y). (4.26)

yeZd yeZd



96 Green’s Function

In this case we get
Laf(z) = f(z),

ie,a=L"1.

4.6 Green’s function for a set

If Ac Z% and S is a random walk with increment distribution p, let
TA=min{j >1:5; ¢ A}, Ta=min{j >0:S5; ¢ A}. (4.27)

If A=7%\ {z}, we write just 7,,7,, which is consistent with the definition of 7, given earlier in
this chapter. Note that 74,74 agree if Sy € A, but are different if S & A. If p is transient or A is
a proper subset of Z% we define

Ta—1

Ga(w,y) =B | > 1{S, = y}] = PS8, =y;n <Ta}.
n=0 n=0

Lemma 4.6.1 Suppose p € Py and A is a proper subset of 7.

e Ga(z,y) =0 unless x,y € A.

Ga(z,y) = Galy,z) for all x,y.

Forx € A, L,Gx(x,y) = —0(y — x). In particular if f(y) = Ga(x,y), then f vanishes on
Z3\ A and satisfies Lf(y) = —0(y — x) on A.

For each y € A,

1

Galy,y) = m <

Q.

If x,y € A, then
Galz,y) =P{Ty < Ta} Ga(y,y).

Ga(r,y) = Ga—z(0,y —x) where A —x ={z—x:2z¢€ A}

Proof Easy and left to the reader. The second assertion may be surprising at first, but symmetry
of the random walk implies that for z,y € A,

P*{S, =y;n <14} =PY{S, =x;n <74}
Indeed if 2z, =z, 21,29,...,2n_1,2n =y € A, then
P*{S1 = 21,5 =29,..., S, =y} =PY{S1 = 2,1, = zp—92,..., 5, = x}.
]

The next proposition gives an important relation between the Green’s function for a set and the
Green’s function or the potential kernel.
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Proposition 4.6.2 Suppose p € Py, A C 7%, z,y € 74,
(a) If d > 3,
Ga(x,y) = G(x,y) — E*[G(Sz,,9);7a < o] = Glz,y) — Y _P{Sz, = 2} G(2,).

(b) If d =1,2 and A is finite,

Ga(z,y) = E’[a(S7,.y)] —al,y) = | D _P*{S7, = z}a(z,y)| - a(z,y). (4.28)

Proof The result is trivial if z ¢ A. We will assume x € A in which case 74 = T74.
If d >3, let Y, = > 7, 1{S, = y} denote the total number of visits to the point y. Then

TA—1 o]

Yy=> USya=y}+ > 1{Sh =y}

n=0 n=r1x
If we assume Sy = x and take expectations of both sides, we get
G(ﬂj‘, y) = GA($7 y) + EI[G(STA7Z/)]

The d = 1,2 case could be done using a similar approach, but it is easier to use a different
argument. If Sy = z and ¢ is any function, then it is easy to check that

n—1
M, = g(Sn) =Y Lg(S})
=0

is a martingale. We apply this to ¢g(z) = a(z,y) for which Lg(z) = 6(z —y). Then,

(nAT4)—1
a(w,y) = B"[My] = B [Mynry] = E"[a(Sunry,9)] —E" | D 1{S; =y}
§=0
Since A is finite, the dominated convergence theorem implies that
nh—>n;o E*[a(Snars,y)] = E*[a(Sr,, ). (4.29)
The monotone convergence theorem implies
(nAT4)—1 Ta—1
JLH;OEQC Z 1{S; =y} | =E* Z {S; =y}| = Ga(z,y).
j=0 §=0
O

The finiteness assumption on A was used in (4.29). The next proposition generalizes this to all
proper subsets A of Z%, d = 1,2. Recall that B,, = {x € Z% : |z| < n}. Define a function F4 by

logn

Falz) = llm —=——
a@) n—0oo g y/detT’

Fa(z) = lim — P*{r5, <7a}, d=1.

n—oo g

P*{r, <Ta}, d=2,
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The existence of these limits is established in the next proposition. Note that F4 = 0 on Z¢ \ A

since P*{74 = 0} = 1 for x € Z¢\ A.

Proposition 4.6.3 Suppose p € Py, d = 1,2 and A is a proper subset of Z¢. Then if x,y € 72,
GA('Z'7 y) = Ex[a(S?A7y)] - a(xa y) + FA(.Z')

Proof The result is trivial if z ¢ A so we will suppose that € A. Choose n > |z|,|y| and let
A, = ANn{|z| < n}. Using (4.28), we have

Ga,(2,y) = E*[a(Sr,, ,v)] — alz, y).
Note also that
E*[a(Sr4,,y)] = E*[a(S71,9); 74 < 78,] + B¥[a(Srs,,9); 74 > 78,].
The monotone convergence theorem implies that as n — oo,
Ga,(2,y) — Galz,y),  E'la(Sry,y)ima < 78,] — E¥[a(Sr,,9)]-
Sincce G 4(z,y) < 0o, this implies
T E(0(Sr, )i 4 > 78,] = Gale,) + ol ) — Ea(Sr,, )

However, n < [Sp; | < n+ R where R denotes the range of the increment distribution. Hence
Theorems 4.4.4 and 4.4.8 show that as n — oo,

logn d—9
7vV/detT’ 7

Ew[a(sﬁsnay); TA > 1B, ~ P14 > 78, }

n
E*[a(Srs, »y)iTA > T8,] ~ P{14 > 78, } 5 d=1

Remark. We proved that for d = 1,2,
Fa(x) = Ga(z,y) + a(z,y) — E*[a(S7,,y)]. (4.30)
This holds for all y. If we choose y € Z4\ A, then G4(z,y) = 0, and hence we can write
Fa(z) = a(z,y) — E¥[a(S7,,y)].
Using this expression it is easy to see that
LF4(z) =0, z€A

Also, if Z%\ A is finite,
Fa(z) = a(x) + 0a(1), z — oo.

In the particular case A = Z%\ {0},y = 0, this gives

FZd\{O} (l‘) = a(x)
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Applying (4.30) with y = x, we get

GZd\{O}(l‘, l’) = FZd\{O} (:E) + CL(O, l‘) =2 a(m) (4.31)

The next simple proposition relates Green’s functions to “escape probabilities” from sets. The
proof uses a last-exit decomposition. Note that the last time a random walk visits a set is a random
time that is not a stopping time. If A C A’, the event {?Zd\ A4 < Tar} is the event that the random
walk visits A before leaving A’.

Proposition 4.6.4 (Last-Exit Decomposition) Suppose p € Py and A C Z%. Then,
o If A’ is a proper subset of Z% with A C A/,
]P):E{de\A <Ta}= Z Ga(zx,z) PZ{TZd\A > Tar}
z€A
o If¢£€(0,1) and Tt is an independent geometric random variable with killing rate 1 —¢&, then
P T < Teh = Y G(z,28) P {rpa 4 > T¢}
z€A

e Ifd>3 and A is finite,
P*{S; € A for some j >0} = P*{Tya 4 < oo}
= Z G(x, 2) P*{7za\ 4 = 00}.

zEA

Proof We will prove the first assertion; the other two are left as Exercise 4.11. We assume x € A’
(for otherwise the result is trivial). On the event {Tza\ 4 < Tar}, let o denote the largest k < 74/
such that Sp € A. Then,

P {Tpaa <Ta} = > Y Po=kS, =z}

k=02z€A
= Ziﬁ‘“{b’k =zk<Ta3S; €A j=k+1,... .74}
z€A k=0
The Markov property implies that
PS¢ Aj=k+1,....7a | Sp =21k <7ar} = P{ra < 1pa\4}-
Therefore,

Px{?Zd\A < ?A’} = ZZW{S‘C =z;k < TA/}]P’Z{TA/ < TZd\A}
z€A k=0

= Z GA/(:E,Z) PZ{TA/ < TZd\A}.
z€A
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The next proposition uses a last-exit decomposition to describe the distribution of a random
walk conditioned to not return to its starting point before a killing time. The killing time is either
geometric or the first exit time from a set.

Proposition 4.6.5 Suppose S, is a p-walk with p € Pg; 0 € A C Z%; and € € (0,1). Let T¢ be a
geometric random variable independent of the random walk with killing rate 1 — &. Let
p=max{j >0:j<74,5 =0}, p"=max{j>0:j<TS; =0}

o The distribution of {Sj : p < j < Ta} is the same as the conditional distribution of {S; : 0 <
Jj <Ta} given p=0.

o The distribution of {S; : p* < j < T¢} is the same as the conditional distribution of {S; :
0<j<Te¢} given p* = 0.

Proof The usual Markov property implies that for any positive integer j, any z1,zs,...,Tp_1 €
A\ {0} and any z, € Z?\ A,

P{p:jaTA:j+k7Sj+1:xla---,Sj+k:IEk}
P{S] :O7TA >j75j+1 :‘T17"'7Sj+k :gjk}
]P{S] :OaTA >]} ]P{Sl le,...,Sk :$k}

The first assertion is obtained by summation over j, and the other equality is done similarly. [

Exercises

Exercise 4.1 Suppose p € Py and S,, is a p-walk. Suppose A C Z% and that P*{T4 = oo} > 0 for
some x € A. Show that for every € > 0, there is a y with PY{7T4 = oo} > 1 —e.

Exercise 4.2 Suppose p € Py UP),d > 2 and let x € Z¢\ {0}. Let
T = min{n > 0: S, = jx for some j € Z}.

Show there exists ¢ = ¢(x) such that as n — oo,

en Y2, d=2
P{T >n}~< c(logn)~!, d=3
c, d>4.

Exercise 4.3 Suppose d = 1. Show that the only function satisfying the conditions of Proposition
4.5.1 is the zero function.

Exercise 4.4 Find all radially symmetric functions f in R% \ {0} satisfying Af(z) = 0 for all
r € RY\ {0}.

Exercise 4.5 For each positive integer k find positive integer d and p € P/, such that E[|X;|¥] < oo
and

limsup 2|72 G(z) = .

|z|—o00
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(Hint: Consider a sequence of points z1, 22, ... going to infinity and define P{X; = z;} = ¢;. Note
that G(z;) > ¢;. Make a good choice of z1, 2o, ... and q1,¢2, .. .)

Exercise 4.6 Suppose X1, Xo,... are independent, identically distributed random variables in Z
with mean zero. Let S,, = X7 + --- + X, denote the corresponding random walk and let

n

Gn(z) =) P{S; ==}

§=0
be the expected number of visits to x in the first n steps of the walk.

(i) Show that G, (x) < Gy(0) for all n.
(ii) Use the law of large numbers to conclude that for all € > 0 there is an N, such that for

n > N,
n
> Gulx) > 2
|z|<en
(iii) Show that
G(0) = lim G,(0) = o0

n—oo

and conclude that the random walk is recurrent.

Exercise 4.7 Suppose A C Z% and z,y € A. Show that
GA($7 y) = nh—{go GAn ($7 y)7

where A, = {z € A:|z| <n}.

Exercise 4.8 Let S,, denote simple random walk in Z? starting at the origin and let p = min{j >
1:8;=0or e;}. Show that P{S, =0} =1/2.

Exercise 4.9 Consider the random walk in Z? that moves at each step to one of (1,1), (1,—1),
(—=1,1), (—1,—1) each with probability 1/4. Although this walk is not irreducible, many of the
ideas of this chapter apply to this walk.
(i) Show that ¢(6%,62%) =1 — (cos §')(cos 62).
(ii) Let a be the potential kernel for this random walk and & the potential kernel for simple
random walk. Show that for every integer n, a((n,0)) = a((n,n)). (see Exercise 1.7).
(i) Use Proposition 4.4.3 (which is valid for this walk) to show that for all integers n > 0,

4
ol(,0)) ~ (0~ 1,0)) = .
A7 11 1
allm0)) =2 |1t g g+ F |-

Exercise 4.10 Suppose p € Py and let A = {1,2,...}. Show that

Fy(z) = 771 IE;[ST],
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where T'=min{j > 0:5; <0} and Fjy is as in (4.30).
Exercise 4.11 Finish the details in Proposition 4.6.4.
Exercise 4.12 Finish the details in Theorem 4.4.8.

Exercise 4.13 Let S; be a random walk in Z with increment distribution p satisfying
rp =min{j : p(j) > 0} < oo, re=max{j:p(j) >0} < oo,
and let r = rg — rq.

(i) Show that if @ € R and k is a nonnegative integer, then f(z) = o® 2" satisfies Lf(z) = 0
for all z € R in and only if (s — )*~! divides the polynomial

q(s) =E[s¥1].
(ii) Show that the set of functions on {—r + 1, —r +2,...} satisfying Lf(z) =0 for z > 1 is a
vector space of dimension 7.

(iii) Suppose that f is a function on {—r + 1, —r +2,...} satisfying Lf(z) = 0 and f(x) ~ x as
x — oo. Show that there exists ¢ € R, ¢y, @ > 0 such that

|f(x) =z —c| <cpe .

Exercise 4.14 Find the potential kernel a(z) for the one-dimensional walk with
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One-dimensional walks

5.1 Gambler’s ruin estimate

We will prove one of the basic estimates for one-dimensional random walks with zero mean and
finite variance, often called the gambler’s ruin estimate. We will not restrict to integer-valued
random walks. For this section we assume that X7, Xo, ... are independent, identically distributed
(one-dimensional) random variables with E[X;] = 0, E[X?] = 6% > 0. Welet S,, = So+ X1+ - -+ X,
be the corresponding random walk. If r > 0, we let

N =min{n >0:5, <0or S, >r},
7 =N = min{n > 0:.5, < 0}.

We first consider simple random walk for which the gambler’s ruin estimates are identities.

Proposition 5.1.1 If S, is one-dimensional simple random walk and j < k are positive integers,
then

- J
]P)‘]{Snk - k} - E

Proof Since M,, := Sypy, is a bounded martingale, the optional sampling theorem implies that

J= Ej[MO] = Ej[Mﬁk] = kPj{Snk = k}.

Proposition 5.1.2 If S, is one-dimensional simple random walk, then for positive integer n,

1 1
BHn > 2n} = BH{Son > 0} — P {Son < 0} =F{Sp =0} = 7= + 0 <n3—/> '

Proof Symmetry and the Markov property tell us that each k& < 2n and each positive integer x,
PHn =k, S = x} = P'{n = k} pop—i(2) = P {n = k, S = —}.
Therefore,

103
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Symmetry also implies that for all z, P1{Ss, = x + 2} = P}{Sy, = —x}. Since P{n > 2n, Sa, =
—x} =0, for x > 0, we have

PYn >2n} = ZIP’{?] > 2n; Sop, =z}

x>0
S lpan(1,2) — pan(l, )]
x>0
= p2n(1’ 1) + Z[p2n(1,33 + 2) _p2n(1y _:E)]

x>0
a2\ 1 1
= o= (") = Lo (L),
]

The proof of the gambler’s ruin estimate for more general walks follows the same idea as that
in the proof of Proposition 5.1.1. However, there is a complication arising from the fact that we
do not know the exact value of S,,. Our first lemma shows that the application of the optional
sampling theorem is valid. For this we do not need to assume that the variance is finite.

Lemma 5.1.3 If X1, Xo,... are i.i.d. random variables in R with E(X;) =0 and P{X; > 0} >0,
then for every 0 < r < oo and every x € R,

E*[Sy,] = . (5.1)
Proof We assume 0 < x < r for otherwise the result is trivial. We start by showing that E*[|S,, || <
00. Since P{X; > 0} > 0, there exists an integer m and a ¢ > 0 such that

P{Xy+- -+ X, >r}>0
Therefore for all x and all positive integers j,
P > jm} < (1—6)™.
In particular, E*[n,] < co. By the Markov property,
PS> 74y = K} < BF{my > k— L |Xo| >y} = B{n > k— 1} P{IX,| > ).

Summing over k gives

PHISy, | = 7+ y} <E*[ne] P{Xk| =y}

Hence
B (.0 = [ B0, 2 0bdr < B0 e+ [ PO 2 )y
= Bl (r+E[X;]) < oo.
Since E*[|S,,,|] < oo, the martingale M,, := Sy, is dominated by the integrable random variable

r+|Sy,|. Hence it is a uniformly integrable martingale, and (5.1) follows from the optional sampling
theorem (Theorem 12.2.3). O
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We now prove the estimates under the assumption of bounded range. We will take some care in
showing how the constants in the estimate depend on the range.

Proposition 5.1.4 For every ¢ > 0 and K < oo, there exist 0 < ¢; < cg < 0o such that if
P{|Xi| > K} =0 and P{X1 > €} > ¢, then for all0 <z <,
rz+1 z+1

<PHS,, >r}<c .
r

1

Proof We fix €, K and allow constants in this proof to depend on €, K. Let m be the smallest integer
greater than K /e. The assumption P{X; > €} > € implies that for all z > 0,

PS> K} >P{X1 >¢€,..., X > €} > €.

Also note that if 0 < 2 <y < K then translation invariance and monotonicity give P*(S,, > r) <
PY(S,, > r). Therefore, for 0 < x < K,

Em ]P)K{Snr Z T} S ]P)x{sm- Z T} S ]P)K{Snr' 2 T}7 (52)

and hence it suffices to show for K < x < r that

x r+ K
< Pp* > < .
r+K {5, 27} < r
By the previous lemma, E*[S, | = z. If S, > 7, then r < S, < r+ K. If 5, < 0, then

—-K <5, <0. Therefore,

z = B[S, ] < B[S, Sy, = 1] < P7{S,, =1} (r + K),
and
x =E*[S, | > E*[S,, ;S >1r]| - K >rP*{S, >r}—-K.
O
Proposition 5.1.5 For every ¢ > 0 and K < oo, there exist 0 < ¢1 < co < 00 such that if
P{|X1| > K} =0 and P{X; > €} > ¢, then for allx > 0,r > 1,

1 1
SP””{HETQ}SCQWF :
T

T
a1

Proof For the lower bound, we note that the maximal inequality for martingales (Theorem 12.2.5)
implies
E[S%] 1

P X144 X;|>2Knb < <.
{1<S;l<pnz’ ikt Xl 2 ”}—4K2n2—4

This tells us that if the random walk starts at z > 3Kr, then the probability that it does not
reach the origin in 72 steps is at least 3/4. Using this, the strong Markov property, and the last
proposition, we get

z+1)

3
Br iy 21} > DBe(s,,,, > 8Ky > D
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For the upper bound, we refer to Lemma 5.1.8 below. In this case, it is just as easy to give the
argument for general mean zero, finite variance walks. O

If p € Pg,d > 2, then p induces an infinite family of one-dimensional non-lattice random walks
Sy - 0 where |§] = 1. In Chapter 6, we will need gambler’s ruin estimates for these walks that are
uniform over all . In particular, it will be important that the constant is uniform over all 6.

Proposition 5.1.6 Suppose S, is a random walk with increment distribution p € Pg,d > 2. There
exist c1,cy such that if @ € R% with || = 1 and S, = S, - 0, then the conclusions of Propositions
5.1.4 and 5.1.5 hold with ¢y, cs.

Proof Clearly there is a uniform bound on the range. The other condition is satisfied by noting
the simple geometric fact that there is an € > 0, independent of # such that P{S1 -0 > ¢} > ¢, see
Exercise 1.8. [l

5.1.1 General case

We prove the gambler’s ruin estimate assuming only mean zero and finite variance. While we will
not attempt to get the best values for the constants, we do show that the constants can be chosen
uniformly over a wide class of distributions. In this section we fix K < oo, 4,0 > 0 and 0 < p < 1,
and we let A(K,d,b, p) be the collection of distributions on X; with E[X;] = 0,

E[X{] = o0® < K?,
P{X, > 1} >4,

inf P{Sy,...,S,2 > —n}>b,

p < %I;%P{Snz < —n}.

It is easy to check that for any mean zero, finite nonzero variance random walk S,, we can find a
t > 0 and some K, 4, b, p such that the estimates above hold for t.S,,.

Theorem 5.1.7 (Gambler’s ruin) For every K, 0,b, p, there exist 0 < ¢; < ca < 0o such that if
X1, Xo, ... are i.i.d. random variables whose distributions are in A(K, 6,b, p), then for all0 < x < r,

r+1 r+1

S]P)m{ﬁ>7"2} SCQ )
T

C1

1 1
TR oS, >l < et
T

1
Our argument consists of several steps. We start with the upper bound. Let
Ny =min{n >0:S5,<0or S, >r}, n" =ni =min{n>0:5, <0}

Note that n; differs from 7, in that the minimum is taken over n > 0 rather than n > 0. As before
we write P for PY.
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Lemma 5.1.8

4K 4K
* < * * < -
P{n >n}_—5\/ﬁ, ]P’{nn<n}_b5n

Proof Let gn, = P{n* > n} =P{S1,...,5, > 0}. Then
P{S1,...,Sn > 1} > 6gn_1 > 6qn.

Let J; ,, be the event
i = { k415, S0 = S+ 1}.

We will also use Jj,,, to denote the indicator function of this event. Let m,, = min{S; : 0 < j < n},
M, = max{S; : 0 < j < n}. For each real x € [m,,, M,], there is at most one integer k such that
Sy <z and S; > x,k < j <n. On the event Jj, ,, the random set corresponding to the jump from
Sk to Skiy1,

{8, <zand S; >,k <j<n},

contains an interval of length at least one. In other words, there are ), Jj , nonoverlapping
intervals contained in [m,,, M,] each of length at least one. Therefore,

n—1
Z Jk,n < M,, — my,.
k=0

But, P(Jin) > 0¢n—k > 0¢p. Therefore,
ndq, < E[M,, —my] < 2E[max{|S;|:j < n}].

Martingale maximal inequalities (Theorem 12.2.5) give

, E[S? K?n
P{max{|S;|:j<n} >t} < Eﬂ ] < p
Therefore,
négqn ) °° )
5 < Emax{|S;|: j <n}] = P{max{|S;| : j < n} >t} dt
0

o
< K+vn+ K?nt™2dt = 2K /n.
K

This gives the first inequality. The strong Markov property implies
P{n* >n? |0} <n*} > P{S; — Sp: > -—n,1<j<n?|n:<n}>b
Hence,
bP{n; <} <P{n* > n’}, (5.3)
which gives the second inequality. O

Lemma 5.1.9 (Overshoot lemma I) For all x > 0,

1
BH{1S,| 2 m) < - EIXP:|X| 2 m] (5.4)
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Moreover if a > 0 and E[|X;|*7] < oo, then

x a o a
E*[|5]%] < ;EUXHH J-

& Since E%[n] = oo, we cannot use the proof from Lemma 5.1.3.

Proof Fix € > 0. For nonnegative integers k, let

Yy = Zn:l{k‘e < Sy < (k+1)e}

n=0

be the number of times the random walk visits (ke, (k 4 1)e] before hitting (—oo, 0], and let

g(x, k) =E*[Yy] = il@x{ke < Sp < (k+1)en >n}.

n=0

Note that if m,z > 0,

PP{|Syl =m} = Y P|Sy| = min=n+1}

n=0

= > > PHIS,| =min=n+1ke < Sy < (k+ 1)e}
n=0 k=0

< ZZPQE{U >nske < S, < (k+1)€;|Spt1 — Sn| > m + ke}
k=0n=0

= > gz, k)P{X1| > m + ke}
k=0

= Zg(az,k:)zp{m+le <)Xyl <m+ (I+1)e}
k=0 =k

l

= Y P{mtle<|Xi| <m+(+1)e} > g, k).
=0 k=0

Recall that P{S,2 < —n} > p for each n. We claim that for all x,y,
Y2
> glak) < = (5.5)
0<k<y/e P
To see this, let

Hy:glgg Z g(x, k).
0<k<|y/e]
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Note that the maximum is the same if we restrict to 0 < z < y. Then for any z < y,

Y 9@ k) <P +P =B | Y {Sa<yin<nt n=y?| <P+ (1—p) Hy (56)
0<k<ly/e] n>y?

By taking the supremum over = we get H, < y*> + (1 — p)H, which gives (5.5). We therefore have

1 o
P{|S,| >m} < ;Zp{m—l—le§|X1| <m+ (1 +1)et(le +€)?
=0
1
< ;(E[(Xl — )% X, < —m] +E[(X1 + )% X, > m)).

Letting € — 0, we obtain (5.4).
To get the second estimate, let F' denote the distribution function of | X;|. Then

E*T Sy |]

a/ L P{|S, | > t} dt
0

o o
< —/ t* Y E[XE | X, | >t dt
P Jo
o o
< —/ E[|X" | X0| > ¢] dt
P Jo
o o o0
= —/ / 21 dF (x) dt
P Jo t
o o

— ;/0 [/Oxdt] gt dF(x):%E[\X1\2+a]-
O

& The estimate (5.6) illustrates a useful way to prove upper bounds for Green's functions of a set. If starting
at any point y in a set V C U, there is a probability ¢ of leaving U within N steps, then the expected amount
of time spent in V before leaving U starting at any « € U is bounded above by

N
N+(1—q)N+(1—q)2N+---=E.

& The lemma states that the overshoot random variable has two fewer moments than the increment distribution.
When the starting point is close to the origin, one might expect that the overshoot would be smaller since there
are fewer chances for the last step before entering (—oo, 0] to be much larger than a typical step. The next lemma
confirms this intuition and shows that one gains one moment if one starts near the origin.

Lemma 5.1.10 (Overshoot lemma II) Let

g BRE
T b
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Then for all0 <z <1,

/

C
P*{|S,| > m} < ;EUXH; | X1] > m].

Moreover if a > 0 and E[|X1|'1?] < oo, then

/
ac
—E

E*[5y|"] < [l 2]

Proof The proof proceeds exactly as in Lemma 5.1.9 up to (5.5) which we replace with a stronger
estimate that is valid for 0 < z < 1:

Z g(x, k) < C/Ty (5.7)

0<ke<y
To derive this estimate we note that

> glak)

25 —1<ke<2i

equals the product of the probability of reaching a value above 2/~! before hitting (—oc, 0] and the
expected number of visits in this range given that event. Due to Lemma 5.1.8, the first probability
is no more than 4K/(b62771) and the conditional expectation, as estimated in (5.5), is less than
227 /p. Therefore,

1<~ 4K \ . 1 (16K _;
S ogla k)< =) <b52l—1> 22 < = (Ta ) 27

0<ke<2i P P

For general y we write 2/~ < 3y < 2/ and obtain (5.7).
Given this, the same argument gives

C/
B[Sy = m} < EEHXH; | X1 = m],

and
E[|Sy|*] = a/ t T P{|Sy| > t} dt
0
< 20 e EX X | > 1 de
P Jo
acd [ acd
< = [ EIX{|X| > ] dt = ——E[| X[,
P Jo p

& The inequalities (5.5) and (5.7) imply that there exists a ¢ < oo such that for all y, E¥[n}] < en?, and
Efnr]<en, O0<z<l1. (5.8)
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Lemma 5.1.11

* * C*
P{n, <n"} > o

where
o po
2(p+2dK2)’
and c is as in Lemma 5.1.10. Also,
P{n" 2 n} = bP{n 5 <n'} > NG

Proof The last assertion follows immediately from the first one and the strong Markov property as
n (5.3). Since P{n} < n*} > §PY{n; < n*}, to establish the first assertion it suffices to prove that

c*
[P;l *< * > -
{nn, ”}—M

Using (5.8), we have

PY[Sy| = s+n} < D PYns=1+1|S;|>s+n}

=0
o0
< S UPY > 51X = 5)
=0
< P{X1| > s} E' ]
/
<

cn

In particular, if ¢ > 0,

EL [y ];[Sys| > (1+8)n] = / PL{|Ss| > 5+ n} ds
tn
/ o0
< 20 (x| > sy ds
p tn
dn
= 7E[|X1|;|X1|2tn]
c d K?
< —E[IX?] < ) 5.9
< [1X1]7] < py (5.9)

Consider the martingale My, = Six,:. Due to the optional stopping theorem we have
1 =E'[Mo] = E'[Ms] < E'[S:; Sy > n).
If we let tg = 2¢' K?/p in (5.9), we obtain

E'(|Sy;

; ‘577:2

> (I+tg)n] <

N |

so it must be

E'[Syzin < Sye < (14to)n] >

N —
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which implies

1
PLp* A >PlUR <8, < (14t >~

O

Proof [of Theorem 5.1.7] Lemmas 5.1.8 and 5.1.11 prove the result for 0 < < 1. The result is
easy if © > r/2 so we will assume 1 <z < /2. As already noted, the function z — P*{S, > r} is
nondecreasing in x. Therefore,

P{Sy: > r} =P{S,: > x} P{Sy > r | Sy > x} >P{S >} P*{S,, >r}.
Hence by Lemmas 5.1.8 and 5.1.11,

P{Sy =7} _ 4K &
P{Sy: > x} ~ ¢*bd 1

]P)m{sm- 2 T} S

For an inequality in the opposite direction, we first show that there is a ¢y such that E*[n,] < co ar.
Recall from (5.8) that E¥[n,| < cr for 0 < y < 1. The strong Markov property and monotonicity
can be used (Exercise 5.1) to see that

E*[n,] < E'[n,] +E*'[ny]. (5.10)

Hence we obtain the claimed bound for general x by induction. As in the previous lemma one can
now see that
o K%z

t )

E* [|Sy: i [Syz| = (14 t)r] <

and hence if ty = 2co K2,

B [y Sy > (1+t0) 1] <

9

N R

9

E® [|Sys[;m < Sy < (L+10) 7] >

| R

so that

x
X < x < >
P {T_Sm < (1+to)r} Z S0+t

As we have already shown (see the beginning of the proof of Lemma 5.1.11), this implies

x

[P;m * 2 >p—"-
{n _T}_b2(1—|—t0)r

5.2 One-dimensional killed walks

A symmetric defective increment distribution (on Z) is a set of nonnegative numbers {py : k € Z}
with > pr < 1 and p_j, = p for all k. Given a symmetric defective increment distribution, we have
the corresponding symmetric random walk with killing, that we again denote by S. More precisely,
S is a Markov chain with state space Z U {00}, where oo is an absorbing state, and

P{Sjp1=k+1|S;=k}=p, P{Sj41=00]|85; =%k} = poo,
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where poo =1 — ) pr. We let

T =min{j : S; = oo}

denote the killing time for the random walk. Note that P{T = j} = po (1 —poo)’ 1,5 € {1,2,...}.

Examples.

Suppose p(j) is the increment distribution of a symmetric one-dimensional random walk and
s € [0,1). Then p; = sp(j) is a defective increment distribution corresponding to the random
walk with killing rate 1 — s. Conversely, if p; is a symmetric defective increment distribution,
and p(j) = pj/(1 — pso), then p(j) is an increment distribution of a symmetric one-dimensional
random walk (not necessarily aperiodic or irreducible). If we kill this walk at rate 1 — py, we
get back p;.

Suppose §j is a symmetric random walk in Z¢,d > 2 which we write §j = (Y}, Z;) where Y} is a
random walk in Z and Z; is a random walk in 741, Suppose the random walk is killed at rate
1 — s and let 7' denote the killing time. Let

r=min{j > 1:Z; =0}, (5.11)
o =P{Y, =k;7 <T}.

Note that

P = Y P{r=5Y=kj<T}
7j=1

= N FP(r=5Y; =k} =E[sT; Y = kT < 0],
j=1

If Z is a transient random walk, then P{7 < co} < 1 and we can let s = 1.
Suppose S; = (Yj, Z;) and 7 are as in the previous example and suppose A C 731\ {0}. Let

o4 =min{j: Z; € A},
pr=P{Y; =k;T <oa}.

If P{Z; € A for some j} > 0, then {p;} is a defective increment distribution.

Given a symmetric defective increment distribution {py} with corresponding walk S; and killing

time T, define the events

Vi={S;>0:5=1,...,T—1}, Vo={S;>0:5=1,...,T—1},

Vo={S;<0:j=1,...,T—1}, V_={5;<0:5j=1,....,T—1}

Symmetry implies that P(V,) = P(V_),P(V,) =P(V_). Note that V. C V., V_ C V_ and

PVoNV_)=PV,NV.)=P{T =1} = peo. (5.12)

Define a new defective increment distribution py _, which is supported on £ = 0, -1, -2,..., by
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setting pi. _ equal to the probability that the first visit to {---,—2,—1,0} after time 0 occurs at
position k and this occurs before the killing time T, i.e.,

:f:IP’{Sj:k; j<T;8>01=1,...,5—1}
j=1
Define py, 4 similarly so that pi + = p_ . The strong Markov property implies
P(Vy) =P(Vy) +po,-P(V4),
and hence
(Vi) = (1— po) B(V4) = (1— po.4) P(V5). (5.13)

In the next proposition we prove a nonintuitive fact.
Proposition 5.2.1 The events V. and V_ are independent. In particular,
P(V_) =P(Vy) = (1 —po+) P(Vy) = {/Poo (1 = po+)- (5.14)

Proof Independence is equivalent to the statement P(V_ NV ) =P(V_)P(V,). We will prove the
equivalent statement P(V_ N V5 ) = P(V_)P(V%). Note that V_ N VY is the event that 7 > 1 but
no point in {0,1,2...} is visited during the times {1,...,7 — 1}. In particular, at least one point
in {...,—2,—1} is visited before time 7.

Let

p=max{k €Z:S;=Fkforsomej=1,...,T—1},
&=max{j >0:5;=k;j<T}

In words, p is the rightmost point visited after time zero, and & is the last time that k is visited
before the walk is killed. Then,

P(V_NV,) = ZIP’{,O——k‘} ZZP{p——kEk—J}
k=1 j=1

Note that the event {p = —k;{_ = j} is the same as the event

{Sj==k;j<T; S <—ki=1,...,7-1; S<—=kl=j5+1,...,T -1}
Since,

P{S; < —kl=j+1,.... T—1|S;=—k;j<T;S<—kl=1,. . j—1}=PV.),

we have

Plp=—kié_p=4}=P{S;=—k:j<T: S <—kl=1,..j—1}PV.).

Due to the symmetry of the random walk, the probability of the path [zg = 0,z1,...,z;] is the
same as the probability of the reversed path [z; — zj,z;_1 — xj,...,20 — x;]. Note that if z; = —k
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and z; < —k, I =1,...,5 — 1, then 2y — z; = k and Zi’:l(xj—i — Tj_it1) = xj— —x; < 0, for
l=1,...,j— 1. Therefore we have

where
n=min{j > 1:5; > 0}.
Since
SN Pl =4sj < T:8; =k} =P{n < T} =P(V) =P(V}),
k=1 j=1

we obtain the stated independence. The equality (5.14) now follows from

B(V)B(V.) _ P(V)?

o =P(V_NV,) =PV )P(V,) = = .
poo = B(V-V) = BV (V) = == B0 = ot

5.3 Hitting a half-line

We will give an application of Proposition 5.2.1 to walks in Z?. Suppose d > 2 and S, is a random
walk with increment distribution p € P;. We write S,, = (Yn, Z,) where Y, is a one-dimensional
walk and Z,, is a (d — 1)-dimensional walk. Let I' denote the covariance matrix for S,, and let T'*
denote the covariance matrix for Z,. Let T = min{j > 0 : Z; = 0} be the first time that the
random walk returns to the line {(j,z) € Z x Z9 ' : £ = 0}. Let T, T, denote the corresponding
quantities for the (nonpositive and negative) half-line

T+:min{n>O:Sne{(j,m)erZd_lszO,x:O}},

T+:min{n>0:sne{(j,x)erZd—1:j<0,x:0} }
and finally let
Do, + = ]P){YVT+ = 0}
Proposition 5.3.1 If p € Py, d = 2,3, there is a C such that as n — oo,
— Cn~V4, d=2
(1 =po+) P{T4 > n} ~ P{T >n} ~ { C(logn)~1/2, d—=3.

Proof We will prove the second asymptotic relation; a similar argument shows that the first and
third terms are asympotic. Let o0 = o¢ denote a geometric random variable, independent of the
random walk, with killing rate 1 — £, i.e., P{oc > k} = £F. Let ¢, = P{Ty > n},q(&) = P{T, > o}.
Then,

2O =P(T} >0} =Y Plo=mTy >n} =3 (1-)& 4o
n=1 n=1
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By Propositions 12.5.2 and 12.5.3, it suffices to show that q(&) ~ ¢ (1 — &)Y/* if d = 2 and ¢(£) ~
c[—log(l — &))" Y?if d = 3.

This is the same situation as the second example of the last subsection (although (7,7) there
corresponds to (7', o) here). Hence, Proposition 5.2.1 tells us that

2(6) = \/p(6) (1 po.+ (€)),

where poo(§) = P{T > o} and po (&) = P{T4 < 0;Y7, = 0}. Clearly, as { — 1—, 1 —pg (&) —
1 —po+ > 0. By applying (4.9) and (4.10) to the random walk Z,,, we can see that

P{T > o} ~c(1—&Y2, d=2,

e e (1)) s

O

& From the proof one can see that the constant C' can be determined in terms of I'* and po_+. We do not
need the exact value and the proof is a little easier to follow if we do not try to keep track of this constant. It is
generally hard to compute pg 4; for simple random walk, see Proposition 9.9.8.

& The above proof uses the surprising fact that the events “avoid the positive 2'-axis” and “avoid the negative
x'- axis” are independent up to a multiplicative constant. This idea does not extend to other sets, for example
the event “avoid the positive z'-axis” and “avoid the positive z:2-axis” are not independent up to a multiplicative

constant in two dimensions. However, they are in three dimensions (which is a nontrivial fact).

In Section 6.8 we will need some estimates for two-dimensional random walks avoiding a half-
line. The argument given below uses the Harnack inequality (Theorem 6.3.9), which will be proved
independently of this estimate. In the remainder of this section, let d = 2 and let S,, = (Y, Z,,) be
the random walk. Let

G-=min{n >0:Y, >r},
pr=min{n >0:S5, & (—r,r) x (—=r,r)},

pr=min{n >0: S, €Zx (—r,r)}.
If |So| < r, the event {(, = p,} occurs if and only if the first visit of the random walk to the
complement of (—r,7) x (—r,r) is at a point (j, k) with j > r.
Proposition 5.3.2 If p € Ps, then
P{T, > p,} =< r~/2, (5.15)

Moreover, for all z # 0,
P*{p, < Ty} < cl|z|V/?r1/2 (5.16)
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In addition, there is a ¢ < 0o such that if 1 <k <r and A, = {je1 :j=—k,—k+1,...} , then
P{T4, > pr} < ck™ Y2712, (5.17)

Proof 1t suffices to show that there exist ¢, co with

P{T} > p,} < cor V2, P{T} > pi} >y r /2

1

The gambler’s ruin estimate applied to the second component implies that P{T" > p*} < r~* and

an application of Proposition 5.2.1 gives P{T, > p*} = r—1/2,

Using the invariance principle, it is not difficult to show that there is a ¢ such that for r sufficiently
large, P{¢, = p,} > ¢. By translation invariance and monotonicity, one can see that for j > 1,

Pe¢ = p} < P{G = pr}

Hence the strong Markov property implies that P{(, = p, | T+ < pr} < P{(, = pr}, therefore it
has to be that P{¢, = p, | T+ > pr} > ¢ and

P{p, <Ti} <cP{¢ = pr < T4} (5.18)
Another application of the invariance principle shows that
P{T+>T2|CTZPT<T+}ZC,

since this conditional probability is bounded below by the probability that a random walk goes no
farther than distance r/2 in 72 steps. Hence,

P{p, < Ty} < cP{p, < Ty, Ty >r?} < cP{Ty > 1%} <ecr /2

This gives (5.15).

For the remaining results we will assume |z| is an integer greater than the range R of the
walk, but one can easily adapt the argument to arbitrary z. Let h.(z) = P*{p, < T4} and let
M = M(r,|z|) be the maximum value of h,(x) over x € (—|z| — R,|z| + R) X (—|z| — R, |z| + R).
By translation invariance, this is maximized at a point with maximal first component and by the
Harnack inequality (Theorem 6.3.9),

aM<h(z)<caM, x€(|z|-R,|z|+R)x(—|z| = R,|z| + R).
Together with strong Markov property this implies
Plor <T}} < cMP{p,) < T4},
and due to (5.18)
Plpr <Ti} > cMP{p = (. <T4} > cMP{p, <Ti}.

Since P{p, < T} =< r~'/2, we conclude that M = |z|*/2+~1/2 implying (5.16). To prove (5.17),
we write

P{TAk > pr’} = P{TAk > pk}P{TAk > Pr ’ TAk > Pk} < CP{TAk > Pk} (k/r)1/2’

So if suffices to show that P{T4, > pr} < ck~! This is very close to the gambler’s ruin estimate,
but it is not exactly the form we have proved so far, so we will sketch a proof.
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Let
q(k) =P{Ta, > pr}.
Note that for all integers |j| < k,
P/ Ty, > pr} > q(2k).
A last-exit decomposition focusing on the last visit to Ay before time p; shows that

1= Z ék(O,jel)]P’jel{TAk > pk} > q(2k) Z ék(o,jel) .
i<k i<k

where G}, denotes the Green’s function for the set Z2N[(—k, k) x (—k, k)]. Hence it suffices to prove
that

Z éj(O,jel) 2 ck.

i<k

We leave this to the reader (alternatively, see next chapter for such estimates).

Exercises
Exercise 5.1 Prove inequality (5.10).

Exercise 5.2 Suppose p € Py and = € Z? \ {0}. Let
T =min{n >1:S, = jx for some j € Z}.
T, =min{n >1: 5, = jzr for some j =0,1,2,...}.
(i) Show that there exists ¢ such that
P{T >n} ~cn™'.
(ii) Show that there exists ¢; such that
P{T, > n} ~c1n /2

Establish the analog of Proposition 5.3.2 in this setting.
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Potential Theory

6.1 Introduction

There is a close relationship between random walks with increment distribution p and functions
that are harmonic with respect to the generator £ = L,,.
We start by setting some notation. We fix pe P. If A G 74, we let

OA ={z e Z\ A:p(y,x) >0 for some y € A}

denote the (outer) boundary of A and we let A = A U A be the discrete closure of A. Note
that the above definition of A, A depends on the choice of p. We omit this dependence from the
notation, and hope that this will not confuse the reader. In the case of simple random walk,

OA={reZi\A:|y—x|=1for some y € A}.

Since p has finite range, if A is finite, then A, A are finite. The inner boundary of A C Z¢ is
defined by

RA=0(2Z4\ A) ={x e A:p(x,y) >0 for some y & A}.

X X
X1 olx ! ol X
X! o e olX
X o ° e o, 6 X
X | o o o ofx

Figure 6.1: Suppose A is the set of lattice points “inside” the dashed curve. Then the points in
A\ 9;A, 0;A and OA are marked by e, o and X, respectively

119
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A function f: A — R is harmonic (with respect to p) or p-harmonic in A if

Lf(y) =Y p@)[fly+z)— fy)]=0

for every y € A. Note that we cannot define Lf(y) for all y € A, unless f is defined on A.
We say that A is connected (with respect to p) if for every z,y € A, there is a finite sequence
T = 20,%1,...,2, =y of points in A with p(zj41 —2;) > 0,7 =0,...,k— 1.

& This chapter contains a number of results about functions on subsets of Z%. These results have analogues
in the continuous setting. The set A corresponds to an open set D C R?, the outer boundary A corresponds to
the usual topological boundary 9D, and A corresponds to the closure D = D U 9D. The term domain is often
used for open, connected subsets of R%. Finiteness assumptions on A correspond to boundedness assumptions
on D.

Proposition 6.1.1 Suppose S, is a random walk with increment distribution p € Py starting at
x € Z% Suppose f: 7% — R. Then

n—1
M, = f(Sn) = > LF(S))
j=0

is a martingale. In particular, if f is harmonic on A C Z9, then Yy, := f(Spnz,) s a martingale,
where T 4 is as defined in (4.27).

Proof Immediate from the definition. O

Proposition 6.1.2 Suppose p € P, and f : Z¢ — R is bounded and harmonic on Z¢. Then f is
constant.

Proof We may assume p is aperiodic; if not consider p = (1/2)p + (1/2)dp and note that f is
p-harmonic if and only if it is p-harmonic. Let x,y € Z%. By Lemma 2.4.3 we can define random
walks S, S on the same probability space so that S is a random walk starting at x; S is a random
walk starting at y; and

P{S, # Sp} < clz —y|n~ 2.

In particular,
[ELf(Sn)] = E[f(Sn)ll < 2¢|z —yln 2 ||f oo — 0.

Proposition 6.1.1 implies that f(z) = E[f(Sn)], f(y) = E[f(Sn)]. O

& The fact that all bounded harmonic functions are constant is closely related to the fact that a random walk
eventually forgets its starting point. Lemma 2.4.3 gives a precise formulation of this loss of memory property.
The last proposition is not true for simple random walk on a regular tree.
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6.2 Dirichlet problem

The standard Dirichlet problem for harmonic functions is to find a harmonic function on a region
with specified values on the boundary.

Theorem 6.2.1 (Dirichlet problem I) Suppose p € Py, and A C Z¢ satisfies P*{T4 < co} =1
forall x € A. Suppose F': 0A — R is a bounded function. Then there is a unique bounded function
f: A — R satisfying

Lf(z)=0, xz€A, (6.1)
flx) =F(z), =€ dA. (6.2)

It is given by
f(x) = E*[F(S7,)]- (6.3)

Proof A simple application of the Markov property shows that f defined by (6.3) satisfies (6.1) and
(6.2). Now suppose f is a bounded function satisfying (6.1) and (6.2). Then M, := f(Spaz,) is a
bounded martingale. Hence, the optional sampling theorem (Theorem 12.2.3) implies that

f(z) = E*[Mo] = E*[Mz,] = E*[F(5z,)]-

TA

Remark.

e If A is finite, then OA is also finite and all functions on A are bounded. Hence for each F on
0A, there is a unique function satisfying (6.1) and (6.2). In this case we could prove existence
and uniqueness using linear algebra since (6.1) and (6.2) give #(A) linear equations in #(A)
unknowns. However, algebraic methods do not yield the nice probabilistic form (6.3).

e If A is infinite, there may well be more than one solution to the Dirichlet problem if we allow
unbounded solutions. For example, if d = 1, p is simple random walk, A = {1,2,3,...}, and
F(0) = 0, then there is an infinite number of solutions of the form f,(z) = bz. If b # 0, f is
unbounded.

e Under the conditions of the theorem, it follows that any function f on A that is harmonic on A
satisfies the mazimum principle:

sup|[f ()| = sup |f(z)].

€A z€0A

e If d = 1,2 and A is a proper subset of Z?, then we know by recurrence that P*{7, < co} = 1 for
all x € A.
e If d >3 and Z%\ A is finite, then there are points z € A with P*{T4 = oo} > 0. The function

f(x) = P*{Ta = oo}

is a bounded function satisfying (6.1) and (6.2) with FF = 0 on 0A. Hence, the condition
P*{74 < oo} =1 is needed to guarantee uniqueness. However, as Proposition 6.2.2 below shows,
all solutions with /' =0 on 0A are multiples of f.
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Remark. This theorem has a well-known continuous analogue. Suppose f : {|z| € R? : |z] <
1} — R is a continuous function with Af(z) =0 for |z| < 1. Then

f(x) = E*[f(Br)],

where B is a standard d-dimensional Brownian motion and 7" is the first time ¢ that |B;| = 1. If
|x| < 1, the distribution of Bp given By = x has a density with respect to surface measure on
{|z| = 1}. This density h(z,2) = c(1 — |z|?)/|x — z|? is called the Poisson kernel and we can write

_x2
f@=c [ )=l

|z|=1 |z — 2|

ds(z), (6.4)

where s denotes surface measure. To verify that this is correct, one can check directly that f as
defined above is harmonic in the ball and satisfies the boundary condition on the sphere. Two facts
follow almost immediately from this integral formula:

e Derivative estimates. For every k, there is a ¢ = ¢(k) < oo such that if f is harmonic in the
unit ball and D denotes a kth order derivative, then |Df(0)] < ¢ ||f|loo-

e Harnack inequality. For every r < 1, there is a ¢ = ¢, < oo such that if f is a positive
harmonic function on the unit ball, then f(x) < ¢ f(y) for |z, |y| < r.

An important aspect of these estimates is the fact that the constants do not depend on f. We will
prove the analogous results for random walk in Section 6.3.

Proposition 6.2.2 (Dirichlet problem II) Suppose p € Pq and A & Z%. Suppose F : A — R
is a bounded function. Then the only bounded functions f : A — R satisfying (6.1) and (6.2) are
of the form

f(z) =E*[F(S7,);Ta < oo] + bP*{T 4 = o0}, (6.5)
for some b € R.
Proof We may assume that p is aperiodic. We also assume that P*{7 4 = co} > 0 for some z € A; if

not, Theorem 6.2.1 applies. Assume that f is a bounded function satisfying (6.1) and (6.2). Since
M,, := f(Snhar,) is a martingale, we know that

f(x) = E¥[Mo] = E*[Mp] = E*[f(Snnza)]

=E*[£(Sn)] — E*[£(Sn);Ta < n] + E*[F(S7,);Ta < nl.
Using Lemma 2.4.3, we can see that for all x,y,

lim [E*[f(Sn)] — EY[f(Sn)]] = 0.

n—0o0

Therefore,
|f(@) = F)] < 2|[flloo [P*{Ta < oo} + PY{T4 < oo}].

Let U. = {z € Z?: P*{F4 = 00} > 1—¢}. Since P*{F4 = 0o} > 0 for some x, one can see (Exercise
4.1) that U, is non-empty for each € € (0,1). Then,

[f(@) = f)| < 4e€llflloo, 2,y €U
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Hence, there is a b such that
|f(x) =0 <4e|flloo, =€ U

Let p. be the minimum of 74 and the smallest n such that S,, € U.. Then for every = € Z¢, the
optional sampling theorem implies

f(@) = E[f(Sp)] = B¥[F(S7,);Ta < pe] + E[f(S5.):Ta > pel-
(Here we use the fact that P*{74 A pe < oo} = 1 which can be verified easily.) By the dominated

convergence theorem,

Im E*[F(S7,);Ta < pe] = E*[F(S7,);Ta < o).

=
e—0 A

Also,
[E“[f(Sp.)iTa > pe] = bP™ {74 > pe}| < el flloo P*{Ta > pc}

and since p. — 0o as € — 0,

lim E®[f(S,.);Ta > pe] = bP*{14 = o0}.

e—0

This gives (6.5). O

Remark. We can think of (6.5) as a generalization of (6.3) where we have added a boundary
point at infinity. The constant b in the last proposition is the boundary value at infinity and can
be written as F'(co0). The fact that there is a single boundary value at infinity is closely related to
Proposition 6.1.2.

Definition. If p € Py and A C Z%, then the Poisson kernel is the function H : A x 9A — [0,1]
defined by

Ha(x,y) =P{7Ta < o00; 57, =y}
As a slight abuse of notation we will also write

Ha(z,00) = P*{7T4 = o0}.

Note that

> Hal(w,y) =P {74 < oo},
yEOA

For fixed y € OA, f(x) = Ha(z,y) is a function on A that is harmonic on A and equals 6(- — ) on
OA. If p is recurrent, there is a unique such function. If p is transient, f is the unique such function
that tends to 0 as x tends to infinity. We can write (6.3) as

fla) =E*[F(Sr,)] = ) Halz,y) Fly), (6.6)
yEOA
and (6.5) as

f(2) = E*[F(Sr,)iTa <ol +bP{Ta =00} = > Halz,y)F(y),
y€0AU{oco}
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where F'(00) = b. The expression (6.6) is a random walk analogue of (6.4).

Proposition 6.2.3 Suppose p € Py and A ;Cé Z%. Let g: A — R be a function with finite support.
Then, the function

Fa—1
fl@) =Y Gax,y)gly) =E" | > 9(5)) |,
yeA j=0

is the unique bounded function on A that vanishes on OA and satisfies

Lf(x)=—g(x), xe€A. (6.7)

Proof Since g has finite support,
[f(@)] <) Gale,y) lg(y)| < oo,

yeA

and hence f is bounded. We have already noted in Lemma 4.6.1 that f satisfies (6.7). Now suppose
f is a bounded function vanishing on 0A satisfying (6.7). Then, Proposition 6.1.1 implies that

nATA—1
My = f(Surza) + D 9(5)).
=0
is a martingale. Note that |[M,| < ||f|lc +Y where
Fa—1
Y =3 19(S));
=0

and that
Y] = 3 Ga(w ) lo(y)] < .
Yy

Hence M, is dominated by an integrable random variable and we can use the optional sampling
theorem (Theorem 12.2.3) to conclude that

Fa—1
f(w) = B*[Mo] = E*[My,] =B* | > ¢(5;)
l

Remark. Suppose A C Z? is finite with #(A) = m. Then G4 = [Ga(,y)]zyeca is an m x m
symmetric matrix with nonnegative entries. Let £4 = [£4(z,9)],yca be the m x m symmetric
matrix defined by

LA,y) =p(zy), v#y;  LAz,2) =p(r,z) — 1.

Ifg: A— Rand z € A, then £LAg(x) is the same as Lg(z) where g is extended to A by setting g = 0
on A. The last proposition can be rephrased as £4 [Gag] = —g, or in other words, G4 = —(EA)_I.
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Corollary 6.2.4 Suppose p € Pg and A C 7% is finite. Let g: A — R, F : 0A — R be given. Then,
the function

Ta—1
f@) =E"[F(Se ) +E" | Y g(S;)| = > Halx,2)F(z) + > _ Galz,y) g(y), (6.8)
§=0 z€E0A yeA

is the unique function on A that satisfies

Lf(x)=—g(x), ze€A.

flz)=F(z), xe€dA.
In particular, for any f: A — R,z € A,

Ta—1

flx) =E"[f(S Zcf : (6.9)

Proof Use the fact that h(z) := f(x) — E*[F(S7,)] satisfies the assumptions in the previous propo-
sition. O

Corollary 6.2.5 Suppose p € Py and A C Z% is finite. Then
flx) =E"[Fa] = > _ Galz,y)

yeA
is the unique bounded function f : A — R that vanishes on OA and satisfies

Lf(x)=-1, z€A
Proof This is Proposition 6.2.3 with g = 14. O

Proposition 6.2.6 Let p,, = Tp, = inf{j > 0:[S;| > n}. Then if p € Py with range R and |z| < n,
[* — |2[?] < (D) E[pn] < [(n+ R)? — [z[’].

Proof In Exercise 1.4 it was shown that M; =: [Sjn,.|[2 — (ttT)(j A p,) is a martingale. Also,
E®[p,] < oo for each z, so M; is dominated by the integrable random variable (n + R)? + (trT') py,.
Hence,

|2 = E*[Mo] = E*[M,,] = E*[|S,,|%] = (tT) E[pn].

Moreover, n < |S,, | < (n+ R). O

6.3 Difference estimates and Harnack inequality

In the next two sections we will prove useful results about random walk and harmonic functions.
The main tools in the proofs are the optional sampling theorem and the estimates for the Green’s
function and the potential kernel. The basic idea in many of the proofs is to define a martingale
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in terms of the Green’s function or potential kernel and then to stop it at a region at which that
function is approximately constant. We recall that

B,={zeZ%: |z <n}, Cn={z€Z: T(z)<n}.
Also, there is a 0 > 0 such that
Con C By C Cpys-
We set
§n=71c, =min{j > 1:5; ¢Cn}, &, =75, =min{j >1:5; ¢B,}.

As the next proposition points out, the Green’s function and potential kernel are almost constant
on 0C,. We recall that Theorems 4.3.1 and 4.4.4 imply that as x — oo,

Glz) = % +0 (@) L d>3, (6.10)
a(x) = Cy log J(x) +v2+ O <#> . (6.11)

Here Cy = [mv/detT']™! and vo = C 4 Cs log v/2 where C' is as in Theorem 4.4.4.

Proposition 6.3.1 Ifp € Py, d > 3 then for x € C, U 0;Cy,

Glz) = n(jjg LomY, d>2,

a(z) =Cy logn+v2+0(n™1), d=2,
where Cq, Co,vo are as (6.10) and (6.11).

Proof This follows immediately from (6.10) and (6.11) and the estimate
J(x)=n+0(1), ze€dC,UaC,.
Note that the error term O(n'~%) comes from the estimates
n+O0M)*>4=n"14+0n'"%), logln+0(1)] =logn+O(n1).
O

& Many of the arguments in this section use C,, rather than B,, because we can then use Proposition 6.3.1.
We recall that for simple random walk B,, = C,.

& Proposition 6.3.1 requires the walk to have bounded increments. If the walk does not have bounded
increments, then many of the arguments in this chapter still hold. However, one needs to worry about “overshoot”
estimates, i.e., giving upper bounds for the probability that the first visit of a random walk to the complement of
Cy, is far from C,,. These kinds of estimate can be done in a spirit similar to Lemmas 5.1.9 and 5.1.10, but they
complicate the arguments. For this reason, we restrict our attention to walks with bounded increments.
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& Proposition 6.3.1 gives the estimates for the Green's function or potential kernel on 8C,,. In order to prove
these estimates, it suffices for the error terms in (6.10) and (6.11) to be O(|z|'~?) rather than O(]z|~%). For
this reason, many of the ideas of this section extend to random walks with bounded increments that are not
necessarily symmetric (see Theorems 4.3.5 and 4.4.6). However, in this case we would need to deal with the
Green's functions for the reversed walk as well as the Green's functions for the forward walk, and this complicates
the notation in the arguments. For this reason, we restrict our attention to symmetric walks.

Proposition 6.3.2 If p € Py,

G, (0,0) = G(0,0) — L+ O™, d>3,
n
Ge, (0,0) = Cy logn+v +0(n™1), d=2. (6.12)

where Cg,v2 are as defined in Proposition 6.3.1.
Proof Applying Proposition 4.6.2 at = y = 0 gives
Ge, (07 0) = G(Ov 0) - E[G(STcn ) 0)]7 d >3,

Ge,(0,0) = Ela(Sr, ,0)], d=2.

We now apply Proposition 6.3.1. O

& It follows from Proposition 6.3.2 that
Gp,(0,0) = G(0,0) + O(n*~?), d>3,
ag, (0,0) = Czlogn + O(1), d=2.

It can be shown that G, (0,0) = G(0,0) — Can?>~?+o(n'=%), ag, (0,0) = Cy logn+32 +O(n~") where Cy, 4o
are different from Cy, v2 but we will not need this in the sequel, hence omit the argument.

We will now prove difference estimates and a Harnack inequality for harmonic functions. There
are different possible approaches to proving these results. One would be to use the result for
Brownian motion and approximate. We will use a different approach where we start with the
known difference estimates for the Green’s function G and the potential kernel a and work from
there. We begin by proving a difference estimate for G4. We then use this to prove a result on
probabilities that is closely related to the gambler’s ruin estimate for one-dimensional walks.

Lemma 6.3.3 Ifp € Py,d > 2, then for every e > 0, r < 0o, there is a ¢ such that if Be, C A ; Ze,
then for every |x| > en and every |y| < r,

C
nd—1"

[Ga(0,2) = Galy, )| <

12G4(0,2) — Ga(y,x) — Ga(—y,x)| < %
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Proof Tt suffices to prove the result for finite A for we can approximate any A by finite sets (see
Exercise 4.7). Assume that € A, for otherwise the result is trivial. By symmetry G4(0,z) =
Ga(2,0),Ga(y,z) = Ga(x,y). By Proposition 4.6.2,

Ga(z,0) — Ga(r,y) = G(z,0) — Y Ha(2,2)[G(2,0) = G(z,y)], d=>3,

Ga(z,y) — Ga(x,0) = a(x,0) — a(x,y) ZHsz (2,0) —a(z,y)], d=2.
z€0A
There are similar expressions for the second differences. The difference estimates for the Green’s

function and the potential kernel (Corollaries 4.3.3 and 4.4.5) give, provided that |y| < r and
2| = (¢/2)n

G(2) =Gz +y)| <cen'™, [2G(2) =Gz +y) Gz —y)| < een™?
for d > 3 and
la(z) —a(z+y)| < cen™ ', [2a(2) —a(z +y) —a(z —y)| < cen”
for d = 2. O
The next lemma is very closely related to the one-dimensional gambler’s ruin estimate. This

lemma is particularly useful for z on or near the boundary of C,,. For = in Cy, \ C,/ that are away
from the boundary, there are sharper estimates. See Propositions 6.4.1 and 6.4.2.

Lemma 6.3.4 Suppose p € Py, d > 2. There exist c1,co such that for all n sufficiently large and
all x € Cy, \ Cn/2;

P*{S

TC"\Cn/Q

€Cppt >cin’, (6.13)

and if x € 9C,,
P*{S

reney s € Cnj2t < 2 n~t. (6.14)
Proof We will do the proof for d > 3; the proof for d = 2 is almost identical replacing the Green’s
function with the potential kernel. It follows from (6.10) that there exist 7, ¢ such that for all n
sufficiently large and all y € C,,_,, z € 9Cp,

G(y) — G(z) > en'™4. (6.15)

By choosing n sufficiently large, we can assure that 0,C,, 3 N C,, /4 = 0.
Suppose that © € Cp,— and let T' = 7¢, \¢ Applying the optional sampling theorem to the

bounded martingale G(Sjrr), we see that

n/2"

G(:E) = EI[G(ST)] < EI[G(ST); St € Cn/g] + Zrélgoc}i G(z).

Therefore, (6.15) implies that

E*[G(Sr); St € Cn/z] >cenl™?,
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For n sufficiently large, St ¢ C,,/4 and hence (6.10) gives
E*[G(St); ST € Cn/g] < en? 4 Px{TCn\Cn/g < 7c,}-

This establishes (6.13) for x € C,—,.

To prove (6.13) for other x we note the following fact that holds for any p € P;: there is an e > 0
such that for all |z| > r, there is a y with p(y) > € and J(z + y) < J(z) — e. It follows that there
is a 0 > 0 such that for all n sufficiently large and all = € C,, there is probability at least ¢ that a
random walk starting at x reaches C,,_, before leaving C,.

Since our random walk has finite range, it suffices to prove (6.14) for = € C, \ C,,—r, and any
finite r. For such z,

G(z) = Cyn*~ 1+ 0(n'7%).
Also,
E”[G(Sr) | St € Cpjo] = C4 2472 0> + O(n'™),
E*[G(ST) | S € 0Ca] = Can®* 4+ 0(n'~).

The optional sampling theorem gives

G(z) = B*[G(S7)] =

P{ST € Cp o} E*[G(ST) | ST € Cpppo] + P*{S7 € 9C,} E¥[G(ST) | ST € 9Cy).
The left-hand side equals Cyn?~% + O(n'~%) and the right-hand side equals
Can* + 0(n' ™) + Cy 2472 = 10?4 P"{Sr € C,, o}

Therefore P*{Sr € C,, )5} = O(n™1). O

Proposition 6.3.5 If p € P; and x € C,,
Ge, (0,2) = Cy [j(g;)H - n2-d] L O(z)), d>3,
Ge, (0,z) = Cy [logn —log I (x)] + O(|z|™1), d=2.

In particular, for every 0 < e < 1/2, there exist ¢y, co such that for all n sufficiently large,
C1 n2_d < GCn (y,x) < n2_d7 (TS Cena T E aic2en U aC2en-
Proof Symmetry and Lemma 4.6.2 tell us that
Ge,(0,2) = Ge, (¢,0) = G(z,0) — E*[G(Sr, )], d=3,

Ge,(0,z) = Ge, (2,0) = E*[a(Sr, )] —a(z), d=2. (6.16)
Also, (6.10) and (6.11) give
G(a) = Ca T () 1+ O(|2]7%), d=3,

a(z) = C3 log[J (x)] + 92 + O(|z[7%), d=2,
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and Proposition 6.3.1 implies that

Cq

= W‘FO(’I’Ll_d), d23,

E*[G(Sx, )]

E*[a(Sr, )] = Cologn+y2+O0(n™Y), d=2.
Since |z| < ¢n, we can write O(|z|~%) + O(n'~%) < O(|z|*~%). To get the final assertion we use the
estimate
GC(lfe)n (07 €T — y) < Gcn (y7 33‘) < GC(1+€)n (07 T — y)
U

We now focus on Hg,, the distribution of the first visit of a random walker to the complement
of Cp. Our first lemma uses the last-exit decomposition.

Lemma 6.3.6 Ifpc Py, € BCAS 74, y € A,
Ha(w,y) =Y Gale,2) P{Sy, , =y} = Y Galz,z)P¥{S,, , = 2}.
z€B zeB

In particular,

Ha(z,y) = Galw,2)p(z,y) = Y Galz,2)p(zy).

z€A 2€0;A

Proof In the first display the first equality follows immediately from Proposition 4.6.4, and the
second equality uses the symmetry of p. The second display is the particular case B = A. O

Lemma 6.3.7 If p € Py, there exist c1,co such that for all n sufficiently large and all x € C,, )4,y €
OCn,

C1

nd—1

& We think of 9C,, as a (d — 1)-dimensional subset of Z¢ that contains on the order of n?~! points. This
lemma states that the hitting measure is mutually absolutely continuous with respect to the uniform measure on
9C,, (with a constant independent of n).

Proof By the previous lemma,

He,(x,y) = ) Ge,(z0)P'{Sy, . =2}

n/2
ZEC.,L/Q

Using Proposition 6.3.5 we see that for 2z € 9,Cy, /2,7 € Cp, 4, Ge, (2,7) < n?=?. Also, Lemma 6.3.4
implies that

- o —1
Z Py{STCn\Cn/Q = Z} =N .

zECn/z
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Theorem 6.3.8 (Difference estimates) If p € Py and r < oo, there exists ¢ such that the
following holds for every n sufficiently large.
(a) If g : B,, — R is harmonic in B, and |y| <7,

IVyg(0)] < ¢llgllosn™, (6.17)

IV59(0)] < cllglloc n™. (6.18)
(b) If f : By, — [0,00) is harmonic in B, and |y| <r, then

IVy f(0)] < e f(0)n (6.19)

IV2f(0)] < cf(0)n > (6.20)

Proof Choose € > 0 such that Coe, C By. Choose n sufficiently large so that B, C C(/2), and
0iCoen N Cer, = 0. Let H(z,z) = Hg,,, (z,z). Then for |z| <7,

gl@)= Y H(z,2)g(2),
2€0C2en
and similarly for f. Hence to prove the theorem, it suffices to establish (6.19) and (6.20) for
f(xr) = H(z,z) (with ¢ independent of n,z). Let p = pne = 7¢,,\c.,- By Lemma 6.3.6, if
z € Cle/2)n;

f@)= Y Gey,lw,2)PP{S, = w}.

U)Eaicen

Lemma 6.3.7 shows that f(x) < n!~? and in particular that

f(Z) < Cf(w)v Z,w € C(5/2)n (621)
is a § > 0 such that for n sufficiently large, |w| > dn for w € 9,Cep. The estimates (6.19) and (6.20)
now follow from Lemma 6.3.3 and Lemma 6.3.4. d

Theorem 6.3.9 (Harnack inequality) Suppose p € Py, U C R? is open and connected, and K
is a compact subset of U. Then there exist ¢ = ¢(K,U,p) < oo and positive integer N = N (K, U, p)
such that if n > N,

Uy={zxecZ:nlzecU}, K,={zecz’ ntzeckK},
and f : U, — [0,00) is harmonic in U,, then

flx) <cfly), =zy€ Ky,

& This is the discrete analogue of the Harnack principle for positive harmonic functions in R?. Suppose
K C U C R? where K is compact and U is open. Then there exists c¢(K,U) < oo such that if f: U — (0, 00)
is harmonic, then

f(@) <c(K,U) fly), =zyekK.
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Proof Without loss of generality we will assume that U is bounded. In (6.21) we showed that there
exists § > 0, ¢y < oo such that

fl@)<ecofly) if |z—y| <ddist(z,0U,). (6.22)

Let us call two points z,w in U adjacent if |z — w| < (0/4) max{dist(z,0U), dist(w,0U)}. Let
p denote the graph distance associated to this adjacency, i.e., p(z,w) is the minimum k such
that there exists a sequence z = zg,21,...,2; = w of points in U such that z; is adjacent to
zj—1p for j = 1,...k. Fix z € U, and let V}; = {w € U : p(z,w) < k},V,, = {z € VA
n~lz € V}. For k > 1, Vj is open, and connectedness of U implies that UV = U. For n
sufficiently large, if x,y € V,, 1, there is a sequence of points x = zg,x1,...,7; = y in V,,;, such
that |z; — zj_1| < (§/2) max{dist(x;,0U),dist(z;_1,0U)}. Repeated application of (6.22) gives
f(z) < ¢k f(y). Compactness of K implies that K C Vj, for some finite k, and hence K,, C Vj, .

l

6.4 Further estimates

In this section we will collect some more facts about random walks in Py restricted to the set C,.
The first three propositions are similar to Lemma 6.3.4.

then for x € Cp, \ Cpy,

m’

Proposition 6.4.1 Ifpe Py, m<n, T = TC,\C

log 7 () —logm + O(m™1)
logn — logm i

P*{Sr € dC,} =
Proof Let ¢ = P*{St € 9C,}. The optional sampling theorem applied to the bounded martingale
M; = a(Sjrr) gives

a(x) = E*[a(S7)] = (1 — q) E*[a(ST) | ST € 0:Cp] + ¢ E*[a(ST) | ST € 9Cy].
From (6.11) and Proposition 6.3.1 we know that
a(z) = Cy log J (x) + 72 + O(|z|7?),
E*[a(ST) | ST € 0,Cpn] = Co logm + v2 + O(m_l),
E®[a(ST) | ST € 9Cy] = Cy logn + 2 + O(n™1).

Solving for ¢ gives the result. O
Proposition 6.4.2 Ifpe Py, d >3, T = T7d\C,,» then for x € Z2\ Cpp,

d—2
P*{T < oo} = <%> [1+0(m™Y)].

Proof Since G(y) is a bounded harmonic function on 7za\¢,, with G(c0) =0, (6.5) gives

G(z) = E*[G(Sr): T < o] = P*{T < 00} E*[G(S7) | T < .
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But (6.10) gives
G(a) = Ca T ()~ [L+O(|2[7?)],

E*[G(St) | T < oo] = Cym?*~4 [1 4+ O(m™1)].

Proposition 6.4.3 Ifp € P2, n >0, and T' = 7¢,\ (0}, then for x € Cy,

Pe{5p = 0} — |1 logj(xioggﬂﬂ_l)} [1 L0 <10;n>] .

Proof Recall that P*{St = 0} = G¢, (z,0)/Ge, (0,0). The estimate then follows immediately from
Propositions 6.3.2 and 6.3.5. The O(]x|™!) term is superfluous except for x very close to 9C,,. O

Suppose m < n/2,x € Cp,, z € IC,,. By applying Theorem 6.3.8 O(m) times we can see that (for
n sufficiently large)

He, (1,2) = P*{Se, = 2} = H, (0, 2) [1 +0 (%)] . (6.23)

We will use this in the next two propositions to estimate some conditional probabilities.

Proposition 6.4.4 Suppose p € Pg,d > 3, m < n/4, and C, \ C, C A C Cp. Suppose x € Com
with P*{S;, € 9Cp,} > 0 and z € OCy,. Then for n sufficiently large,

PT{S,, = 2| Sy, € 9Cp} = He, (0, %) [1 +0 (%)} . (6.24)

Proof Tt is easy to check (using optional stopping) that it suffices to verify (6.24) for € 9Coy,.
Note that (6.23) gives

P*(Se, =2} = He,(0.2) [1+0 (7))
and since 94\ 9Cp C Cp,
P*{Se, =z | S,, & 0Cu} = He, (0, ) [1 +0 (%)} .
This implies
P*{S¢, = 2 Sy, & OCn} = P{S,, ¢ 0C,} H, (0, 2) [1 +0 (T)] .

n
The last estimate, combined with (6.24), yields
P*{S¢, = 2;S-, € 3Cy} = P{S,, € 9C,} He, (0,2) + He, (0,2) O (%) ,

Using Proposition 6.4.2, we can see there is a ¢ such that
P*{S,, € 0C,} > P*{S; & Cy, for all j} > ¢, x € ICop,
which allows use to write the preceding expression as

P*{Se, = 2 S,, € 0Cy} = P{S,, € 8C,} He, (0, ) [1 +o (T)] .

n



134 Potential Theory

For d = 2 we get a similar result but with a slightly larger error term.

Proposition 6.4.5 Suppose p € Po, m < n/4, and C, \ C, C A C Cy,. Suppose x € Cop, with
P*{S;, € 9Cp} > 0 and z € OC,,. Then, for n sufficiently large,

n

P™{S,, = 2 | S, € 3Cy} = He, (0, 2) [1 +0 <M>} . (6.25)

Proof The proof is essentially the same, except for the last step, where Proposition 6.4.1 gives us

C
T > -
PH{Sry €0C} 2 s

HAS 62m7

so that
He, (0,2)0 (™)

n

can be written as

P*{S,, € 0Cy} He, (0,2) O <M> .

n

O

The next proposition is a stronger version of Proposition 6.2.2. Here we show that the bounded-
ness assumption of that proposition can be replaced with an assumption of sublinearity.

Proposition 6.4.6 Suppose p € Py, d >3 and A C Z¢ with Z¢\ A finite. Suppose f : Z¢ — R is
harmonic on A and satisfies f(x) = o(|z|) as © — oco. Then there exists b € R such that for all x,

f(z) =E*[f(S7,);Ta < oo] + bP*{T 4 = o0}.

Proof Without loss of generality, we may assume that 0 € A. Also, we may assume that f =0 on
7%\ A; otherwise, we can consider

A~

f(@) = flx) = E*[f(57,);Ta < o0,

The assumptions imply that there is a sequence of real numbers €, decreasing to 0 such that
|f(z)] < epn for all x € C, and hence

[f(@) = fW)| < 2enn, =,y €dCn.
Since Lf =0 on A, (6.8) gives

0=f(0) =E[f(Se.)] = > Ge.(0,y) LS (y), (6.26)

yeEZMNA

and since Z¢ \ A is finite, this implies that

lim E[f(Se,)] =b:= > G(0,y)Lf(y).

n—oo
yeZA\ A
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If x € ANC,, the optional sampling theorem implies that
f(@) = B[ (Srane,)] = E°[f(Se,); Ta > &n] = P74 > EnF E7[f(Se,) [ T4 > &l

For every w € 0C,, we can write

E*[f(Se,) | 74 > &) —EIf(Se,)] = Y f(2) [P{Se, = 2| 74 > &} — He, (0, 2)]
2€0Cn,
= > [f(2) = f(w)] [P"{Se, = 2 | 7a > &} — He, (0, 2)].
2€0Cy,

For n large, apply _,coc, and divide by |0C,| the above identity, and note that (6.24) now implies

E1f(%,) |74 > &) - BFSe )] <c 2 sup [7(2) - f0)| <clefen.  (620)
y,2€9Ch,

Therefore,
f@) = lm B{ra > GIE[A(Se,) | 74 > &)
= P*{r4 = 0} TLanOlOE[f(Sgn)] =bP"{14 = o0}.
l

Proposition 6.4.7 Suppose p € Py and A is a finite subset of Z? containing the origin. Let
T =Ta=Tgna=min{j >0:5; € A}. Then for each = € Z* the limit

ga(z) = lim C (logn)P*{¢, < T} (6.28)
exists. Moreover, if y € A,
ga(z) = a(z —y) — E*[a(ST — y)]. (6.29)

Proof If y € A and x € C, \ A, the optional sampling theorem applied to the bounded martingale
M; = a(Sjrrae, — y) implies

a(x —y) = E¥[a(Srae, —y)] = P& <TYE"[a(Se, —y) | &0 < T]+ E*[a(ST —y)]
—P&n < T}YE"[a(ST —y) | & < T].
As n — oo,
E*[a(Se, —v) | & < T] ~ C3 logn.
Letting n — 0o, we obtain the result. O

Remark. As mentioned before, it follows that the right-hand side of (6.29) is the same for all
y € A. Also, since there exists § such that Cs, C By, C C,,/5 we can replace (6.28) with

ga(x) == nlin;o Cy (logn) P*{¢&) < T'}.

The astute reader will note that we already proved this proposition in Proposition 4.6.3.

Proposition 6.4.8 Suppose p € Py and A is a finite subset of Z2. Suppose f : Z?> — R is harmonic
on 72\ A; vanishes on A; and satisfies f(x) = o(|x|) as |x| — co. Then f =bga for some b € R.
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Proof Without loss of generality, assume 0 € A and let T' = T4 be as in the previous proposition.
Using (6.8) and (6.12), we get

E[f(Se,)] =D Ge,(0,y) Lf(y) = Ca logn > Lf(y)+O(1).

yeA yeA

(Here and below the error terms may depend on A.) As in the argument deducing (6.27), we use
(6.25) to see that

|z| logn

[E*[f(STag,) | €n < T] = E[f(Se,)]l < ¢ [f(y) = f(2)] < c|z|en logn,

n y,2€0CH,

and combining the last two estimates we get

f(@) =E°[f(Stre,)] = P& <TYE*[f(Stane,) | én < T
= P& <T}YE[f(Se,)] + [z o(1)
= bga(z)+o(1),

where b=3 4, Lf(y). O

6.5 Capacity, transient case

If A is a finite subset of Z%, we let
Ta=1zma, Ta=Tgaa,
rad(A) = sup{|z| : x € A}.
If p e Py, d > 3, define
Esa(z) =P{T4 =00}, ga(z) =P"{T4 = co}.

Note that Ess(x) = 0 if 2 € A\ 9;A. Furthermore, due to Proposition 6.4.6, g4 is the unique
function on Z¢ that is zero on A; harmonic on Z?\ A; and satisfies g4(z) ~ 1 as |z| — oco. In
particular, if z € A,

Lga(z Zp )ga(z +y) = Esa(x).

Definition. If d > 3, the capacity of a finite set A is given by

cap(A) = ZESA(:E) = Z Esa(z) = ZEQA(Q:) = Z Lga(z)

€A 2€E0; A z€A 2€0; A

& The motivation for the above definition is given by the following property (stated as the next proposition):
as z — 00, the probability that a random walk starting at z ever hits A is comparable to |2|?>~% cap(A).
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Proposition 6.5.1 Ifp € Py, d >3 and A C Z% is finite, then

Cycap(A) {1 O<rad(A)

PY{Ty < 00} = Tz 2] )} , |z| = 2rad(A).

Proof There is a ¢ such that B, C C,,/s for all n. We will first prove the result for € Coraq(4)/s-
By the last-exit decomposition, Proposition 4.6.4,

P{Ta < o0} =Y G(x,y)Esa(y).
yeA
Forye A, J(x —y) = J(x) + O(|y|). Therefore,
Gt = a7~ +0 (k) = e [1+0 (5|

]

This gives the result for x & Co;aq(a)/s- We can extend this to |z| > 2rad(A) by using the Harnack
inequality (Theorem 6.3.9) on the set

{z:2rad(A) < |z|; T (2) < (3/0)rad(A)}.

Note that for x in this set, rad(A)/|x| is of order 1, so it suffices to show that there is a ¢ such that,
for any two points x, z in this set,

PP {T s < oo} < cP*{T 4 < o0}

U
Proposition 6.5.2 If p € Py, d > 3,
cap(Cp) = C*! nd=2 4 O(nd=1).
Proof By Proposition 4.6.4,
1=P{T¢, <o} = > G(0,y)Esc,(y),
y€0;Cn
But for y € 0,C,,, Proposition 6.3.1 gives
G(0,y) = Cyn* 41+ 0O(n™Y)].
Hence,
1=Cyn*%cap(C,) [1+0(nh)].
U
Let
Tapn=TaNé =inf{j >1:5;€ Aor S; €Cy}.
Ifze AcCC,,

P{TA > &} = > P{Sp,, =y} = > PYSp,, =z}

y€ACn y€ICn,



138 Potential Theory

The last equation uses symmetry of the walk. As a consequence,

D PHTA> &)=Y > P¥Sp,, =a}= > PHTa<) (6.30)

TEA r€A yedCy, YyEICp,

Therefore,

cap(A) = Y Esy(z) = lim S PHTy > &) = lim > PH{TA < &} (6.31)

€A €A y€edCp,

& The identities (6.30)—(6.31) relate, for a given finite set A, the probability that a random walker started
uniformly in A “escapes” A and the probability that a random walker started uniformly on the boundary of a
large ellipse, (far away from A) ever hits A. Formally, every path from A to infinity can also be considered as a
path from infinity to A by reversal. This correspondence is manifested again in Proposition 6.5.4.

Proposition 6.5.3 Ifp € Py, d > 3, and A, B are finite subsets of Z%, then

cap(A U B) < cap(A) + cap(B) — cap(A N B).

Proof Choose n such that AU B C C,. Then for y € 9C,,

Py{TAuB < fn} = PI{TA <&, orTh < fn}
PUTs < &} +PUTE < &} —P{Ta < &, Tp < &}
< Py{TA < én} + ]P)y{TB < gn} - IEDy{TAﬁB < gn}

The proposition then follows from (6.31). O

Definition. If p € P;,d > 3, and A C Z% is finite, the harmonic measure of A (from infinity) is
defined by
_ Esa(x)

hmy(z) = cap(A)’ x €A

Note that hm 4 is a probability measure supported on 0; A. As the next proposition shows, it can
be considered as the hitting measure of A by a random walk “started at infinity conditioned to hit
A,

Proposition 6.5.4 Ifp € Py, d >3, and A C Z% is finite, then for x € A,

hmA(x) = \y1|igloopy{STA =x ‘ Ty < OO}

In fact, if A CC,p and y & Cy, then

PY{Sr, =z | Ty < o0} = hma() [1 +0 <%>] . (6.32)
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Proof If A C C,, and y ¢ C,, the last-exit decomposition (Proposition 4.6.4) gives

Py{STA =z} = Z GZd\A(yvz) PZ{STA,n =z},
2€0Cy,

where, as before, T4, = Ta A &,. By symmetry and (6.24),

P*{Sr,, =z} =P"{Sp,, =2} = P{& <Ta}He,(0 [ (rad (A) >]

= Esa(z) He, (0, 2) [1 +0 <Tad ﬁ

The last equality uses

Boals) = B{Ts = oo} = B*{T > &) [1+ 0 (20—

which follows from Proposition 6.4.2. Therefore,

PY{Sr, = 2} = Esa(x) [1 +0 <Mﬂ > Gaaaly, 2) He, (0, 2),

n
2€0Cn

and by summing over z,

PY{T4 < 0o} = cap(A) [1 +0 <rad7£A)>} Zza:c Gza\a(y, 2) He, (0, 2).

We obtain (6.32) by dividing the last two expressions.

Proposition 6.5.5 If p € Py, d > 3, and A C Z% is finite, then

cap(4) = sup 3 f(x)

z€EA

where the supremum is over all functions f > 0 supported on A such that

Gfly)== > Gy,2) f(x)=> Gy,z) f(x) <1

x€Zd €A
for all y € 7¢.
Proof Let f(:z:) = Esa(z). Note that Proposition 4.6.4 implies that for y € Z¢,

1>PV{T4 < o0} = Z G(y,z)Esa(z).
x€A

139

(6.33)

Hence Gf < 1 and the supremum in (6.33) is at least as large as cap(A). Note also that G f is the
unique bounded function on Z? that is harmonic on Z¢ \ A; equals 1 on A; and approaches 0 at
infinity. Suppose f >0, f = 0 on Z%\ A, with Gf(y) < 1 for all y € Z%. Then Gf is the unique
bounded function on Z? that is harmonic on Z? \ A; equals Gf < 1 on A; and approaches zero at
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infinity. By the maximum principle, Gf (y) < Gf(y) for all y. In particular, G(f — f) is harmonic
on Z¢ \ A; is nonnegative on 74 and approaches zero at infinity. We need to show that

Y f@) <) fa)
z€A €A
Ifz,y€ A, let
Ka(z,y) =P*{S7, = y}.
Note that K4(z,y) = Ka(y,x) and
Z Ka(z,y) =1—Esa(x).
yeA

If h is a bounded function on Z? that is harmonic on Z¢ \ A and has h(co) = 0, then h(z) =
E[h(STA);TA < 00|, z € Z%. Using this one can easily check that for x € A,

Lhiz) = |3 Kale,y)hly) | - ().

yeA
Also, if h >0,
SN Kalzy)h(y) =D hy) Y Kaly,z) =Y _ h(y)[1 —Esa(y)] < > h(y),
reAyYeA yeA TEA yeA yeA

which implies

> Lh(z) = Lh(z) <0.

x€Z4 €A

Then, using (4.25),

S f@) ==Y LIGfx) < =D LIGHA) = > LIG(f = Hl(x) = Esa(x).

€A €A €A €A €A
|

Our definition of capacity depends on the random walk p. The next proposition shows that
capacities for different p’s in the same dimension are comparable.

Proposition 6.5.6 Suppose p,q € Py,d > 3 and let cap,, cap, denote the corresponding capacities.
Then there is a 6 = 6(p,q) > 0 such that for all finite A C Z2,

dcap,(A) < cap,(A) < 61 cap,(4).
Proof Tt follows from Theorem 4.3.1 that there exists ¢ such that
5Gp($, y) S Gq(x7 y) S 5_1 G;D(x7 y)v

for all x,y. The proposition then follows from Proposition 6.5.5. O
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Definition. If p € Py, d > 3, and A C Z%, then A is transient if
P{S, € Aio.} =0.

Otherwise, the set is called recurrent.

Lemma 6.5.7 If p € Py, d > 3, then a subset A of Z% is recurrent if and only if for every x € Z°,
P*{S, € A i.0.} = 1.
Proof The if direction of the statement is trivial. To show the only if direction, let F(y) = P¥{S,, €

A i.0.}, and note that F' is a bounded harmonic function on 74, so it must be constant by Propo-
sition 6.1.2. Now if F(y) > € > 0, y € Z%, then for each z there is an N, such that

P*{S,, € A for some n < N,} > ¢/2.
By iterating this we can see for all z,
P*{S,, € A for some n < co} =1,

and the lemma follows easily. O

& Alternatively, {S, € A i.0.} is an exchangeable event with respect to the i.i.d. steps of the random walk,
and therefore P*(S,, € A i.0.) € {0,1}.

Clearly, all finite sets are transient; in fact, finite unions of transient sets are transient. If A is a
subset such that

> G(z) < o0, (6.34)
TEA

then A is transient. To see this, let S, be a random walk starting at the origin and let V' denote
the number of visits to A,

oo

Va=) 1{S, € A}.

J=0

Then (6.34) implies that E[V4] < oo which implies that P{V4 < oo} = 1. In Exercise 6.3, it is
shown that the converse is not true, i.e., there exist transient sets A with E[V] = co.

Lemma 6.5.8 Suppose p € Py,d >3, and A C Z%. Then A is transient if and only if

f:]P’{Tk < 00} < o0, (6.35)
k=1

where TF = Ty, and Ay = AN (Cor \ Cor—1).
Proof Let Ej be the event {T* < co}. Since the random walk is transient, A is transient if and

only if P{E}) i.0.} = 0. Hence the Borel-Cantelli Lemma implies that any A satisfying (6.35) is
transient.
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Suppose
Z]P’{Tk < oo} = o0.
k=1

Then either the sum over even k or the sum over odd k is infinite. We will assume the former;
the argument if the latter holds is almost identical. Let By = Ax N {(z!,...,29) : 2! > 0} and
B = Ay n{(z},...,2%) : 2} < 0}. Since P{T? < o0} < P{Tg,, , < oo} +P{Tg,, < oo}, we
know that either

> P{Tg,, , <o} =ox, (6.36)
k=1

or the same equality with Bog, _ replacing By . We will assume (6.36) holds and write oy, = T'g,, _ -
An application of the Harnack inequality (we leave the details as Exercise 6.11) shows that there
is a ¢ such that for all j # k,

P{o; < o0 |0j Aoy =0k < oo} <cP{o; < oo}
This implies
P{o; < 00,04 < o0} < 2¢P{o; < oo} P{oy < c0}.
Using this and a special form of the Borel-Cantelli Lemma (Corollary 12.6.2) we can see that
P{o; < o0 i.0.} >0,

which implies that A is not transient. O

Corollary 6.5.9 (Wiener’s test) Suppose p € Py, d > 3, and A C Z%. Then A is transient if
and only if

o
Z 22=Dk cap(A4y) < oo (6.37)
k=1
where A, = AN (Cor \ Cor—1). In particular, if A is transient for some p € Py, then it is transient
for allp € Py.
Proof Due to Proposition 6.5.1, we have that P{T* < co} = 2= cap(A,). O

Theorem 6.5.10 Suppose d > 3, p € Py, and S, is a p-walk. Let A be the set of points visited by
the random walk,

A= 5[0,00) ={S,:n=0,1,...}.
If d = 3,4, then with probability one A is a recurrent set. If d > 5, then with probability one A is
a transient set.
Proof Since a set is transient if and only if all its translates are transient, we see that for each n,

A is recurrent if and only if the set

{Spm—Sp:m=n,n+1,...}
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is recurrent. Hence the event {A is recurrent} is a tail event, and and the Kolmogorov 0-1 law now
implies that it has probability 0 or 1.

Let Y denote the random variable that equals the expected number of visits to A by an inde-
pendent random walker S, starting at the origin. In other words,

Y = Z G(z) = Z {x € A} G(2).
z€A z€Zd
Then,
E(Y)= Y PlzeAlGx)=G0)™" ) G)
T€Z reZd
Since G(x) =< |z[>~%, we have G(r)? =< |z|*~2?. By examining the sum, we see that E(Y) = oo for
d=3,4and E(Y) < oo for d > 5. If d > 5, this gives Y < oo with probability one which implies
that A is transient with probability one.
We now focus on d = 4 (it is easy to see that if the result holds for d = 4 then it also holds for
d = 3). It suffices to show that P{A is recurrent} > 0. Let S, S? be independent random walks
with increment distribution p starting at the origin, and let
ai =min{n: S & Cu}.
Let
ij = [Cor \ Cor-1] N Sj[O,JiH) = {2 € Cyr \ Coi—1 : S4 =z for some n < aiﬂ}.
Let Ej, be the event {V;! N'V;2 # 0}. We will show that P{E}, i.0.} > 0 which will imply that with

positive probability, {S} : n = 0,1,...} is recurrent. Using Corollary 12.6.2, one can see that it
suffices to show that

> P(Es) = 0, (6.38)
k=1

and that there exists a constant ¢ < oo such that for m < k,
]P(Egm N Egk) < CP(Egm) ]P’(Egk) (639)

The event Fs,, depends only on the values of Sﬁ; with ng_l <n< Jém 41 Hence, the Harnack
inequality implies P(Egy, | Esp) < ¢P(Es;) so (6.39) holds. To prove (6.38), let J7(k,z) denote the
indicator function of the event that S, = = for some n < ai. Then,

Zy=#W 0V = Y T (k)P (k ).
2€CH, \Cor—1
There exist ¢1, ¢ such that if z,y € Cor \ Cor—1, (recall d — 2 = 2)
ElJ (k,2)] > 1 2N, E[F (k) 7 (k,y)] < e2 (2°) 2 [1+ |2 =yl >
(The latter inequality is obtained by noting that the probability that a random walker hits both x

and y given that it hits at least one of them is bounded above by the probability that a random
walker starting at the origin visits y — x.) Therefore,

EZ)= ) EJ'(k)ESR2)]>c Y (2=

2€CH \Cok—1 2€CHE \Cok—1
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E(Z}] = > EUNk,2) J (k) B[ (k) T (k, y)]
2,y€C,3% \Cok—1

1
< E oky=4___ - <k
= ¢ ) Ltz —yPP? =
xvyeczk\czkfl

where for the last inequality note that there are O(2%) points in Cor \ Cor—1, and that for z €
Cor \ Cor—1 there are O(£3) points y € Cor \ Cor—1 at distance ¢ from from z. The second moment
estimate, Lemma 12.6.1 now implies that P{Z; > 0} > ¢/k, hence (6.38) holds. O

& The central limit theorem implies that the number of points in 3, visited by a random walk is of order n?.
Roughly speaking, we can say that a random walk path is a “two-dimensional” set. Asking whether or not this
is recurrent is asking whether or not two random two-dimensional sets intersect. Using the example of planes in
R?, one can guess that the critical dimension is four.

6.6 Capacity in two dimensions

The theory of capacity in two dimensions is somewhat similar to that for d > 3, but there are
significant differences due to the fact that the random walk is recurrent. We start by recalling a
few facts from Propositions 6.4.7 and 6.4.8. If p € P, and 0 € A C Z? is finite, let

ga(z) = a(z) — E¥[a(SF,)] = nh_)ngo Co (logn) PP{¢, < Ta}. (6.40)

The function g4 is the unique function on Z? that vanishes on A; is harmonic on Z?\ A4; and satisfies
ga(z) ~ Cy log J(x) ~ Cy log |z] as & — oo. If y € A, we can also write

ga(z) = a(z —y) — E*[a(57, —y)].

To simplify notation we will mostly assume that 0 € A, and then a(z)—ga(x) is the unique bounded
function on Z? that is harmonic on Z?\ A and has boundary value a on A. We define the harmonic
measure of A (from infinity) by

hmy(z) = lim PY{Sp, = x}. (6.41)

ly|—o0

Since PY{Ty < oo} = 1, this is the same as PY{Sp, = = | T4 < oo} and hence agrees with the
definition of harmonic measure for d > 3. It is not clear a priori that the limit exists, this fact is
established in the next proposition.

Proposition 6.6.1 Suppose p € Py and 0 € A C Z2 is finite. Then the limit in (6.41) exists and
equals Lga(z).

Proof Fix A and let r4 = rad(A). Let n be sufficiently large so that A C C,,/4. Using (6.25) on the
set Z2 \ A, we see that if x € 9;A,y € 9C,,

ra logn
PUYSTane, = 2} = PH{S1yne, =y} = P& < Ta} He, (0,y) [1 o ( - ng ﬂ '



6.6 Capacity in two dimensions 145

If z € Z? \ Cy, the last-exit decomposition (Proposition 4.6.4) gives
P{Sr, =} = > Gznalzy) P{Smune, =}
y€ACn

Therefore,

P*{Sr, = 2} = P*{&, < Ta} J(n, 2) [1 +0 <”‘ log”ﬂ , (6.42)

n

where
J(’I’L, Z) = Z He, (07 y) GZQ\A(Zy y)
y€ICy,

If x € A, the definition of £, the optional sampling theorem, and the asymptotic expansion of
ga respectively imply

Lga(z) =E*[ga(S1)] = E*[ga(Styne,)]
= E%ga(S¢,); &n < T4l
= P¥{&, <Ta} [Calogn+ 04(1)]. (6.43)
In particular,
Lga(z) = nh_)ngo Cy (logn) P&, < Ta}, =€ A (6.44)

(This is the d = 2 analogue of the relation Lga(z) = Esa(z) for d > 3.)
Note that (as in (6.30))

DOPHG <Tal = > Y P{Sear, =y}

vEDA 2€0; A y€dCn
= > > PSear=ab= ) PYTu <&}
yEDC, wED; A yeacs,

Proposition 6.4.3 shows that if x € A, then the probability that a random walk starting at x reaches
dC,, before visiting the origin is bounded above by ¢ logr4/logn. Therefore,

PY{Ty < &} = P{T gy < &1} [1 +0 <1°g”‘>] :

logn

As a consequence,

S rtens - X i -n o)

2€0 A yEACn logn
= P{& < Tioy} [1 +0 <11°0ggr7fb‘>}
= [Cylogn]™! [1 +0 <lfogg7;;4>} .
Combining this with (6.44) gives
> Lga(x)= > Lga(x)=1. (6.45)

z€A r€0; A
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Here we see a major difference between the recurrent and transient case. If d > 3, the sum above
equals cap(A) and increases in A, while it is constant in A if d = 2. (In particular, it would not be
a very useful definition for a capacity!)

Using (6.42) together with - ., P*{S7, = x} = 1, we see that

J(n,2) Y P& <Tal=1+0 (” fg”> ,

z€EA

which by (6.43)— (6.45) implies that

1
J(n,z) = Cy logn [1 +0 <w>} ,

n
uniformly in z € Z2 \ C,,, and the claim follows by (6.42). O

We define the capacity of A by

cap(A) == lim [a(y) = ga(y)] = Y _ hma(z)a(z - 2),

v €A
where z € A. The last proposition establishes the limit if z = 0 € A, and for other z use (6.29) and
limy_,oo a(z) — a(z — z) = 0. We have the expansion
ga(x) = Cy log J(x) + 72 — cap(A) +oa(1),  |z] — oo

It is easy to check from the definition that the capacity is translation invariant, that is, cap(A+y) =
cap(A), y € Z%. Note that singleton sets have capacity zero.

Proposition 6.6.2 Suppose p € Ps.
(a) If0 € A C B C Z% are finite, then ga(z) > gp(x) for all . In particular, cap(A) < cap(B).
(b) If A, B C Z¢ are finite subsets containing the origin, then for all x

gauB(z) > ga(x) + g(x) — gans(z). (6.46)
In particular,

cap(A U B) < cap(A) + cap(B) — cap(A N B).

Proof The inequality g4(x) > gp(x) follows immediately from (6.40). The inequality (6.46) follows
from (6.40) and the observation (recall also the argument for Proposition 6.5.3)

P AT a0 < &) = PHTa< & or T <&y}

Px{TA < gn} + Pw{TB < gn} - Px{TA < ganB < gn}
PHT 4 < &} +P{Tp < &} — P {Tans < &b,

IN

which implies

P {T aup > &} > PH{T A > &+ PH{T > &} — P {Tanp > &0}
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We next derive an analogue of Proposition 6.5.5. If A is a finite set, let a4 denote the #(A) x #(A)
symmetric matrix with entries a(z,y). Let a4 also denote the operator

asf(x) = a(z,y) f(y)

yeA

which is defined for all functions f : A — R and all 2 € Z2. Note that x ~— a4 f(x) is harmonic on
72\ A.

Proposition 6.6.3 Suppose p € Py and 0 € A C Z? is finite. Then
-1

cap(4) = [s0 " F)| .

yeA
where the supremum is over all nonnegative functions f on A satisfying aaf(z) <1 for all x € A.

If A= {0} is a singleton set, the proposition is trivial since a4 f(0) = 0 for all f and hence the
supremum is infinity. A natural first guess for other A (which turns out to be correct) is that the
supremum is obtained by a function f satisfying aaf(z) =1 for all x € A. If {aa(x,y)}syea is
invertible, there is a unique such function that can be written as f = aATll (where 1 denotes the
vector of all 1s). The main ingredient in the proof of Proposition 6.6.3 is the next lemma that
shows this inverse is well defined assuming A has at least two points.

Lemma 6.6.4 Suppose p € Py and 0 € A C Z? is finite with at least two points. Then a;xl erists
and

Lga(z) Lga(y)

a; (z,y) =P {Sr, =y} -y —z) + apd) z,y € A.
Proof We will first show that for all = € Z2.
Z a(z,z) Lga(z) = cap(A) + ga(x). (6.47)
z€EA
To prove this, we will need the following fact (see Exercise 6.7):
Tim (G, (0,0) — Ge, (z,9)] = a(z.y). (6.48)

Consider the function

h(z) = Z a(z,z) Lga(z).

z€A
We first claim that h is constant on A. By a last-exit decomposition (Proposition 4.6.4), if z,y € A,
1=PTa <&} =) Ge,(x,2)P{& <Tal = _ Ge,(y,2) P*{& < Ta}.
z€A z€A

Hence,

(Co logn) Y [Ge,(0,0) — Ge, (x, 2)[P*{&, < Ta} =

z€A
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(Ca logn) ) _[Ge, (0,0) — Ge, (y, 2)IP* {5 < Ta}.
z€A
Letting n — oo, and recalling that Cy (logn) P*{{, < Ta} — Lga(z), we conclude that h(z) = h(y).
Theorem 4.4.4 and (6.45) imply that

lim [a(x) — h(z)] = 0.

r—00

Hence, a(x) — h(z) is a bounded function that is harmonic in Z?\ A and takes the value a — h4 on
A, where h 4 denotes the constant value of h on A. Now Theorem 6.2.1 implies that a(x) — h(z) =
a(x) — ga(x) — ha. Therefore,

ha = lim [a(z) — ga(z)] = cap(A).

r—00

This establishes (6.47).
An application of the optional sampling theorem gives for z € A

Ge, (z,2) = 0(z — z) + E¥[Ge, (S1,2)] = 0(z — ) + Z P*{St,re. =y} Ge, (y, 2).
yeA

Hence,
+Ge, (0,0)P*{&, < Ta} + Y B {Sryne, =y} [Ge, (0,0) — G, (y, 2)]-
yeA
Letting n — oo and using (6.12) and (6.48), as well as Proposition 6.6.1, this gives
§(z —x) = —a(w,2) + Lga(x) + Y P{Sr, = y}aly, 2).
yeA

If 2,z € A, we can use (6.47) to write the previous identity as
_ " _ Lga(z) Lga(y)
e-n)= 3 P (S0, =)~ dly — ) + SO oy,

provided that cap(A) > 0. O

Proof [of Proposition 6.6.3] Let f(z) = Lga(z)/cap(A). Applying (6.47) to = € A gives
S aley) fly) =1, weA

yeA

Suppose f satisfies the conditions in the statement of the proposition, and let h = a4 f —a4 f which
is nonnegative in A. Then, using Lemma 6.6.4,

@) = f@=> D aq' (@) h(y)] > DN PSS, =ylhly) - Y h(x)

€A €A |:y€A r€EAYEA €A

= > h(y) Y PYS,, =z} - {Z h(y)] —0.

yeA €A yeA
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O

Proposition 6.6.5 If p € Ps,

cap(C,) = Cylogn + 49 + O(n™1),
Proof Recall the asymptotic expansion for gc,. By definition of capacity we have,
gc, () = Cy log J(x) +v2 — cap(Cp) + o(1), x — 0.
But for z & C,,
ge. () = a(z) — E%[a(St, )] = Calog T (x) + 72 + O(|z| ) — [Calogn + 72 + O(n™ ).

O

Lemma 6.6.6 If p € Po, and A C B C Z? are finite, then

cap(A) = cap(B Z hmp(y) ga(y).
yeB

Proof g4 — gp is a bounded function that is harmonic on Z? \ B with boundary value g4 on B.
Therefore,

cap(B) —cap(4) = lim [ga(2) - gp(7)]
= lim E*[ga(S7,) = 95(57,)] = > hmp(y) ga(y)-

yeB
O

& Proposition 6.6.5 tells us that the capacity of an ellipse of diameter n is Cy logn + O(1). The next lemma
shows that this is also true for any connected set of diameter n. In particular, the capacities of the ball of radius
n and a line of radius n are asymptotic as n — oo. This is not true for capacities in d > 3.

Lemma 6.6.7 If p € Po, there exist c1,co such that the following holds. If A is a finite subset of
72 with rad(A) < n satisfying

#HreA:k—-1<|z|<k}>1, k=1,...,n,

then
(a) if x € OCap,

PHTA < &n} = a,

(b) |cap(A) — Cs logn| < ca,
(c) if x € OCoyp,, m > 4n, and A, = ANC,, then

1 SPP{Ty, > &} log(m/n) < co. (6.49)
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Proof (a) Let 0 be such that Bs, C C,, and let B denote a subset of A contained in By, such that
#reB:k—1<|z|<k}=1

for each positive integer k < dn. We will prove the estimate for B which will clearly imply the
estimate for A. Let V' =V,, p denote the number of visits to B before leaving Cyy,

Ean—1 o)
V=Y US;eBr=> > 1{Sj =27 < &n}
j=0 j=02z2€B

The strong Markov property implies that if x € 0Cay,,
Ex[V] = ]P’I{TB < §4n}Ex[V ’ Tg < §4n] < ]P’I{TB < §4n} I;leaé(Ez[V]

Hence, we need only find a ¢; such that E*[V] > ¢y E*[V] for all z € 9Cy,,2z € B. Note that
#(B) = on + O(1). By Exercise 6.13, we can see that G¢,, (x,2) > ¢ for x,z € Cy,. Therefore
E*[V] > ¢n. If z € B, there are at most 2k points w in B\ {z} satisfying |z — w| < k + 1,
k=1,...,6n. Using Proposition 6.3.5, we see that

Ge,, (2,w) < Cyflogn — log |z — w[ + O(1)].
Therefore,

on
E*[V] = Z Ge,, (z,w) < 2202 [logn —logk + O(1)] < ¢n.
weB k=1

The last inequality uses the estimate
Zlogkz = O(logn) + / logx dx = n logn —n+ O(logn).
k=1 1
(b) There exists a ¢ such that B,, C C, /5 for all n and hence
cap(A) < cap(B,,) < cap(C,/5) < Cz logn + O(1).

Hence, we only need to give a lower bound on cap(A). By the previous lemma it suffices to find a
uniform upper bound for g4 on 9Cy,. For m > 4n, let

Tm = Tmn,A = max PY{&, <Ta},
y€C2n

T = Tmm,A = max PY{&, < Ta}.
y€C4n

Using part (a) and the strong Markov property, we see that there is a p < 1 such that r,, < pr},.
Also, if y € C4p,

]P)y{fm < TA}

P& < Te, } + P& > Top, } PG < Ta | &n > Ty, }
é ]P)y{gm < TCQn} + pr;l

Proposition 6.4.1 tells us that there is a c3 such that for y € Cyy,,

Cc3
PYLg,, < T <
{¢ Can} < logm

—logn+0O(1)
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Therefore,

0263
1—p

galy) = Jlim Gy (logm) PY{&,, < Ta} <

(c) The lower bound for (6.49) follows from Proposition 6.4.1 and the observation
P{Ty, > &n} > PH{Te, > &mt-

For the upper bound let

U= U, = max P{Ty > .
n I68027l { An Sm}

Consider a random walk starting at y € dCs,, and consider T¢, A &,,. Clearly,

Py{TAn > 6771} = ]P)y{fm < Tcn} +]P)y{§m > Tcn;fm < TAn}'

By Proposition 6.4.1, for all y € 9Cs,

c
PV, <Te,} < ——.
{g < Cn} = log(m/n)
Let 0 = 0y, = min{j > T¢, : Sj € 0Cay,}. Then, by the Markov property,
P&m > Te, &m < Ta, } < uPY{S[0,0] N A4, = 0}.

Part (a) shows that there is a p < 1 such that P¥{S[0,0] N A, = 0} < p and hence, we get

C
Py{TAn > fm} < W + pu.

Since this holds, for all y € 0Csy,, this implies

<« =
v= log(m/n) teu,

which gives us the upper bound. O

& A major example of a set satisfying the condition of the theorem is a connected (with respect to simple
random walk) subset of 7.2 with radius between n — 1 and n. In the case of simple random walk, there is another
proof of part (a) based on the observation that the simple random walk starting anywhere on 9Cs,, makes a closed
loop about the origin contained in C,, with a probability uniformly bounded away from 0. One can justify this
rigorously by using an approximation by Brownian motion. If the random walk makes a closed loop, then it must
intersect any connected set. Unfortunately, it is not easy to modify this argument for random walks that take
non-nearest neighbor steps.
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6.7 Neumann problem

We will consider the following “Neumann problem”. Suppose p € Py and A C Z¢ with nonempty
boundary dA. If f: A — R is a function, we define its normal derivative at y € OA by

Df(y) =Y p(y,2)[f(x) - f)].

z€A

Given D* : 9A — A, the Neumann problem is to find a function f : A — R such that

Lf(z)=0, x€A, (6.50)

Df(y) =D*(y), y€OIA (6.51)

& The term normal derivative is motivated by the case of simple random walk and a point y € A such that
there is a unique z € A with |y — 2| = 1. Then Df(y) = [f(x) — f(y)]/2d, which is a discrete analogue of the
normal derivative.

A solution to (6.50)—(6.51) will not always exist. The next lemma which is a form of Green’s
theorem shows that if A is finite, a necessary condition for existence is

> D*(y)=0. (6.52)

yEOA

Lemma 6.7.1 Suppose p € Py, A is a finite subset of Z% and f : A — R is a function. Then

Y Lf(x)=- > Df(y)

z€A yeoA
Proof
S Lf@) = YD py) [fy) - fx)]
z€A T€EA yeA
= D > ey [fy) - F@]+ Y Y p(y) [fy) - f(=)]
z€A yeA T€EA yedA
However,

STl y) [f ) - f(@)] =0,

z€A yeA

since p(z,y) [f(y) — f(z)] + p(y,x) [f(x) — f(y)] = 0 for all z,y € A. Therefore,
doLf@) =Y Y play)fy) - fl@)] == Dfy).

€A yEOA z€A yeOA

Given A, the excursion Poisson kernel is the function

H{)A :0A X 0A — [0, 1],
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defined by

Hoa(y,z) =PY{S1 € A,S;, =z} = Zp(y,x) Hy(z,2),
€A

where Hy : A x A — [0,1] is the Poisson kernel. If z € A and H(x) = Ha(x, z), then

DH(y) = Hoa(y,2), y€0A\{z},

DH(z) = Hya(z,z) — P*{S; € A}.

More generally, if f: A — R is harmonic in A, then f(y) =Y ,c94 f(2)Hal(y, z) so that

Df(y) =Y Hoaly,2)[f(2) — f(y)]. (6.53)

z€0A

Note that if y € 0A then

> Hyaly,2) =PY{S € A} < 1.
zEQA

It is sometimes useful to consider the Markov transition probabilities ﬁaA where ]fIaA(y,z) =
Hya(y, z) for y # z, and Hya(y,y) is chosen so that

> Hoaly,z)=1.

z€0A

Note that again (compare with (6.53))

Df(y) =Y Hoaly,2)[f(2) — W),

z€0A

which we can write in matrix form
Df =[Hyps—1]f.

If A is finite, then the #(8A) x #(9A) matrix Hy, — I is sometimes called the Dirichlet-to-Neumann
map because it takes the boundary values f (Dirichlet conditions) of a harmonic function to the
derivatives Df (Neumann conditions). The matrix is not invertible since constant functions f are
mapped to zero derivatives. We also know that the image of the map is contained in the subspace of
functions D* satisfying (6.52). The next proposition shows that the rank of the matrix is #(0A)—1.

It will be useful to define random walk “reflected off @A”. There are several natural ways to do
this. We define this to be the Markov chain with state space A and transition probabilities ¢ where
q(z,y) = p(z,y) ifx € Aory € A; q(x,y) =0 if 2,y € JA are distinct; and ¢(y,y) is defined for
y € 0A so that ) 7 q(y,2) = 1. In words, this chain moves like random walk with transition
probability p while in A, and whenever its current position y is in JA, the only moves allowed
are those into AU {y}. While the original walk could step out of AU {y} with some probability
p(y) = p(y, A, p), the modified walk stays at y with probability p(y,y) + p(y).

Proposition 6.7.2 Suppose p € Py, A is a finite, connected subset of Z¢, and D* : DA — R is a
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function satisfying (6.52). Then there is a function f : A — R satisfying (6.50) and (6.51). The
function f is unique up to an additive constant. One such function is given by

f(z) =~ lim E* ZD D {Y; € 9A} |, (6.54)
7=0

where Y; is a Markov chain with transition probabilities q as defined in the previous paragraph.

Proof It suffices to show that f as defined in (6.54) is well defined and satisfies (6.50) and (6.51).
Indeed, if this is true then f + ¢ also satisfies it. Since the image of the matrix Hys — I contains
the set of functions satisfying (6.52) and this is a subspace of dimension #(0A) — 1, we get the
uniqueness.

Note that ¢ is an irreducible, symmetric Markov chain and hence has the uniform measure as
the invariant measure w(y) = 1/m where m = #(A). Because the chain also has points with
q(y,y) > 0, it is aperiodic. Also,

ZD 5) 1{Y; € 0A} Z Z qj(z, z) Z Z [qj x,2) ;] D*(z).

7=02z€0A 7=02€0A

By standard results about Markov chains (see Section 12.4), we know that

aj

1 _
qj(aj,z)—% <ce )

for some positive constants ¢, «. Hence the sum is convergent. It is then straightforward to check
that it satisfies (6.50) and (6.51). O

6.8 Beurling estimate

The Beurling estimate is an important tool for estimating hitting (avoiding) probabilities of sets
in two dimensions. The Beurling estimate is a discrete analogue of what is known as the Beurling
projection theorem for Brownian motion in R2.

Recall that a set A C Z¢ is connected (for simple random walk) if any two points in A can be
connected by a nearest neighbor path of points in A.

Theorem 6.8.1 (Beurling estimate) If p € P, there exists a constant ¢ such that if A is an
infinte connected subset of Z% containing the origin and S is simple random walk, then

P{¢, < Ta} < 1/2, d=2. (6.55)

We prove the result for simple random walk, and then we describe the extension to more general
walks.
Definition. Let A, denote the collection of infinite subsets of Z¢ with the property that for each
positive integer 7,
#{zeA:(j—1)<|z|<j}=1
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One important example of a set in Ay is the half-infinite line
L={je:5=0,1,...}.

We state two immediate facts about Ajy.
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e If A is an infinite connected subset of Z¢ containing the origin, then there exists a (not necessarily

connected) A € Ay with A C A'.
o If 2 € A€ Ay, then for every real r» > 0.

#HlweA:|z—w <r}<H#HweA:|z| —r<|w <|z|+r}<2r+1.

Theorem 6.8.1 for simple random walk is implied by the following stronger result.

Theorem 6.8.2 For simple random walk in Z* there is a ¢ such that if A € Aq, then

C

(6.56)

(6.57)

Proof We fix n and let V. = V,, = {y1,...,yn} where y; denotes the unique point in A with
J <yl <j+1. Welet K = K,, = {z1,...,z,} where z; = je;. Let G,, = Gg,,B = B3,

G =Gp, & =¢&,3. Let
v(z) =PH{E <Tv,}, q(z) =PH{{ < Tk,}.
By (6.49), there exist c¢1, ¢y such that for z € 0Ba,,

C1 C2 C1 C2
< < < < .
logn — v(z) < logn’  logn — az) < logn
We will establish
c
< ————
v(0) < nl/2 logn

and then the Markov property will imply that (6.57) holds. Indeed, note that
0(0) = P(€an < Tvg, )P(§ < &nlSan < Ty,)-
By (5.17) and (6.49), we know that there is a ¢ such that for j =1,...,n,
alay) < en™ 2 [T 4 (n—j+1)7Y2] [log n] 7%
In particular, ¢(0) < ¢/(n'/? logn) and hence it suffices to prove that

0) —q(0) < ——.
o0) ~a(0) <

C

If |z[, [y| < n, then
Gn3—2n(07 Y= LE) < Gps (LE, y) < Gn3+2n(07 Y- LE),
and hence (4.28) and Theorem 4.4.4 imply

2 1
Gley) = 2togn® + 22— ale) + 0 (27)  lel.bl <7

(6.58)

(6.59)

(6.60)
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Using Proposition 4.6.4, we write

v(0) —q(0) = P{{<Tv}—P{{ <Tx}
= ]P’{f > TK} — ]P’{f > Tv}

= ZG(O,QZ‘]) Q(iﬂj) - Z G(Ovy]) U(yj)
j=1 Jj=1

n n

= ) [G(0,25) — G(0,y)] ql;) + > G(0,y;) [q(x;) — v(y;)).

j=1 j=1
Using (6.58) and (6.60), we get

n n

(logn) | SIG(0, 25) — GOy alay)| < O™ +¢ 3 laley) — aly,) (72 + (n — )72y V2,

j=1 j=1
Since |z;| = 7, ly;| = j + O(1), (4.4.4) implies that
c
la(z;) = aly;)l < =
and hence

n

- 1 c
-1
(ogm) 3 [6(0.2;) = G013 a(e)] £ O ™)+e Y. s < i
]: ]:

For the last estimate we note that

n n

1 1
=) " Zi 7

J=1

In fact, if a,b € R™ are two vectors such that a has non-decreasing components (that is, a' < a? <
. < a") then a-b < a-b* where b* = (b",...,b™™) and 7 is any permutation that makes
) < pr@) < < pr(n)
Therefore, to establish (6.59), it suffices to show that

C

> G0, y;) [alx;) — v(y))] < (6.61)
j=1

ni/2 logn’

Note that we are not taking absolute values on the left-hand side. Consider the function
F(2) =Y Glzy5) la(x;) — v(y;)],
j=1

and note that F' is harmonic on B\ V. Since F' = 0 on 9B, either F' < 0 everywhere (in which case
(6.61) is trivial) or it takes its maximum on V. Therefore, it suffices to find a ¢ such that for all
k=1,...,n,

c

> Glyey;) la(a;) — v(y;)] <
j=1

nl/2 logn’
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By using Proposition 4.6.4 once again, we get

> Gk yi)v(yy) =P{Ty <&} =1=P™Tx <&} = Glag, 7)) qlxy).
— =
Plugging in, we get

> Glyk, ) la(zs) — v()] =D _[Glyk, yj) — Gk, z5)] q(x;).
=1

j=1
We will now bound the right-hand side. Note that |z, — x;| = |k — j| and |y — y;| > |k — j] — 1.
Hence, using (6.60),

c
G -G < —
(ykuy]) (xk?x]) — |k—]| +1
and therefore for each k =1,...,n
S c
G(yk,y;) — G(zg, < )
;[ (- 5) @k, ;) 2:: (|k — j] +1) 52 logn ~ n'/2logn

One can now generalize this result.

Definition. If p € Py and k is a positive integer, let A* = .,4;7 kp denote the collection of infinite
subsets of Z? with the property that for each positive integer j,

e A (G- Dk <J() < jk} > 1,
and let A denote the collection of subsets with
#H{zeA:(j— 1Dk <J(2) < jk} =1.
If A€ A* then A contains a subset in A.

Theorem 6.8.3 If p € Py and k is a positive integer, there is a ¢ such that if A € A*, then

C

The proof is done similarly to that of the last theorem. We let K = {x1,...,z,} where z; = jle;

and [ is chosen sufficiently large so that J(le1) > k, and set V = {y1,...,yn} where y; € A with
JT*(le1) <ly;| < (j +1)T*(le1). See Exercise 5.2.

6.9 Eigenvalue of a set

Suppose p € Py and A C Z% is finite and connected (with respect to p) with #(A) = m. The (first)
eigenvalue of A is defined to be the number a sy = e~ such that for each = € A, as n — oo,

P*{14 > n} = oy = e~ ",

Let P4 denote the m x m matrix [p(z,y)].yea and, as before, let L4 = P4 — I. Note that (P4)"
is the matrix [p2(z,y)] where p2(z,y) = P*{S, = y;n < 7a}. We will say that p € P, is aperiodic
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restricted to A if there exists an n such that (PA)” has all entries strictly positive; otherwise, we
say that p is bipartite restricted to A. In order for p to be aperiodic restricted to A, p must be
aperiodic. However, it is possible for p to be aperiodic but for p to be bipartite restricted to A
(Exercise 6.16). The next two propositions show that ap is the largest eigenvalue for the matrix
PA or, equivalently, 1 — a4 is the smallest eigenvalue for the matrix £4.

Proposition 6.9.1 Ifp € Py, A C Z% is finite and connected, and p restricted to A is aperiodic,
then there exist numbers 0 < 3= a4 < a = ag < 1 such that if z,y € A,

P (@, y) = " ga(x) ga(y) + Oa(B"). (6.62)
Here ga : A — R is the unique positive function satisfying
PAga(z) = aaga(z), z€A,

Z ga(z)? = 1.

€A
In particular,

P74 >n} = ga(z)a™ + 04(8"),

where

ga(@) = ga(@) Y _ gay),

yeA

We write O 4 to indicate that the implicit constant in the error term depends on A.

Proof This is a general fact about irreducible Markov chains, see Proposition 12.4.3. In the notation
of that proposition v = w = g. Note that

P {ra>n}=> pi(x,y).

yeA
U

Proposition 6.9.2 Ifp € P;, A C Z% is finite and connected, and p is bipartite restricted to A,
then there exist numbers 0 < = 4 < a = ay < 1 such that if x,y € A for all n sufficiently large,

P (,9) + Piyr (2,y) = 20" ga(x) galy) + Oa(B").
Here g4 : A — R is the unique positive function satisfying

ZgA(a;)2 =1, Plga(z) =aga(z), z € A.
z€A

Proof This can be proved similarly using Markov chains. We omit the proof. O

Proposition 6.9.3 Suppose p € Py; € € (0,1), and p. = €0y + (1 — €) p is the corresponding lazy
walker. Suppose A is a finite, connected subset of Z% and let o, ac, g, ge be the eigenvalues and
eigenfunctions for A using p, pe, respectively. Then 1 —a, = (1 —€) (1 — ) and g = g.
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Proof Let P4, P2 be the corresponding matrices. Then PA = (1 — €) P4 4 ¢ I and hence
PAga=[1-a+dga.
O

& A standard problem is to estimate A4 or avg as A gets large and ay — 1,Aa — 0. In these cases it usually
suffices to consider the eigenvalue of the lazy walker with ¢ = 1/2. Indeed let A4 be the eigenvalue for the lazy
walker. Since,

/\AZI—OLA—FO((l—OLA)Q), ag —1—.
we get

~ 1
/\A:§)\A—|—O(z\124), Aa — 0.

Proposition 6.9.1 gives no bounds for the 3. The optimal § is the maximum of the absolute
values of the eigenvalues other than «. In general, it is hard to estimate (3, and it is possible for
Bto be very close to a. We will show that in the case of the nice set C, there is an upper bound
for § independent of n. We fix p € Py with p(z,z) > 0 and let e = ac¢,,g9m = gc,,, and
p™(x,y) = pSm (x,y). For x € Cp, we let

_ dist(z,0C) + 1

pm(T) m )

and we set p,, = 0 on Z%\ Cy,.

Proposition 6.9.4 There exist ¢, co such that for all m sufficiently large and all x,y € Cpp,

c1 pm (@) pm(y) < M pla(,y) < €2 pm () pr(y)- (6.63)

Also, there exist c3,cq such that for every n > m?, and all z,y € Cp,,

s pm(y) m™? <PS, =y | 7¢, > n} < s puly) m™e

& This proposition is an example of a parabolic boundary Harnack principle. At any time larger than rad® (Cm),
the position of the random walker, given that it has stayed in C,, up to the current time, is independent of the
initial state up to a multiplicative constant.

Proof For notational ease, we will restrict to the case where m is even. (If m is odd, essentially the
same proof works except m?/4 must be replaced with |m?/4], etc.) We write p = p,,. Note that

P (,y) = > Ptz 14 (%, 2) Pz 15 (2,0) Pl 14 (w, ). (6.64)
The local central limit theorem implies that there is a ¢ such that for all z,w, p, /2(z,w) <

Pm2/2(z,w) < cm™9. Therefore,

Pl (z,y) < mTAP{re, > m?/4} PY{re, > m?/4}.

m
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Gambler’s ruin (see Proposition 5.1.6) implies that P*{re, > m?/4} < cppm(z). This gives the
upper bound for (6.63).

For the lower bound, we first note that there is an € > 0 such that

m

Pleme) (z,w) 2 em™, |z, Jw| < em.
Indeed, the Markov property implies that
Plemz) (2,0) 2 Plemz (2, w) — max{pg(Z,w)  k < [em®],2 € Z\ Cn}, (6.65)

and the local central limit theorem establishes the estimate. Using this estimate and the invariance
principle, one can see that for every € > 0, there is a ¢ such that for z,w € C(1_gm,

me/Q(Z, w) > Cm_d'

Indeed, in order to estimate pp,2/; (z,w), we split the path into three pieces: the first m?/8 steps,
the middle m?/4 steps; and the final m?/8 steps (here we are assuming m?/8 is an integer for
notational ease). We estimate both the probability that the walk starting at z has not left C,,
and is in the ball of radius em at time m?/8 and corresponding probability for the walk in reverse
time starting at w using the invariance principle. There is a positive probability for this, where the
probability depends on e. For the middle piece we use (6.65), and then we “connect” the paths to
obtain the lower bound on the probability.
Using (6.64), we can then see that it suffices to find € > 0 and ¢ > 0 such that

D piep(.z) = cpla). (6.66)
2€C(1—e)m

Let T'=7¢,, \ 7¢,,, as in Lemma 6.3.4 and let T;, = T'A (m?/4). Using that lemma and Theorem
5.1.7, we can see that

]P)x{STm € Cm} S G p(f]}')
Propositions 6.4.1 and 6.4.2 can be used to see that
PP{ST € Conypa} = c2 p().

We can write

P7{Sr € Cpny2} = > P7{Sr,, = 2} P*{Sr € Coypa | Sty = 2}

The conditional expectation can be estimated again by Lemma 6.3.4; in particular, we can find an
€ such that

2z €2
P{St € Cppja} < 2% 2 Z Cli—eym-
This implies,
Y, PSr,=z> ) PHSp, =2 P{ST €Cpp | 51, =2} 2
ZEC(lfe)m Zec(lfe)m
A final appeal to the central limit theorem shows that if € < 1/4,

Z Pm2ja(,2) 2 ¢ Z P*{St,, = z}.

Zec(lfe)m Zec(lfe)m
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The last assertion follows for n = m? by noting that

P (@, y)
P*{S2 =y | 7c,, > m2} = z n;;z (z,2)
z m?2 9

and

szg (,2) = pm(z)m™¢ me(z) = pm(x).
z z
For n > m?, we can argue similarly by conditioning on the walk at time n — m?2. O

Corollary 6.9.5 There exists c1,co such that

1 < m?\, < cs.
Proof See exercise 6.10. O

Corollary 6.9.6 There exists c1,co such that for all m and all x € Cp, o,

c1e M < P*{&, > n} < coe AT

Proof Using the previous corollary, it suffices to prove the estimates for n = km? k € {1,2,...}. Let
Br(x) = Br(z,m) = P*{&, > km?} and let By = max,cc,, Br(z). Using the previous proposition,
we see there is a ¢1 such that

Br > Br(x) > c1 Br, x € Cpya
Due to the same estimates,

P“{Se,, € Cpya | Em > Em?} > co.
Therefore, there is a c¢3 such that
3085 Br < Bjvr < B Br,
which implies (see Corollary 12.7.2)
ek < B < gt ek
and hence for z € C,, 5,

2 2

Exercises
Exercise 6.1 Show that Proposition 6.1.2 holds for p € P*.

Exercise 6.2
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(i) Show that if p € P; and = € Cp,
E°la] = ) Ge,(w,y) =n® = T(z) + O(n).
yeCnp

(Hint: see Exercise 1.5.)
(i) Show that if p € P} and z € C,,

E°l] = Y Ge,(w,y) = n* = T (@) + o(n®).

y€Cn

Exercise 6.3 In this exercise we construct a transient subset A of Z? with
> G(0,y) = oo. (6.67)
yeA

Here G denotes the Green’s function for simple random walk. Our set will be of the form
A=A A={zeZ’:|z—2"e) <2}
k=1

for some ¢, — 0.

(i) Show that (6.67) holds if and only if > 72, € 22% = oc.
(ii) Show that A is transient if and only if > 72 €, < 00.
(i) Find a transient A satisfying (6.67).

Exercise 6.4 Show that there is a ¢ < oo such that the following holds. Suppose S,, is simple
random walk in Z? and let V = Vo, N be the event that the path S[0,£x] does not disconnect the
origin from 0B,. Then if z € By,

V) S ey

(Hint: There is a p > 0 such that the probability that a walk starting at 913, /o disconnects the

origin before reaching 0B, is at least p, see Exercise 3.4.)

Exercise 6.5 Suppose p € Py, d > 3. Show that there exists a sequence K, — oo such that if
A C Z% is a finite set with at least n points, then cap(A4) > K.

Exercise 6.6 Suppose p € Py and r < 1. Show there exists ¢ = ¢, < 0o such that the following
holds.

(i) If e| =1, and = € Cpp,

j{:‘(;cn(x +>e7y)__(;cn(x7y)’5267%

y€eCn

(ii) Suppose f, g, F are as in Corollary 6.2.4 with A =C,,. Then if z € C,,

V3 @) < = [1Flloo +n* lgllc] -
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Exercise 6.7 Show that if p € Py and r > 0,
lim [Ge, . (0,0) — Ge, (0,0)] = 0.
Use this and (6.16) to conclude that for all x,y,
lim [Ge, (0,0) — Ge, (x,y)] = a(x,y).

Exercise 6.8 Suppose p € P; and A C Z% is finite. Define
Qalf,9) =D p(x,y) [f(y) — F@)][9(y) — g()].

x,yez

and QA(f) = Qa(f,f). Let F: A — R be given. Show that the infimum of Q4(f) restricted to
functions f : A — R with f = F on 0A is obtained by the unique harmonic function with boundary
value F.

Exercise 6.9 Write the two-dimensional integer lattice in complex form, Z? = Z + iZ and let A
be the upper half plane A = {j + ik € Z? : k > 0}. Show that for simple random walk

Ga(z,y) =a(@,y) —alz,y), z,y €A,

1 _
HA(x>j) = Z [a(x,j _Z) _a(:Evj +Z)] +5($ _J)7 YIS A)] € Z.

where j + ik = j — ik denotes complex conjugate. Find

lim &k Ha(ik, 7).
k—o0
Exercise 6.10 Prove Corollary 6.9.5.

Exercise 6.11 Provide the details of the Harnack inequality argument in Lemma 6.5.8 and Theorem
6.5.10.

Exercise 6.12 Suppose p € Py.
(i) Show that there is a ¢ < oo such that if z € A C C,, and z € Cyp,

1-d Px{gn < TA}
Px{£2n < TA} .

(ii) Let A be the line {je; : j € Z}. Show that there is an € > 0 such that for all n sufficiently
large,

P?{S¢,, = 2| &n <Ta} <cn

P{dist(Se,, A) > en | & < Ta} > e

(Hint: you can use the gambler’s ruin estimate to estimate P*{,, o < Ta}/P"{&, < Ta}.)

Exercise 6.13 Show that for each p € Py and each r € (0,1), there is a ¢ such that for all n
sufficiently large,

Ge,(z,y) > ¢, x,y € Cpn,
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Gp, (r,y) > ¢, z,y € Byy.

Exercise 6.14 Suppose p € P, and let A = {z1,22} be a two-point set.
(i) Prove that hma(z1) = 1/2.
(ii) Show that there is a ¢ < oo such that if A C Cy,, then for y € Z? \ Cap,
1 c
2‘ ~ logn
(Hint: Suppose PY{St, = z;} > 1/2 and let V be the set of z such that P*{Sr, = x;} < 1/2.
Let 0 = min{j : S; € V'}. Then it suffices to prove that PY{Ty < o} < ¢/logn.)
(iii) Show that there is a ¢ < oo such that if A = Z?\ {z} with 2 # 0, then

PY{S7, = 21} —

4
G4(0,0) — ;10g|x| <ec.

Exercise 6.15 Suppose p € Po. Show that there exist c1,co > 0 such that the following holds.

(i) If n is sufficiently large, A is a set as in Lemma 6.6.7, and A,, = AN {|z| > n/2}, then for
HAS aBn/g,

PHTy <&} > c.
(ii) If 2 € 9B, s,

GZQ\A(‘Ta 0) <ec.
(ili) If A" is a set with B, C A’ C Z*\ A,

2
G(0,0) — — logn| <ec.

Exercise 6.16 Give an example of an aperiodic p € Py and a finite connected (with respect to p)
set A for which p is bipartite restricted to A.
Exercise 6.17 Suppose S,, is simple random walk in Z¢ so that &, = &:. If |z| < n, let
u(z,n) = E*[|Se,| —n]

and note that 0 < u(z,n) < 1.

(i) Show that

n? — |z|? 4+ 2nu(z,n) < E*[E,] < n? —|z|?> + 2n + 1) u(z,n).
(ii) Show that if d = 2,

2 G, (0.2) = logm —loga| + “") 4 O(ja2),

(iii) Show that if d > 3,

_ 1 1 d—2)u(x,n _
Cyq 1Gp, (0,2) = z[d2 ~ pd-2 + ( Julz,n) +O(|z|%).
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Exercise 6.18 Suppose S, is simple random walk in Z? with d > 3. For this exercise assume that

we know that
Cq
~ |2’

G(x)

|z — o0

for some constant Cy but no further information on the asymptotics. The purpose of this exercise
is to find C4. Let Vy be the volume of the unit ball in R and wy = d 'V the surface area of the
boundary of the unit ball.

(i) Show that as n — oo,

2 2
Z G0, 2) ~ Cawgn _ CydVyn ‘
2 2
xEBR
(ii) Show that as n — oo,
Z [G(Ov :E) - Gg, (07 l‘)] ~CqVy n’.
x€BR
(iii) Show that as n — oo,

Z Gz, (0,x) ~ n?.

IEGBn

CyVy (g—l) =1.

(iv) Conclude that
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Dyadic coupling

7.1 Introduction

In this chapter we will study the dyadic or KMT coupling which is a coupling of Brownian motion
and random walk for which the paths are significantly closer to each other than in the Skorokhod
embedding. Recall that if (S,, B,,) are coupled by the Skorokhod embedding, then typically one
expects |S,, — By| to be of order n'/4. In the dyadic coupling, |S, — By,| will be of order logn. We
mainly restrict our consideration to one dimension, although we discuss some higher dimensional
versions in Section 7.6.

Suppose p € P; and

is a p-walk. Suppose that there exists b > 0 such that
E[X?] =02, E[M] < . (7.1)
Then by Theorem 2.3.11, there exist N, ¢, e such that if we define §(n,x) by
1 2
n(z) =P{S, =z} = ———¢ 202n exp{d(n,x)},
pn(z) :==P{ ¥ T p{d(n, z)}

then for all n > N and |z| < en,

|0(n,x)| <c L—F@ (7.2)
= N ’
Theorem 7.1.1 Suppose p € Pl satisfies (7.1) and (7.2). Then one can define on the same
probability space (Q, F,P), a Brownian motion B; with variance parameter o and a random walk
with increment distribution p such that the following holds. For each o < oo, there is a ¢, such
that
]P’{ max |S; — Bj| > ¢q logn} <cqn™ . (7.3)
1<j<n
Remark. From the theorem it is easy to conclude the corresponding result for bipartite or
continuous-time walks with p € P;. In particular, the result holds for discrete-time and continuous-
time simple random walk.

166
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& We will describe the dyadic coupling formally in Section 7.4, but we will give a basic idea here. Suppose
that n = 2™. One starts by defining Sam as closely to Bam as possible. Using the local central limit theorem, we
can do this in a way so that with very high probability |Som — Bam| is of order 1. We then define Sym-1 using
the values of Bam, Bom-1, and again get an error of order 1. We keep subdividing intervals using binary splitting,
and every time we construct the value of S at the middle point of a new interval. If at each subdivision we get
an error of order 1, the total error should be at most of order m, the number of subdivisions needed. (Typically
it might be less because of cancellation.)

& The assumption E[e?1X1]] < oo for some b > 0 is necessary for (7.3) to hold at j = 1. Suppose p € P} such
that for each n there is a coupling with

P{|S; — By| > é¢logn} < én~t.
It is not difficult to show that as n — oo, P{|B1| > ¢ logn} = o(n~1), and hence
P{|S1| > 2¢ logn} < P{|S; — B1| > ¢ logn} +P{|B1| > ¢ logn} < 2én!
for n sufficiently large. If we let x = 2¢logn, this becomes

P{|X,| > 2} < 266 %/(29),

for all « sufficiently large which implies E[e?1X11] < 0o for b < (2¢)71.

Some preliminary estimates and definitions are given in Sections 7.2 and 7.3, the coupling is
defined in Section 7.4, and we show that it satisfies (7.3) in Section 7.5. The proof is essentially
the same for all values of o2. For ease of notation we will assume that o> = 1. It also suffices to
prove the result for n = 2" and we will assume this in Sections 7.4 and 7.5.

For the remainder of this chapter, we fix b, €, ¢y, N and assume that p is an increment distribution
satisfying

E[e"X1] < oo, (7.4)
and
| 5
n = 2n ) )
Pn() Nt exp{d(n, z)}
where
1 o
[0(n,z)] < co NG + gl R > N, |z| < en. (7.5)

7.2 Some estimates

In this section we collect a few lemmas about random walk that will be used in establishing (7.3).
The reader may wish to skip this section at first reading and come back to the estimates as they
are needed.
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Lemma 7.2.1 Suppose S, is a random walk with increment distribution p satisfying (7.4) and
(7.5). Define 6} (n,x,y) by

1 (z — (y/2))?
v " " - vV T, * sy .
{S x| So y} — exp{ n exp{d«(n,z,y)}
Then if n > N, |z|,|y| < en/2,
L A ]

& Without the conditioning, S,, is approximately normal with mean zero and variance n. Conditioned on the
event Sz, =y, Sp, is approximately normal with mean y/2 and variance n/2. Note that specifying the value at
time 2n reduces the variance of S,,.

Proof Note that

_ . _P{Sn:$>s2n_ n:y_x} _pn($)pn(y_$)
PiSn =] Sn=v} = P{Son =y} T pwm(y)

Since |z|, |y|, | — y| < en, we can apply (7.5). Note that

104 (n, 2, y)| < [6(n, )| +[6(n,y — ) +[6(2n, y)-
We use the simple estimate |y — z|> < 8(|z[3 + |y|3). O

Lemma 7.2.2 If x1,x2,...,x, € R, then

n

v
st 27 - \/5_ 1 st 2

(7.6)

Proof Due to homogeneity of (7.6) we may assume that Y 277 3:3 = 1. Let y; = 273/2 T,y =
(yb s ayn) Then

n

)2 n ,
Z(!E1+2i+ﬂfz) YD 96]292%

i—1 i=1 1<) k<i
n n n
= DD wm ) 2
j=1 k=1 i=jVk
n n
_(iVk
< 23320,
J=1 k=1
n n
J=1 k=1

= 2(Ay,y) <2\ |ly|]> = 2,
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where A = A, is the n x n symmetric matrix with entries a(j, k) = 2=1*=7/2 and A = X, denotes
the largest eigenvalue of A. Since A is bounded by the maximum of the row sums,

>\§1+222‘j/2:%.

j=1
O

& We will use the fact that the left-hand side of (7.6) is bounded by a constant times the term in brackets on
the right-hand side. The exact constant is not important.

Lemma 7.2.3 Suppose S, is a random walk with increment distribution satisfying (7.4) and (7.5).
Then for every « there exists a ¢ = c¢(«) such that

52 —an
P Z > >cnp <ce . (7.7)

logy n<j<n

& Consider the random variables U; = S3,/27 and note that E[U;] = 1. Suppose that Uy, Us,... were
independent. If it were also true that there exist ¢,c such that E[e!Vi] < ¢ for all j, then (7.7) would be a
standard large deviation estimate similar to Theorem 12.2.5. To handle the lack of independence, we consider the
independent random variables [Sy; — Sy;-1]%/27 and use (7.6). If the increment distribution is bounded then we
;]

also get Ele < ¢ for some t, see Exercise 2.6. However, if the range is infinite this expectation may be infinite

for all t > 0, see Exercise 7.3. To overcome this difficulty, we use a striaghtforward truncation argument.

Proof We fix @ > 0 and allow constants in this proof to depend on «. Using (7.4), we see that there
is a 3 such that

P{|S,| > n} < e Pn,
Hence, we can find ¢ such that
> [P{ISy| = a2} + P{ISy — Syi| > a127}] = O(e™").
logy n<j<n

Fix this ¢;, and let jo = |logyn + 1] be the smallest integer greater than logyn. Let Y; = 0 for
J < joi Yj, = Sqio; and for j > jo, let Y; = Sy; — Sy;-1. Then, except for an event of probability
O(e™ "), Y;] < 127 for j > jo and hence

ny?2 n_oy?2 .
P2 57 # 2 57 Ul S a2} < 0(e™).
J=Jo J=Jo
Note that
S2. t, 82 (Y, +
Py _ P2 1 Y7
> Eey -3t 33

logy n<j<n Jj=jo Jj=1
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The last step uses (7.6). Therefore it suffices to prove that

n_y2

P ZY—]1{|Y| <2}y >enp <e o
— 2 e - -
j:

The estimates (7.4) and (7.5) imply that there is a ¢ > 0 such that for each n,
G2
E [exp {%} 3 |Sn| < cln} <e

(see Exercise 7.2). Therefore,
nY? .
E |exp tz:lz—jjl{|Yj|§012J} <em
]:

which implies

" Y2 ,
P 22—11{\}/}]§612J}2t Ya4+1)np <e o,
j=1

7.3 Quantile coupling

In this section we consider the simpler problem of coupling S,, and B, for a fixed n. The following
is a general definition of quantile coupling. We will only use quantile coupling in a particular case
where F' is supported on Z or on (1/2)Z.

Definition. Suppose F' is the distribution function of a discrete random variable supported on the
locally finite set

<o <agp<ayp <---,

and Z is a random variable with a continuous, strictly increasing distribution function G. Let r
be defined by G(ry) = F(ay), i.e., if F(ag) > F(ax—),

G(Tk) — G(Tk_l) = F(ak) — F(ak—).
Let f be the step function
f(z)=a if rp_q < z <1y,

and let X be the random variable f(Z). We call X the quantile coupling of F' with Z, and f the
quantile coupling function of F and G.

Note that the event {X = a;} is the same as the event {rp_; < Z < r;}. Hence,
P{X =ar} =P{ri_1 < Z <ri} = G(ry) — G(ri—1) = F(ar) — F(ap—),
and X has distribution function F. Also, if
G(ap —t) < F(ag—1) < F(ar) < G(ap + 1), (7.8)
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then it is immediate from the above definitions that {X = a;x} C {|X — Z| = |ax — Z| < t}. Hence,
if we wish to prove that | X — Z| <t on the event {X = a}, it suffices to establish (7.8).

As an intermediate step in the construction of the dyadic coupling, we study the quantile coupling
of the random walk distribution with normal random variable that has the same mean and variance.
Let ® denote the standard normal distribution function, and let ®3 (where § > 0) denote the
distribution function of a mean zero normal random variable with variance (.

Proposition 7.3.1 For every €,b,co, N there exist ¢,d such that if S, is a random walk with
increment distribution p satisfying (7.4) and (7.5) the following holds for n > N. Let F,, denote
the distribution function of Sy, and suppose Z has distribution function ®,. Let (X,Z) be the
quantile coupling of F,, with Z. Then,

X2
X~ Z] <c {H—], 1X| < on.
n

Proposition 7.3.2 For every €,b,co, N there exist ¢,d such that the following holds for n > N.
Suppose Sy, is a random walk with increment distribution p satisfying (7.4) and (7.5). Suppose
ly| < dn with P{Ss, =y} > 0. Let F,, , denote the conditional distribution function of Sy, — (S2n/2)
given Sa, =y, and suppose Z has distribution function ®,/,. Let (X, Z) be the quantile coupling
of Fy,y with Z. Then,

X2 2
!X—Z!§0[1+—+y—], X1, 1yl < 6n.
n n

Using (7.8), we see that in order to prove the above propositions, it suffices to show the following
estimate for the corresponding distribution functions.

Lemma 7.3.3 For every €,b,cq, N there exist ¢,d such that if S, is a random walk with increment
distribution p satisfying (7.4) and (7.5) the following holds for n > N. Let F,, F,, be as in the
propositions above. Then fory € Z, |x|, |ly| < dn,

2

o, <x—c[1—|—%2]> < Fo(x— 1) < Fy(z) < @, (:134—0[1—1—%]), (7.9)

2?2 P 22 2
- — + — < -1 < < I
b (- e+ D+ L)) < Rle - D < Fay) <0 (w4 e 1+ T4 L),

Proof 1t suffices to establish the inequalities in the case where z is a non-negative integer. Implicit
constants in this proof are allowed to depend on €, b, cg and we assume n > N. If F'is a distribution
function, we write ' = 1 — F. Since for t > 0,

t+1)2 ¢t 1 t3
( ) =—+0(—=+—=5,
2n n vnoon

(consider ¢t < v/n and t > y/n), we can see that (7.4) and (7.5) imply that we can write

z+1 1 —t2/(2n) 1 t3
pn(x) = o e exp 4 O NG + 3 dt, |z| <en.
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Hence, using (12.12), for some a and all |z| < en,

Fpo(z) = P{S,>en}+P{x < S, <en}
_ —an “ 1 —t2/(2n) -
= O(e™ ") +/x Wi e exp 4 O Tn + 3 dt.

From this we can conclude that for |z| < en,

Fo(z) = B (z) exp{O (% + g)} (7.10)

and from this we can conclude (7.9). The second inequality is done similarly by using Lemma 7.2.1
to derive

_ _ 1 B
Fuale) =) e {0 (J=+ 5+ ).
for |z, |y| < dn. Details are left as Exercise 7.4.

O

& To derive Propositions 7.3.1 and Proposition 7.3.2 we use only estimates on the distribution functions
F,,F, , and not pointwise estimates (local central limit theorem). However, the pointwise estimate (7.5) is used
in the proof of Lemma 7.2.1 which is used in turn to estimate £}, ,,.

7.4 The dyadic coupling

In this section we define the dyadic coupling. Fix n = 2™ and assume that we are given a stan-
dard Brownian motion defined on some probability space. We will define the random variables
S1,59,...,5m as functions of the random variables By, Bo, ..., Bom so that Si,...,Sm has the
distribution of a random walk with increment distribution p.

In Chapter 3, we constructed a Brownian motion from a collection of independent normal random
variables by a dyadic construction. Here we reverse the process, starting with the Brownian motion,
B,, and obtaining the independent normals. We will only use the random variables By, Bo, ..., Bom.
Define I'y, ; by

Tj= Brom-i — B—ygm—i,  j=0,1,....,m; k=1,2.3,...,2.

For each j, {I'y; : k= 1,2,3,... ,27} are independent normal random variables with mean zero
and variance 2™ 7. Let Z1p = Bam and define

Zok1j, J=1,...,m, k=0,1,...,277 1 —1,
recursively by
Fokry = %F’““J—l + Zok+14, (7.11)
so that also

1
Dokto, = 3 Dry1-1— Zoky1,j-
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One can check (see Corollary 12.3.1) that the random variables {Zop41; : j = 0,...,2", k =

0,1,...,2m~1 — 1} are independent, mean zero, normal random variables with E[Zio] = 2™ and
E[Z3,.1 = 2m=3=1 for j > 1. We can rewrite (7.11) as
1
B(2k+1)2mfj = 5 [Bka*j+1 + B(k_,_l)zmﬁ#l] + Z2k+1,j' (7.12)

Let f,,(-) denote the quantile coupling function for the distribution functions of Som and Bam.
If y € Z, let f;(-,y) denote the quantile coupling function for the conditional distribution of
1
Sai — §ng+1

given Sy+1 = y and a normal random variable with mean zero and variance 2/~!. This is well
defined as long as P{S,;+1 = y} > 0. Note that the range of f;(-,y) is contained in (1/2)Z. This
conditional distribution is symmetric about the origin (see Exercise 7.1), so fi(—z,y) = —f;(2,y).
We can now define the dyadic coupling.

e Let Som = fp,(Bam).

e Suppose the values of Sjgm—js1,0=1,...,2/71

are known. Let
Akﬂ' == Skszi - S(k—l)Zm*i'

Then we let

[S(k—1y2m—s+1 + Spom—s1] + fm—j(Zok—1,5, Dk j-1),

N =

S(ok—1)2m—i =
so that
1
Noj_1; = §Ak,j—1 + fm—j(Zok—1, Dk j—1)

1
Aoy j = §Ak,j—1 — fm—j(Zok—1,5, D j—1).

It follows immediately from the definition that (Si,Ss,...,Som) has the distribution of the ran-
dom walk with increment p. Also Exercise 7.1 shows that Ag,_;; and Ay ; have the same
conditional distribution given Ay ;_.

It is convenient to rephrase this definition in terms of random variables indexed by dyadic inter-
vals. Let Ij ; denote the interval

I =[(k— 12" k2", §=0,...,m; k=1,...,2.
We write Z(I) for the normal random variable associated to the midpoint of I,
Z(Inj) = Zag—-1,j+1

Then the Z(I) are independent mean zero normal random variables indexed by the dyadic intervals
with variance |I]/4 where | - | denotes length. We also write

U(lky) =Thj Allkg) = Ay
Then the definition can be given as follows.

o Let F(Il,()) = Bom, A(Il,O) = fM(BQ’”)'
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e Suppose I is a dyadic interval of length 2 ~7F! that is the union of consecutive dyadic intervals
I', I? of length 2™~7. Then
1 1
It = 5 DD+ 2(D), I(I%) = 3 (1) — Z(I) (7.13)

A(IY) = %A(I) b2, A, AU?) = %A(I) — [(2(),AD)). (7.14)

e Note that if j > 1 and k € {1,...,27}, then

Brgm—s = »_T([(i = 1)27"77,42™7]), Spgm—y = Y A([(i — 1)277,i2™77)). (7.15)

i<k i<k
We next note a few important properties of the coupling.
e If I = I'UI? as above, then I'(I'),T'(I?), A(I'), A(I?) are deterministic functions of I'(1), A(I),
Z(I). The conditional distributions of (I'(I*), A(I')) and (I'(I1%), A(1?)) given (I'(I), A(I)) are
the same.

e By iterating this we get the following. For each interval I}, ; consider the joint distribution random
variables

(F(Il,i)v A(h,i))) 1= 07 s aja
where | = [(i,k,j) is chosen so that Ii; C I;. Then this distribution is the same for all

k=1,2,...,27. In particular, if

j
Rij =Y IT(I) — A1),
=0

then the random variables Ry j, ..., Ry; ; are identically distributed. (They are not independent.)
e For k=1,

1
P(y) = Allg) = 5 P(-1) = AlUL-)] + (215 = fi(Z1, Sgm-g41)]
By iterating this, we get
J
Ry < |Sgm — Bam| +2 Z | fn—1(Z1,15 Som—111) — Z14]. (7.16)

=1

e Define O([1) = |Bam — Som| = [I'(I1,90) — A(l1,0)|. Suppse j > 1 and I ; is an interval with
“parent” interval I’. Define ©(Ij ;) to be the maximum of |B; — S;| where the maximum is over
three values of ¢: the left endpoint, midpoint, and right endpoint of I. We claim that

O(Ik;) < O") + [T (I1,;) — Allk, )|
Since the endpoints of Ij, ; are either endpoints or midpoints of I’, it suffices to show that

|By — S| <max {|Bs_ — Ss_|,|Bs, — S, ||} + |T(Ixj) — ALk )|,
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where ¢,s_, s denote the midpoint, left endpoint, and right endpoint of I, ;, respectively. But
using (7.13), (7.14), and (7.15), we see that

Bt — St - % [(Bs, - Ss,) + (BS+ - SS+)] + ‘P([kJ) - A(Ik7j)"

and hence the claim follows from the simple inequality |z + y| < 2max{|z|,|y|}. Hence, by
induction, we see that

@(Ik,j) < R]w'. (7.17)

7.5 Proof of Theorem 7.1.1
Recall that n = 2™. It suffices to show that for each « there is a ¢, such that for each integer j,
P{|S; — Bi| > cq logn} < con™“. (7.18)
Indeed if the above holds, then

n
IP’{ max |S; — B;| > cq logn} < ZIP’{|SZ- — Bj| > cq logn} < cqn oL

1<i<n ;
i=1

We claim in fact, that it suffices to find a sequence 0 = iy < i1 < --- < 4 = n such that
lix — ix—1] < co logn and such that (7.18) holds for these indices. Indeed, if we prove this and
|7 — ix| < cq logn, then exponential estimates show that there is a ¢/, such that

P{|S; — S;,| >, logn} + P{|B; — B;,| > ¢, logn} <, n~°,

and hence the triangle inequality gives (7.18) (with a different constant).

For the remainder of this section we fix o and allow constants to depend on «. By the reasoning
of the previous paragraph and (7.17), it suffices to find a ¢ such that for logom + ¢ < j < m, and
E=1,...,2m7d,

P{Ry; > cam} < coe ™,
and as pointed out in the previous section, it suffices to consider the case k = 1, and show
P{Ri; > cam} <cqe” ™, for j =logym+ec,...,m. (7.19)

Let 0 be the minimum of the two values given in Propositions 7.3.1 and 7.3.2, and recall that
there is a 3 = (3(9) such that

P{|Sy| = 627} < exp{—52'}
In particular, we can find a c3 such that

S P{ISy] 2 627} < O(e ™).

logy m+c3<j<m

Proposition 7.3.1 tells us that on the event {|Sam| < 62"},

2m

2
|52m —BQm| <c |:1—|— S2m:| .
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Similarly, Proposition 7.3.2 tells us that on the event {max{|Som-i|,|Sym-1+1|} < 62!}, we have

+ S;mflﬁ»l + S;ml]

|Z10 — fm—1(Z1,, Som-141)] < ¢ [1 Sl

Hence, by (7.16), we see that on the same event, simultaneously for all j € [logy m + c3,m],

2
Sy

‘S2m7j — Bszj‘ < Rl,j + ‘ng — Bgm’ <c|m-+ Z 9

logy m—c3<i<m

We now use (7.7) (due to the extra term —cg in the lower limit of the sum, one may have to apply
(7.7) twice) to conclude (7.19) for j > logy m + c3.

7.6 Higher dimensions

Without trying to extend the result of the previous section to to the general (bounded exponential
moment) walks in higher dimensions, we indicate two immediate consequences.

Theorem 7.6.1 One can define on the same probability space (2, F,P), a Brownian motion By in
R? with covariance matriz (1/2) 1 and a simple random walk in Z2. such that the following holds.
For each o < 00, there is a ¢, such that

P Si — Bi| > cy 1 < -
{1glja<xn| i — Bjl = ca Ogn} <can

Proof We use the trick from Exercise 1.7. Let (Sy1,Bn1), (Sn,2, Bn2) be independent dyadic
couplings of one-dimensional simple random walk and Brownian motion. Let

S = Sn,l + Sn,2 Sn,l - Sn,2
n — 2 ) 2 )

B — <Bn,1 + Bn,2 Bn,l - Bn,2>
" 2 ’ 2 ‘

O

Theorem 7.6.2 If p € Py, one can define on the same probability space (2, F,P), a Brownian
motion By in RY with covariance matriz T and a continuous-time random walk Sy with increment
distribution p such that the following holds. For each o < oo, there is a ¢, such that

IP’{ max 1S; — Bj| > ca logn} <cqn @ (7.20)

1<5<

Proof Recall from (1.3) that we can write any such S; as

5 =8+t 8w,
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where q1,...,q > 0; z1,...,7; € Z% and S,...,S" are independent one-dimensional simple
continuous-time random walks. Choose [ independent couplings as in Theorem 7.1.1,

(St Bi), (7, B}). ..., (Si, By),
where B!, ..., B! are standard Brownian motions. Let
By=Bj a1+ + B, 1.
This satisfies (7.20). O

7.7 Coupling the exit distributions

Proposition 7.7.1 Suppose p € Py. Then one can define on the same probability space a (discrete-
time) random walk S, with increment distribution p; a continuous-time random walk Sy with in-
crement distribution p; and a Brownian motion By with covariance matrixz I' such that for each
n,r >0,

P{[Se, — Be,| >7rlogn} = P{’SEn —Be | > logn} < ;,
where

& =min{j : J(S;) = n}, & =min{t: J(S) >n}, &, =min{t: J(B)=n}.

& We advise caution when using the dyadic coupling to prove results about random walk. If (S, B;) are
coupled as in the dyadic coupling, then S,, and B; are Markov processes, but the joint process (S, By,) is not
Markov.

Proof Tt suffices to prove the result for Sy, By, for then we can define S; to be the discrete-time
“skeleton” walk obtained by sampling S; at times of its jumps. We may also assume r < n; indeed,
since |Sg |+ |Bg, | < O(n), for all n sufficiently large

]P’{\S’gn —Bg | >n logn} = 0.
By Theorem 7.6.2 we can define S, B on the same probability space such that except for an event
of probability O(n™?),
|§t — By <ecilogn, 0<t<nd
We claim that ]P’{én > n3} decay exponentially in n. Indeed, the central limit theorem shows that
there is a ¢ > 0 such that for n sufficiently large and |z| < n , P*{¢, < n%} > c. Iterating this gives

p{ én > n3} < (1—¢)™. Similarly, ]P’{g,’1 > n3} decays exponentially. Therefore, except on an event
of probability O(n=%),

|S; — By] < ¢ logn, 0<t<max{&,,&,}. (7.21)

Note that the estimate (7.21) is not sufficient to directly yield the claim, since it is possible that
one of the two paths (say S) first exits C,, at some point y, then moves far away from y (while
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staying close to dC,,) and that only then the other path exits C,, while all along the two paths stay
close. The rest of the argument shows that such event has small probability. Let

Gn(c1) = min{t : dist(Sy, Z4\ C,) < c1logn} and o/, (c1) = min{t : dist(By, 2%\ C,) < ¢ logn},
and define
pn = op(c1) Aal(er).

Since p, < max{&,,&,}, we conclude as in (7.21) that with an overwhelming (larger than 1—O0(n~*))
probability,

1Sy — Be| < ¢ logn, 0<t< py,

and in particular that

1Sy, — Bp,| < c1logn. (7.22)
On the event in (7.22) we have
max{dist(S,,,Z%\ Cy),dist(B,,,Z* \ C,)} < 2¢1logn,
by triangle inequality, so in particular
max{d,(2c1),00,(2¢c1)} < py. (7.23)

Using the gambler’s ruin estimate (see Exercise 7.5) and strong Markov property for each process
separately (recall, they are not jointly Markov)

C2

P{|§5n(201) — §J| < rlogn for all j € [6,(2¢1),6]} > 1 — = (7.24)
and also
P{|B,/ (2¢,) — Bl < logn for all t € [0},(2¢1),&,]} > 1 — e (7.25)
" r

Applying the triangle inequality to
8¢, — Be, = (Sg, — Sp.) + (S5 — By,) + (By, — Be),

on the intersection of the four events from (7.22)—(7.25), yields an — Be < (2r+c1)logn, and the
complement has probability bounded by O(1/r). O

Definition. A finite subset A of Z¢ is simply connected if both A and Z? \ A are connected. If
z € 7%, let S, denote the closed cube in R? of side length one, centered at x, with sides parallel
to the coordinate axes. If A C Z%, let D4 be the domain defined as the interior of UycaS,. The
inradius of A is defined by

inrad(A) = min{|y| : y € Z¢\ A}.

Proposition 7.7.2 Suppose p € Po. Then one can define on the same probability space a (discrete-
time) random walk S, with increment distribution p and a Brownian motion B with covariance
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matriz I' such that the following holds. If A is a finite, simply connected set containing the origin
and

pa=inf{t: By & D},
then each if r > 0,

. c
P{|Sr, — B,,| > r log[inrad(A4)]} < NG

Proof Similar to the last proposition except that the gambler’s ruin estimate is replaced with the
Beurling estimate. O

Exercises

Exercise 7.1 Suppose S, = X1+ --+X,, where X1, Xo,... are independent, identically distributed
random variables. Suppose P{Ss,, = 2y} > 0 for some y € R. Show that the conditional distribution
of

Sn_y

conditioned on {Sy, = 2y} is symmetric about the origin.

Exercise 7.2 Suppose S, is a random walk in Z whose increment distribution satisfies (7.4) and
(7.5) and let C' < co. Show that there exists a t = (b, €, ¢y, C') > 0 such that for all n,

2
E [exp{ﬁ} 7 1Sn| < C’n} <e.
n

Exercise 7.3 Suppose S; is continuous-time simple random walk in Z.

(i) Show that there is a ¢ < oo such that for all positive integers n,
P{S,, = n?} > ¢! exp{—cn? logn}.

(Hint: consider the event that the walk makes exactly n? moves by time n, each of them in

the positive direction.)
tS2
n

(ii) Show that if ¢ > 0,
Exercise 7.4 Let ® be the standard normal distribution function, and let ® = 1 — ®.

(i) Show that as z — oo,

E

(i) e—m2/2 e’} td 1 2/2
x) ~ e dt = —=e""/".
(z) \ 27 /0 x\/ 21

(ii) Prove (7.10).

(iii) Show that for all 0 <t < z,

O(x+t)<e ™ e /2 P(x) < e e /2 O(z) < D(x —t).
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(iv) For positive integer n, let ®,,(x) = ®(x//n) denote the distribution function of a mean zero
normal random variable with variance n, and ®,, = 1 — ®,,. Show that for every b > 0, there
exist > 0 and 0 < ¢ < oo such that if 0 < z < dn,

23
n2

T | P S I A AR
< w (o[ 7])

Exercise 7.5 In this exercise we prove the following version of the gambler’s ruin estimate. Suppose

p € Pg,d > 2. Then there exists ¢ such that the following is true. If § € R? with |6] =1 and r > 0,

cr+1)
mat

3

(v) Prove (7.9).

(7.26)

P{S;-0>—r, 0<j<€}<

Here & is as defined in Section 6.3.
(i) Let
q(z,n,0) =P*{S;-0 >0, 1<j<E}
Show that there is a ¢; > 0 such that for all n sufficiently large and all § € R? with |0] = 1,
the cardinality of the set of x € Z with |z| < n/2 and
g(z,n,0) > ¢1 (0,20, 0)
is at least c; n® L.
(ii) Use a last-exit decomposition to conclude

> Gr,(0,2)q(w,n,0) <1,
Z‘EC'!L

and use this to conclude the result for r = 0.
(iii) Use Lemma 5.1.6 and the invariance principle to show that there is a co > 0 such that for

all 0] = 1,

(iv) Prove (7.26) for all v > 0.
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Addtional topics on Simple Random Walk

In this chapter we only consider simple random walk on Z¢. In particular, S will always denote a
simple random walk in Z?. If d > 3, G denotes the corresponding Green’s function, and we simplify
the notation by setting

G(z) = —a(z), d=1,2,
where a is the potential kernel. Note that then the equation £LG(z) = —d(z) holds for all d > 1.

8.1 Poisson kernel
Recall that if A C Z9 and 74 = min{j > 0: S; € A}, T4 = min{j > 1: S; ¢ A}, then the Poisson
kernel is defined for x € A,y € A by
Ha(z,y) = PH{S, =y}

For simple random walk, we would expect the Poisson kernel to be very close to that of Brownian
motion. If D C R? is a domain with sufficiently smooth boundary, we let hp(z,y) denote the
Poisson kernel for Brownian motion. This means that, for each € D, hp(x,-) is the density with
respect to surface measure on 9D of the distribution of the point at which the Brownian motion
visits D for the first time. For sets A that are rectangles with sides perpendicular to the coordinate
axes (with finite or infinite length), explicit expressions can be obtained for the Poisson kernel and
one can show convergence to the Brownian quantities with relatively small error terms. We give
some of these formulas in this section.

8.1.1 Half space
If d > 2, we define the discrete upper half space H = H, by

H={(z,y) e 21 xZ:y >0},

with boundary OH = Z4~! x {0} and “closure” H = H U OH. Let T = T3, and let Hy; denote the
Poisson kernel, which for convenience we will write as a function Hy : H x Z4~1 — [0, 1],

Hy(z,2) = Hy(z, (2,0)) = P*{St = (x,0)}.
If 2z = (2,9) € Z%! x Z, we write Z for its “conjugate”, Z = (x, —y). If z € H, then Z € —H. If
z € OH, then Z = z. Recall the Green’s function for a set defined in Section 4.6.

181
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Proposition 8.1.1 For simple random walk in Z%, d > 2, if z,w € H,

Gn(z,w) = G(z —w) — G(z — W),

Hin(2,0) = 5 (Gl — e0) ~ Gl= +ea)]. (8.1)

Proof To establish the first relation, note that for w € H, the function f(z) = G(z—w)—G(z—w) =
G(z—w)—G(Z—w) is bounded on H, Lf(z) = —d,(2), and f = 0 on IH. Hence f(z) = Gy (z,w) by
the characterization of Proposition 6.2.3. For the second relation, we use a last-exit decomposition
(focusing on the last visit to e4 before leaving H) to see that

1
HH(Z, 0) = ﬁ GH(Z, ed).

The Poisson kernel for Brownian motion in the upper half space
H=Hg = {(z,y) € R x (0,00)}

is given by
2y
hH z,y 70 :hH T+ 2,9),2) = ——7
(().0) = bl + 2,0),2) = s

where wy = 2742 /T'(d/2) is the surface area of the (d — 1)-dimensional sphere of radius 1 in R
The next theorem shows that this is also the asymptotic value for the Poisson kernel for the random
walk in ‘H = Hg4, and that the error term is small.

Theorem 8.1.2 Ifd > 2 and z = (z,y) € Z%' x {1,2,...}, then

2y ly| 1
H = 1 == — . .2
we0) = it [1+0 ()| +0 (1 52
Proof We use (8.1). If we did not need to worry about the error terms, we would naively estimate
1
og |Gz —ed) = G(z +eq)]
by
C
Z s — e = |2+ e, d>3, (8.3)
2d
02 |Z — ed|
— = 2. 8.4
I P (8.4)

Using Taylor series expansion, one can check that the quantities in (8.3) and (8.4) equal

2y |y|?
ol —=— .
walzld * Qwﬂ

However, the error term in the expansion of the Green’s function or potential kernel is O(|z|~%), so
we need to do more work to show that the error term in (8.2) is of order O(|y|?/|z|**2)+O(|z|~(@*+D).
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Assume without loss of generality that |z| > 1. We need to estimate

G(z —eg) — G(z + eg) Z[pnz—ed —pn(z +eq)] =

D a2 — €q) = Bulz + €q)) Z [pn(2 — €4) —Pp(2 — €q) — Pz + €q) + Dn(z +eq)] -

Note that z —e; and z + e4 have the same “parity” so the above series converge absolutely even if
d = 2. We will now show that

2y Y
24 Z Pn(2 —Dulz +eq)] = oal ] +0 e ) (8.5)

Indeed,

_ _ di? 1 _lePrw-1)? _ oy
pn(z_ed)_pn(z+ed) :WWE 2n/d <1—€ 2"/d> .

4
For n > y, we can use a Taylor approximation for 1 — e 2"%. The terms with n < y, do not
contribute much. More specifically, the left-hand side of (8.5) equals

9qd/2+1 y a4 (y—1)2 i y2 _l=l? +<y 1)? 9
n < 2n _IZI
(27T)d/2 ;::1 nl+d/2 e 2n/d 4+ O nz::l n2+d/2 /d + O(y“e™ ).

Lemma 4.3.2 then gives

%0 ~ 2dT(d/2) y < y? >
— — o -2
nzz:l pn 4 ed pn(z + ed)] 7d/2 (|$|2 T (y _ 1)2)d/2 + ‘Z’d+2
B 2dT(d/2) y y?
- d/2 W +0 |2]d+2

4d vy y2
= =Y 40 .
oa e " <\zrd+2

The remaining work is to show that
> [z — €a) — oz — €a) — pulz + €a) + Bz + €a)] = O(|2~@HD).

We mimic the argument used for (4.11), some details are left to the reader.
Again the sum over n < |z| is negligible. Due to the second (stronger) estimate in Theorem 2.3.6,
the sum over n > |z|2 is bounded by

c 1
Z n(d+3)/2 0 (’Z‘d+1> :

n>|z|2

For n € [|z],]2|?], apply Theorem 2.3.8 with k = d + 5 (for the case of symmetric increment
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distribution) to give

d+5
= uj(w/v/n) 1
pn(w) = P, (w) + Z n(d+i—2)/2 +0 nld+k=1)/2 |’

where w = z + e4. As remarked after Theorem 2.3.8, we then can estimate

Ipn(2 — €q) = Pp(z — €d) — pn(z — €q) + (2 — )

up to an error of O(n(=4+k=1/2) by
zZ+eq z —e€yq
wl\ ) ()|

d+5 1
Finally, due to Taylor expansion and the uniform estimate (2.29), one can obtain a bound on the

I3a45(n,2) = Z (d+i—2)/2
=3

sum Zne[‘z‘7‘z‘2} I3 q15(n, z) by imitating the final estimate in the proof of Theorem 4.3.1. We leave
this to the reader.
O

In Section 8.1.3 we give an exact expression for the Poisson kernel in H» in terms of an integral. To
motivate it, consider a random walk in Z? starting at e stopped when it first reaches {ze; : z € Z}.
Then the distribution of the first coordinate of the stopping position gives a probability distribution
on Z. In Corollary 8.1.7, we show that the characteristic function of this distribution is

$(0) =2 — cosf — /(2 — cos6)2 — 1.

Using this and Proposition 2.2.2, we see that the probability that the first visit is to xe;p is

1 m m

e $(0) d = % cos(z0) ¢(6) db.

27T —T —T

If instead the walk starts from yes, then the position of its first visit to the origin can be considered
as the sum of y independent random variables each with characteristic function ¢. The sum has
characteristic function ¢¥, and hence

™

Hy(yeq, zer) = %/ cos(z) ¢(0)Y db.

—Tr

8.1.2 Cube

In this subsection we give an explicit form for the Poisson kernel on a finite cube in Z%. Let
Krn = Ky,q be the cube

,Cn:{(xl,,xd)ezdléxjén_l}

Note that #(/C,,) = (n —1)¢ and 9K, consists of 2d copies of Kn,d—1. Let S; denote simple random
walk and 7 = 7, = min{j > 0:S; € K,,}. Let H, = Hy, denote the Poisson kernel

Hy(z,y) = P{S:, =y}
If d = 1, the gambler’s ruin estimate gives

H,(z,n) = %, x=0,1,...,n,
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so we will restrict our consideration to d > 2. By symmetry, it suffices to determine H,(z,y) for y
in one of the (d — 1)-dimensional sub-cubes of 9K,,. We will consider

yedl :={(n,9) €Z:§€Kpa1}

The set of functions on /C,, that are harmonic in K, and equal zero on 9K, \ 8} is a vector space
of dimension #(9.), and one of its bases is {H,(-,y) : y € 9}}. In the next proposition we will use
another basis which is more explicit.

& The proposition below uses a discrete analogue of a technique from partial differential equations called
separation of variables. We will then compare this to the Poisson kernel for Brownian motion that can be
computed using the usual separation of variables.

Proposition 8.1.3 If z = (z!,...,2%) € Kna and y = (W?%,...,y% € Kn-1,4, then Hy(x,(n,y))
equals

2\ 41 sinh(a,z'n/n) . (2227 T AN . [ 2yin
— Z —————“sin -+ sin sin -+ sin ,
n sinh(c, ) n n n n

2€Kn,q4-1

where z = (2%,...,2%) and o, = o 15 the unique nonnegative number satisfying

d .
cosh (%) + jz:;cos <zj77r> =d. (8.6)

Proof If z = (2%,...,2%) € R?! let f. denote the function on Z,

1 a o (axlm (2t (2
fo(x™, ... z%) = sinh sin -+ -sin ,
n n n

where a, satisfies (8.6). It is straightforward to check that for any z, f, is a discrete harmonic
function on Z% with

f(x) =0, x€dkK,\0d..
We now restrict our consideration to z € ), g—1. Let
. 9(d—1)/2

* 7 v sinh(a, )

fZ7 S ICn,d—la

and let f; denote the restriction of fz to 9}, considered as a function on Kn,d-1,

. . (d-1)/2 2.2 d..d
fi(x) = f.((n,x)) = <2> sin <Z ::1 W) -..sin <Z ::1 W) , T = (xz,...,xd) € Kna-1-

n

For integers 1 < j,k < n — 1, one can see (via the representation of sin in terms of exponentials)

that
n—1 .
. fglm\ . (klm\ [0 j#k
Zsm <7> sin <7> = { n/2 j=k. (8.7)

=1
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Therefore, { f; : z € Ky, 4—1} forms an orthonormal basis for the set of functions on I, 4—1, in
symbols,

> fa@fe={ ) 7

Z'elcn,dfl

Z
Hence any function g on k), 4—1 can be written as

= Y Clg,2) fr (=),

ZE’Cn d—1

>, Wy

YEKn,d—1

where

In particular, if y € K, g—1,

ZE’Cn,dfl

Therefore, for each y = (ys,...,y,) the function

T = Z wfz(y)fz((nv$27"'axn))7

sinh(a, 7
ZE/Cnd 1 z )

is a harmonic function in K, 4 whose value on 9K, 4 is d(,,) and hence it must equal to z —
Hy(z, (n,y)). O

To simplify the notation, we will consider only the case d = 2 (but most of what we write extends
tod>3). Ifd=2,

Hy, ((z',2%), (n,y)) = % EH: sinh(axzim/n) o (m%) sin (ky—”> , (8.8)

— sinh(agm) n n

where aj, = ay,,, is the unique positive solution to

cosh (%) + cos <I%T> = 2.

Alternatively, we can write

where 7 is the even function
r(t) = cosh™1(2 — cost). (8.10)

Using cosh™ (1 + z) = 2z + O(2%/2) as x — 0+, we get
r(t) = [t| + O(t]*), t € [-1,1].

ar=k+0 (7’23) (8.11)

Now (8.9)—(8.10) imply
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Since ay, increases with k, (8.11) implies that there is an € > 0 such that
ap > ek, 1<k<n-—1. (8.12)

We will consider the scaling limit. Let B; denote a two-dimensional Brownian motion. Let
K = (0,1)? and let
T =inf{t: B; ¢ K}.
The corresponding Poisson kernel hx can be computed exactly in terms of an infinite series using

the continuous analogue of the procedure above giving

> sinh(kz'm
h((zt, 2?), (1,9)) = 22 % sin(kz?7) sin(kyn) (8.13)
k=0

(see Exercise 8.2).
Roughly speaking, we expect

1
H]Cn((nﬂjl, TL.’L’2), (TL, ny)) ~ Eh((x17x2)7 (17 y2))7
and the next proposition gives a precise formulation of this.

Proposition 8.1.4 There erists ¢ < 0o such that if 1 < j1, 52,1 < n—1 are integers, ' = j*/n,y =
l/n,

m i, (G13%), (0, 0) = ("), (L )] < gy Sn(a?m) sin(ym)

& A surprising fact about this proposition is how small the error term is. For fixed 2! < 1, the error is O(n~2)
where one might only expect O(n~1).

Proof Let p = x!. Given k € N, note that |sin(kt)] < ksint for 0 < t < 7. (To see this,
t — ksint £ sin(kt) is increasing on [0,tx] where t; € (0,7/2) solves sin(ty) = 1/k, and sin(-)
continues to increase up to 7 /2, while sin(k -) stays bounded by 1. For 7/2 < t < 7 consider m — ¢
instead, details are left to the reader.) Therefore,

1 i sinh(kx!m)

. ) .
sin(z27) sin(ym) sinh(k) sin(kam) sin(kyr)

k2n2/3

< Z 2 sinh(kpm)

s sinh(km)
I & sinh(kpm)

< — i

- n? k;/g sinh (k)

< 5N wettoom, (8.14)
n

k2n2/3
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Similarly, using (8.12),

1 2. sinh(agz'm) | 5 o .  pi
— k k < k e(1-p)m
sin(z27) sin(y) kz sinh (@) sin(kz*m) sin(kym)| < ~ Z e

2n2/3

Forogajglandk‘<n2/3,
]{73
sinh(zapm) = sinh(zkm) [1 +0 (ﬁ)] .

Therefore,

1 Z [sinh(k‘xlw) sinh(agx!T)

- in(ka?n) sin(kym)| <
sin(z2m) sin(ym) i sinh (k) sinh(aym) }sm( a°m) sin(kym)| <

<n2/3

Zk3—k1p S%Zk5—k(lp

k<n2/3 k<n2/3

where the second to last inequality is obtained as in (8.14). Combining this with (8.8) and (8.13),
we see that

sin(z27) sin(ym)

0 Hic, (G1,), (m, 11)) — h((2,2), (1 s e
Zk S T

O

& The error term in the last proposition is very good except for z' near 1. For z' close to 1, one can give
good estimates for the Poisson kernel by using the Poisson kernel for a half plane (if 22 is not near 0 or 1) or by
a quadrant (if 2% is near 0 or 1). These Poisson kernels are discussed in the next subsection.

8.1.3 Strips and quadrants in 7>

In the continuing discussion we think of Z? as Z + iZ, and we will use complex numbers notation
in this section. Recall r defined in (8.10) and note that

'@ =2 cost++/(2—cost)2—1, e T =2—cost—+/(2—cost)?— 1.

For each t > 0, the function
fiz +iy) = "D sin(yt),  fulz +iy) = e sin(yt),

is harmonic for simple random walk, and so is the function sinh(zr(t))-sin(yt). The next proposition
is an immediate generalization of Proposition 8.1.3 to rectangles that are not squares. The proof
is the same and we omit it. We then take limits as the side lengths go to infinity to get expressions
for other “rectangular” subsets of Z2.
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Proposition 8.1.5 If m,n are positive integers, let
Appn={z+iyeZxiZ :1<z<m-11<y<n-1}
Then
Ha,,,(x+iy,iy1) = Ha,,,(m—z)+iy,m+iy)

| 2RRsinhe()m - 2) (22) o (220,

nis sinh(r(%)m) n

Corollary 8.1.6 If n is a positive integer, let
Ao ={r+iy€ZxiZ:1<x<o00,1 <y<n-—1}
Then

9 n—1 . . ‘
o35l () () ()
| i n n n

and

sin(tx) sin(tzy) dt.

. 2 [T sinh(r(t)(n —y))
HAoo,n(iﬂ +iy,r1) = p /0 sinh(r(¢t)n)

Proof Note that

o R (1)),

This combined with (8.15) gives the first identity. For the second we write

and

Ha,,(x+iy,x1) = lim Hy,  (zv+iy,z1)

m—00

= lim Hy,, (y+iz,iz)
2 " sinh(r(E)(n —y)) <jm> . (jml
= lim — E - T sin sin | =——
m—oo m <= sinh(r(Z%)n) m m
2 [T sinh(r(t)(n —y)) . .
I t t.
77/0 Snh(r (0)7) sin(tz) sin(txy) d
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(8.15)

(8.16)

(8.17)

O

& We derived (8.16) as a limit of (8.15). We could also have derived it directly by considering the collection

of harmonic functions

exp{—r<£>x}sin<ﬂ>, j=1,...,n—1.
n n
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Corollary 8.1.7 Let

Ay ={z+iy € Z xiZ: x> 0}.
Then

1 s
Hy (x+1y,0) = —/ e~ cos(yt) dt.

2 J_,

Remark. If H denotes the discrete upper half plane, then this corollary implies
™

Hy(iy,x) = Hy(— = +iy,0) = %/ eV cos(xt) dt.

—T

Proof Note that

Hay(z+1y,0) = lim Ha,, (z+i(n+y),in)
2n—1 . . .
1
= nh_)ngog jzz:l exp {—r (‘;—Z) aj} sin (%) sin <‘W> .

Note that sin(jm/2) = 0 if j is even. For odd j, we have sin?(j7/2) = 1 and cos(j7/2) = 0, hence

2 2n on )

N . (2j - Dr (2) — Dry
Hy (xz+iy,0) = nangon;exp{ r( . >x} cos< 5

= l/ e @ cos(yt) dt.
0

™

Therefore,

O

Remark. As already mentioned, using the above expression for (Ha, (i,2), x € Z), one can read
off the characteristic function of the stopping position of simple random walk started from e, and
stopped at its first visit to the Z x {0} (see also Exercise 8.1).

Corollary 8.1.8 Let
A oo ={r+1y € Z+iZ : x,y > 0}.
Then,

2 s
Hya, (7 +iy,21) = ;/ e~ " sin(tx) sin(tay) dt.
0
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Proof Using (8.17),

Hapwoo(w +iy,en) = lim Ha (¢ + iy, 1)

— lim 2 [T sinh(r(t)(n —y))
: /0 sinh(r(t)n)

sin(tx) sin(tx) dt

n—oo T

= g/ e " Y sin(tx) sin(tx) dt.
0

™

8.2 Eigenvalues for rectangles

In general it is hard to compute the eigenfunctions and eigenvectors for a finite subset A of Z% with
respect to simple random walk. One feasible case is that of a rectangle

A=R(Ni,...,Ng):={(z',...,2%) € 2?:0 <2/ < N;}.

Ifk:(k‘l,...,k‘d)EZdWithlgk’j<Nj, let

d .
. ) ki
fk(ajl,...,xd) = fk,Nl,...,Nd(:Bl?""xd) = Hsm ( N]' > .
j=1 J

Note that fx =0 on OR(Ny,...,Ng). A straightforward computation shows that

Lhc(zt, ... 2% = a(k) f.

where
1 d k;m
k) =alk;Ny,...,Ny) == =) — 1.
o(k) = alk; Ny, Vo) d;[(N) ]

Using (8.7) we can see that the functions
{fic: 1<k <N;—1},

form an orthogonal basis for the set of functions on R(Ny,..., Ng) that vanish on OR(Ny, ..., Ny).
Hence this gives a complete set of eigenvalues and eigenvectors. We conclude that the (first)
eigenvalue o of R(Ny, ..., Ny), defined in Section 6.9, is given by

1 d s
o = EZCOS <FJ> .
7=1

In particular, as n — oo, the eigenvalue for IC,, = KC;, ¢ = R(n,...,n), is given by
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8.3 Approximating continuous harmonic functions

It is natural to expect that discrete harmonic functions in Z¢, when appropriately scaled, converge
to (continuous) harmonic functions in R¢. In this section we discuss some versions of this principle.
We let U = Uy = {x € R?: |z| < 1} denote the unit ball in R?.

Proposition 8.3.1 There exists ¢ < oo such that the following is true for all positive integers
n,m. Suppose f : (n+m)U — R is a harmonic function. Then there is a function f on B, with
Lf(x) =0,z € B, and such that

¢[1f lloo
2

f(@) = f@)] € =5, z€By (8.18)

In fact, one can choose (recall &, from Section 6.3)
f(x) = E7[f(Se.)]-

Proof Without loss of generality, assume Ifllc = 1. Since f is defined on (n + 1)Uy, f is well
defined. By definition we know that Lf(z) = 0,2 € B,. We need to prove (8.18). By (6.9), if
T € B,

&n—1

fl@) =E | f(Se,) — > LF(S)| = f(x) — (),
j=0

where

$(x) = Y Gg,(2,2) Lf(2).

ZGBn

In Section 6.2, we observed that there is a c such that all 4th order derivatives of f at x are bounded
above by ¢ (n+m — |z|)~*. By expanding in a Taylor series, using the fact that f is harmonic, and
also using the symmetry of the random walk, this implies

Cc

ILf(z)] < m

Therefore, we have

n—1
) <> > M (8.19)

AV E
k=0 k<|z|<k+1 nt+m k)
We claim that there is a ¢ such that for all x,

Z Gg, (r,2) < cl?.
n—I<|z|<n—1
Indeed, the proof of this is essentially the same as the proof of (5.5). Once we have the last estimate,

summing by parts the right-hand side of (8.19) gives that |p(z)| < ¢/m?. O

The next proposition can be considered as a converse of the last proposition. If f : Z¢ — R is
a function, we will also write f for the piecewise constant function on R? defined as follows. For
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each x = (z!,...,27) € 7%, let O, denote the cube of side length 1 centered at z,
1 , .1
O, = {(yl,...,yd) GRd:—§ <yl —al < 5}
The sets {{, : « € Z} partition R?.

Proposition 8.3.2 Suppose f, is a sequence of functions on Z% satisfying Lf,(x) = 0,2 € B, and
sup, | fn(2)| < 1. Let g, : R — R be defined by gn(y) = fo(ny). Then there exists a subsequence
nj and a function g that is harmonic on U such that g,;, — g uniformly on every compact K C U.

Proof Let J be a countable dense subset of U. For each y € J, the sequence g, (y) is bounded and
hence has a subsequential limit. By a standard diagonalization procedure, we can find a function
g on J such that

9n;(y) — gly), yeL

For notational convenience, for the rest of this proof we will assume that in fact g,(y) — ¢(y),
but the proof works equally well if there is only a subsequence.

Given r < 1, let rd = {y € U : |y| < r}. Using Theorem 6.3.8, we can see that there is a
¢, < 0o such that for all n, |g,(y1) — gn(y2)| < ¢ [Jyr — y2| +n71Y for y1,y2 € rUd. In particular,
lg(y1) — g(y2)| < ¢ lyr — yo| for y1,y2 € J NrU. Hence, we can extend g continuously to 7 such
that

lg(y1) —g(w2)| < e lyr — w2l v1,y2 € U, (8.20)

and a standard 3e-argument shows that g, converges to g uniformly on ri.
Since ¢ is continuous, in order to show that g is harmonic, it suffices to show that it has the
spherical mean value property, i.e., if y € 4 and |y| + € < 1,

/ 9(2) dse(2) = g(v).
|z—y|=e

Here s. denotes surface measure normalized to have measure one. This can be established from the
discrete mean value property for the functions f,, using Proposition 7.7.1 and (8.20). We omit the
details. O

8.4 Estimates for the ball

One is often interested in comparing quantities for the simple random walk on the discrete ball
B, with corresponding quantities for Brownian motion. Since the Brownian motion is rotationally
invariant, balls are very natural domains to consider. However, the lattice effects at the boundary
mean that it is harder to control the rate of convergence of the simple random walk. This section
presents some basic comparison estimates.

We first consider the Green’s function G, (x,y). If x = 0, Proposition 6.3.5 gives sharp estimates.
It is trickier to estimate this for other z,y. We will let g denote the Green’s function for Brownian
motion in R? with covariance matrix d='1,

9(z,y) = Cylz —y[*?, d>3,
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g(z,y) = —Caloglz —y|, d=2,
and define g, (z,y) by
gn(z,y) = g(z,y) — E*[9(Br,,y)].

Here B is a d-dimensional Brownian motion with covariance d='I and T;, = inf{t : |B;| = n}.
The reader should compare the formula for g,(x,y) to corresponding formulas for Gg,(z,y) in
Proposition 4.6.2. The Green’s function for standard Brownian motion is g,(x,y)/d.

Proposition 8.4.1 If d > 2 and x,y € B,

& This estimate is not optimal, but improvements will not be studied in this book. Note that if follows that
for every € > 0, if |z, |y| < (1 — ¢)n,

G ) = nio) [1+0 (1) wo. ()],

where we write O, to indicate that the implicit constants depend on € but are uniform in x,y,n. In particular,

we have uniform convergence on compact subsets of the open unit ball.

Proof We will do the d > 3 case; the d = 2 case is done similarly. By Proposition 4.6.2,
G, (r,y) = G(z,y) — E*[G(5¢,,y)] -
Therefore,
l9n (2, y) — G5, (2,9)] < |g(2,y) — G(,y)| + [E¥[g(Br,, y)] — E*[G(S¢,,y)]| -
By Theorem 4.3.1,
c
l9(z,y) — Gz, y)| < [E—

Cy 1
( fnvy) ‘an _ y‘d—Q + <(1 + ’S§n - y‘)d> 7

Note that
E* (141, —y)™ < |n+1—ly||>E"[G(Se,,v)]
< cln+1-yl 2 G(x,y)
< cln+1— |y e -y
< cflz—yl ™+ (n+1—|y) Y.

We can define a Brownian motion B and a simple random walk S on the same probability space
such that for each r,

P{|Br, — S¢,| > r logn} < =,
T
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see Proposition 7.7.1. Since | By, — S¢,| < cn, we see that
cn
E(|Bz, — S¢,[] <Y _P(Br, — Se,| = k) < clog”n.
k=1
Also,
Ca Ca
o —yd2 ]z —y|d2

cle — z|
[n — Iyt

<

O

Let ap, denote the eigenvalue for the ball as in Section 6.9 and define A, by ap, = e *. Let
A = A(d) be the eigenvalue of the unit ball for a standard d-dimensional Brownian motion By, i.e.,

P{|Bs| <1, 0< s <t} ~ce ™M t— 0.

Since the random walk suitably normalized converges to Brownian motion, one would conjecture
that dn?)\, is approximately A for large n. The next proposition establishes this but again not with
the optimal error bound.

Proposition 8.4.2

A 1
w=a 140 ()]

Proof By Theorem 7.1.1, we can find a b > 0 such that a simple random walk S, and a standard
Brownian motion B; can be defined on the same probability space so that

. _RB. -1
P{ng;cﬁwj B]/d|2blogn}§bn .

By Corollary 6.9.6, there is a ¢ such that for all n and all j,
P{|S;| <n, j<kn?}>c e Ankn? (8.21)
For Brownian motion, we know there is a ¢y such that
P{|B;| <1,0 <t <k} <cpe ™.
By the coupling, we know that for all n sufficiently large
P{|S;| <n, j<dA'n?logn} <P{|B] <n+blogn, t<A ' n®logn}+bn!,

and due to Brownian scaling, we obtain

c e _dn2)\n logn < e —m +bnt
Lexp A & = 2% (n+ blogn)?

1 2
< «c3 exp{—logn+0<0i n)}

dn?\,, 1
1-— .
A 0 (logn)

Taking logarithms, we get

v
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A similar argument, reversing the roles of the Brownian motion and the random walk, gives

dn?\,, 1
<1 .
AT +0 (logn)

Exercises

Exercise 8.1 Suppose S, is simple random walk in Z? started at the origin and
T=min{j>1:5; € {ze:xecZ}}.
Let X denote the first component of Sp. Show that the characteristic function of X is
o(t) =1—+/(2—cost)? — 1.
Exercise 8.2 Let V = {(z,y) € R? : 0 < 2,y < 1} and let 5,V = {(1,y) : 0 < y < 1}. Suppose

g : 0V — R is a continuous function that vanishes on 9V \ 0;V. Show that the unique continuous
function on V that is harmonic in V and agrees with g on 9V is

sinh(kzm) .
flx,y) = QZ = h sm(k‘yw),

where
1
Ck :/ sin(tkm) g(1,t) dt.
0
Use this to derive (8.13).

Exercise 8.3 Let Ay o be as in Corollary 8.1.8. Suppose ,yn,k, are sequences of positive
integers with

where x,y, k are positive real numbers. Find

lim nHa. . (Tn + iYn, k).

n—oo

Exercise 8.4 Let f, be the eigenfunction associated to the d-dimensional simple random walk in
7% on By, i.e.,

Lfn(x)=(1—e ) fo(z), z€ By,
with f, =0 on Z¢\ B,, or equivalently,
fal@) = (1= e S Ga, (0,9) (y).
yEBn

This defines the function up to a multiplicative constant; fix the constant by asserting f,,(0) = 1.
Extend f, to be a function of R? as in Section 8.3 and let

Fo(x) = fa(n).
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The goal of this problem is to show that the limit

F(z) = lim F,(z),

exists and satisfies

F(x) =A/| 1g(w,y)F(y) d%y, (8.22)
y|<

where ¢ is the Green’s function for Brownian motion with constant chosen as in Section 8.4. In

other words, F'is the eigenfunction for Brownian motion. (The eigenfunction is the same whether

we choose covariance matrix I or d~'1.) Useful tools for this exercise are Proposition 6.9.4, Exercise
6.6, Proposition 8.4.1, and Proposition 8.4.2. In particular,

(i)

(if)

(vi)
(vii)

Show that there exist c1,co such that
c1[l —|z]] < Fu(z) < el — |z| + n71).
Use a diagonalization argument to find a subsequence n; such that for all z with rational

coordinates the limit
F(z) = lim F,, (z)

J—00
exists.
Show that for every r < 1, there is a ¢, such that for |z|, |y| <,

|Fu(@) = Fu(y) < ¢ [l =y +n7"].

Show that F' is uniformly continuous on the set of points in the unit ball with rational
coordinates and hence can be defined uniquely on {|z| < 1} by continuity.
Show that if |z|, |y| < ¢, then

[F(z) = F(y)| < ¢ lx =yl

Show that F satisfies (8.22).
You may take it as a given that there is a unique solution to (8.22) with F(0) = 1 and
F(z) =0 for |z| = 1. Use this to show that F,, converges to F' uniformly.
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Loop Measures

9.1 Introduction

Problems in random walks are closely related to problems on loop measures, spanning trees, and
determinants of Laplacians. In this chapter we will gives some of the relations. Our basic viewpoint
will be different from that normally taken in probability. Instead of concentrating on probability
measures, we consider arbitrary (positive) measures on paths and loops.

Considering measures on paths or loops that are not probability measures is standard in statistical
physics. Typically one consider weights on paths of the form e ?F where 3 is a parameter and
E is the “energy” of a configuration. If the total mass is finite (say, if the there are only a finite
number of configurations) such weights can be made into probability measures by normalizing.
There are times where it is more useful to think of the probability measures and other times where
the unnormalized measure is important. In this chapter we take the configurational view.

9.2 Definitions and notations

Throughout this chapter we will assume that
X ={zo,z1,...,Zn-1}, or X ={zg,x1,...}

is a finite or countably infinite set of points or vertices with a distinguished vertex x( called the
T00%.

e A finite sequence of points w = [wg, w1, ...,wk] in X is called a path of length k. We write |w| for
the length of w.

e A path is called a cycle if wg = wy. If wg = x, we call the cycle an x-cycle and call x the root of
the cycle.

We allow the trivial cycles of length zero consisting of a single point.

o If x € X, we write z € w if x = w; for some j =0,...,|w|.
o If A C X, we write w C A if all the vertices of w are in A.

e A weight q is a nonnegative function ¢ : X x X — [0,00) that induces a weight on paths

||

g(w) = [ a(wj-1,95).
j=1

198
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By convention g(w) =1 if |w| = 0.
e ¢ is symmetric if g(x,y) = q(y,z) for all =,y

& Although we are doing this in generality, one good example to have in mind is X = Z% or X equal to a
finite subset of Z? containing the origin with 2o = 0. The weight ¢ is that obtained from simple random walk,
i.e., q(z,y) =1/2dif |x —y| = 1 and ¢ = 0 otherwise.

e We say that X is g-connected if for every x,y € X there exists a path
w = [OJ(],(U1, s ,(,Uk]

with wg = z,w, =y and g(w) > 0.
e g is called a (Markov) transition probability if for each x

> qlw,y) = 1.
Yy

In this case g(w) denotes the probability that the chain starting at wq enters states wy,...,wy in
that order. If X is g-connected, q is called irreducible.
e ¢ is called a subMarkov transition probability if for each x

> qla,y) <1,

and it is called strictly subMarkov if the sum is strictly less than one for at least one x. Again, ¢
is called irreducible if X is g-connected. A subMarkov transition probability ¢ on X can be made
into a transition probability on X U {A} by setting ¢(A,A) =1 and

Q(x7A) =1- ZQ(‘TJy)'
y

The first time that this Markov chain reaches A is called the killing time for the subMarkov
chain.

& If ¢ is the weight corresponding to simple random walk in Z¢, then ¢ is a transition probability if X = Z¢
and ¢ is a strictly subMarkov transition probability if X' is a proper subset of Z.

e If ¢ is a transition probability on X', two important ways to get subMarkov transition probabilities
are:

— Take A C X and consider ¢(z,y) restricted to A. This corresponds to the Markov chain killed
when it leaves A.

— Let 0 < A < 1 and consider A\g. This corresponds to the Markov chain killed at geometric rate
(I=X).

e The rooted loop measure m = m, is the measure on cycles defined by m(w) = 0 if |w| = 0 and

mw) = my() = 922, el 21

q(w)
\
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e An unrooted loop or cycle is an equivalence class of cycles under the equivalence
[wo, W1, .o, WE] ~ W)y Wi, - Wy W - -+, W) (9.1)

We denote unrooted loops by w and write w ~ @ if w is a cycle that produces the unrooted loop
w.

The lengths and weights of all representatives of @ are the same, so it makes sense to write ||
and ¢q(@).

e If W is an unrooted loop, let
Kw)=#{w:w~w}

be the number of representatives of the equivalence class. The reader can easily check that K (@)
divides |@| but can be smaller. For example, if @ is the unrooted loop corresponding to a rooted
loop w = [z,y, x,y, x] with distinct vertices x,y, then |w| = 4 but K(w) = 2.

e The unrooted loop measure is the measure m = M, obtained from m by “forgetting the root”,
ie.,

e A weight ¢ generates a directed graph with vertices X' and directed edges = {(z,y) € X x X :
q(x,y) > 0}. Note that this allows “self-loops” of the form (x,z). If ¢ is symmetric, then this is
an undirected graph. In this chapter graph will mean undirected graph.

o If #(X) =n < oo, a spanning tree T (of the complete graph) on vertices X is a collection of
n — 1 edges in X such that X with these edges is a connected graph.

e Given ¢, the weight of a tree 7 (with respect to root xg) is

o(Timo)= [[ alz.2),

(z,2")eT

where the product is over all directed edges (x,2’) € 7 and the direction is chosen so that the
unique self-avoiding path from z to xg in 7 goes through z’.

e If ¢ is symmetric, then ¢(7; x¢) is independent of the choice of the root zy and we will write ¢(7)
for (7;x¢). Any tree with positive weight is a subgraph of the graph generated by g.

o If ¢ is a weight and A > 0, we write gy for the weight A\g. Note that gy(w) = Al g(w), qx(T) =
AL g(T). If q is a subMarkov transition probability and A < 1, then g, is also a subMarkov
transition probability for a chain moving as ¢ with an additional geometric killing.

e Let £; denote the set of (rooted) cycles of length j and

Li(A)={weLl;:wcCA}
Li(A) ={we Lj(A):zew}, Lj=LjX).

c=Jz;, =L, cra=Jc5@), =L
j=0 Jj=0 Jj=0

J=0
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We also write £;, £;(A), etc., for the analogous sets of unrooted cycles.

9.2.1 Simple random walk on a graph

An important example is simple random walk on a graph. There are two different definitions that
we will use. Suppose X is the set of the vertices of an (undirected) graph. We write z ~ y if x is
adjacent to y, i.e., if {x,y} is an edge. Let

deg(z) = #{y 1z ~y}
be the degree of x. We assume that the graph is connected.

e Simple random walk on the graph is the Markov chain with transition probability

q Jy - deg(x)7 y

If X is finite, the invariant probability measure for this Markov chain is proportional to d(z).
e Suppose

d = sup deg(z) < o0.
reX

The lazy (simple random) walk on the graph, is the Markov chain with symmetric transition
probability

q(z,y) = é, T~y
d — deg(z

We can also consider this as simple random walk on the augmented graph that has added d —
deg(z) self-loops at each vertex z. If X is finite, the invariant probability measure for this Markov
chain is uniform.

e A graph is regular (or d-regular) if deg(xz) = d for all z. For regular graphs, the lazy walk is the
same as the simple random walk.

e A graph is transitive if “all the vertices look the same”, i.e., if for each z,y € X there is a graph
isomorphism that takes x to y. Any transitive graph is regular.

9.3 Generating functions and loop measures

In this section, we fix a set of vertices X and a weight ¢ on X.

o If x € X, the z-cycle generating function is given by
gha) = Y Mgy = Y aw).
weL ,wo=2x weL wo=x

If ¢ is a subMarkov transition probability and A < 1, then g(A;z) denotes the expected number
of visits of the chain to x before being killed for a subMarkov chain with weight g, started at x.
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e For any cycle w we define
d(w) = #{] 1 S] < ‘wlij = wO}v

and we call w an irreducible cycle if d(w) = 1.
e The first return to x generating function is defined by

fxz) = > g(w) A,
wel,|w|>1wo=z,d(w)=1

If A\q is a subMarkov transition probability, then f(\;x) is the probability that the chain starting
at z returns to x before being killed.

One can check as in (4.6), that
ghiz) =1+ f(Xz)g(A z),

which yields
1

YN T vy

If X is finite, the cycle generating function is

gN) =D gha) =D Algw) = a(w).

TEX weL weL

Since each & € X has a unique cycle of length 0 rooted at z,
9(0;z) =1,  g(0) = #(X).
e If X is finite, the loop measure generating function is
. e Al
() =Y Almyw) =Y Am@) = > ol q(w).
weL weLl weL,|w|>1

Note that if #(X) =n < oo,

A _
B0)=0, g\ =1\ +n, GO = / 9(8)7" ds.
0
o If A C X is finite, we write
vl =\ K (o) A
F(A;\) =exp % = exp Z q(w) I‘{w("‘)) A
WEL(A),|w|>1 weLl(A),lw>1

In other words, log F'(A;\) is the loop measure (with weight ¢y) of the set of loops in A. In
particular, F(X;\) = e®®),

e If z € A (A not necessarily finite), let log F.(A; ) denote the loop measure (with weight ¢y) of
the set of loops in A that include z, i.e.,

w) Al o) K (@) Al
F.(A;\) = exp Z M = exp Z q(@) K (@) A

weL®(A),lw|>1 o weL”(A),[@]>1 1
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More generally, if V' C A, log Fy/(A4; \) denotes the loop measure of loops in A that intersect V,

w) Al - _y 3l
Fy(A;A) = exp Z u = exp Z M

|w] o~ - =]
WEL(A),|w|>1,V w0 WEL(A),[@]>1, Vw0

If 17 is a path, we write F}, for Fyy where V' denotes the vertices in 7. Note that F/(A; \) = Fa(A4; \).
o We write F'(A) = F(A;1), Fy(A) = Fp(A;1).

Proposition 9.3.1 If A = {y1,...,yx}, then
F(A;X) = Fa(A;0) = Fy, (A N) Fyy (A \) -+ Fy, (A1 A), (9.3)
where A; = A\ {y1,...,yi}. More generally, if V.= {y1,...,y;} C A then
Fv(A;A) = Fy (A 0) Fiy (A A) - Fy (413 ). (9.4)

In particular, the products on the right-hand side of (9.3) and (9.4) are independent of the ordering
of the vertices.

Proof This follows from the definition and the observation that the collection of loops that intersect
V' can be partitioned into those that intersect y;, those that do not intersect y; but intersect yo,
etc. ]

The next lemma is an important relationship between one generating function and the exponential
of another generating function.

Lemma 9.3.2 Suppose x € A C X. Let

ga(A;z) = q(w) Al

weL(A)wo=z
Then,
E. (A )) = ga(\; ).

Remark. If A = 1 and ¢ is a transition probability, then g4(1;z) (and hence by the lemma
F,.(A) = F,(A;1)) is the expected number of visits to by a random walk starting at x before
its first visit to X \ A. In other words, F,(A)~! is the probability that a random walk starting
at = reaches X' \ A before its first return to z. Using this interpretation for F,(A), the fact that
the product on the right-hand side of (9.3) is independent of the ordering is not so obvious. See
Exercise 9.2 for a more direct proof in this case.

Proof Suppose @ € L (A). Let d,(@) be the number of times that a representative w of @ visits =
(this is the same for all representatives w). For representatives w with wy = z, d(w) = d,(@). It is
easy to verify that the number of representatives w of @ with wy = x is K(@)d,(w)/|@|. From this
we see that
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Therefore,
|l

— @] q(w) A
Z m(w))\‘ | = Z W

weLlr(A) weL(A),wo=x

Z% S @),

Jj=1" wel(A)wo=z,d(w)=j

An z-cycle w with d,(w) = j can be considered as a concatenation of j xz-cycles w’ with d(w') = 1.
Using this we can see that
J

> awaH= S @A = faay

weL(A)wo=,d(w)=j weL(A)wo=z,d(w)=1
Therefore,
> z; \)!
fog P (4:0) = Y LA — tog— 400 0)) = log a (352,
j=1
The last equality uses (9.2). O

Proposition 9.3.3 Suppose #(X) =n < oo and X > 0 satisfies F(X;\) < oo. Then

1

PN = qam—ar

where @ denotes the n x n matric [q(z,y)]zyex -

Proof Without loss of generality we may assume A = 1. We prove by induction on n. If n = 1 and
Q@ = (r), then F(X;1) =1/(1 —r). To do the inductive step, suppose n > 1 and = € X, then

=i Ly det[T — Q]
g(1;2) = j;@ =l0-@ .= mr—a

T,z

where @), denotes the matrix ) with the row and column corresponding to x removed. The last
equality follows from the adjoint form of the inverse. Using (9.3) and the inductive hypothesis on
X\ {z}, we get the result. O

Remark. The matrix I — AQ is often called the (negative of the) Laplacian. The last proposition
and others below relate the determinant of the Laplacian to loop measures and trees.

e Let Ao, denote the radius of convergence of g(\;x).

— If X' is g-connected, then )¢, is independent of x and we write just Ap.

— If X is g-connected and finite, then )¢ is also the radius of convergence for g(A) and F(X;\)
and 1/)¢ is the largest eigenvalue for the matrix @ = (¢(z,y)). If ¢ is a transition probability,
Ao = 1. If ¢ is an irreducible, strictly subMarkov transition probability, then Ag > 1.

If X is g-connected and finite, then g(A\g) = g(Mo;x) = F(X;\g) = co. However, one can show
easily that FI(X \ {z};\g) < oo. The next proposition shows how to compute the last quantity
from the generating functions.
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Proposition 9.3.4 Let A\g be the radius of convergence of g. Then if v € X,

log F(X\ {x};ho) = lim [log F(A;A) — log g(X; ).

Proof
log F(X\ {z};h0) = lim log F(AX\ {z};A)
= Alir;l [log F(X;\) —log Fo.(X; \)].

—A0—

O

If #(X) < oo and a subset & of edges is given, then simple random walk on the graph (X,€) is
the Markov chain corresponding to

q(z.y) = #{z: (1,2) € €N, (my) €&
If #(X) =n < oo and (X, &) is transitive, then
g(\sz) =n""g(\),
and hence we can write Proposition 9.3.4 as

log F(X \ {z}, A\o) =logn + lim [®(A)—logg(N)].

A—Ao—

Proposition 9.3.5 Suppose X is finite and q is an irreducible, transition probability, reversible with
respect to the invariant probability w. Let oy = 1, g, . . ., v, denote the eigenvalues of Q = [q(x,y)].
Then for every x € X,

1 n
FX\{a}) ~ @ 16

j=2
Proof Since the eigenvalues of I — AQ are 1 — Aaq,...,1 — Aay,, we see that
det I )\Q -
li —
N |
j=2
If A < 1, then Proposition 9.3.3 states
F(X;)\) = L
T det[I - \Q)

Also, as A — 1—,
g(hia) ~ (@) (1= A7

where 7 denotes the invariant probability. (This can be seen by recalling that g(A; z) is the number
of visits to « by a chain starting at = before a geometric killing time with rate (1 —X\). The expected
number of steps before killing is 1/(1 — A), and since the killing is independent of the chain, the
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expected number of visits to x before begin killed is asymptotic to m(z)/(1 — A).) Therefore, using
Proposition 9.3.4,

log F(¥\ {z}) = lim [log F(¥;A) —logg(A; )]

= —logn(z) ~ Y log(l - o).
j=2

9.4 Loop soup

e If V is a countable set and v : V' — [0,00) is a measure, then a (Poisson) soup from v is a
collection of independent Poisson processes

N, zeV,

where N’ has parameter v(x). A soup realization is the corresponding collection of multi-setst
A; where the number of times that x appears in A4; is N’. This can be considered as a stochastic
process taking values in multi-sets of elements of V.

e The rooted loop soup C; is a soup realization from m.

e The unrooted loop soup C; is a soup realization from 7.

From the definitions of m and ™ we can see that we can obtain an unrooted loop soup C; from
a rooted loop soup C; by “forgetting the roots” of the loops in C;. To obtain C; from C;, we need
to add some randomness. More specifically, if @ is a loop in an unrooted loop soup C;, we choose a
rooted loop w by choosing uniformly among the K (@) representatives of @. It is not hard to show
that with probability one, for each t, there is at most one loop in

o |uel

Hence we can order the loops in C; (or Cy) according to the “time” at which they were created; we
call this the chronological order.

Proposition 9.4.1 Suppose v € A C X with F,(A) < co. Let C4(A;x) denote an unrooted loop
soup Cy restricted to Ly(A). Then with probability one, C1(A;x) contains a finite number of loops
which we can write in chronological order

Suppose that independently for each unrooted loop wW;, a rooted loop w; with wy = x is chosen uni-
formly among the K () d,(w)/[@| representatives of @ rooted at x, and these loops are concatenated
to form a single loop

N=w1Dwa® - D wg.

1 A multi-set is a generalization of a set where elements can appear multiple times in the collection.
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Then for any loop ' C A rooted at x,

Plr =1} = 0.

Proof We first note that wq,...,w; as given above is the realization of the loops in a Poissonian
realization corresponding to the measure

up to time 1 listed in chronological order, restricted to loops w € L(A) with wy = z. Using the
argument of Lemma 9.3.2, the probability that no loop appears is

" _ gw) | _ 1
exp § — Z m,(w) p =exp{ — Z ) (" EA

weL(A)wo=x weL(A)wo=x r

More generally, suppose ' € L£(A) is given with n{, = z and d(n’) = k. For any choice of positive
Ji,...,Jr integers summing to k, we have a decomposition of 7/,

n/:w:[@...@wr

where w; is a loop rooted at = with d,(w;) = j;. The probability that wy,...,w, (and no other
loops) appear in the realization up to time 1 in this order is

b {~ Tocttpms M@} o)t = L @) ale)
-l x x \r - T'FI(A) ]1]7“
a(n’) 1

Fe(A) 71 (Gr--- )

The proposition then follows from the following combinatorial fact that we leave as Exercise 9.1:

1
> At

j1+“‘+jr':k
O
9.5 Loop erasure
o A path w = [wo,...,wy] is self-avoiding if wj # wy, for 0 < j <k < n.
Given a path w = [wy, ... ,wy,] there are a number of ways to obtain a self-avoiding subpath of w

that goes from wg to w,. The next definition gives one way.

o If w=[wy,...,wy|is apath, LE(w) denotes its (chronological) loop-erasure defined as follows.
— Let 09 = max{j < n:w; =0}. Set 7y = wy = We,-
— Suppose 0; < n. Let ;11 = max{j < n:w;j = wg41}. Set Nip1 = Wo, ;= Wo,41-
— If i, = min{i : 0; = n} = min{i : n; = w, }, then LE(w) = [no, ..., ni].
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A weight ¢ on paths induces a new weight G4 on self-avoiding paths by specifying that the weight
of a self-avoiding path 7 is the sum of the weights of all the paths w in A for which n = L(w). The
next proposition describes this weight.

Proposition 9.5.1 Suppose A C X,i > 1 and n = [no,...,n] is a self-avoiding path whose vertices
are in A. Then,

ga) == > qlw)=qn) F(A), (9.5)

weL(A);LE(w)=n
where, as before,

F,(A) = exp Z a(w)

weL(A),|lw|>1,nNw#0
Proof Let A_y = A, Aj = A\ {no,...,n;}. Given any w with LE(w) =7, we can decompose w as
w=w’®no,m] ®w' & [n1,m2] &+ B [mi—1,ms] B’

where w’ denotes the loop

[ng71+1, e ,ng]
(here o_1 = —1). The loop w’ can be any loop rooted at n; contained in A;_1. The total measure
of such loops is F; (A;-1), see Lemma 9.3.2. The result then follows from (9.4). O

In particular, Ga(n) depends on A. The next proposition discusses the “Radon-Nikodym deriva-
tive” of ¢4, with respect to ga for A; C A.

o If V1,V C A, Let

q(w)
Fyy v, (A) = exp Z W
wEL(A),wNVi #D,wNVa#D

Proposition 9.5.2 Suppose Ay C A and n = [no, ..., is a self-avoiding path whose vertices are
i Ay. Then

4a(n) = q4a, () Fyy a4, (A).
Proof This follows immediately from the relation F,(A) = F;;(A1) F;; a\ 4, (A). O

The “inverse” of loop erasing is loop addition. Suppose n = [ng,...,nx| is a self-avoiding path.
We define a random variable Z,, taking values in the set of paths w with LE(w) = 7 as follow. Let
C; be a realization of the unrooted loop soup in A as in Proposition 9.4.1. For each 0 < j < k, let

wl,ja wQ7j7 R ij7j7

denote the loops in C; that intersect n; but do not intersect {no,...,nj—1}. These loops are listed
in the order that they appear in the soup. For each such loop w; ;, choose a representative wj ;
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roooted at 7;; if there is more than one choice for the representative, choose it uniformly. We then
concatenate these loops to give

Wj = wi; D D w5
If s; =0, define @; to be the trivial loop [n;]. We then concatenate again to define

w=Z(n) =@ ® [no,m] ®1® [n,m2] & @ [Me—1,m] © g

Proposition 9.4.1 tells us that there is another way to construct a random variable with the distribu-
tion of Z,. Suppose @y, ...,w, are chosen independently (given 1) with @; having the distribution
of a cycle in A\ {no,...,nj—1} rooted at n;. In other words if w’' € L(A\ {no,...,nj—1}) with
wy = 1, then the probability that ©; = " is q(w')/Fy, (A\ {no, ..., nj-1})-

9.6 Boundary excursions

Boundary excursions in a set A are paths that begin and end on the boundary and otherwise stay
in A. Suppose X, g are given. If A C X we define

0A=(0A); ={ye X\ A:q(x,y)+q(y,z) > 0 for some z € A}.

A (boundary) excursion in A is a path w = [wo,...,wy,] with n > 2 such that wg,w, € JA and
Wiy ,Wp—1 € A.
e The set of boundary excursions with wyp = x and wy,,| = y is denoted £4(z,y), and

gA = U EA(‘Tay)
r.ycdA

o Let & A(x,y),é 4 denote the subsets of £4(z,y),E4, respectively, consisting of the self-avoiding
paths. If z = y, the set E’A($, y) is empty.

e The measure ¢ restricted to £4 is called excursion measure on A.

e The measure ¢ restricted to €4 is called the self-avoiding excursion measure on A.

e The loop-erased excursion measure on A, is the measure on €4 given by

4(n) = q¢{w € €a: LE(w) = n}.
As in (9.5), we can see that
q(n) = q(n) F;(A). (9.6)

o If x,y € DA, ¢,4 can also be considered as measures on E4(x,y) or E:'A(x,y) by restricting to
those paths that begin at x and end at y. If z = y, these measures are trivial for the self-avoiding
and loop-erased excursion measures.

& If ;1 is a measure on a set K and K1 C K, then the restriction of ;1 to K7 is the measure v defined by
v(V) = pu(VNKy). If uis a probability measure, this is related to but not the same as the conditional measure
given K7; the conditional measure normalizes to make the measure a probability measure. A family of measures
ta, indexed by subsets A, supported on €4 (or £a(z,y)) is said to have the restriction property if whenever
Ay C A, then pa, is pg restricted to €4, (€4, (z,y)). The excursion measure and the self-avoiding excursion
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measure have the restriction property. However, the loop-erased excursion measure does not have the restriction
property. This can be seen from (9.6) since it is possible that F; (A1) # F,(A).

The loop-erased excursion measure ¢ is obtained from the excursion measure g by a deterministic
function on paths (loop erasure). Since this function is not one-to-one, we cannot obtain ¢ from
G without adding some extra randomness. However, one can obtain ¢ from ¢ by adding random
loops as described at the end of Section 9.5.

The next definition is a generalization of the boundary Poisson kernel defined in Section 6.7.

e The boundary Poisson kernel is the function Hgy : 0A x 0A — [0,00) given by

Hpa(z,y) = > qw).

Note that if w € £4(x,y), then LE(w) € E4(z,y). In particular, if x # y,
Hpa(z,y) = Y. d(n).

ne€a(z,y)

Suppose k is a positive integer and x1, ..., %k, Y1,-..,yr are distinct points in 0A. We write x =
(X1, yxk),y = (Y1,---,yx). We let

Eax,y) = Ealmr,y1) X -+ x Ealwr, yi),

and we write [w] = (w',...,w") for an element of £4(x,y) and

q(W]) = (g% x @)([w]) = gw") g(w?) - q(").
We can consider ¢ X --- X ¢ as a measure on £4(x,y). We define £4(x,y) similarly.

e The nonintersecting excursion measure g4(x,y) at (x,y) is the restriction of the measure gx- - -xq
to the set of [w] € £4(x,y) that do not intersect, i.e., w'Nw’ = 0,1 <i<j<k.

e The nonintersecting self-avoiding excursion measure at (x,y) is the restriction of the measure
g X -+ X q to the set of [w] € & A(x,y) that do not intersect. Equivalently, it is the restriction of
the nonintersecting excursion measure to & A(x,y).

There are several ways to define the nonintersecting loop-erased excursion measure. It turns out
that the most obvious way (restricting the loop-erased excursion measure to k-tuples of walks that
do not intersect) is neither the most important nor the most natural. To motivate our definition,
let us consider the nonintersecting excursion measure with & = 2. This is the measure on pairs of
excursions (w!,w?). that gives measure q(w') ¢(w?) to each (w!, w?) satisfying w!Nw? = (. Another

way of saying this is the following.

e Given w!, the measure on w? is g restricted to those excursions w € £4(z2, y2) such that wNw! = 0.
In other words, the measure is g restricted to €4\, (x2,Y2).

More generally, if £ > 2 and 1 < j < k — 1, the following holds.

e Given w!,...,w’, the measure on w/T! is ¢ restricted to excursions in &€ A(zj11,yj41) that do not
intersect w! U---Uw’. In other words, the measure is q restricted to EA\ (U Uwi) (Tj+15 Yjg1)-
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The nonintersecting self-avoiding excursion measure satisfies the analogous property. We will use
this as the basis for our definition of the nonintersecting loop-erased measure §a(X,y) at (x,y). We
want our definition to satisfy the following.

e Given 7', ..., n’, the measure on n?*! is the same as (jA\(nlu...Unj)(ﬂi'j+1,yj+1).
This leads to the following definition.

e The measure §4(x,y) is the measure on é A(x,y) obtained by restricting g4(x,y) to the set V of
k-tuples [w] € £a(x,y) that satisfy

WAt U Uy =0, j=1,... k-1, (9.7)
where 7/ = LE(w?), and then considering it as a measure on the loop erasures. In other words,
Gant, ..o =q{wt, ..., ") eV LE(W) =1, j=1,...,k, satisfying (9.7)}.

This definition may look unnatural because it seems that it might depend on the order of the pairs
of vertices. However, the next proposition shows that this is not the case.

Proposition 9.6.1 The G4(x,y)-measure of a k-tuple (n',... ,nF) is

k
[[aa0?)| Hn £0,1<i<j<n}Fu (A7
=1

where

q
Fo o (A) =exp g —’ wint, .0y,
eL(A

and J(w;n',...,n¥) = max{0,s — 1}, where s is the number of paths ', ... ,n* intersected by w.

Proof Proposition 9.5.1 implies

k
[T aa) =
j=1

However, assuming that n’ Nn/ = 0 for i # j,

k k
ga(n*,...w) =T a@") [ exp > % : (9.9)
j=1 j=1

WEL(A\(MmU-mj—1),|w|>1,wNn;#0

k

H exp > %“") : (9.8)
1

j= WEL(A), |w|> 1,00 0

If a loop w intersects s of the 7, where s > 2, then it appears s times in (9.8) but only one time
n (9.9). O

e Let Hy,(x,y) denote the total mass of the measure G4(x,y).
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If K =1, we know that ]fIaA(a;,y) = Hpa(z,y). The next proposition shows that for £ > 1, we
can describe Hpa(x,y) in terms of the quantities Hya(x;,y;). The identity is a generalization of
a result of Karlin and McGregor on Markov chains (see Exercise 9.3). If 7 is a permutation of

{1,...,k}, we also write 7(y) for (yx(1)s---»Yr(k))-
Proposition 9.6.2 (Fomin’s identity)

Z(_l)sgmr ﬁ@A(Xv 77(3’)) = det [H(’)A(xia yj)]lgm'gk . (9'10)

™

Remark. If A is a simply connected subset of Z? and ¢ comes from simple random walk, then
topological considerations tell us that Hga(x,7(y)) is nonzero for at most one permutation . If
we order the vertices so that this permutation is the identity, Fomin’s identity becomes

g@A(Xa y) = det [Hoa(z;, yj)hgi,jgk .

Proof We will say that [w] is nonintersecting if (9.7) holds and otherwise we call it intersecting.
Let

&= UgA(Xvﬂ'(y))v (9'11)

let £X,; be the set of nonintersecting [w] € £*, and let £ = £* \ £} be the set of intersecting [w].
We will define a function ¢ : £ — £* with the following properties.

e ¢ is the identity on &y;.

o q([w]) = a(e([w]))-

o If [w] € & NEA(x,(y)), then ¢([w]) € Ea(x,m1(y)) where sgnm = —sgnm. In fact, m; is the
composition of 7 and a transposition.

e ¢ o ¢ is the identity. In particular, ¢ is a bijection.

To show that existence of such a ¢ proves the proposition, first note that

k
det [Hoa(zi,yj))1<i j<p = Z(—l)sgm HHaA(:Ei,yw(z'))-

™ =1
Also,

Hoa (i, Yr(i)) = q(w).
WEEA(Ti,Yn(s))

Therefore, by expanding the product, we have

det [Hoa(@i y)lci jep = D (CDTq(w) = Y (=1 q([p(w)).

[wle&* [w]e€*

In the first summation the permutation 7 is as in (9.11). Hence the sum of all the terms that come
from w € &7 is zero, and

det[HaA(xiayj)]lgmgk: Z (—1)%" g([w]).

[wleEX |



9.6 Boundary ercursions 213

But the right-hand side is the same as the left-hand side of (9.10). We define ¢ to be the identity
on &y, and we now proceed to define the bijection ¢ on £7.
Let us first consider the & = 2 case. Let [w] € &7,

E = wl = [g()a s agm] € gA(mlay)’ W= w2 = [WO, s awn] € 5A($2ay/))

n=[no,...,m] = LE(E),
where y = y1,y = y2 or y = y2,y’ = y1. Since [w] € £F, we know that
nNw=L(¢) Nw # 0.
Define
s=min{l :m €w}, t=max{l:§ =1}, u=max{l:w; =ns}.
Then we can write £ = ¢~ @ ¢, w = w™ @ wT where

5_:[507"'7€t]7 §+:[£t7---7§m]7

= [wu’---’wn]'

W =Wy ,Wyl, w
We define
(W) =o(E” @T v dwh)) =( dwh,w &),

Note that £~ @ w™ € Ea(w1,y), w™ BET € Eawa,y), and ¢(d([w])) = q([w]). A straightforward
check shows that ¢ o ¢ is the identity.

Figure 0-a
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Suppose k > 2 and [w] € £F. We will change two paths as in the k = 2 case and leave the others
fixed being careful in our choice of the paths to make sure that ¢(¢([w])) = [w]. Let n' = LE(w?).
We define

r=min{i : ' Nw’ # () for some j > i},
s=min{l: 7 € WU U,
b=min{j >r:1 €w},
t=max{l:w/ =77}, w=max{l:w’=n"}
We make the interchange
(W™ @ Wit Wb @ wb’+) — (W Wit Wb @ w"T)

as in the previous paragraph (with (w”,w?) = (£,w)) leaving the other paths fixed. This defines ¢,
and it is then straightforward to check that ¢ o ¢ is the identity. O

9.7 Wilson’s algorithm and spanning trees

Kirchhoff was the first to relate the number of spanning trees of a graph to a determinant. Here we
derive a number of these results. We use a more recent technique, Wilson’s algorithm, to establish
the results. This algorithm is an efficient method to produce spanning trees from the uniform
distribution using loop-erased random walk. We describe it in the proof of the next proposition.
The basic reason why this algorithm works is that the product on the right-hand side of (9.3) is
independent of the ordering of the vertices.

Proposition 9.7.1 Suppose #(X) = n < oo and q are transition probabilities for an irreducible
Markov chain on X. Then

1
ZQ(TJ?O) = P\ {zo]) (9.12)

T

Proof We will describe an algorithm due to David Wilson that chooses a spanning tree at random.
Let X = {33‘0, ce ,x’n_l}.

e Start the Markov chain at 7 and let it run until it reaches xy. Take the loop-erasure of the
set of points visited, [ng = x1,m1,...,m = xo]. Add the edges [no, m], [n1,m2],-- -, Mi-1, ]
to the tree.

e If the edges form a spanning tree we stop. Otherwise, we let j be the smallest index such
that x; is not a vertex in the tree. Start a random walk at x; and let it run until it reaches
one of the vertices that has already been added. Perform loop-erasure on this path and add
the edges in the loop-erasure to the tree.

e Continue until all vertices have been added to the tree.

We claim that for any tree 7, the probability that 7 is output in this algorithm is
a(T;20) F(X\ {zo}). (9.13)
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The result (9.12) follows immediately. To prove (9.13), suppose that a spanning tree 7 is given.
Then this gives a collection of self-avoiding paths:

m=[Y1,1 =21, Y1,2---» Y1 k1s 21 = Z0)
N2 = [Y2,15 Y2,25- -+ Y2,ke> 22
m = [ym,ly Ym,25 -+ YUm,km> Zm] .

Here n; is the unique self-avoiding path in the tree from z; to xg; for j > 1, y; 1 is the vertex of
smallest index (using the ordering zg,z1,...,2,—1) that has not been listed so far; and n; is the
unique self-avoiding path from y; 1 to a vertex z; in 71 U---Un;—1. Then the probability that 7 is
chosen is exactly the product of the probabilities that

e if a random walk starting at x; is stopped at xg, the loop-erasure is 7y;
e if a random walk starting at ys 1 is stopped at 7, then the loop-erasure is 7o

e if a random walk starting at y,, 1 is stopped at 11 U---Un,,—1, then the loop-erasure is 7,,.
With this decomposition, we can now use (9.5) and (9.3), we obtain (9.13). O

Corollary 9.7.2 If C,, denotes the number of spanning trees of a connected graph with vertices
{zo,21,...,2n_1}, then

logC,, = Zlog d(z;) —log F(X \ {z0})

- Z log d(xj) + )\lir{l_ [log g(A;z0) — ®(N)].

Here the implicit q is the transition probability for simple random walk on the graph and d(x;)
denotes the degree of x;. If C, is a transitive graph of degree d,

logCp, = (n— 1) logd —logn + )\linll [log g(A) — ®(AN)]. (9.14)

Proof For simple random walk on the graph, for all 7,

q(T;z0) = Hdazj

In particular, it is the same for all trees, and (9.12) implies that the number of spanning trees is

-1

[4(T 5 20) F(X \ {zo})] ™ H d(z;) | F(X\{xo})™!
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The second equality follows from Proposition 9.3.4 and the relation ®(\) = F(x;A). If the graph
is transitive, then g(A) = n g(\; ), from which (9.14) follows. O

& If we take a connected graph and add any number of self-loops at vertices, this does not change the number
of spanning trees. The last corollary holds regardless of how many self-loops are added. Note that adding self-loops
affects both the value of the degree and the value of F/(X \ {zo}).

Proposition 9.7.3 Suppose X is a finite, connected graph with n vertices and maximal degree d,
and P is the transition matriz for the lazy random walk on X as in Section 9.2.1. Suppose the
eigenvalues of P are

ar =1, ag, ..., Q.
Then the number of spanning trees of X is

dn—l n—l

J

(1= aj).
2

n

Proof Since the invariant probability is 7 = 1/n, Proposition 9.3.5 tells us that for each x € X,

71 =n! - —Qj
gy " L0-a)

O

& The values 1 — a; are the eigenvalues for the (negative of the) Laplacian I — @ for simple random walk
on the graph. In graph theory, it is more common to define the Laplacian to be +d(I — Q). When looking at
formulas, it is important to know which definition of the Laplacian is being used.

9.8 Examples
9.8.1 Complete graph

The complete graph on a collection of vertices is the graph with all (distinct) vertices adjacent.

Proposition 9.8.1 The number of spanning trees of the complete graph on X = {zg,...,Tp_1} is

n"2,

Proof Consider the Markov chain with transition probabilities ¢(z,y) = 1/n for all x,y. Let
A; = {xj,...,zp—1}. The probability that the chain starting at z; has its first visit (after time

zero) to {zg,...,x;} at z; is 1/(j + 1) since each vertex is equally likely to be the first one visited.
Using the interpretation of Fj, (A;) as the reciprocal of the probability that the chain starting at
xj visits {xo,...,xj_1} before returning to x; we see that
j+1 .
ij(Aj):—,, j=1,....n—1

J
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and hence (9.3) gives
F(X\A{xo}) = n.
With the self-loops, each vertex has degree n and hence for each spanning tree
q(T;z0) = n~ (=1,
Therefore the number of spanning trees is

[q(T;20) F(X\ {zo})] ' = n" 2

9.8.2 Hypercube

The hypercube X, is the graph whose vertices are {0, 1}" with vertices adjacent if they agree in all
but one component.

Proposition 9.8.2 If C,, denotes the number of spanning trees of the hypercube X, := {0,1}",
then

logCp, := (2" —n —1) 10g2—|—z (Z) log k.
k=1

By (9.14), Proposition 9.8.2 is equivalent to
. - n
lim [logg(A) — ®(N\)] = —(2" —1) logn + (2" — 1) log2 + Z < ) log k.
A—1— 1 k

where ¢ is the cycle generating function for simple random walk on A,. The next proposition
computes g.

Proposition 9.8.3 Let g be the cycle generating function for simple random walk on the hypercube

X,. Then
0= () i=stma =2+ 2 (1) s

=0
Proof [of Proposition 9.8.2 given Proposition 9.8.3] Note that
A
_on
(N = / g(s) = 2"
0 S

n

= (2" —1) logn —log(l—\) — Z <Z> log[n — A(n — 2j)].

Jj=1
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Let us write A = 1 — € so that

" n n
log g(\) =1 S CE—
B9 = log = <j>6n+2j(1—e) ’

n

P(N\) = (2" — 1) logn — loge — Z <?> log[en + (1 — €) 27].

j=1
As € — 0+,
" /n n
log g(A\) = log(1/€) + log < ) ————| = —log(e) + o(1),
=0 J) n+ 2]7
O(A) = (2" —1) logn — loge — Z <?> log(2j) + o(1)
j=1
and hence
. - n .
)\hr? [logg(A) — ®(N)] = (1 —2") logn+ (2" — 1) log2 + Z (]) log 7,
—1— j—l
which is what we needed to show. O

The remainder of this subsection will be devoted to proving Proposition 9.8.3. Let L(n,2k)
denote the number of cycles of length 2k in A,,. By definition L(n,0) = 2". Let g, denote the
generating function on X,, using weights 1 (instead of 1/n) on the edges on the graph and zero
otherwise,

gn(X) =Y Al = i L(n, 2k) A"
w k=0

Then if g is as in Proposition 9.8.3, g(A) = g,(A/n). Then Proposition 9.8.3 is equivalent to
" /n 1
n(A) = N 9.15
9al) ;(3)1—/\(7?—23) (819)
which is what we will prove. By convention we set L(0,0) = 1; L(0,k) = 0 for & > 0, and hence

go(N) =D L(0,2k) A =1,
k=0

which is consistent with (9.15).

Lemma 9.8.4 Ifn,k >0,

k
Lin+1,2k) =2 @f) L(n,2j).

=0
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Proof This is immediate for n = 0 since L(1,2k) = 2 for every k > 0. For n > 1, consider any cycle
in X,41 of length 2k. Assume that there are 2j steps that change one of the first n components
and 2(k — j) that change the last component. There are (3’;) ways to choose which 25 steps make
changes in the first n components. Given this choice, there are L(n,2j) ways of moving in the first
n components. The movement in the last component is determined once the initial value of the
(n + 1)-component is chosen; the 2 represents the fact that this initial value can equal 0 or 1. [

Lemma 9.8.5 For alln > 0,

oy L AV A
It =373 In TN ) T \T A )

Proof

g1V = D L(n+1,2k)\*

k=0
o~ k o
_ 2k
— 2ZZ<2j> L(n,25) A
k=0 7=0
- o~ (25 + 2Kk 240
= 2) L(n,2)) ( % )AJ
§=0 k=0
2 A N\Y & (25 + 2k .
= — L 29 - 1_)\2j+1)\2k
2w (725) X (M a-w
Using the identity (see Exercise 9.4).
o (27 42K\ a5 w_ 1 1 p \7
1— - — 4= 1

k=0
we see that g,+1(\) equals
2j

LiL(nz) A\ iL(n?) A
e VP R RS AN TP VA

which gives the result. O

Proof [Proof of Proposition 9.8.3] Setting A = (n + 3) ™!, we see that it suffices to show that

()50 25

J=0

This clearly holds for n = 0. Let H,(\) = Agn(\). Then the previous lemma gives the recursion

relation
1 1 1
Hyh|— ) =H, | — )+ H, [ ————— ).
“<n+1+ﬁ> <n+ﬁ> <n+2+ﬁ>
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Hence by induction we see that

9.8.3 Sierpinski graphs

In this subsection we consider the Sierpinski graphs which is a sequence of graphs Vg, Vi, ... defined
as follows. V| is a triangle, i.e., a complete graph on three vertices. For n > 0, V,, will be a graph
with 3 vertices of degree 2 (which we call the corner vertices) and [3"+! — 3]/2 vertices of degree

4. We define the graph inductively. Suppose we are given three copies of V,,_1, Vrfi)l, Vygz)l, Vn(i)l,
with corner vertices xgl), xgl),:ngl), . ,ZL‘§3),3}§3), x:())?’). Then V,, is obtained from these three copies

by identifying the vertex $§k) with the vertex x,(j ). We call the graphs V,, the Sierpinski graphs.

Proposition 9.8.6 Let C,, denote the number of spanning trees of the Sierpinski graph V. Then
C,, satisfies the recursive equation

Cry1=2(5/3)"C3. (9.18)
Hence,

C,, = (3/20) (3/5)"/% (540)>"/*. (9.19)

Proof 1t is clear that Cy = 3, and a simple induction argument shows that the solution to (9.18)
with Cy = 3 is given by (9.19). Hence we need to show the recursive equation Cp, 1 = 2(5/3)" C3.

Z2

5 Ty

Zo T3 €1

For n > 1, we will write V,, = {xo, 21, z2,x3,24,25,...,21, } where M,, = [3" + 3]/2, x¢, 21, x2
are corner vertices of V,, and x3, x4, x5 are the other vertices that are corner vertices for the three
copies of V,,_1. They are chosen so that xg lies between xg, x1; x4 between x1, x2; x5 between o, xg.
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Using Corollary 9.7.2 and Lemma 9.3.2, we can write C,, = V¥,, J,, where
My, My,
v, = Hd(l‘]), JIn = Hpj,n-
j=1 j=1

Here pj ,, denotes the probability that simple random walk in V,, started at z; returns to z; before
visiting {xo,...,z;—1}. Note that

T, = 92 4(3”“—3)/2,
and hence ¥, ;1 = 4¥3. Hence we need to show that
Tni1 = (1/2) (5/3)" J;,. (9-20)
We can write
Jnt1 = Dint1P2,n41 Ipi1

where J; ;| denotes the product over all the other vertices (the non-corner vertices). From this, we
see that

*13 Pin+1P2n+1" " P5n+l 43
Jnt1 = Din+1DP2,n41 Dot (Jp)° = — Iy
pl,np2,n

The computations of p; , are straightforward computations familiar to those who study random

walks on the Sierpinski gasket and are easy exercises in Markov chains. We give the answers here,
leaving the details to the reader. By induction on n one can show that p 11 = (3/5) p2,, and from

this one can see that
(3 n+1 3 /3 n+1
P2n4+1 = 5 s Pin = 1 \5 .

3\" 15 /3\" 5 /3\"
D5n+1 = P2n = 5 » Pantl = 16 \5 y  DP3n+1 = 6 \5 .

This gives (9.20).

Also,

9.9 Spanning trees of subsets of Z?

Suppose A C Z? is finite, and let e(A) denote the set of edges with at least one vertex in A. We
write e(A) = 0. AU ey(A) where 0. A denotes the “boundary edges” with one vertex in 0A and
eo(A) = e(A) \ 0eA, the “interior edges”. There will be two types of spanning trees of A, we will
consider.

e Free. A collection of #(A) —1 edges from ey(A) such that the corresponding graph is connected.

e Wired. The set of vertices is AU {A} where A denotes the boundary. The edges of the graph
are the same as e(A) except that each edge in J. A is replaced with an edge connecting the point
in A to A. (There can be more than one edge connecting a vertex in A to A.) A wired spanning
tree is a collection of edges from e(A) such that the corresponding subgraph of A U {A} is a
spanning tree. Such a tree has #(A) edges.
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In both cases, we will find the number of trees by considering the Markov chain given by simple
random walk in Z2. The different spanning trees correspond to different “boundary conditions” for
the random walks.

e Free. The lazy walker on A as described in Section 9.2.1, i.e.,
1
q(x7y)217 x7y€A7 "T_y‘:L
and q(z,z) =13 q(z,y).
e Wired. Simple random walk on A killed when it leaves A, i.e.,

x,yGA, |$_y|:17

1
Q(x>y) = Zv

and ¢(x,z) = 0. Equivalently, we can consider this as the Markov chain on AU {A} where A is
an absorbing point and

gz, ) =1-=Y q(x,y).

yeA

& In other words, free spanning trees correspond to reflecting or Neumann boundary conditions and wired
spanning trees correspond to Dirichlet boundary conditions.

We let F'(A) denote the quantity for the wired case. This is the same as F'(A) for simple random
walk in Z2. If x € A, we write F*(A\ {z}) for the corresponding quantity for the lazy walker. (The
lazy walker is a Markov chain on A and hence F*(A) = oo. In order to get a finite quantity, we
need to remove a point z.) The following are immediate corollaries of results in Section 9.7.

Proposition 9.9.1 If A C Z? is connected with #(A) = n < 0o, then the number of wired spanning
trees of A is

4" F H 1-3)),
where B, .., By denote the eigenvalues of Qa = [q(x,Y)]zyeca-

Proof This is a particular case of Corollary 9.7.2 using the graph AU {A} and zy = A. See also
Proposition 9.3.3. O

Proposition 9.9.2 Suppose o = 1,...,ay are the eigenvalues of the transition matrix for the lazy
walker on a finite, connected A C Z? of cardinality n. Then the number of spanning trees of A is

n
gr=lp-l H(l — ).
j=2

Proof This is a particular case of Proposition 9.7.3. O
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Recall that

1 1. .
log F(A)= > =) Z%P{SQnZO;SjEA,j:L...,Zn}. (9.21)

4wl |w
weL(A),|lw|>1 | | z€A n=1

The first order term in an expansion of log F'(A) is

=1
>y 5 P{Son = 0},
€A n=1
which ignores the restriction that S; € A,7 = 1,...,2n. The actual value involves a well known
constant Ceyt called Catalan’s constant. There are many equivalent definitions of this constant. For
our purposes we can use the following

[e.9]

T T 1 5, (2n 2_
Ccat—§10g2—zgl%4 <n> = 91596 - - - .

Proposition 9.9.3 If S = (S, 5?) is simple random walk in 7?2, then
o

1 4
— P n — =1 4—— caty
Z2n {Son = 0} =log4 — — Cay

n=1

where Ceyy denotes Catalan’s constant. In particular, if A C Z? is finite,

log F(A) = [log4 — (4/7) Ceat] #(A) = >_ (x3 A), (9.22)
€A
where
Y(x; A) = Z %Px{Sgn =0;5; ¢ A for some 0 < j < 2n}.
n=1

Proof Using Exercise 1.7, we get

o~ 1 _ _Ooi 1_2_Ooi—2n2”2
S g Pton =00 =3 g ptsh =0 =3 e (7).

Since P{S(2n) = 0} ~ cn™!, we can see that the sum is finite. The exact value follows from our
(conveniently chosen) definition of Ca. The last assertion then follows from (9.21). O

Lemma 9.9.4 There exists ¢ < oo such that if A C 72, x € A, and (z; A) is defined as in

Proposition 9.9.3, then
c

T/J(@A) < W

Proof We only sketch the argument leaving the details as Exercise 9.5. Let r = dist(x,dA). Since
it takes about 72 steps to reach 0A, the loops with fewer than that many steps rooted at z tend
not to leave A. Hence ¢ (x; A) is at most of the order of

Z %P{Sgn =0} =< Z n" =2

n>r2 n>r2
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Using this and (9.22) we immediately get the following.

Proposition 9.9.5 Suppose A, is a sequence of finite, connected subsets of Z? satisfying the
following condition (that roughly means “measure of the boundary goes to zero”). For every r > 0,

. #Hr e Ay dist(x,04,) <71} 0

lim
n—oo #(An)
Then,
: log F(An) 4Ccat
lim ———= =log4 — .

Suppose A, , is the (m — 1) x (n — 1) discrete rectangle,
Apn={z+iy:1<z<m-1,1<y<n-1}
Note that
#(Amn) =(m—1)(n—1), #OAnn)=2(m—1)+2(n—1).

Theorem 9.9.6
4(m=1)(n—1)

- ACcatmn/m _1ym+n . —1/2
A ¢ (V2 —1)mtr =2, (9.23)

More precisely, for every b € (0,00) there is a ¢y < 0o such that if b=* < m/n < b then both sides
of (9.23) are bounded above by ¢, times the other side. In particular, if Cp,, denotes the number
of wired spanning trees of Apn,

logCrpn = 467;Cat mn + log(vV2 — 1) (m +n) — % logn + O(1)
4C ¢ 20 1 1
= T H#(Ann) + | T+ 5 0g(V2 - 1)| #(0Am ) — 5 logn+ O(1).

& Although our proof will use the exact values of the eigenvalues, it is useful to consider the result in terms
of (9.22). The dominant term is already given by (9.22). The correction comes from loops rooted in A,, , that
leave A. The biggest contribution to these comes from points near the boundary. It is not surprising then that
the second term is proportional to the number of points on the boundary. The next correction to this comes from
the corners of the rectangle. This turns out to contribute a logarithmic term and after that all other correction
terms are O(1). We arbitrarily write logn rather than log m; note that logm = logn + O(1).

Proof The expansion for log Cy, ,, follows immediately from Proposition 9.9.1 and (9.23), so we only
need to establish (9.23). The eigenvalues of I — @ 4 can be given explicitly (see Section 8.2),

1 j k
1——[cos<‘7—ﬂ>+cos<—ﬂ>], j=1L....om—-1;, k=1,...,n—1,
2 m n
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with corresponding eigenfunctions

fx,y) =sin <m> sin <@> ,
m n

where the eigenfunctions have been chosen so that f =0 on 0A,, . Therefore,

g ) =gl ~ @l = 3 S (1~ e (£2) on (2)]).

=1 k=1
Let

cos(z) + Cos(y)] |

g(z,y) = log [1 - 5

Then (mn)~! logdet[I — Q4] is a Riemann sum approximation of

1 s T
— / / 9(z,y) dz dy.
™ Jo Jo

To be more precise, Let V(j, k) = Vi n(j, k) denote the rectangle of side lengths 7/m and 7 /n
centered at (jm/m) + i(kmw/n). Then we will consider

1 Tk 1 1 j k
J(j, k) = —g <E, —7T> =— <1 - = |:COS <E> + cos <—7T>]>
mn m o n mn 2 m n
as an approximation to
1

— g(z,y) dz dy.
™ Jvik )

Note that
m—1n—1 . 1 T 1
V= Vi k) = iy — <zr<7m(l-—), —<y<7m|1-——)}%.
UU (k) {$+Zy 2m_$_7r< 2m>’2n_y_7r< 2n>}
7j=1 k=1
One can show (using ideas as in Section 12.1.1, details omitted),

logdet[I — Q4] = mn/ g(z,y)dzdy + O(1).
1%

Therefore,

logdet[] — Q4] = mn [/ g(x,y)dxdy — / g(x,y)dxdy| + O(1).
[0,7]2 [0,7]2\V

The result will follow if we show that
1
mn/ g(z,y) drdy = (m +n) log4 — (m +n) log(1 — v2) + 3 logn + O(1).
[0,7\V
We now estimate the integral over [0,7]2 \ V which we write as the sum of integrals over four

thin strips minus the integrals over the “corners” that are doubly counted. One can check (using
an integral table, e.g.) that

1 K
—/ log [1 - w dy = —2log 2 4 log[2 — cos z 4+ /2(1 — cosx) + (1 — cos z)?].
T Jo
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Then,

2 2
//lo [ cosx+cosy} dydr = = log2—|—€—+0(63).
T 2m

If we choose € = 7/(2m) or € = 7/2n, this gives

w/(2m) pw
m /l%pffﬁigﬁﬁ}@mzn”%g+om.
0 0

w  rr/(2n)
S [ e |- 2 o — o2+ 0(0),
0 JO

Similarly,
2
/ /10 [ COS“COSZ/} dydr = —= log2+ = log[3 +2v/2] + O(¢?)
e ™ ™

2 2
= —?6 log2 — ?6 log[V2 — 1] + O(€?),

which gives

/ / log [ cosx+cosy] dydr = — nlog2—nlog[v2 — 1]+ O(n™1),

/ / [ cos:n—;—cosy] dydz = —m log2 — mlog[v'2 — 1] + O(n™1).
The only nontrivial “corner” term comes from

€ o
/ / log [1 - W] dedy = 2¢€6 log(e) + O(€d).
0o Jo
Therefore,

om  [2n 1
m;/?/vbg@_@&if%]@@:_q%n+mn
T 0 0 2 2

All of the other corners give O(1) terms.
Combining it all, we get

m—1

525 o (1 4 o (27) e on ()]

Imn + (m+n)logd + (m +n) log[l — V2] — % logn + O(1).,

/ / log [ cosa:+cosy] dydz.

3

equals

where
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Proposition 9.9.5 tells us that

i 4 Ccat

— log 4.
O

Theorem 9.9.6 allows us to derive some constants for simple random walk that are hard to show
directly. Write (9.23) as

1
log F(Ap,n) = Bymn + By (m +n) + 3 logn + O(1), (9.24)
where
4ccat
By =logd — — By =log(v2+1) —log4.
m

The constant B; was obtained by considering the rooted loop measure and Bs was obtained from
the exact value of the eigenvalues. Recall from (9.3) that if we enumerate A, ,,,

Appn={z1,22,...,2r}, K=(m-1)(n—-1),

then

K
log F'(Ampn) = Zlongj (A \{z1,...,2j-1}),
j=1

and F,(V) is the expected number of visits to x for a simple random walk starting at x before
leaving V. We will define the lexicographic order of Z +iZ by x + iy < x1+ iy if x < x1 or z = 21
and y < y1.

Proposition 9.9.7 If
V={z+iy:y>0}U{0,1,2,...,},
then

Fy(V) = 440/,

Proof Choose the lexicographic order for A,,,. Then one can show that
ij(An,n \{z1,...,zj_1}) = Fo(V) [1+ error],
where the error term is small for points away from the boundary. Hence
log F(Apn) = #(Ann) log Fo(V) [1 4+ o(1)].
which implies log Fy(V) = By as in (9.24). O
Proposition 9.9.8 Let V C Z x iZ be the subset

V=(ZxiZ)\{-,-2,—1},
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Then, Fo(V) = 4(\/2 — 1). In other words, the probability that the first return to {--- ,—2,—1,0}
by a simple random walk starting at the origin is at the origin equals
) 1 3-V2
RV) 4 7

Proof Consider
A=A, ={z+iy:z=1,....n—1;—(n—1) <y <n-—1}
Then A is a translation of Agy, , and hence (9.24) gives
1
log F(A) =2B1n*+3Byn + 3 logn + O(1).
Order A so that the first n — 1 vertices of A are 1,2,...,n — 1 in order. Then, we can see that
n—1
log F(A) = ZlogFj(A\ {1,...,—=1})| +2log F(Ann).
j=1
Using (9.24) again, we see that
2 log F(Ann) =2Bin*+4Byn +logn +O(1),
and hence
n—1 1
D log Fj(A\{1,...,j—1}) = —Byn — 5 logn+0(1).
j=1
Now we use the fact that
log F;(A\{1,...,j —1}) =log Fy(V) [1 + error],
B>

O

where the error term is small for points away from the boundary to conclude that Fy(V) = e~

Let flmm be the m x n rectangle

Apn={r+iy:0<z<m-1,0<y<n-—1}
Note that
#(Amn) =mn,  #(0A,,) =2(m+n).

Let Cp,., denote the number of (free) spanning trees of A, .

Theorem 9.9.9

Cm,n = e4ccatmn/7r (\/5 _ 1)m+n Tl_l/2.

More precisely, for every b € (0,00) there is a ¢y < 0o such that if b1 < m/n < b then both sides
of (9.23) are bounded above by ¢, times the other side.
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Proof We claim that the eigenvalues for the lazy walker Markov chain on flm,n are:

1 j k
1——|:COS<E>+COS<—7T>:|, j=0,....m—-1;, k=0,...,n—1,
2 m n

with corresponding eigenfunctions

m n

Indeed, these are eigenvalues and eigenfunctions for the usual discrete Laplacian, but the eigen-
functions have been chosen to have boundary conditions

f(Ovy) :f(_lvy)mf(m_ 17y) :f(m,y),f(x,O) :f(x,—l),f(x,n—l) :f(ac,n)

For these reason we can see that they are also eigenvalues and eigenvalues for the lazy walker.
Using Proposition 9.9.2, we have

B2 I () e ()]

(4:k)#(0,0)
Recall that if F'(A,, ;) is as in Theorem 9.9.6, then

1 1 ] k
—_— = H <1 3 [cos (ji) + cos (—Wﬂ) .
F(Am,n) 1<j<m—1,1<k<n—1 mn "
Therefore,

~ g(m=1)(n—1) gm+n—1 n—1 1 1 jm m—1 11 jm
Con = gy | [5-55 (5)]) | TT 5~ 3 (),

Jj=1 Jj=1

Using (9.23), we see that it suffices to prove that

or equivalently,
n—1 -
Z log [1 — cos <‘7—>] = —nlog2+logn+ O(1). (9.25)
j=1 "
To establish (9.25), note that
n—1 .
1
— Zlog [1 — cos <£>]
n < n
7j=1

is a Riemann sum approximation of
1 ™
— x)dx
- [ 1@
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where f(x) = log[l — cos z]. Note that
jo\ _ sSinx B 1

fa) = 1—cosz’

In particular |f”(x)] < cx~2. Using this we can see that

e ()] = Lo + L [ fwyan

n n n ™ )it _
2n

Therefore,

n—1 . T—g
%Zlog [1 — cos <‘%>} = O(n™h+ l/ f(z)dx
j=1

T )
— O(n_1)+%/0 f(x)d:n—%/o%f(x)d:n

1
= O(n ') —log2+ - logn.

9.10 Gaussian free field

We introduce the Gaussian free field. In this section we assume that ¢ is a symmetric transi-
tion probability on the space X. Some of the definitions below are straightforward extensions of
definitions for random walk on Z¢.

e We say e = {x,y} is an edge if q(e) := q(x,y) > 0.

o If A C X, let e(A) denote the set of edges with at least one vertex in A. We write e(A) =
0eAUey(A) where 0. A are the edges with one vertex in A and e,(A) are the edges with both
vertices in A.

e We let

0A={ye X\ A:q(z,y) >0 for some z € A},

A= AUOJA.
o If f: A— R and z € A, then

Af(z) = alzy)[fy) - f(@)]

Y

We say that f is harmonic at z if Af(z) =0, and f is harmonic on A if Af(x) =0 for all z € A.
o If e € e(A), we set Vof = f(y) — f(z) where e = {x,y}. This defines V.f up to a sign. Note
that

VefVeg
is well defined.

Throughout this section we assume that A C X with #(A) < oo.
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o If f,g: A — R are functions, then we define the energy or Dirichlet form & to be the quadratic
form

Ealf)= 3 a(e)Vef Veg

ece(A)
We let Eo(f) = Ealf, f).
Lemma 9.10.1 (Green’s formula) Suppose f,h: A — R. Then,

Ealfsh) ==Y f@) Ah(x)+ > Y f@)[h@) = h(y)] a(z,y). (9.26)

€A T€EQAyYeA

e If h is harmonic in A,

Eaf.h) =D Y fl@)[h(x) — h(y)] a(z,y). (9-27)
€A yeA
o If f=0 on 0A,
Ea(f.h) = =) f(x) Ah(x). (9-28)
€A
e [f h is harmonic in A and f =0 on 0A, then Eo(f,h) =0 and hence
Ea(f +h) = Ea(f) + Ealh). (9.29)
Proof
5A(f7 h)
= Z q(e) Vef Veh
ece(A)
= % > ala, ) [fy) = F@) [h(y) = h@)]+ > > ale,y) [f(y) = f(@)] [hly) - h(x)]
z,yeA r€EAyYEHA
= =3 > alay) f@)[aly) — k@) =Y D alz.y) f(@) [h(y) - b))
rEAYEA r€AyedA
+> > a(@,y) FW) [h(y) — h(@)]
r€EAYEIA
= =) fl@An@)+ > Y alx,y) f) My) - k()]
€A yEOA xz€A
This gives (9.26) and the final three assertions follow immediately. O

Suppose x € A and let h, denote the function that is harmonic on A with boundary value 9§,
on JA. Then it follows from (9.27) that

Ea(he) =D _[1 = ha(y)] a(,y).

yeA

We extend h, to X by setting h, =0 on X \ A.
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Lemma 9.10.2 Let Y; be a Markov chain on X with transition probability q. Let
Tp,=min{j >1:Y; =z}, 74=min{j>1:Y;¢ A}
IfAC X,z €0A A =AU {z},
1

’ = x > ! = . .
Proof If y € A, then h,(y) = PY{T, = 74}. Note that
PT, < ta}t = q(a,2) + > q(@,y) PUT: = 7a} = q(@,2) + Y q(x,y) ha(y).
yeA yeA
Therefore,
]P’x{Tx ZTA’} = I—PZ{TI <TAI}
= > a2+ Y q(zy) [1 = ha(y)
Zg A yeA
= —Ahg(z)
= - Z h:c(y) Ahx(y) = EA’(h:c)'
yeA’
The last equality uses (9.28). The second equality in (9.30) follows from Lemma 9.3.2. O

e Ifv: X\A—R, f: A— R, we write E4(f;v) for £4(f,) where f, = f on A and f, = v on JA.
If v is omitted, then v = 0 is assumed.

e The Gaussian free field on A with boundary condition v is the measure on functions f : A — R
whose density with respect to Lebesgue measure on R4 is

(2m)~# (A2 g=Ealfi)/2,

e If v =0, we call this the field with Dirichlet boundary conditions.
e If AC X is finite and v : X \ A — R, define the partition function

C(i0) = [ (am)HA entiorz gy,

where df indicates that this is an integral with respect to Lebesgue measure on R4. If v = 0, we
write just C(A). By convention, we set C(0;v) = 1.

We will give two proofs of the next fact.

Proposition 9.10.3 For any A C X with #(A) < o,

C(A) = /F(A) = exp % Y m@) g (9.31)
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Proof We prove this inductively on the cardinality of A. If A = (), the result is immediate. From
(9.3), we can see that it suffices to show that if A C X is finite, z ¢ A, and A’ = AU {x},

C(A) =C(A)\/F,(A).
Suppose f: A — R and extend f to X by setting f =0 on X' \ A’. We can write
f=9g+th

where g vanishes on X'\ A; t = f(x); and h is the function that is harmonic on A with h(z) =1
and h =0 on X\ A’. The edges in e(A’) are the edges in e(A) plus those edges of the form {z, 2z}
with z € X \ A. Using this, we can see that

Ex(f) =Ealf)+ D alz,y) . (9.32)
yg A’
Also, by (9.29),
Ea(f) = Ealg) + Ealth) = Ealg) +t* Ea(h),

which combined with (9.32) gives

e {~geun} = e {-Jes0)} e {—gmm} .

Integrating over A first, we get

C(A/) _ C(A)/ Le_t%A’(h)/zdt

—oo V21

e [T ey

oo V2T
= C(A)\Fy(A).
The second equality uses (9.30). O

Let @ = Q4 as above and denote the entries of Q™ by ¢, (x,y). The Green’s function on A is the
matrix G = (I — Q)~'; in other words, the expected number of visits to y by the chain starting at
x equals

Z qn (337 y)
n=0

which is the (z,y) entry of (I — Q)~!. Since @ is strictly subMarkov, (I — Q) is symmetric,
strictly positive definite, and (I — Q)~! is well defined. The next proposition uses the joint normal
distribution as discussed in Section 12.3.

Proposition 9.10.4 Suppose the random variables {Z, : x € A} have a (mean zero) joint normal
distribution with covariance matriz G = (I — Q)~'. Then the distribution of the random function
f(x) = Z, is the same as the Gaussian free field on A with Dirichlet boundary conditions.
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Proof Plugging I' = G = (I — Q)™ ! into (12.14) , we see that the joint density of {Z,} is given by

(2m) "7 A) [det(I — Q)]V/? exp {—f%i_@f} :

But (9.28) implies that f- (I —Q)f = £a(f). Since this is a probability density this shows that

1
C(4) = \/ det(T - Q)

and hence (9.31) follows from Proposition 9.3.3. O

& The scaling limit of the Gaussian free field for random walk in Z¢ is the Gaussian free field in R?. There
are technical subtleties required in the definition. For example if d = 2 and U is a bounded open set, we would
like to define the Gaussian free field {Z, : z € U} with Dirichlet boundary conditions to be the collection of
random variables such that each finite collection (Z,,,...,Z,,) has a joint normal distribution with covariance
matrix [Gy(z;, z;)]. Here Gy denotes the Green's function for Brownian motion in the domain. However, the
Green's function Gy (z,w) blows up as w approaches z, so this gives an infinite variance for the random variable
Z,. These problems can be overcome, but the collection {Z,} is not a collection of random variables in the usual
sense.

& The proof of Proposition 9.10.3 is not really needed given the quick proof in Proposition 9.10.4. However,
we choose to include it since it uses more directly the loop measure interpretation of F(A) rather than the
interpretation as a determinant. Many computations with the loop measure have interpretations in the scaling
limit.

Exercises

Exercise 9.1 Show that for all positive integers k

> b

| ce
]1++]7‘:k r (]1 ]7’)
Here are two possible approaches.
e Show that the number of permutations of k elements with exactly r cycles is

Z k!

/r:! . . - . .
1t jir=k J1Jj2 Jr

e Consider the equation
1

1-¢ = exp{—log(1 — 1)},

expand both sides in power series in ¢, and compare coefficients.
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Exercise 9.2 Suppose X, is an irreducible Markov chain on a countable state space X and A =
{x1,..., 21} is a proper subset of X. Let Ag = A, A; = A\ {z1,...,2;}. fz€V C X, let gy (z)
denote the expected number of visits to z by the chain starting at z before leaving V.

(i) Show that
94(71) 94\ {21} (T2) = A\ {20} (71) ga(T2). (9-33)
(ii) By iterating (9.33) show that the quantity

k
H 9JAj 1 ()
j=1

is independent of the ordering of =1, ..., zg.
Exercise 9.3 [Karlin-McGregor] Suppose X!, ..., X* are independent realizations from a Markov
chain with transition probability ¢ on a finite state space X. Assume x1,...,2%,y1,...,y; € X.

Consider the event
V=Voly1,--.,yx) = {an#X,%L, m=0,...,n; XJ =y;, 1 <j<n}.
Show that
PV | Xg = z1,..., X, = 2} = det [gn (2, )] i i<p
where

an(wi,y;) =P{X, =y; | Xg =i} .

Exercise 9.4 Suppose Bernoulli trials are performed with probability p of success. Let Y, denote
the number of failures before the nth success, and let 7(n) be the probability that Y,, is even. By
definition, 7(0) = 1. Give a recursive equation for r(n) and use it to find r(n). Use this to verify
(9.16).

Exercise 9.5 Give the details of Lemma 9.9.4.

Exercise 9.6 Suppose ¢ is the weight arising from simple random walk in Z¢. Suppose A;, Ay
are disjoint subsets of Z? and x € Z%. Let p(x, A1, A3) denote the probability that a random walk
starting at x enters Ag and subsequently returns to z all without entering A;. Let g(x, A1) denote
the expected number of visits to x before entering A; for a random walk starting at x. Show that
the unrooted loop measure of the set of loops in Vi \ A; that intersect both z and As is bounded
above by p(z, A1, A2) g(x, A1). Hint: for each unroooted loop that intersects both x and As choose
a (not necessarily unique) representative that is rooted at x and enters Ay before its first return to
x.

Exercise 9.7 We continue the notation of Exercise 9.6 with d > 3. Choose an enumeration of
Z% = {xg,x1,...} such that j < k implies |z;| < |z|.

(i) Show there exists ¢ < oo such that if r > 0, v > 2, and |z;| < 7,

p(x]ﬁAj—led \ Bur) <1 ‘xj‘_z (UT)2_d~
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(Hint: Consider a path that starts at x;, leaves By, and then returns to z; without visiting
Aj_1. Split such a curve into three pieces: the “beginning” up to the first visit to 74\ Byy;
the “end” which (with time reversed) is a walk from z; to the first (last) visit to Z4 \ B /23
and the “middle” which ties these walks together.)

(ii) Show that there exists ¢; < oo, such that if » > 0 and v > 2, then the (unrooted) loop

measure of the set of loops that intersect both B, and Vi \ By is bounded above by ¢q u?=d,
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Intersection Probabilities for Random Walks

10.1 Long range estimate
In this section we prove a fundamental inequality concerning the probability of intersection of the

paths of two random walks. If S, is a random walk, we write

Sni1,no] = {Sn : n1 <n < ng}.

Proposition 10.1.1 If p € Py, there exist c1,co such that for all n > 2,

c1p(n) < P{S[0,n] N S[2n,3n] # 0}
< P{S[0,n] N S[2n,0) # 0} < cz (n),

where
1, d <4,
b(n) = { (ogn)~!, d=4,
nW=d/2  g> 4.

& As n — 0o, we get a result about Brownian motions. If B is a standard Brownian motion in R?, then

p{B[o,l]mB[Z?’]#@}{ i8; ZEZ. '

Four is the critical dimension in which Brownian paths just barely avoid each other.

Proof The upper bound is trivial for d < 3, and the lower bound for d < 2 follows from the lower
bound for d = 3. Hence we can assume that d > 3. We will assume the walk is aperiodic (only a
trivial modification is needed for the bipartite case). The basic strategy is to consider the number
of intersections of the paths,

n  3n n 00
7=0 k=2n j=0 k=2n

237
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Note that
P{S[0,n] N S[2n,3n] # 0} = P{J, > 1},

P{S[0,7] N S[2n, o) # 0} = P{K, > 1}.

We will derive the following inequalities for d > 3,

et p(4=d)/2 < E(J,) <E(K,) < ¢ n(4—d)/27 (10.1)
cn, d=3,

E(J2) < clogn, d=4, (10.2)
en(=d/2 4> 5

Once these are established, the lower bound follows by the second moment lemma (Lemma 12.6.1),

E(J,)?
P{J, >0} > 4I§J(JZ2L)'

Let us write p(n) for P{S,, = 0}. Then,

3n

E(Jn) = p(k —j),
7=0k=2n

and similarly for E(K,). Since p(k — j) < (k — 7)~%?, we get

3

n 3n

En:Z d/zx 2 d/wZn W =m0,

and similarly for E(K,,). This gives (10.1). To bound the second moments, note that

E(J2) = ) > P{S; =5 Si=Sm}

0<5,i<n 2n<k,m<3n
<2 > 3 [P{S; =55 = S} + P{S; = S, Si = Si}l.
0<5<i<n 2n<k<m<3n
If0<4,j<nand?2n<k<m<3n, then
PLS) = S0 =Sn} < | max (S =2} [maxPls = 2)]
[AS

I>n,x€Z4
C

< .
= nd2(m —k+1)4/2

The last inequality uses the local central limit theorem. Therefore,

1 1
E(J?) < ¢n? < en2-(d/2)
( n) >cn 2n<k§;n<3n nd/2 (m —k+ 1)d/2 Scen Z

This yields (10.2).

The upper bound is trivial for d = 3 and for d > 5 it follows from (10.1) and the inequality
P{K, > 1} < E[K,,]. Assume d = 4. We will consider E[K,, | K, > 1]. On the event {K,, > 1},
let k be the smallest integer > 2n such that S € S[0,n]. Let j be the smallest index such that
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Sk = Sj. Then by the Markov property, given [Sy, ..., S| and Si = S}, the expected value of Ky,
is

DY PG =SS =5} => G(Si—5)).
=0 l=k =0

Define a random variable, depending on Sy, ..., Sy,

For any r > 0, we have that
E[K, | K, > 1,Y, > r logn| > rlogn.

Note that for each r,

P{Y, <rlogn} <(n+1)P Z G(Si) <rlogn
i<n/2

Using Lemma 10.1.2 below, we can find an r such that P{Y,, < rlogn} = o(1/logn) But,

c>EIK,] > P{K,>1Y,>rlognlEK, | K, >1Y, > rlogn]

> P{K, >1;Y, > rlogn}r logn].

Therefore,

P{K, > 1} < P{Y, < r logn} + P{K, > 1;Y, > r logn} < IL

ogn
This finishes the proof except for the one lemma that we will now prove. O
Lemma 10.1.2 Let p € Py.
(a) For every a > 0, there exist ¢,r such that for all n sufficiently large,

En—1
P Z G(S;) <rlogn p <cn™“.
=0

(b) For every o > 0, there exist ¢,r such that for all n sufficiently large,

P ZG(Sj) <rlognp <cn “
§=0

Proof Tt suffices to prove (a) when n = 2! for some integer I, and we write &F = Eor.  Since
G(z) > ¢/(|z] + 1)?, we have

- l
DG =Y, Y GS) zey 27 -
j k=1
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The reflection principle (Proposition 1.6.2) and the central limit theorem show that for every ¢ > 0,
there is a > 0 such that if n is sufficiently large, and = € C,, o, then P*{¢, < én?} < e. Let I,
denote the indicator function of the event {¢¥ — ¢¥—1 < §22*}, Then we know that

]P’(Ik =1 ’ S(),...,Sgk71) <e

Therefore, J; := 22:1 I}, is stochastically bounded by a binomial random variable with parameters
[ and e. By exponential estimates for binomial random variables (see Lemma 12.2.8), we can find
an « such that

P{J; > 1/2} < c27°
But on the event {J; < [/2} we know that
G(S;) > ¢(1/2)6 > r logn,
where the r depends on «.
For part (b) we need only note that P{n < &,1/4} decays faster than any power of n and

n §,1/4
T
P ZOG(S]-) < logn g <P ZO G(S;) <rlogn'/* p +P{n < &1/a}.
J= J=

O

& The proof of the upper bound for d = 4 in Proposition 10.1.1 can be compared to the proof of an easier
estimate

P{OES[n,oo)}gcnl_%, d>3.

To prove this, one uses the local central limit theorem to show that the expected number of visits to the origin
is O(n'~%). On the event that 0 € S[n,c0), we consider the smallest j > n such that S; = 0. Then
using the strong Markov property, one shows that the expected number of visits given at least one visit is
G(0,0) < co. In Proposition 10.1.1 we consider the event that S[0,n] N .S[2n, 00) # 0 and try to take the “first”
(4, k) € [0,n] x [2n,00) such that S; = Sk. This is not well defined since if (¢,1) is another pair it might be
the case that ¢ < j and [ > k. To be specific, we choose the smallest £ and then the smallest j with S; = Si.
We then say that the expected number of intersections after this time is the expected number of intersections of
Sk, 00) with S[0,n]. Since Sy = S; this is like the number of intersections of two random walks starting at the
origin. In d = 4, this is of order logn. However, because Sj,.S; have been chosen specifically, we cannot use a
simple strong Markov property argument to assert this. This is why the extra lemma is needed.

10.2 Short range estimate

We are interested in the probability that the paths of two random walks starting at the origin do not
intersect up to some finite time. We discuss only the interesting dimensions d < 4. Let S, S*, 52, ...
be independent random walks starting at the origin with distribution p € Py. If 0 < A < 1, let
T, T)%, Tf, ... denote independent geometric random variables with killing rate 1 — A and we write
Ap=1— % We would like to estimate

P{S(0,n] N S[0,n] = 0},
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or
P{S(0,T,] N S0, 7% | =0} .
The next proposition uses the long range estimate to bound a different probability,
P {S(0,Ty,] N (S'[0, Ty JUS?[0,T5 1) =0} .
Let

Q) = > P*{S[0, TN S0, T3] # 0}

yezZd
= 1-3)> i i NFTEPOYLS(0, 5] N SO, k] # 0.

yezd j=0 k=0

Here we write P*Y to denote probabilities assuming Sy = =, Sé = y. Using Proposition 10.1.1, one
can show that as n — oo (we omit the details),

nd/2, d<4
Q) = { n?[logn|~!, d=4.

Proposition 10.2.1 Suppose S, S, S? are independent random walks starting at the origin with
increment p € Pg. Let Vy be the event that 0 ¢ S*(0, T/ﬂ Then,

P [VA N {S(0. ] N (510, Tx] U S*(0, T3]) = 0}] = (1 = 2)* Q). (10.3)

Proof Suppose w = [wy =0,...,ws],n = [N0,...,Nm] are paths in Z?¢ with

n m

p(w) == Hp(wj—lij) >0 p(n) == Hp(nj—l,nj) > 0.

Then we can write

QN = 1= 3 S STA T p(w) p(n),

n=0m=0 w,n

where the last sum is over all paths w,n with |w| = n, |n| = m,wy = 0 and w N7 # (. For each such
pair (w,n) we define a 4-tuple of paths starting at the origin (w™,w™,n7,n") as follows. Let

s=min{j:w; €n}, t=min{k:n, =w}.

— +
w = [WS_W87W8—1 _W&---:wo_ws]: w = [ws_w&ws—}—l _w87~'7wn_ws]7

o= = a1 — Moo — M)y M = [0 — M Tl — Moy T — M)
Note that p(w) = p(w™) p(w™),p(n) = p(n~) p(n™). Also,

0y, smi ), [wi,..,wslnn™ unt]=0. (10.4)
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Conversely, for each 4-tuple (w™,w™t,n~,n") of paths starting at the origin satisfying (10.4), we
can find a corresponding (w,n) with wyp = 0 by inverting this procedure. Therefore,

QN =01-3 > o antmeEmet s o p(w)p(n-)p(ng),

0<n_,np m_ my w,w4,N—,N+

where the last sum is over all (w™,w™,n™,n") with |w_| = n_, |we| =ni,In_| = m_, |Iny| = my
satisfying (10.4). Note that there is no restriction on the path w™. Hence we can sum over n, and
w4 to get

QN ==X D D A pw)p(n_)p(ny),

0<n,m_,m4 w,n—,n+

But it is easy to check that the left-hand side of (10.3) equals

@=X0* > D A pw)p(n-)p(ng ).

Ognvm* M4 WyN— N+

Corollary 10.2.2 For d=2,3,4,

P{S(0,n] N (S'(0,n] U S?[0,n]) =0} =< P{S(0,T),] N (S'(0,Ty JUS?0,T3 ]) = 0}

= (1-2)2Q(\,)

d—4
- n -z, d=2,3
A (logn)~!, d=4

Proof [Sketch] We have already noted the last relation. The previous proposition almost proves
the second relation. It gives a lower bound. Since P{Ty, = 0} = 1/n, the upper bound will follow
if we show that

P[Vy, | S(0,Ty,] N (S*(0, Ty JUS?0,T2]) = 0,Ty, > 0] > ¢ > 0. (10.5)

We leave this as an exercise (Exercise 10.1).

One direction of the first relation can be proved by considering the event {7 An,Tin,Tfn < n}
which is independent of the random walks and whose probability is bounded below by a ¢ > 0
uniformly in n. This shows

P{S(0,7x,] N ($*(0,73,]U S2[0, 7% ]) = 0} > cP{S(0,n] N (5" (0,n] U S*[0,n]) = 0}
For the other direction, it suffices to show that
P{S(0,Ty,] N (S*(0, 7% U S?[0,T% ]) = 0;T,, Ts ,Ts >n}>c(l—A)?Q(\,).

This can be established by going through the construction in proof of Proposition 10.2.1. We leave
this to the interested reader.

O
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10.3 One-sided exponent
Let
q(n) =P{S(0,n] N S1(0,n] = 0}.
This is not an easy quantity to estimate. If we let
Y, =P{S5(0,n) NS (0,n] =0 | S(0,n]},

then we can write

Note that if S, S, S? are independent, then
E[Y;?] = P{S(0,n] N (S*(0,n] U S*(0,n]) = 0} .

Hence, we see that

(logn)~!, d=4
E[Y?] < ° 10.6
7] { = (106)
Since 0 <Y, <1, we know that
E[Y;?] < E[Y,] < VE[Y?2]. (10.7)

If it were true that (E[Y;])? < E[Y,?] we would know how E[Y,,] behaves. Unfortunately, this is not
true for small d.

As an example, consider simple random walk on Z. In order for S(0,n] to avoid S'[0,n], ei-
ther S(0,n] C {1,2,...} and S'[0,n] C {0,—1,-2,...} or S(0,n) C {—1,-2,...} and S'[0,n] C
{0,1,2,...}. The gambler’s ruin estimate shows that the probability of each of these events is
comparable to n~Y2 and hence

E[Y,] =n~t, E[Y?]=n"32
Another way of saying this is
P{S(0,n] N S%(0,n] = 0} <n~t, P{S(0,n] N S%0,n] =0|S0,n]NS*0,n] =0} <n"/2

For d = 4, it is true that (E[Y,])? < E[Y;?]. For d < 4, the relation (E[Y,])? < E[Y;?] does
not hold. The intersection exponent ¢ = (g is defined by saying E[Y;] < n~¢. One can show the
existence of the exponent by first showing the existence of a similar exponent for Brownian motion
(this is fairly easy) and then showing that the random walk has the same exponent (this takes
more work, see [11]). This argument does not establish the value of . For d = 2, it is known
that ¢ = 5/8. The techniques [12] of the proof use conformal invariance of Brownian motion and
a process called the Schramm-Loewner evolution (SLE). For d = 3, the exact value is not known
(and perhaps will never be known). Corollary 10.2.2 and (10.7) imply that 1/4 < ¢ < 1/2, and it
has been proved that both inequalities are actually strict. Numerical simulations suggest a value
of about .29.

& The relation E[Y,?] ~ E[Y;,]? or equivalently
P{S(0,n] N S2(0,n] = 0} = P{S(0,n] N S2(0,n] = 0 | S(0,n] N S*(0,n] = B}



244 Intersection Probabilities for Random Walks

is sometimes called mean-field behavior. Many systems in statistical physics have mean-field behavior above a
critical dimension and also exhibit such behavior at the critical dimension with a logarithmic correction. Below the
critical dimension they do not have mean-field behavior. The study of the exponents E[Y"] < n~¢(") sometimes
goes under the name of multifractal analysis. The function (3(r) is known for all » > 0, see [12].

Exercise 10.1 Prove (10.5).
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Loop-erased random walk

Loop-erased walks were introduced in Chapter 9 as a measure on self-avoiding paths obtained
by starting with a (not necessarily probability) measure on intersecting paths and erasing loops
chronologically. In this chapter we will study the corresponding process obtained when one starts
with a probability measure on paths; we call this the loop-erased random walk (LERW) or the
Laplacian random walk. We will consider only LERW derived from simple random walk in Z¢, but
many of the ideas can be extended to loop-erased random walks obtained from Markov chains.

& The terms loop-erased walk and loop-erased random walk tend to be used synonymously in the literature.
We will make a distinction in this book, reserving LERW for a stochastic process associated to a probability
measure on paths.

Throughout this section S,, will denote a simple random walk in Z¢. We write S%,'Sfl,'. .. for
independent realizations of the walk. We let 74,7 4 be defined as in (4.27) and we use 74,7 to be
the corresponding quantities for S7. We let

pi(z,y) = pa(y,x) = P*{S, =y : 74 > n}.

If z ¢ A, then p(z,y) = 0 for all n,y.

11.1 h-processes

We will see that the loop-erased random walk looks like a random walk conditioned to avoid its
past. As the LERW grows, the “past” of the walk also grows; this is an example of what is called
a “moving boundary”. In this section we consider the process obtained by conditioning random
walk to avoid a fixed set. This is a special case of an h-process.

Suppose A C Z% and h : Z% — [0,00) is a strictly positive and harmonic function on A that
vanishes on Z¢ \ A. Let

(0A)y = (@A) 40 ={y € 0A: h(y) > 0} = {y € Z*\ A: h(y) > 0}.

The (Doob) h-process (with reflecting boundary) is the Markov chain on A with transition prob-
ability ¢ = ¢*" defined as follows.

245
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e IfzecAand |z —y| =1,

N (1¢/) B 1 ()
) ) Bha) 1)

o Ifxc0Aand |z —y| =1,

o) = — M)
q< ’y) B Z\z—m|=1 h’(z)

The second equality in (11.1) follows by the fact that Lh(x) = 0. The definition of G(x,y) for
x € 0A is the same as that for x € A, but we write it separately to emphasize that the second
equality in (11.1) does not necessarily hold for = € 9A. The h-process stopped at (0A)+ is the chain
with transition probability ¢ = ¢ which equals § except for

o g(x,x) =1, € (0A),.

Note that if x € A\ (0A),, then q(y,z) = §(y,z) = 0 for all y € A. In other words, the chain
can start in © € 0A \ (0A)4, but it cannot visit there at positive times. Let ¢, = q}‘? ’h, Gn = q;? R
denote the usual n-step transition probabilities for the Markov chains.

Proposition 11.1.1 If x,y € A,
h(y)

Ah A
4 (x7y)=pn(w,y)v~

~—

In particular, qﬁ’h(x,x) = pi(x, ).
Proof Let
w=wy=2x,wi,...,wn =]

be a nearest neighbor path with w; € A for all j. Then the probability that first n points of the
h-process starting at x are wi,...,w, in order is

n
j=1 7—1 :L')
By summing over all paths w, we get the proposition. O
& If we consider ¢ and p# as measures on finite paths w = [wo,...,w,] in A, then we can rephrase the
proposition as
qu’h - h(wn)

w) = .
dp# ) h(wo)
Formulations like this in terms of Radon-Nikodym derivatives of measures can be extended to measures on
continuous paths such as Brownian motion.

& The h-process can be considered as the random walk “weighted by the function A". One can define this
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for any positive function on A, even if h is not harmonic, using the first equality in (11.1). However, Proposition
11.1.1 will not hold if h is not harmonic.

Examples

e If AC Z%and V C 0A, let

hv,a(w) =P*{Sz, €V} = Halz.y).
yev
Assume hy 4(z) > 0 for all z € A. By definition, hy 4 =1 on V and hya =0 on Z4\ (AU V).
The hy, a-process corresponds to simple random walk conditioned to leave A at V. We usually
consider the version stopped at V' = (0A4)4.

— Suppose z € 9A\ V and

HaA(l’,V) = ]P’f”{Sl € A; STA S V} = ZH@A(ZE,y) > 0.
yeA

If |z —y| > 1 for all y € V, then the excursion measure as defined in Section 9.6 corresponding
to paths from = to V' in A normalized to be a probability measure is the hy, s-process. If there
is a y € V with |z —y| = 1, the hy a-process allows an immediate transition to y while the
normalized excursion measure does not.

o let A=H={x+iy € ZxiZ:y >0} and h(z) = Im(z). Then h is a harmonic function on
‘H that vanishes on JA. This h-process corresponds to simple random walk conditioned never to

leave H and is sometimes called an H-excursion. With probability one this process never leaves
H. Also, if ¢ = ¢"" and = + iy € H,

1
o+ iy, (o 1)+ i) = .

. . y+1 . .
q(:E +’Ly,3§‘ +Z(y + 1)) = @7 q(ﬂj —|—zy,—|—z(y - 1)) =

y—1

Ty

e Suppose A is a proper subset of Z% and V = 9A. Then the hyv, a-process is simple random walk
conditioned to leave A. If d = 1,2 or Z%\ A is a recurrent subset of Z¢, then hv.a =1 and the
hyv, a-process is the same as simple random walk.

e Suppose A is a connected subset of Z%, d > 3 such that

hoo a(z) :=P"{T4 = o0} > 0.

Then the hoo a-process is simple random walk conditioned to stay in A.
e Let A be a connected subset of Z? such that Z2 \ A is finite and nonempty, and let

hz) = a(z) — E* [a(S57,)],

be the unique function that is harmonic on A; vanishes on JA; and satisfies h(x) ~ (2/7) log |x|
as © — 00, see (6.40). Then the h-process is simple random walk conditioned to stay in A. Note
that this “conditioning” is on an event of probability zero. Using (6.40), we can see that this is
the limit as n — oo of the hy;, 4, processes where

A, =An{|z| <n}, V,=0A,Nn{|z| >n}.
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Note that for large n, V,, = 0B,.

11.2 Loop-erased random walk

Suppose A C Z%,V C 0A, and = € A with that hy a(xz) > 0. The loop-erased random walk (LERW)
from x to V in A is the probability measure on paths obtained by taking the hy, s-process stopped
at V and erasing loops. We can define the walk equivalently as follows.

e Take a simple random walk S,, started at = and stopped when it reaches JA. Condition on
the event (of positive probability) {S;, € V'}. The conditional probability gives a probability
measure on (finite) paths

w = [SO :x,Sl,...,Sn = TA]'
e Erase loops from each w which produces a self-avoiding path
n= L(w) = [SO = x?‘glw"agm = TA]7

with S1,...,Sm_1 € A. We now have a probability measure on self-avoiding paths from z to V,
and this is the LERW.

Similarly, if z € 0A\ V with P*{S,, € V} > 0, we define LERW from z to V in A by erasing
loops from the hy, 4-process started at x stopped at V. If x € V, we define LERW from z to V to
be the trivial path of length zero.

We write the LERW as

S0, 51, -+, 5.
Here p is the length of the loop-erasure of the h-process.

The LERW gives a probability measure on paths which we give explicitly in the next proposition.
We will use the results and notations from Chapter 9 where the weight ¢ from that chapter is the
weight associated to simple random walk, ¢(x,y) = 1/2d if |z — y| = 1.

Proposition 11.2.1 Suppose V C 0A, x € A\'V and So, 51, ... ,5'p is LERW from x to V in A.
Suppose 1 = [Ny, ..., M) is a self-avoiding path withny =z € A, n, € V, andnj € A for 0 < j <n.

Then
1

@ar s, e vy I

P{p=n;[So,...,S.] =1} =

Proof This is proved in the same way as Proposition 9.5.1. The extra term P*{S;, € V} comes
from the normalization to be a probability measure. O

If w = [wo, w1, ...,wn| and w? denotes the reversed path [wy,, Wm_1,...,wo], it is not necessarily
true that L(w®) = [L(w)]® (the reader might want to find an example). However, the last proposi-
tion shows that for any self-avoiding path n with appropriate endpoints, the probability that LERW
produces 1 depends only on the set {n;,...,n,-1}. For this reason we have the following corollary
which shows that the distribution of LERW is reversible.

Corollary 11.2.2 (Reversibility of LERW) Suppose z,y € A and §0,§1,...,5'p is LERW
from x to y in A. Then the distribution of S,,S,—1,...,50 is that of LERW from y to x.
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Proposition 11.2.3 If x € A with hy a(z) > 0, then the distribution of LERW from x to V in A
stopped at V' is the same as that of LERW from x to V in A\ {z} stopped at V.

Proof Let Xg, X1, ... denote an hy, 4-process started at x, and let 7 = 74 be the first time that the
walk leaves A, which with probability one is the first time that the walk visits V. Let

oc=max{m < 74 : X;;, = z}.
Then using last-exit decomposition ideas (see Proposition 4.6.5) and Proposition 11.1.1, the distri-

bution of
(Xo, Xot1y-oo, Xo)]

s AT Yy

is the same as that of an hy 4-process stopped at V' conditioned not to return to x. This is the
same as an hy, o\ {;}-Process. O

If x € 0A\ V, then the first step Sy of the LERW from z to V in A has the same distribution as
the first step of the hy 4-process from = to V. Hence,

hv,a(y)

PI{S:l - y} - Z|z—x\:1 hV7A(Z) '

Proposition 11.2.4 Suppose z € A\ V and So, ... ,S’p denotes LERW from x to V in A. Suppose
7 =1[N0y.-.,Nm] is a self-avoiding path with ng = x and N1, ..., Nm € A. Then
Pm{s, . €V}

A F,(A).
2d)" Pr{S,, €V} n(A)

Px{p>m;[S0,...,§m]:77}:(

Proof Let w = [wy,...,wy,]| be a nearest neighbor path with wy = z,w, € V and wy,...,w,—1 € A
such that the length of LE(w) is greater than m and the first m steps of LE(w) agrees with 7. Let

s =max{j : w; = N}
and write w = w™ ® w’ where

=1

wT = wo,wiy ... ,Ws], W Wy W1y« - s W

Then L(w™) =n and w™ is a nearest neighbor path from 7, to V with

Ws = Nmy  {Wst1s---swn_1} € A\n, wp€V. (11.2)

Every such w can be obtained by concatenating an w™ in A with L(w™) = n with an w™ satisfying
(11.2). The total measure of the set of w™ is given by (2d)™"™ F},(A) and the total measure of the
set of w* is given by P {S., € V}. Again, the term P*{S;, € V} comes from the normalization

to make the LERW a probability measure. O

The LERW is not a Markov process. However, we can consider the LERW from x to V in A
as a Markov chain on a different state space. Fix V', and consider the state space X of ordered
pairs (v, A) with z € Z4, A c Z4\ (V U {z}) and either € V or P*{S,, € V} > 0. The states
(x,A),z € V are absorbing states. For other states, the probability of the transition

(x,4) — (y, A\ {y})
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is the same as the probability that an hy, 4-process starting at x takes its first step to y. The fact
that this is a Markov chain is sometimes called the domain Markov property for LERW.

11.3 LERW in Z¢

The loop-erased random walk in Z¢ is the process obtained by erasing the loops from the path of
a d-dimensional simple random walk. The d = 1 case is trivial, so we will focus on d > 2. We will
use the term self-avoiding path for a nearest neighbor path that is self-avoiding.

11.3.1 d >3
The definition of LERW is easier in the transient case d > 3 for then we can take the infinite path

[So, 51,59, ...]
and erase loops chronologically to obtain the path
S0, 51, Sa, .. ).
To be precise, we let
oo =max{j > 0:5; =0},
and for k > 0,
o =max{j > ox_1:5; =S, _,+1},
and then
[S0, 51,82, - ] = [Sogs Sors Sags - - )

& It is convenient to define chronological erasing as above by considering the last visit to a point. It is not
difficult to see that this gives the same path as obtained by “nonanticipating” loop erasure, i.e., every time one
visits a point that is on the path one erases all the points in between.

The following properties follow from the previous sections in this chapter and we omit the proofs.

e Given So, .. ,Sm, the distribution of §m+1 is that of the hs a,,-process starting at Sm where
Ay =73\ {So, ..., S,}. Indeed,

|z — S| = 1.

X R R hoo,A (gj)
P Sm = S PR ’Sm = ] ’
{ +1 | [ 0 ]} Z|y—§m|:1 hOO7Am (y)

o If n=1[no,...,nm] is a self-avoiding path with ny = 0,

P{[So,...,é‘m] = 77} = %)(?)Fn@d) = %)(ZME)GAN(WW)-

Here A_; = Z°.
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e Suppose Z% \ A is finite,
A" =An{lz| <r}, VI =0A"N{|z| >r},
and S'ér), e ,5’,(7:) denotes (the first m steps of) a LERW from 0 to V" in A”. Then for every
self-avoiding path 7,
P{[SO,...,Sm] :n} = lim p{[sg>,..., 5] = n}.

r—00

11.3.2 d=2

There are a number of ways to define LERW in Z?; all the reasonable ones give the same answer.
One possibility (see Exercise 11.2) is to take simple random walk conditioned not to return to
the origin and erase loops. We take a different approach in this section and define it as the limit
as N — oo of the measure obtained by erasing loops from simple random walk stopped when it
reaches 0By. This approach has the advantage that we obtain an error estimate on the rate of
convergence.

Let S,, denote simple random walk starting at the origin in Z2. Let SO,N,---,SpN,N denote
LERW from 0 to 9By in By. A This can be obtained by erasing loops from
[S07 Sl7 .. 7S§N]'

As noted in Section 11.2, if we condition on the event that 75 > £n, we get the same distribution on
the LERW. Let Zp denote the set of self-avoiding paths n = [0,71, ..., %] with n1,...,7x_1 € By,
and ny € 0By and let vy denote the corresponding probability measure on =y,

I/N(T]) = P{[SQN, ey gn,N] = T]}.

If n < N, we can also consider vy as a probability measure on =,, by considering the path n up
to the first time it visits 9B,, and removing the rest of the path. The goal of this subsection is to
prove the following result.

Proposition 11.3.1 Suppose d = 2 and n < co. For each N > n, consider vy as a probability
measure on =,,. Then the limit

v= lim v
N—oo N

exists. Moreover, for everyn € =,,.

v () = v(n) [1 +0 <m>] . N>om (11.3)

& To be more specific, (11.3) means that there is a ¢ such that for all N > 2n and all 5 € =,

vn(n) }
v(n) ~ log(N/n)

The proof of this proposition will require an estimate on the loop measure as defined in Chapter
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9. We start by stating the following proposition which is an immediate application of Proposition
11.2.4 to our situation.

Proposition 11.3.2 If n < N and n = [ng,...,nk| € Zn,

Pk {ZN < Tzd\n} Pk {EN < Tzd\n}
(2d) 1! ! @2d)M P{ey < o} "

vn(n) = N) = Fy(By \ {0}).

& Since 0 € n,
Fy(BN) = GBx (0,0) Fy(By \ {0}) = P{én < 70} ! Fy(By \ {0}),

which shows the second equality in the proposition.

We will say that a loop disconnects the origin from a set A if there is no self-avoiding path starting
at the origin ending at A that does not intersect the loop; in particular, loops that intersect the
origin disconnect the origin from all sets. Let T denote the unrooted loop measure for simple
random walk as defined in Chapter 9.

Lemma 11.3.3 There exists ¢ < 0o such that the following holds for simple random walk in Z2.
For every n < N/2 < oo consider the set U = U(n, N) of unrooted loops @w satisfying

TNB, #0, w@wN(Z¥\By)#0

and such that @ does not disconnect the origin from 0B,,. Then
c

mU) < log(N/n).

Proof Order Z* = {zy = 0,z1,72,...} so that j < k implies |z;| < |zx|. Let Ay = Z*\
{zo,...,xp_1}. For each unrooted loop @, let k be the smallest index with z; € @ and, as be-
fore, let d,, (w) denote the number of times that @ visits z;. By choosing the root uniformly among
the d, (W) visits to zx, we can see that

>y Qde ZZ G

k=1 wa]k k=1 WeUk
where Uy, = Uy(n, N) denotes the set of (rooted) loops rooted at z;, satisfying the following three
properties:

e wN{xg,...,x5_1} =0,
e wN(Z%\ By) # 0,

e w does not disconnect the origin from 98,,.

We now give an upper bound for the measure of Uy, for zj € B,,. Suppose
w = [wo, ... ,wy] € Uy.

Let sg = wp, s5 = 21 and define s, ..., s4 as follows.

e Let s; be the smallest index s such that |ws| > 2|z
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e Let so be the smallest index s > s1 such that |ws| > n
e Let s3 be the smallest index s > s9 such that |wg| > N.
e Let s4 be the largest index s < 2l such that |wg| > 2|z

Then we can decompose

w:w1®w2®w3@w4@w5,

where w’ = [wsjfl, . ,wsj]. We can use this decomposition to estimate the probability of Up.
e w'is a path from zj, to OBy|,, | that does not hit {xo,...,z;_1}. Using gambler’s ruin (or a
similar estimate), the probability of such a path is bounded above by ¢/|xg|.

e w? is a path from 0By, to 0B, that does not disconnect the origin from 0B,. There

exists ¢, a such that the probability of reaching distance n without disconnecting the origin
is bounded above by ¢ (|zx|/n)® (see Exercise 3.4).

e w3 is a path from 9B, to OBy that does not disconnect the origin from 013,,. The probability
of such paths is bounded above by ¢/log(N/n), see Exercise 6.4.

e The reverse of w® is a path like w! and has probability c/|z|.

e Given w?® and w®, w* is a path from wss € OBN to wg, € 882‘9%‘ that does not enter
{zg,...,xp_1}. The expected number such paths is O(1).

Combining all these estimates we see that the measure of Uy, is bounded above by a constant times

1 1
|z [*~n log(N/n)’

By summing over zj, € B, we get the proposition. O

& Being able to verify all the estimates in the last proof is a good test that one has absorbed a lot of material
from this book!

Proof [of Proposition 11.3.1] Let ¢, = 1/logr. We will show that for 2n < N < M and n =
[7707 o 777k] S Ena

vm(n) = vn(n) [1+ O(enym)]- (11.4)

Standard arguments using Cauchy sequences then show the existence of v satisfying (11.3). Propo-
sition 11.3.2 implies
F, n (BM ) z z
= L Pk < < :
vm(n) = vn(n) 7,(Bx) {&nr < a2\ | €N < T2\n )

The set of loops contributing to the term F,(Bas)/F,(Bn) are of two types: those that disconnect
the origin from 0B,, and those that do not. Loops that disconnect the origin from 985, intersect
every 77 € =, and hence contribute a factor C'(n, N, M) that is independent of n. Hence, using
Lemma 11.3.3, we see that

———==C(n,N,M)[1+ O(EN/n)], (11.5)
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Using Proposition 6.4.1, we can see that for every x € 9By,

log(N/n)

Tog(M/n) (14 O(en/n)]

P*{Epr < Tz2\08,} =

(actually the error is of smaller order than this). Using (6.49), if € B,,

C

]P)m{gj\/' < TZQ\n} < W

We therefore get

log(N/n)

log(at/n) |1+ Oem)

]P)77k {EM < Tzz\n | EN < Tzz\n} =

Combining this with (11.5) we get

log(N/n)

var(n) = v () Cn, N M) i s

[1 + O(EN/n)] )

where we emphasize that the error term is bounded uniformly in € Z,,. However, both vy and
vy are probability measures. By summing over n € =, on both sides, we get

log(N/n)
log(M/n)

which gives (11.4). O

C(TL,N,M) = 1+O(EN/n)a

The following is proved similarly (see Exercise 9.7).

Proposition 11.3.4 Suppose d > 3 and n < oco. For each N > n, consider vy as a probability
measure on =,,. Then the limit

v = lim vy,
N—o0

exists and is the same as that given by the infinite LERW. Moreover, for every n € Z,.

vn(n) = v(n) [1 +0 <(n/N)d_2)} , N >2n. (11.6)

11.4 Rate of growth
If Sy, 51, ..., denotes LERW in Z%, d > 2, we let

fn = min{j : ]5']] >n}.
Let
F(n) = Fy(n) = E[&,).

In other words it takes about F (n) steps for the LERW to go distance n. Recall that for simple
random walk, E[¢,] ~ n?. Note that

F(n) = Z P{S; = x for some j < &,}.

zEBy,



11.4 Rate of growth 255
By Propositions 11.3.1 and 11.3.4, we know that if x € B,,
IP’{S’]- = x for some j < fn} = P{z € LE(S[0,&n])}
= ) P{j < &n; S; =2 LE(S[0,4]) N S[j + 1, 0] = 0}
§=0

If S,S! are independent random walks, let

QN =(1-X>> i i A pOe L1 R (S[0,n]) N S0, m] = 0}.

In Proposition 10.2.1, a probability of nonintersection of random walks starting at the origin was
computed in terms of a “long-range” intersection quantity Q(A). We do something similar for
LERW using the quantity Q()\) The proof of Proposition 10.2.1 used a path decomposition: given
two intersecting paths, the proof focused on the first intersection (using the time scale of one of the
paths) and then translating to make that the origin. The proof of the next proposition is similar
given a simple random walk that intersects a loop-erased walk. However, we get two different
results depending on whether we focus on the first intersection on the time scale of the simple walk
or on the time scale of the loop-erased walk.

Proposition 11.4.1 Let S, S', 52,52 be independent simple random walks starting at the origin
in Z% with independent geometric killing times Ty, T)%, e ,Tf\)’.

(i) Let VI =V} be the event that
SILTNINLE(S[0,Th]) =0, j=1,2

and
S3[1, T3 N [LE(S[0,T)\]) \ {0}] = 0.
Then,
P(VH =1 =XN2Q(\). (11.7)
(ii) Let V2 =V be the event that
S, TN LE(S[0,Ty]) = 0,
and
S?[1, T3] N [LE(S[0,T\]) U LE(S'[0,T3]) = 0} .
Then
P(VH =1 -=N2Q(\). (11.8)

Proof We use some of the notation from the proof of Proposition 10.2.1. Note that

QN =1 =N23 S AT p(w) p(n),

n=0m=0 w,n



256 Loop-erased random walk

where the last sum is over all w,n with |w| =n, |n| = m,wy =0 and L(w) Nn # 0. We write
W= L(w) = [@o,...,&).
To prove (11.7), on the event @ Ny # 0, we let
w=min{j: 0; €n}, s=max{j:w;=w,}, t=min{k:n =&}

We define the paths w™,w™,n~,n" as in the proof of Proposition 10.2.1 using these values of s, t.
Our definition of s, ¢ implies for j > 0,

w;-' ¢ LER(w), n; & LER(w™), 77;-' ¢ LER(w™)\ {0} (11.9)

Here we write LE™ to indicate that one traverses the path in the reverse direction, erases loops,
and then reverses the path again — this is not necessarily the same as LE(w_). Conversely, for any
4-tuple (w™,w™,n~,n") satisfying (11.9), we get a corresponding (w,n) satisfying L(w) Nn # 0.
Therefore,

QN =01-3* Y > A b )p(wy)p(n-)p(n4),

0<n_,ny,m_,my W,wi M0+
where the last sum is over all (w™,wt,n7,n") with |w_| = n_,|wy| =ny,|n_| =m_,|ng| = my
satisfying (11.9). Using Corollary 11.2.2, we see that the sum is the same if replace (11.9) with:
for j > 0,
wi ¢ LE(w-), n; ¢ LE(w-), n] ¢ LE(w-)\{0}.
To prove (11.8), on the event @ Ny # 0, we let
t=min{k :n, € 0}, s=max{j:w; =n},
and define (w™,w™*,n7,n") as before. The conditions now become for j > 0,
wi ¢ LE%(w™), n; ¢[LEf(w ) ULEW"Y)),
O

It is harder to estimate Q()) then Q(\). We do not give a proof here but we state that if
/\nzl—%,thenasnﬁoo,

A nd/2, d<4
QAn) = { n?[logn|~!, d=4.

This is the same behavior as for Q()\,,). Roughly speaking, if two random walks of length n start
distance y/n away, then the probability that one walk intersects the loop erasure of the other is of
order 1 for d < 3 and of order 1/logn for d = 4. For d = 1,2, this is almost obvious for topological
reasons. The hard cases are d = 3,4. For d = 3 the set of “cut points” (i.e., points S; such that
S[0,7] N S[j + 1,n] = 0) has a “fractal dimension” strictly greater than one and hence tends to be
hit by a (roughly two-dimensional) simple random walk path. For d = 4, one can also show that
the probability of hitting the cut points is of order 1/logn. Since all cut points are retained in loop
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erasure this gives a bound on the probability of hitting the loop-erasure. This estimate of Q()\)
yields
d—4
P(V),) < P(V2) x{ e

logn?

To compute the growth rate we would like to know the asymptotic behavior of
P{LE(S[0,\,]) N S[1, Ty, ] = 0} = E[Yy],
where
Y, = P{LE(S[0,\,]) N SY[1,Ty,] = 0| S[0, \n]}.
Note that

P(Vy) < E[Y;]].

n

11.5 Short-range intersections

Studying the growth rate for LERW leads one to try to estimate probabilities such as

P{LE(S[0,n]) N S[n + 1,2n] = 0},
which by Corollary 11.2.2 is the same as

Gn = P{LE(S[0,n]) N S'[L,n] = 0},
where S, S' are independent walks starting at the origin. If d > 5,

Gn > P{S[0,n] N S [1,n] =0} > ¢ >0,
so we will restrict our discussion to d < 4. Let
Y, = P{LE(S[0,n]) N S[n + 1,2n] = 0 | S[0,n]}.

Using ideas similar to those leading up to (11.7), one can show that

- (logn)™t, d=4
g 11.10
{ n'z, d=1,23. (11.10)

This can be compared to (10.6) where the second moment for an analogous quantity is given. We
also know that

E[V3] < E[Y,] < (E[Yn]>1/3. (11.11)

. ~\3
In the “mean-field” case d = 4, it can be shown that E[Y,3] =< (E[Yn]) . and hence that

4n = (logn)~1/3,

Moreover, if we appropriately scale the process, the LERW converges to a Brownian motion.
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. A3
For d = 2,3, we do not expect E[Y;}] < <E[Yn]> . Let us define an exponent o = ag roughly as
gn = n~%. The relations (11.10) and (11.11) imply that

LY
Z =
It has been shown that for d = 2 the exponent « exists with o = 3/8; in other words, the expected
number of points in LE(S[0,n]) is of order n%/® (see [6] and also [15]). This suggests that if we
scale appropriately, there should be a limit process whose paths have fractal dimension 5/4. In fact,
this has been proved. The limit process is the Schramm-Loewner evolution (SLE) with parameter
k=2 [13].

For d = 3, we get the bound a > 1/6 which states that the number of points in LE(S[0,n])
should be no more than n®/¢. We also expect that this bound is not sharp. The value of a3 is any
open problem; in fact, the existence of an exponent satisfying ¢, ~ n~% has not been established.
However, the existence of a scaling limit has been shown in [9]

Exercises

Exercise 11.1 Suppose d > 3 and X, is simple random walk in Z? conditioned to return to the
origin. This is the h-process with

h(z) = P*{S,, = 0 for some n > 0}.
Prove that

(i) For all d > 3, X,, is a recurrent Markov chain.
(ii) Assume X = 0 and let 7' = min{j > 0 : X; = 0}. Show that there is a ¢ = ¢4 > 0 such that

P{T =2n} =n"%? n— oo

In particular,

=00, d<4,
E[T] { < oo, d>5.

Exercise 11.2 Suppose X,, is simple random walk in Z? conditioned not to return to the origin.
This is the h-process with h(z) = a(z).

(i) Prove that X, is a transient Markov chain.
(ii) Show that if loops are erased chronologically from this chain, then one gets LERW in Z2.
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Appendix

12.1 Some expansions
12.1.1 Riemann sums

In this book we often approximate sums by integrals. Here we give bounds on the size of the error
in such approximation.

Lemma 12.1.1 If f : (0,00) — R is a C? function, and b, is defined by

n+(1/2)
b=t = [ f)ds

—(1/2)
then
bul < o= sup { |£(1)] I — 7] < 2 (12)
n| < 57 sup nl:ln—rf<g. .
If 37 |by| < o0, let
C=>bu Bu= Y bl
n=1 j=n+1
Then
n nt(1/2)
S f0)= [  fe)ds+ OBy,
s 1/2
Also, for allm <n
n n+(1/2)
f0) - [ ) ds| < B
j=m m—(1/2)

Proof Taylor’s theorem shows that for |s —n| < 1/2,

F(8) = £(m) + (s =) () 5 (1) (75 = ),

for some |n — rs| < 1/2. Hence, for such s,

82

[f(s) + f(=s) = 2f(n)| < 5 sup{|f"(r)| : [n — 7| < s}.

259
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Integrating gives (12.1). The rest is straightforward. O
Example. Suppose a < 1,3 € R and
f(n) = n%log®n.
Note that for ¢t > 2,
[f(8)] < ct* % logP't.

Therefore, there is a C'(«a, 3) such that
n n+(1/2)
Z n®log’n = / t* logft dt + C(a, B) + O(n® ! logf n)
— 2

" 1
= / t* log® t dt + 3 n“log’ n 4 C(a, B) + O(n*! log” n) (12.2)
2

12.1.2 Logarithm

Let log denote the branch of the complex logarithm on {z € C;Re(z) > 0} with log1 = 0. Using
the power series

]+1Z]
+ O, ol <1-e

k
log(1 + 2) Z
we see that if r € (0,1) and |{| < rt,

t 2 3 k ka1l
10g<1+§> §—§—+§ Feed (S o, <’§‘+>,

3¢2 ktk—1 tk
t 3 k k+1
<1+§> = et exp{—g——i-%—k “+ (= 1)k+1k§€ ; + Or <|£|tk >} (12.3)

If |€2/t is not too big, we can expand the exponential in a Taylor series. Recall that for fixed
R < 00, we can write

2 k

¢ = 1+z+§+ +%+OR(M’“+1), 12| < R.
Therefore, if r € (0,1), R < oo, [£| < rt, |€]* < Rt, we can write
&' & 843! il€) |s|2k
142 l—-=4+—-—— 12.4
< T3 2 T oA Tt © ’ (124)

where fj is a polynomial of degree 2(k — 1) and the implicit constant in the O(-) term depends only
on 7, R and k. In particular,

1\" 1 11 bk 1
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Lemma 12.1.2 For every positive integer k, there exist constants c(k,l),l =k+ 1,k +2,..., such
that for each m >k,

=k 1 (k1) 1
Z R Y + Z nl + 0 <nm+1> . (12.6)
j=n I=k+1
Proof If n > 1,
nF=N PG E:J L=+ ﬂZEZMhDEZﬁH,
j=n I=k j=n

with b(k, k) = 1 (the other constants can be given explicitly but we do not need to). In particular,

IR R 1

1=k j=n
The expression (12.6) can be obtained by inverting this expression; we omit the details. O
Lemma 12.1.3 There exists a constant v (called Euler’s constant) and by, bs, ... such that for

every integer k > 2,

"1 1 y b 1
l
E 3_—10gn+’}/+%+l52ﬁ+0<w>.

j=1
In fact,
v = lim Zl —logn—/l(l—e_t)ldt—/ooe_tldt (12.7)
Proof Note that
Zl lo n—l—1 +1o 2—1—§n:ﬁ-
p j g 5 g s

J=1

where
o0

1 1 1 2
A i+ =) +1 e ,
%= °g<”2>+°g<" 2> ;@kﬂ)(m%ﬂ

In particular, 8; = O(j73), and hence Y 3; < co. We can write

n 00 l+1
Z%:log<n+%>+7— Z B = logn+7—|—z Z Bis

j=1 j=n+1 j=n+tl

where 7 is the constant

:10g2+26j.

J=1
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Using (12.6), we can write

for some constants q;.
We will sketch the proof of (12.7) leaving the details to the reader. By Taylor’s series, we know

that
1 ad 1\’ 1
loen=—log|1—(1—=)|= 1—=) =
oen=—tog[1- (1-0)] =32 (1-7) 5

Therefore,

R 1\] 1 , ad 1\’ 1
- ,}Lngole—(l—g”; LS <1—;> 7

j=1 j=n+1

We now use the approximation (1 —n=1)" ~e~! to get

limzn: - (-1 : Lo tim Zn:l(l—e—j/”)i:/1(1—e—t)ldt
n—o00 n i n—oo &~ n, j/TL 0 t

j=1 7j=1
o ] [o¢]
1\’ 1 1 ., 1 & 1
lim E <1——> — = lim E —e_J/n,—:/ et dt.
j=n+1 j=n+1
O
Lemma 12.1.4 Suppose o € R and m is a positive integer. There exist constants rg,r1, ..., such

that if k is a positive integer and n > m,

s o' o r1 1
H(l—;)zron [1+Z+ +—+O<k+1>]

j=m

Proof Without loss of generality we assume that |a| < 2m; if this does not hold we can factor out
the first few terms of the product and then analyze the remaining terms. Note that

log]ljn<1—%>:]§;nlog<l—%> ZZU ZZU

Jj=m =1 =1 j=m

For the [ = 1 term we have
k

by
logn+’y+— Z—l <nk+1>]'

=2

-1

n
(0%
;;——Zj"i‘a

7=1
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All of the other terms can be written in powers of (1/n). Therefore, we can write

n k
o C 1

The lemma is then obtained by exponentiating both sides. O

12.2 Martingales
A filtration Fy C F1 C --- is an increasing sequence of o-algebras.

Definition. A sequence of integrable random variables My, M1,... is called a martingale with
respect to the filtration {F,} if each M, is F,,-measurable and for each m < n,

E[M, | Fp] = M. (12.8)

If (12.8) is replaced with E[M,, | F,,] > M, the sequence is called a submartingale. If (12.8) is
replaced with E[M,, | F,] < M, the sequence is called a supermartingale.

Using properties of conditional expectation, it is easy to see that to verify (12.8) it suffices to
show for each n that E[M,11 | F,] = M,. This equality only needs to hold up to an event of
probability zero; in fact, the conditional expectation is only defined up to events of probability
zero. If the filtration is not specified, then the assumption is that F,, is the o-algebra generated by
Moy, ..., M,. If My, X1, Xs,... are independent random variables with E[|M|] < co and E[X;] =0
for 7 > 1, and

My, = My+ X1 +---+ X,

then My, My, ... is a martingale. We omit the proof of the next lemma which is the conditional
expectation version of Jensen’s inequality.

Lemma 12.2.1 (Jensen’s inequality) If X is an integrable random variable; f : R — R is
convex with E[|f(X)|] < co; and F is a o-algebra, then E[f(X) | F] > f(E[X | F]). In particular, if
My, My, ... is a martingale; f: R — R is convex with E[|f(M,)|] < oo for all n; and Y, = f(M,);
then Yy, Y1, ... is a submartingale.

In particular, if My, M1,... is a martingale then

e if a>1,Y, :=|M,|* is a submartingale;
o if b € R, then Y}, := "™ is a submartingale.

In both cases, this is assuming that E[Y,,] < oco.

12.2.1 Optional Sampling Theorem

A stopping time with respect to a filtration {F,} is a {0,1,...} U {oo}-valued random variable T
such that for each n, {T" < n} is F,-measurable. If T" is a stopping time, and n is a positive integer,
then T}, :=T An is a stopping time satisfying T;, < n.
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Proposition 12.2.2 Suppose My, M1, ... is a martingale and T is a stopping time each with respect
to the filtration F,,. Then Y, := Mr, is a martingale with respect to F,,. In particular,

E[Mo] = E[Mr,].

Proof Note that
Yoi1=Mp, {T <n} + My {T > n+1}.

The event {T" > n + 1} is the complement of the event {T' < n} and hence is F,-measurable.
Therefore, by properties of conditional expectation,

E[Mys1 U{T >n+1} | Fol = YT > n+ 1 E[Myry | Fo] = LT > n+ 1} M,.

Therefore,
EYpi1 | Fol=Mp, T <n}+ M, 1{T >n+1} =Y,.

O

The optional sampling theorem states that under certain conditions, if P{T" < oo} = 1, then
E[My] = E[M7]. However, this does not hold without some further assumptions. For example, if
M, is one-dimensional simple random walk starting at the origin and 7' is the first n such that
M, =1, then P{T < oo} = 1, My = 1, and hence E[My] # E[Mr]. In the next theorem we list a
number of sufficient conditions under which we can conclude that E[My] = E[Mr7].

Theorem 12.2.3 (Optional Sampling Theorem) Suppose My, My, ... is a martingale and T
is a stopping time with respect to the filtration {F,}. Suppose that P{T < oo} = 1. Suppose also
that at least one of the following conditions holds:

e There is a K < oo such that P{T < K} = 1.

e There exists an integrable random variable Y such that for all n, |Mr,| <Y.

o E[|Mr|] < oo and lim,_.o E[|M,|;T > n] = 0.

e The random wvariables My, My, ... are uniformly integrable, i.e., for every e > 0 there is a
K. < oo such that for all n,

E[|M,|; |My| > K] < e.

e There exists an o > 1 and a K < oo such that for all n, E[|M,|*] < K.
Then E[My] = E[Mr].

Proof We will consider the conditions in order. The sufficiency of the first follows immediately
from Proposition 12.2.2. We know that M7, — Mpr with probability one. Proposition 12.2.2 gives
E[Mr,] = E[My]. Hence we need to show that

lim E[Mp,] = E[M7]. (12.9)

n—oo

If the second condition holds, then this limit is justified by the dominated convergence theorem.
Now assume the third condition. Note that

M7 = Mr, + Mr 1{T > n} - M, 1{T > n}
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Since P{T > n} — 0, and E[|Mr|] < oo, it follows from the dominated convergence theorem that
lim E[My 1{T > n}] = 0.

Hence if E[M,, 1{T > n}] — 0, we have (12.9). Standard exercises show that the fourth implies the
third and the fifth condition implies the fourth, so either the fourth or fifth condition is sufficient.

O
12.2.2 Maximal inequality
Theorem 12.2.4 (Maximal inequality) Suppose My, My, ... is a nonnegative submartingale
with respect to {Fn,} and A > 0. Then
E[M,
]P’{max M; 2)\} < [ n]
0<j<n A
Proof Let T'= min{j > 0: M; > A}. Then,
n
P {OgljagnM] > A} > P{T =},
7=0
n
E[M,] > E[My;T <n]=>» E[M,;T = j].
§=0
Since M, is a submartingale and {T" = j} is Fj-measurable,
E[My; T = j] =E[E[M, | F;|;T = j] 2 E[M;;T = j] 2 AP{T = j}.
Combining these estimates gives the theorem. O
Combining Theorem 12.2.4 with Lemma 12.2.1 gives the following theorem.
Theorem 12.2.5 (Martingale maximal inequalities) Suppose My, My, ... is a martingale with
respect to {Fn} and X\ > 0. Then if « > 1,b > 0,
E[| M, |*
]P’{ max |M;| > )\} < M, (12.10)
0<j<n A

E bM,,
P< max M; > Ay < L.
0<j<n ebA

Corollary 12.2.6 Let X1, Xo,... be independent, identically distributed random variables in R
with mean zero, and let k be a positive integer for which E[|X1|?*] < co. There exists ¢ < co such
that for all A > 0,

]P’{ max |S;| > Aﬁ} < ek (12.11)
0<j<n
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Proof Fix k and allow constants to depend on k. Note that

S% ZE gt ]Zk]

where the sum is over all (ji,...,j0%) € {1,...,n}?*. If there exists an [ such that j; # j; for i # [,
then we can use independence and E[X;] = 0 to see that E[X; --- X}, ] = 0. Hence

J2k
S 2k Z E Jg1°’ ]2k]
where the sum is over all (2k)-tuples such that if [ € {j1,...,jox}, then [ appears at least twice.
The number of such (2k)-tuples is O(n*) and hence we can see that

()]

Hence we can apply (12.10) to the martingale M; = S;/y/n. O

E

Corollary 12.2.7 Let X1, Xo,... be independent, identically distributed random variables in R

with mean zero, variance o2, and such that for some 6 > 0, the moment generating function

Y(t) = E[e!Xi] exists for |t| < 6. Let S, = X1+ - + Xy. Then for all 0 <r < 6y/n/2,

.2 3
> /2 — ). .
P {OrgjagnS ro \/_} exp {O <\/ﬁ> } (12.12)
If P{X; > R} =0 for some R, this holds for all r > 0.

Proof Without loss of generality, we may assume o2 = 1. The moment generating function of
Sp=X1+ -+ X, is ¢¥(t)". Letting t = r/\/n, we get

P{max S; >7~f} e p(r/v/n)".

0<j<n

Using the expansion for ¢ (t) at zero,

2

O =1+5+06), <

l\’)low

we see that for 0 < r < dy/n/2,

serr=is E o ()] < en{o ()}

This gives (12.12). If P{X; > R} = 0, then (12.12) holds for » > Ry/n trivially, and we can choose
d =2R. O

Remark. From the last corollary, we also get the following modulus of continuity result for random
walk. Let X1, X5,... and S, be as in the previous lemma. There exist ¢, b such that for every m <n
and every 0 < r < dy/m/2

— 55 > < b, .
]P’{Olilja}nllg}&x |Sktj — Sj| > rvm} <cne” (12.13)

This next lemma is not about martingales, but it does concern exponential estimates for proba-
bilities so we will include it here.
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Lemma 12.2.8 If0 < a < o0, 0 <7 <1 and X, is a binomial random variable with parameters
n and ae 2" then

P{X, >rn} <e "

Proof
]P){Xn > rn} < e~ 2on E[e@a/r)Xn] < e—2an [1 + Oé]n < e,

12.2.3 Continuous martingales

A process M; adapted to a filtration F; is called a continuous martingale if for each s < t, E[M; |
M) = M, and with probability one the function ¢ — M; is continuous. If M, is a continuous
martingale, and 6 > 0, then

Mr(Lé) = M(Sn

is a discrete time martingale. Using this, we can extend results about discrete time martingales to
continuous martingales. We state one such result here.

Theorem 12.2.9 (Optional Sampling Theorem) Suppose M, is a uniformly integrable con-
tinuous martingale and T is a stopping time with P{t < oo} = 1 and E[|M;|] < oco. Suppose
that

tlim E[|M;|; T > t] = 0.

Then
E[Mr] = E[M)).
12.3 Joint normal distributions
A random vector Z = (Zy,...,7Z3) € R? is said to have a (mean zero) joint normal distribution

if there exist independent (one-dimensional) mean zero, variance one normal random variables
Ni,..., N, and scalars aj such that

Zj:ale1+"'+ajnNna Jj=1....d,

or in matrix form

Z = AN.

Here A = (a;i) is a d x n matrix and Z, N are column vectors. Note that
n
E(ZjZk) = > jm Gkm.
m=1

In other words, the covariance matrix I' = [E(Z;Z) | is the d x d symmetric matrix

= AAT.
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We say Z has a nondegenerate distribution if I is invertible.
The characteristic function of Z can be computed using the known formula for the characteristic
function of Ng,

[ d n
Elexp{if - Z}] = E |exp izejzajka}:|

k=1 j=1
n d
= H exp{ —— Z Oja;i
k=1 j=1
1 n d d
= exp —52229]'9“13'1@&%
k=1j=1 =1

= exp {—% HAATHT} = exp {—% ereT} .

Since the characteristic function determines the distribution, we see that the distribution of Z
depends only on T'.

The matrix I' is symmetric and nonnegative definite. Hence we can find an orthogonal basis
U1, ..., uq of unit vectors in R? that are eigenvectors of I" with nonnegative eigenvalues a1, ..., ag.
The random variable

Z:\/OélNl’LLl—F"'—F\/Oédeud

has a joint normal distribution with covariance matrix I'. In matrix language, we have written I' =
A AT = A? for a d x d nonnegative definite symmetric matrix A. The distribution is nondegenerate
if and only if all of the a; are strictly positive.

& Although we allow the matrix A to have n columns, what we have shown is that there is a symmetric,
positive definite d x d matrix A which gives the same distribution. Hence joint normal distribution in R¢ can be
described as linear combinations of d independent one-dimensional normals. Moreover, if we choose the correct
orthogonal basis for R?, the components of Z with respect to that basis are independent normals.

If T is invertible, then Z has a density f(z!,... ,zd) with respect to Lebesgue measure that can
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be computed using the inversion formula

1

fE) = o / =0 Blexp{i6 - Z)] df

= (21)d/exp{—i0-z—%0F9T} db.
i

(Here and for the remainder of this paragraph the integrals are over R? and df represents d?0.) To
evaluate the integral, we start with the substitution #; = Af which gives

_40 . _1 T _ 1 —16112/2 —i(61-A~12)
/exp{ 0 -z 29F9}d9—detA/e e dby.

By completing the square we see that the right-hand side equals

e—|A712|2/2 1 0 A_l 9 A_l 0
W/GXP{i(Zl_ z) - (161 — z)}dl.

The substitution 0y = 6; —iA~'z gives
/ exp {% (i, — A712) - (6, — A‘lz)} o, = / e 102112 g, = (27)4/2.

Hence, the density of Z is

1 —1,2 1 1
- =2 2 —(xTT)/2 192.14
z e e . .
/) (27)4/2 /det T (27)4/2 \/det T ( )
Corollary 12.3.1 Suppose Z = (Z1,...,Zq) has a mean zero, joint normal distribution such that

E[Z;Zk) =0 for all j # k. Then Zi,...,Zy are independent.

Proof Suppose E[Z;Z;] = 0 for all j # k. Then Z has the same distribution as
(b1 N1,...,b4Ny),

where b; = E[Zf] In this representation, the components are obviously independent. O

& If Zy,...,Z; are mean zero random variables satisfying E[Z;Z;] = 0 for all j # k, they are called
orthogonal. Independence implies orthogonality but the converse is not always true. However, the corollary tells
us that the converse is true in the case of joint normal random variables. Orthogonality is often easier to verify
than independence.

12.4 Markov chains

A (time-homogeneous) Markov chain on a countable state space D is a process X,, taking values
in D whose transitions satisfy

]P){Xn—i-l = Tn+1 ‘ XO =Z0y--- 7Xn = xn} = p(wrwxn—i-l)
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where p : D x D — [0,1] is the transition function satistying 3 pp(z,y) = 1 for each z. If A is
finite, we call the transition function the transition matriz P = [p(x, )]s yca. The n-step transitions
are given by the matrix P™. In other words, if p,(x,y) is defined to be P{X,, =y | Xo = x}, then

pa(T,y) = Y P, 2) po1(2,9) = Y paoa(@,2) p(2,y)-

zeD zeD

A Markov chain is called irreducible if for each z,y € A, there exists an n = n(z,y) > 0 with
pn(x,y) > 0. The chain is aperiodic if for each x there is an N, such that for n > N, p,(x,z) > 0.
If D is finite, then the chain is irreducible and aperiodic if and only if there exists an n such that
P™ has strictly positive entries.

Theorem 12.4.1 [Perron-Froebenius Theorem] If P is an m X m matriz such that for some positive
integer n, P™ has all entries strictly positive, then there exists o > 0 and vectors v, w, with strictly
positive entries such that

vP=av, Pw=aw.

This eigenvalue is simple and all other eigenvalues of P have absolute value strictly less than «. In
particular, if P is the transition matriz for an irreducible aperiodic Markov chain there is a unique
invariant probability m satisfying

dowl@) =1, w(@) =Y =) Py ).

xzeD yeD

Proof We first assume that P has all strictly positive entries. It suffices to find a right eigenvector,
since the left eigenvector can be handled by considering the transpose of P. We write wy > wy if
every component of wy is greater than or equal to the corresponding component of wy. Similarly, we
write wy > wy if all the components of wy are strictly greater than the corresponding components
of wa. We let 0 denote the zero vector and e; the vector whose jth component is 1 and whose
other components are 0. If w > 0, let

Aw = sup{A: Pw > \w}.

Clearly Ay < oo, and since P has strictly positive entries, Ay > 0 for all w > 0. Let

a=sup{Aw :w >0, Z[w]j =1}
j=1

By compactness and continuity arguments we can see that there exists a w with w > 0, > y w]; =1
and Aw = o. We claim that Pw = aw. Indeed, if [Pw]; > a[w]; for some j, one can check that
there exist positive €, p such that P[w + ee;| > (o + p) [w + ee;], which contradicts the maximality
of a. If v is a vector with both positive and negative component, then for each j,

[PVl < [Plvi]j < aflv]];-

Here we write |v| for the vector whose components are the absolute values of the components of v.
Hence any eigenvector with both positive and negative values has an eigenvalue with absolute value
strictly less than a. Also, if wy, wo are positive eigenvectors with eigenvalue «, then wy —tws is an
eigenvector for each t. If wy is not a multiple of ws then there is some value of ¢ such that w1 —tws
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has both positive and negative values. Since this is impossible, we conclude that the eigenvector
w is unique. If w > 0 is an eigenvector, then the eigenvalue must be positive. Therefore, o has a
unique eigenvector (up to constant), and all other eigenvalues have absolute value strictly less than
«. Note that if v > 0, then Pv has all entries strictly positive; hence the eigenvector w must have
all entries strictly positive.

We claim, in fact, that « is a simple eigenvalue. To see this, one can use the argument as in
the previous paragraph to all submatrices of the matrix to conclude that all eigenvalues of all
submatrices of the matrix are strictly less than « in absolute value. Using this (details omitted),
one can see that the derivative of the function f(\) = det(AI — P) is nonzero at A = « which shows
that the eigenvalue is simple.

If P is a matrix such that P™ has all entries strictly positive, and w is an eigenvector of P with
eigenvalue «, then w is an eigenvector for P™ with eigenvalue ™. Using this, we can conclude the
result for P. The final assertion follows by noting that the vector of all 1s is a right eigenvector for
a stochastic matrix. O

& A different derivation of the Perron-Froebenius Theorem which generalizes to some chains on infinite state
spaces is done in Exercise 12.4.

If P is the transition matrix for a irreducible, aperiodic Markov chain, then p,(x,y) — 7(y) as
n — oo. In fact, this holds for countable state space provided the chain is positive recurrent, i.e.,
if there exists an invariant probability measure. The next proposition gives a simple, quantitative
version of this fact provided the chain satisfies a certain condition which always holds for the finite
irreducible, aperiodic case.

Proposition 12.4.2 Suppose p : Dx D — [0,1] is the transition probability for a positive recurrent,
wrreducible, aperiodic Markov chain on a countable state space D. Let w denote the invariant
probability measure. Suppose there exist ¢ > 0 and a positive integer k such that for all x,y € D,

1
3 Z Ipk(z,2) —pr(y, 2)] <1 —e (12.15)
zeD
Then for all positive integers j and all x € A,
1 iy
5 D Ipi(.2) —w(z)| < ee”,
zeD

where ¢ = (1 — €)™ and e P = (1 — €)V/*,

Proof If v is any probability distribution on D, let
vi(z) = > v(y)p;(y. v).
yeD
Then (12.15) implies that for every v,

% Z lvp(z) —m(2)| <1 —e.

zeD
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In other words we can write v, = em + (1 —€) v for some probability measure v(1). By iterating
(12.15), we can see that for every integer i > 1 we can write vy, = (1 — €)' ) 4+ [1 — (1 — €)*]x for
some probability measure (. This establishes the result for j = ki (with ¢ = 1 for these values of
j) and for other j we find i with ik < j < (i + 1)k. O

12.4.1 Chains restricted to subsets

We will now consider Markov chains restricted to a subset of the original state space. If X, is an
irreducible, aperiodic Markov chain with state space D and A is a finite proper subset of D, we
write Py = [p(2,y)]zyea. Note that (Pa)" = [pa(2,y)]zyeca where

pMa,y) =P{X, =y: Xo,..., X, € A| Xo =2} = P*{X,, = y,74 > n}, (12.16)
where 74 = inf{n : X,, ¢ A}. Note that

P*{ta >n} =Y pi(z,y).
yeA

We call A connected and aperiodic (with respect to P) if for each x,y € A, there is an N such that
for n > N, pf(z,y) > 0. If A is finite, then A is connected and aperiodic if and only if there exists
an n such that (P4)™ has all entries strictly positive. In this case all of the row sums of P4 are less
than or equal to one and (since A is a proper subset) there is at least one row whose sum is strictly
less than one.

Suppose X, is an irreducible, aperiodic Markov chain with state space D and A is a finite,
connected, aperiodic proper subset of D. Let a be as in the Perron-Froebenius Theorem for the
matrix P4. Then 0 < a < 1. Let v, w be the corresponding positive eigenvectors which we write
as functions,

Y v@)plz,y) = avly), Y wly)p(z,y) = aw(z).

€A yeA

We normalize the functions so that

A -1 w(y)
q"(z,y) = o p(z,y) :
(z)
Note that
>_yea P, y) w(y)
ZqA(:E,y) = =€ (@) =1
yeA
In other words, Q4 := [qA(x,y)]x,ye A is the transition matrix for a Markov chain which we will

denote by Y;,. Note that (Q)" = [¢/}(z,y)]syea Where

G (x,y) = o " pp(@,y) %
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and p(x,y) is as in (12.16). From this we see that the chain is irreducible and aperiodic. Since

S @) g y) = 3 o) wiz) o play) DY = (),

z€A €A w(ac)

we see that 7 is the invariant probability for this chain.

Proposition 12.4.3 Under the assumptions above, there exist ¢, B such that for all n,
o™ p (2, y) — w(@) v(y)| < ce” "

In particular,
P{Xy,....,Xp € A| Xg =2} = w(x)a" [1 + O(e"")].

Proof Consider the Markov chain with transition matrix Q4. Choose positive integer k and € > 0
such that ¢i!(z,y) > en(y) for all #,y € A. Proposition 12.4.2 gives

7 (2, y) —m(y)| < ce”™,

for some ¢, 3. Since 7(y) = v(y)w(y) and ¢2(z,y) = a " p2(z,y) w(y)/w(z), we get the first
assertion, using the fact that A is finite so that infv > 0. The second assertion follows from the
first using 3, v(y) =1 and

P{Xo,...,Xp € A| Xo =2} =) pi(x,y).
yeA

O

If the Markov chain is symmetric (p(y,z) = p(z,y)), then w(z) = cv(z), 7(x) = cv(x)?. The
function g(z) = v/cv(z) can be characterized by the fact that g is strictly positive and satisfies

PAg(a) = aglz), 3 g@)?=1.

z€EA

& The chain Y, can be considered the chain derived from X,, by conditioning the chain to “stay in A forever".
The probability measures v, 7w are both “invariant” (sometimes the word quasi-invariant is used) probability
measures but with different interpretations. Roughly speaking, the three measures v, w, 7w can be described
as follows.

e Suppose the chain X, is observed at a large time n and it known that the chain has stayed in A for all times
up to n. Then the conditional distribution on X, given this information approaches v.

e For x € A, the probability that the chain stays in A up to time n is asymptotic to w(z) a™.

e Suppose the chain X, is observed at a large time n and it is known that the chain has stayed in A and will
stay in A for all times up to N where N > n. Then the conditional distribution on X, given this information
approaches m. We can think of the first term of the product v(z)w(x) as the conditional probability of being
at x given that the walk has stayed in A up to time n and the second part of the product is the conditional
probability given this that the walk stays in A for times between n and N.

The next proposition gives a criterion for determining the rate of convergence to the invariant
distribution v. Let us write

A
. ph (Y .
pﬁ(w,y)zZ @y) =P{X, =y |74 >n}

zeAp;?(:L'v Z)
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Proposition 12.4.4 Suppose X,, is an irreducible, aperiodic Markov chain on the countable state
space D. Suppose A is a finite, proper subset of D and A’ C A. Suppose there exist € > 0 and
integer k > 1 such that the following is true.

o I[frxe A,
> prlw,y) > e (12.17)
yeA’
o I[fx,2/ € A,
> B (@ y) AP ()] > e (12.18)

yeA’
o Ifxe Ajyec A and n is a positive integer
PY{r4 > n} > eP*{14 > n}. (12.19)
Then there exists 6 > 0, depending only on €, such that for all x,z € A and all integers m > 0,

5 S e w) — ()] < (1 - 0™
yeA

Proof We fix € and allow all constants in this proof to depend on €. Let g, = maxyc4 PY{74 > n}.
Then (12.19) implies that for all y € A" and all n, PY{74 > n} > e€¢,. Combining this with (12.17)
gives for all positive integers k, n,

cqn P14 >k} < P14 >k+n} <q,P{14 > k}. (12.20)
Let m be a positive integer and let
Yo, Y1,Yo, ... Y},
be the process corresponding to X, Xg, Xok, ..., X;nk conditioned so that 74 > mk. This is a time

inhomogeneous Markov chain with transition probabilities

Pk (@, 9) PY{ra > (m — j)k}
P{ry > (m—j+ Dk}

Note that (12.20) implies that for all y € A,
P{Y; =y | Yjo1 = 2} < e (2, y),

P{Y;=y| Y1 =a} = =1,2,...,m.

and if y € A/,
P{Yj =y | Vi1 = 2} = c1 9 (2,y),
Using this and (12.18), we can see that there is a § > 0 such that if z,z € A and j < m,
S B =y Vi =a) B =y | Vi =2) <16
yeA
and using an argument as in the proof of Proposition 12.4.2 we can see that

1
§Z\P{Ym=y\%=w}—P{Ym=y!Yozz}\S(1—5)m-
yeA
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12.4.2 Maximal coupling of Markov chains
Here we will describe the maximal coupling of a Markov chain. Suppose that p: D x D — [0,1] is
the transition probability function for an irreducible, aperiodic Markov chain with countable state
space D. Assume that gé, gg are two initial probability distributions on D. Let ¢/, denote the
corresponding distribution at time n, given recursively by

gh(@) =g 1 (2)p(z,2).

zeD

Let || - || denote the total variation distance,

1

g = 9nll =5 D lgn(@) = ga(@)| = 1= ) _[gn(@) A gi()].
2
zeD xzeD

Suppose

X0, X1, X300, X§ X XE

are defined on the same probability space such that for each j, {Xﬂl :n = 0,1,...} has the
distribution of the Markov chain with initial distribution gj. Then it is clear that

P{X) =X} <1—|gh—gill=>_ gn(x) Agil). (12.21)
zeD

The following theorem shows that there is a way to define the chains on the same probability space
so that equality is obtained in (12.21). This theorem gives one example of the powerful probabilistic
technique called coupling. Coupling refers to the defining of two or more processes on the same
probability space in a way so that each individual process has a certain distribution but the joint
distribution has some particularly nice properties. Often, as in this case, the two processes are
equal except for an event of small probability.

Theorem 12.4.5 Suppose p,gl,g> are as defined in the previous paragraph. We can define
(X! X2),n=0,1,2,... on the same probability space such that:
e for each j, Xg,Xj , ... has the distribution of the Markov chain with initial distribution gg;
e for each integer n > 0,

P{X,, = Xp, for allm>n} =1~ g, —gal.

&Before doing this proof, let us consider the easier problem of defining (X1, X?) on the same
probability space so that X7 has distribution g} and

P{X'=X*}=1- g5 — 5l
Assume 0 < ||gj — g2|| < 1. Let fi(z) = g)(x) — [g}(2) A g (x)].
e Suppose that J, X, W', W? are independent random variables with the following distributions.
P{J =0} =1—P{J =1} = |lg} — &

91(z) A g2(2)

xr e D
1—lgs — g3ll’

P{X =z} =
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) J
P{w’ ::E}:%, x € D.
190 — 95l
o Let X/ =1{J =1} X +1{J = 0}W/.
It is easy to check that this construction works.
Proof For ease, we will assume that ||g} — ¢2|| = 1 and ||g} — ¢g2|| — 0 as n — oo; the adjustment

needed if this does not hold is left to the reader. Let (Z}, Z2) be independent Markov chains with
the appropriate distributions. Let fi(z) = gi(x) — [gi(x) A g2(z)] and define A, by hi(z) = gl (z) =

fé(a:) and for n > 1,
w@) = fii(z)pz e
z€8

Note that f/ ,(z) = k!, (x) — [hL(z) A h2(z)]. Let
hn () A B3 (x)
R, (z)

We set ph(z) = 0 if by (z) = 0. We let {Yi(n,z):j=1,2n=1,2,.. .3z € D} be independent 0-1
random variables, independent of (Z}, Z2), with P{Y”(n,z) = 1} = ph(z).

We now define 0-1 random variables J;, as follows:
o Jj =0
o If JI =1, thenJﬂn—lforallm>n
o If JJ =0, then J/ P =Yi(n+1, Zn+1)

We claim that

ph(x) = if hf,(z) # 0.

PLI = 0:2 = 2} = (@)
For n = 0, this follows immediately from the definition. Also,
P{Jop =020, =a} =
Z]P’{Jﬂ; =0;7) = z}IP’{ZfA_1 =2, Yi(n+1,2)=0]|J. =0;Z) = 2}.
z€D

The random variable Y7 (n+ 1, ) is independent of the Markov chain, and the event {Jj =0;7) =
2} depends only on the chain up to time n and the values of {Y7(k,y) : kK < n}. Therefore,

B{Z],, = o.YI (n+ La) = 0| J§ = 0:Z) = 2} = p(z,2) [L - pl ., (a)]-

Therefore, we have the inductive argument

P{J, +1—0Zn+1—33} = Zf] p(z, ) 1_Pn+1( )]
zeD

= (@)1 plyy(2)]
= (@) = (A (2) AR (2)] = £, (2),

which establishes the claim.
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Let K7 denote the smallest n such that Jj = 1. The condition ||gi — ¢2|| — 0 implies that
KJ < oo with probability one. A key fact is that for each n and each z,
P{K'=n+1;Zy =2} =P{K*=n+ 1,22 =2} = hy 1 (z) A hZ(2).
This is immediate for n = 0 and for n > 0,
P{KI =n+1;Z) , =}

= Z]P’{Jn =0;Z) =2} P{Y/(n+1,2) = 1;Zﬂ;+1 =x|J,=0;7) =2}
zeD

= Y fi(z)p(z,x) pl s ()
z€D

= h o (x)pl g (z) = g1 (2) ARG ().

The last important observation is that the distribution of W, := Xf;@_n given the event {K/ =
n; X = x} is that of a Markov chain with transition probability p starting at x.

The reader may note that for each j, the process (Z%, J,jl) is a time-inhomogeneous Markov chain
with transition probabilities

P{(Z) 1, J001) = (v, 1) | (Z,03) = (z,1)} = p(z,y),
]P){(ZZL+17 Jn—i—l) = (y70) ’ (Zgw ijz) = ((L’,O)} = p(xmy) [1 - pZL+1(y)]a

]P){(Zi—i-l? Jn—i—l) = (ya 1) ’ (Zgw ng) = ((L’,O)} = p(a:,y) p£+1(y)’

The chains (Z!,J}) and (Z2,J2?) are independent. However, the transition probabilities for these
chains depend on both initial distributions and p.
We are now ready to make our construction of (X}, X2).

e Define for each (n,z) a process {Wp* : m = 0,1,2,...} that has the distribution of the
Markov chain with initial point z. Assume that all these processes are independent.
e Choose (n,z) according to the probability distribution

h,y(2) AR2, (2) = P{K? = n; Z) = o).

Set Jﬂﬁ =1 for m > n, Jﬂﬁ =0 for m < n, and K' = K? = n. Note that K7 is the smallest
n such that Jj, = 1.

e Given (n,x), choose X&, ..., X} from the conditional distribution of the Markov chain with
initial distribution g} conditioned on the event {K'! =n;Z! = z}.
e Given (n,z), choose X2,..., X2 (conditionally) independent of X{,..., X! from the condi-

tional distribution of the Markov chain with initial distribution gg conditioned on the event
{K? =n; 72 = x}.
o Let

X =wn m=n,n+1,....

m m—mn’

The two conditional distributions above are not easy to express explicitly; fortunately, we do not
need to do so.
To finish the proof, we need only check that the above construction satisfies the conditions. For
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fixed j, the fact that X J , X7 ;- has the distribution of the chain with initial distribution gg is im-
mediate from construction and the earlier observation that the distribution of { X7, X; . ,...} given

{K7 = n; 7 = x} is that of the Markov chain starting at x. Also, the construction immediately
gives X} = X2 if m > K' = K2. Also,

P{J} =0} =) fi(z) = gt — g5

xzeD
]

Remark. A review of the proof of Theorem 12.4.5 shows that we do not need to assume that
the Markov chain is time-homogeneous. However, time-homogeneity makes the notation a little
simpler and we use the result only for time-homogenous chains.

12.5 Some Tauberian theory

Lemma 12.5.1 Suppose a > 0. Then as £ — 1—,

= n a—1 | F(Oé)
D

Proof Let ¢ = 1 — £. First note that

Z gnna—l _ Z [(1 _E)l/e]nena—l < Z e~ e na—l’

n>e= 2 n>e 2 n>e 2
and the right-hand side decays faster than every power of . For n < =2 we can do the asymptotics
" = exp{nlog(l — €)} = exp{n(—e — O(e?))} = e ™1 + O(ne?)).

Hence,

Z ol =@ Z ee ™ (ne)* L [1 + (ne) O(e)].

n<e—2 n<e—2

Using Riemann sum approximations we see that

lim Z ce " (ne)* ! = / e 't dt = T(a).
n=1

e—0+ 0

O

Proposition 12.5.2 Suppose u,, is a sequence of nonnegative real numbers. If a > 0, the following
two statements are equivalent:

S eng, o L@

gs o~ T §7 1 (12.22)
N

Zun ~a 'NY N — oo. (12.23)
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Moreover, if the sequence is monotone, either of these statements implies

up ~n* L n— .

Proof Let U,, = )., uj where U_; = 0. Note that

j<n

D un =) EUn—Una] =(1-8) > " Uy (12.24)
n=0 n=0 n=0
If (12.23) holds, then by the previous lemma

= LTI _ = na—lnaN F(a+1) _ F(Oé)
;:jog n~ (1 5)22305 eyl rerrd

Now suppose (12.22) holds. We first give an upper bound on U,,. Using 1 — & = 1/n, we can see

as n — oo,
1 —2n 2n-—1 1 i
-1
j=n
1\ " & 1\’
< nt(1-2= 1——| U ~e2T(a)n®.
< n ( n> ;( n> j~e T(a)n

The last relation uses (12.24). Let vU) denote the measure on [0, 00) that gives measure j~* u,, to
the point n/j. Then the last estimate shows that the total mass of v is uniformly bounded on
each compact interval and hence there is a subsequence that converges weakly to a measure v that
is finite on each compact interval. Using (12.22) we can see that that for each A > 0,

/ e M y(dr) = / e M g,
0 0

This implies that v is 2! dz. Since the limit is independent of the subsequence, we can conclude
that ) — v and this implies (12.23).
The fact that (12.23) implies the last assertion if w,, is monotone is straightforward using

Un(i4e) — Un ~ at [(n(1+€)*—n%, n— oo,

The following is proved similarly.

Proposition 12.5.3 Suppose u,, is a sequence of nonnegative real numbers. If a € R, the following
two statements are equivalent:

> un = <1—i§> log® (1—i§> . &1, (12.25)
n=0

N
Zun ~ Nlog® N N — oc. (12.26)

n=1
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Moreover, if the sequence is monotone, either of these statements implies

Up ~ log®n, n — oo.

12.6 Second moment method

Lemma 12.6.1 Suppose X is a nonnegative random variable with E[X?] < oo and 0 < r < 1.
Then
(1-r)?EX)

P{X 2 1B(X)} 2 —po

Proof Without loss of generality, we may assume that E(X) = 1. Since E[X; X < r] < r, we know
that E[X; X >r] > (1 —r). Then,
E(X?) > E[X%X >r] = P{X>r}E[X?[X >7]

P{X >r} (E[X | X >1])?
E[X; X > r]?

P{X >r}

(1-r)?
P{X >r}

v

v

v

O

Corollary 12.6.2 Suppose E1, Es, ... is a collection of events with Y P(E,) = co. Suppose there
is a K < oo such that for all j # k, P(E; N Ey) < KP(E;)P(Ey). Then

1
P{EL 1.0.} > —.
{MO}_K

Proof Let V;, = Y 3 _; 1g,. Then the assumptions imply that

nlin;o E(V,) = oo,
and
k
B(V) < 3OP(E;) + 0 K P P(B) < B(V) + KE() = | 5o+ K] 04
j=1 J#k "

By Lemma 12.6.1, for every r > 0,

(1-r)?
P{Vn > TE(Vn)} > W(Vn)_l

Since E(V},) — oo, this implies

B (1—7r)?
P{Ve = o0} > Pa

Since this holds for every r > 0, we get the result. O
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12.7 Subadditivity
Lemma 12.7.1 (Subadditivity lemma) Suppose f : {1,2,...} — R is subadditive, i.e., for all
n,m, f(n+m) < f(n)+ f(m). Then,
lim ) = inf f(n)

n—oo 1N n>0 N

Proof Fix integer N > 0. We can write any integer n as jN + k where j is a nonnegative integer
and k € {1,...,N}. Let by = max{f(1),..., f(N)}. Then subadditivity implies

Fn) _ JEO0)+ 50 _ FN) by
n - N - N JN
Therefore,
: f(n) _ f(N)
1 )
lgl—?olcl;p n — N
Since this is true for every N, we get the lemma. O

Corollary 12.7.2 Suppose r,, is a sequence of positive numbers and by, by > 0 such that for every
n? m7

1T T < Tnam < bo 7y . (12.27)
Then there exists a > 0 such that for all n,

b2_1 a"<r, < b1_1 a”.

Proof Let f(n) =logr, + logbs. Then f is subadditive and hence
L) )

n—oo N n

This shows that r, > o™ /be. Similarly, by considering the subadditive function g(n) = —logr, —
log b1, we get r, < b1_1 a. O

Remark. Note that if r, satisfies (12.27), then so does "r, for each 3 > 0. Therefore, we cannot
determine the value of a from (12.27).

Exercises
Exercise 12.1 Find f3(), fa(€) in (12.4).

Exercise 12.2 Go through the proof of Lemma 12.5.1 carefully and estimate the size of the error
term in the asymptotics.
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Exercise 12.3 Suppose F1 D FE; D -+ is a decreasing sequence of events with P(E,,) > 0 for each
n. Suppose there exist a > 0 such that

> [P(En | Eno1) = (1—an™)| < .
n=1

Show there exists ¢ such that
P(E,) ~cn™*. (12.28)

(Hint: use Lemma 12.1.4.)

Exercise 12.4 In this exercise we will consider an alternative approach to the Perron-Froebenius
Theorem. Suppose

qg:{1,2,...} x{1,2,...} = [0,00),
is a function such that for each = > 0,
q(x) == qlx,y) < 1.
y

Define g, (z,y) by matrix multiplication as usual, that is, ¢1(z,y) = ¢(z,y) and

(@, y) =Y an-1(x,2) q(2,y).
Assume for each z, ¢,(x,1) > 0 for all n sufficiently large. Define

x) = x x,y) = L(x,y)
dn( )—Zy:Qn( ), palT,y) )

. n\T
Gn = supqn(z), q(x) meq_( )

no 4y

Assume there is a function F': {1,2,...} — [0,1] and a positive integer m such that

pm(z,y) > F(y), 1< z,y<oo,
and such that

pi=> Fly)gly) > 0.
Yy

(i) Show there exists 0 < a < 1 such that

: —1/n
lim n/ =
n—oo

Q.

Moreover, G,, > o”. (Hint: G, ., < G, ¢m-)
(ii) Show that

Pok(@,y) =D vnil(x, 2) pr(z,y),
z
where

Upi(2,2) = P(®:2)qr(2)  _ an(,2) gr(2)
R S @ w) (W) Sy (@, w) gr(w)”
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(iii) Show that if k, x are positive integers and n > km,
1
3 > Ipkm(1,y) — palz, )| < (1 - p).
y

(iv) Show that the limit
v(y) = lim pn(1,y)

exists and if k, x are positive integers and n > km,
1 k
3 > Jo(y) = palz,y)| < (1 - p)F.
y

(v) Show that
v(y) = a ) v(z)g(z,y).

(vi) Show that for each x, the limit

n

w(z) = Im o " g,(x)

n—~o0

exists, is positive, and w satisfies

w(z) =a)_ qlz,y) w(y).
Yy

(Hint: consider ¢+1(x)/qn(x).)
(vii) Show that there is a C' = C(p, o) < oo such that if €,(z) is defined by

n(x) = w(z) ™ [1 + en(2)],
then
len(2)] < Ce,
where § = —log(1l — p)/m.
(viii) Show that there is a C' = C(p, ) < oo such that if €, (z,y) is defined by
4n(2,y) = w(z) o™ [o(y) + en(2, y)],
then

len(2, )| < Ce.

(ix) Suppose that @ is an N x N matrix with nonnegative entries such that Q™ has all positive
entries. Suppose that the row sums of Q are bounded by K. For 1 < j k < N, let
q(j, k) = K71 q(j,k); set q(j,k) = 0 if k > N; and q(k,j) = &;1 if K > N. Show that the
conditions are satisfied (and hence we get the Perron-Froebenius Theorem).

Exercise 12.5 In the previous exercise, let g(z,1) = 1/2 for all k, ¢(2,2) = 1/2 and ¢(z,y) =0
for all other z,y. Show that there is no F' such that p > 0.
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Exercise 12.6 Suppose X1, Xo, ... are i.i.d. random variables in R with mean zero, variance one,
and such that for some t > 0,

B:=1+E [X%etXl;Xl > 0] < 00.
Let
Sp=X1+-+X,.
(i) Show that for all n,
E [etsn] < eﬁnﬂ/z'

(Hint: expand the moment generating function for X; about s = 0.)
(ii) Show that if r < ¢fn,

2
P{S, > r} <exp {—%} .

Exercise 12.7 Suppose X1, Xo, ... are i.i.d. random variables in R with mean zero, variance one,
and such that for some t > 0 and 0 < a < 1,

B:=1+E [X%etx?;Xl > 0] < 00.
Let S, = X1+ -+ 4+ X,,. Suppose r > 0 and n is a positive integer. Let

1

t\ 1—-« ~

K= <ﬁ> . X=X, 1{X; <K},
T

(i) Show that
P{X; # X;} < (B—1) K 2e K7,
(ii) Show that
E [eﬁ(fx*lén] < Pt /2.

(iii) Show that
2

P{Sp =1} < eXP{—;’ﬁn} +n(f—1)K 2e K"
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closure, discrete, 119
connected (with respect to p), 120
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Girsanov transformation, 44
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Harnack inequality, 122, 131
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increment distribution, 10
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invariance principle, 63
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killing rate, 76
killing time, 76, 113, 199
KMT coupling, 166
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