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Given a function ¢ and s € (0,1), we will study the solutions of the following

obstacle problem

1. u>pin R”

2. (=A)’u>0in R”

3. (=A)%u(z) = 0 for those x such that u(z) > ¢(x)

4. limjy—yoou(z) =0
We show that when ¢ is C** or smoother, the solution u is in the space C*® for every
a < s. In the case that the contact set {u = ¢} is convex, we prove the optimal regularity

result © € C1%. When ¢ is only C1# for a 3 < s, we prove that our solution u is C1* for

every a < 3.
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Chapter 1

Introduction

1.1 Set up of the problem

In this work, we will consider a function u that solves an obstacle problem for the operator
(—=A)%, for s € (0,1). Given a continuous function ¢ with a compact support (or at least

rapid decay at infinity), we consider a continuous function u satisfying

u>@ in R™ (1.1.1)
(=A)u>0 in R"™ (1.1.2)
(=A)u(x) =0 for those x such that u(x) > ¢(x) (1.1.3)
lim u(z)=0 1.1.4
i u(o) (114)

When ¢ € O, the expected optimal regularity for this type of problem is C1*.
We prove u € C1 for every a < s. In the case when the contact set {u = ¢} is convex, we
achieve the optimal result u € C1*. If ¢ is only C® for o < 1 or Lipschitz, we will prove
that u has the same modulus of continuity (Theorem 3.2.3). If ¢ is C18, we will prove that
u € C1@ for every a < min(3, s) (Theorem 5.2.7).

The existence for such function u can be obtained by variational methods as the
unique minimizer of
|u

J(u) == / (96)771%)5' dz dy (1.1.5)
Lozl

from all the functions u that satisfy ¢ < w and are in a suitable function space.

We can also obtain u by a Perron’s method approach, as the least supersolution of
(—A)?® such that u > ¢. Another approach is by choosing the optimal closed set A C R™ to

maximize the solution of

1. u(z) = p(x) in A.



2. (=A)’u=0in R™\ A.

We will choose the variational approach as the starting point. Then we will prove
that u also solves the other two (equivalent) problem formulations. Our main focus, however,

is the regularity of the solution.

Since we will be dealing with the operators (—A)?, we will need several related
results. Most of the present theory can be found in [9]. We will cite some results from
there, and we will prove some others when we find it useful to present them in a form more
convenient to our purposes. In chapter 2 we will study all the basic properties of these
operators that we will need. In chapter 3, we will prove the existence of a solution u of our
free boundary problem and we will prove the first regularity results. In chapter 4 we will
obtain a better (nontrivial) regularity result, and at last, in chapter 5 we will present the

optimal regularity result.

In the case s = 1, our problem turns into the usual obstacle problem. Given a
domain Q C R", and a function ¢ : Q@ — R, in the usual obstacle problem we have a

function u which satisfies:

1. u>pin Q.
2. Au<0in Q.

3. Au(x) = 0 for those z € Q such that u(z) > ¢(x).

The existence of this problem can be obtained by minimizing a functional in H*
with the constraint of u > ¢ and some given boundary condition. If ¢ is a smooth function,
then u is expected to be more regular than just in H'(). In 1971, Frehse [7] showed for the
first time that u is as smooth as ¢ up to C*!, another proof was given in [5]. This regularity
is optimal, simple examples show that for very smooth ¢, u does not get any better than
Cchl.

Most of the regularity properties of the usual obstacle problem for the laplacian,

including the regularity of the free boundary, can be found in [4].

Another related problem is the thin obstacle problem, or the Signorini problem. It is
similar to the above problem, with the difference that the obstacle is now lower dimensional.
In other words, the function ¢ is defined only in a hypersurface S of codimension 1, and we

minimize the H! norm from all the functions « that are above the obstacle on S. Notice that



u is well defined as a function in H'/2(S) due to the trace theorems. In a normalized case
of this problem, the H' norm of u can be expressed in terms of the values that v attains on
S. If we restrict out attention to S, we obtain a functional whose Euler Lagrange equation
is an operator like (fA)l/ 2 that u will satisfy when it is above the obstacle . The optimal
regularity for this problem is C''/2, as it is shown in [12] for the two dimensional case, and
very recently in [1] for the general case. We will continue with this problem in the next

section.

1.2 Applications to the Signorini problem

Let us consider a smooth function with rapid decay at infinity ug : R"~* — R. Let u :
R"~! x (0,00) — R be the unique solution of the laplace equation in the upper half space

that vanishes at infinity with ug as the boundary condition:

u(z',0) = ugp(z') for ' € R"~1

Au(z) =0 for z € R" ! x (0, 00)

Consider the operator T : ug(z') — —d,u(x’,0). We see that
/ u(z’,0)(—0pu(z’,0)) dz’ = / —u(x)Au(z) + [Vu(z))® dz
Rn1 Rn=1x(0,00)

|Vu(z)]* dz >0

R7=1%(0,00)
Thus T is a positive operator. Moreover, since d,u(z) is also a harmonic function, if we
apply the operator twice we get

T o Tug = (—0,) (=0 )u(x’,0) = dpnu(’,0)

n—1
= — Z 8”-u(x', 0)
i=1

= —AUO

Therefore, the operator T that maps the Dirichlet type condition ug into the Neu-

mann type —d,u is actually the operator (—A)Y/2,

One version of the Signorini problem is this: given ¢ a smooth function in R"~1,
the solution w of the Signorini problem is the least harmonic function in the upper half
semispace R"~1 x (0,00) such that v > ¢ and d,u < 0 on R*~! x {0}. From the fact



explained just above, we see that actually this problem is exactly our obstacle problem for
the operator (—A)'/2. The regularity we obtained is therefore C*'/2 in the case {u = ¢} is
convex, and C1:® for every av < 1/2 in the general case. The optimal regularity C11/2 was
obtained very recently for this problem by Athanasopoulos and Caffarelli in [1]. The two
dimensional case, was proven previously by Richardson in [12]. In 1979, Caffarelli showed

C1@ regularity for a small value of « in the n dimensional case [3].

Usually the Signorini problem (or its equivalent formulation as the thin obstacle
problem) is studied in bounded domains. For regularity purposes, one case can be deduced

from the other. Suppose we have a solution of the Signorini problem in a ball:

—Au(z) =0 for |z| <1 and z,, >0
u(z) =0 for || =1 and z,, >0
u(a’,0) > p(a') for |2'| <1
Opu(z’',0) <0 for |2'] <1
Lu(a',0) =0 where u(z’,0) > ¢

For the problem to make sense, we assume that ¢(z’) < 0 when |2’| = 1. Let n be a radially
symmetric cutoff function such that {¢ > 0} CC {n =1} and suppn C B;. The function
nu is above ¢ and also satisfies 9, nu(z’,0) < 0 for 2’ € R*~! and 9,nu(2’,0) = 0 for those
2’ € R"! such that nu(z’,0) > ¢(z'). Although nu may not be harmonic in the upper
half space, its laplacian is a smooth function. Let v be the unique bounded solution of the

Neumann type problem in the upper half semispace:

Nv(z) = Anu(z) = An(x) u(x) + 2Vn(x) - Vu(z)
Opv(2’,0) =0

Since Anu(z) is smooth and compactly supported, v is a smooth function. Now
nu — v is a solution of the Signorini problem without boundary with ¢ — v as the obsta-
cle. Therefore, we reduce the regularity for the bounded case, from the regularity of the

unbounded case and our result applies.

1.3 Variations of the problem

There are small variations of the obstacle problem that can be considered. To simplify the

variational proof of existence we could consider minimizers of the standard H® norm from



all the functions u that lie above a given obstacle ¢. By the H®norm we mean:

lullgrs = /(1+ €1%) Ja(€)|" de

R’n
In this case we obtain a free boundary problem of the sort

1. u>pin R",
2. u+ (=A)%u>01in R,

3. u+ (=A)*u(x) = 0 for those x such that u(z) > ¢(x).

The proofs of chapter 3 have to be adapted to use the operator Id + (—A)*® instead
of (—A)*%. Once we get that the solution w is semiconvex, then it is going to be Lipschitz
and we can pass the term v to the right hand side, and everything in chapter 4 and 5 applies
without changes. An advantage of this variation of the problem is that we can get existence

also in the case n =1 and s > 1/2.

We could also consider a problem with boundary values. Let ¢ be such that ¢(x) < 0
for every |z| > 1. Let u be the minimizer of J(u) (for J defined in (1.1.5)) from all the
functions u that lie above ¢ and u(x) = 0 for every x € R™ \ B;. Then we obtain the

following free boundary problem

1. u>pin R",
2. 4w =0in R"\ By,
3. (=A)*u >0 in By,

4. (=A)*u(xz) = 0 for those x € By such that u(z) > p(z).

With a trick like in 1.2, our result applies to the interior regularity of this problem.
However, this solution u is not going to be C1:*(IR™) since it is not going to be differentiable
across the boundary of the unit ball 9B (As a matter of fact, we cannot expect better that

C*® on OBy, the boundary regularity of the Dirichlet problem. See proposition 5.1.1).



1.4 Applications to mathematical finance

The operators (—A\)* arise in stochastic theory as the operators associated with symmetric
a-stable Levy processes. Suppose we have such a Levy process X; such that Xy = z for

some point x in R™. We consider the optimal stopping time 7 to maximize the function

u(z) = sup [p(X7) 5 T < +o0]

Then the function u turns out to be the solution of our obstacle problem

1. u>¢pin R”.
2. (=A)*u >0 in R",
3. (=A)%u(z) = 0 for those z such that u(x) > ¢(z).

If on the other hand, we consider the following problem:

u(z) =sup E [e M p(X,)]
Then the function u turns out to be the solution of the following obstacle problem

1. u>pin R™
2. A+ (—A)*u >0 in R™.
3. Au+ (—A)%u(x) = 0 for those x such that u(x) > p(zx).

4. lim)y) 400 u(z) =0

A problem like this arises in financial mathematics as a pricing model for American
options. These models are of increasing interest in the last few years. The function u
represents the rational price of a perpetual American option where the assets prices are
modeled by a levy process Xy, and the payoff function is ¢. For non perpetual options, a
parabolic version of this problem is considered. A very readable explanation of these models
can be found in the book of Cont and Tankov [6] (See also [10] and [11]). Usually the models
are in one dimension, and although general payoffs functions are considered, the case when

¢ = (K —e*)" (the American put) is of special interest.



There is not much work done regarding regularity. In [2], S. Boyarenko and S. Lev-
endorskii studied for what classes of Levy processes this problem has C* solutions (smooth
pasting). They considered a very general family of (one dimensional) Levy processes, and a

class of payoff functions that assures that the contact set is a half line.

When we consider jump processes whose corresponding integro differential opera-
tors have a kernel that coincides with W around the origin, then the solutions of the
corresponding obstacle problem also satisfy an obstacle problem for the operator (—A)®
with a right hand side. In many cases, we can assure enough regularity for that right hand

side and the results of this work hold for those intego-differential operators too.



Chapter 2

Preliminary properties of the fractional laplace operator

In this section, we provide some elementary properties of the operators (—A)? that we will
need though this work. The usual reference for these operators is Landkof’s book [9]. We

will show how (—A)? interacts with C'® norms, and a characterization of its supersolutions.

2.1 Definitions and properties

Throughout this chapter S stands for the Schwartz space of rapidly decreasing C*° functions

in R™. Its dual, written as &', is the space of tempered distributions in R™.

The following classical theorem about distributions is going to be used:

Theorem 2.1.1. Suppose that a distribution f is such that for any nonnegative test function

g, {f,g9) > 0. Then f is a nonnegative Radon measure in R™.

Two distributions f and g in R™ are said to coincide in an open set 2 if for every

test function ¢ supported inside §2
(f,0) ={9,9)
We recall the definition of (—A)? as a pseudodifferential operator.
Definition 2.1.2. Given o € (—n/2,1] and f € S, we define (—AN)° f as:

(ZA)£(6) = €% F¢) (2.1.1)

Notice that (—A)?f ¢ S since |¢[** introduces a singularity at the origin in its
Fourier transform. That singularity is going to translate in a lack of rapid decay for (—A)? f.
However, (—A)° f is still C°.



If o < —n/2, then [£ |26 is not a tempered distribution, so we cannot allow that
case. Technically, we could define the case ¢ > 1 this way, but we are not interested in this
right now. Clearly, (—A)! = —A, (=A)? = Id and (—A)%t o (=A)%2 = (=A)71+2,

We can also compute the same operator using a singular integral. When f € & and

o € (0,1), we can compute (—A)° f as:

(_A)Uf(x) = Cn,UPV W dy (212)
R

If 0 < o < 1/2, the singular integrals are clearly well defined for functions f € S.

In case 1 > o > 1/2, there is a cancellation involved near x = y. In the case o < 1/2,

the integrand is in L', so the integral is not really ”singular”. The constant factor ¢, o

degenerates when ¢ — 1 or ¢ — 0. Since linear functions vanish in (2.1.2), we may avoid

using principal values by using the alternate form

T B e
Rn

@ — y["

The operator (—A)~7 (for ¢ > 0) can also be computed with an integral when

n > 20 by
(=8)77 f(z) = cn,_a/% dy (2.1.3)
2 le =yl

We refer to [9] for a detailed proof of the equivalence between (2.1.1) and (2.1.2) or
(2.1.3).

From (2.1.3), we see that F(z) = cm_gw%% is the fundamental solution of (—A)?,

ie. (=A)?F = 6y when n > 20. This function is generally known as the Riesz kernel.

From the formulas, we see the following trivial properties of (—A)“.
1. (=A)? commutes with rigid motions.
2. (=A)7 (u(X.))(z) = A2 (=A)7u(Az)

3. <(7A)Ufa g> = <f7 (7A)Ug>7 for any f7g €Ss.

From the definition of (—A)? in S, we can extend it by duality in a large class of

tempered distributions.



Definition 2.1.3. Let S, be the space of C™ functions f such that
(1+ \x|n+20)f(k) (z) is bounded for every k > 0. We consider the topology in S, given by

the family of seminorms:

[f]i = sup(1 + |2|"727) f*) ()

And we take S’ to be the dual of S,.

It is very simple to check that (—A)f € S, when f € S.

The symmetry of the operator (—A)? allows us to extend its definition to the space
S! by duality. i.e. if u € S,

(=8)7u, f) = (u, (=L)°f)

This definition coincides with the previous ones in the case u € S, and (—A)7 is a

continuous operator from S, to S’.

We are rarely going to use these operator in such general spaces. But it is convenient
to have in mind how far they can be extended. In general we will be applying these operators

to functions in L}

L .- The natural space that we are going to use is a weighted L' space:

L,:=L},.NS, = u:R”—>Rsuchthat/%dx<+oo
A 1+ ||

The norm in L, is naturally given by

|u()|
U = dz
|| ”LU /1+|x|n+20

R

In special cases, our formulas with the Fourier transform or the singular integrals
are enough to compute the value. The following technical property is intuitively obvious

but it requires a proof because of the way we defined the operators.

Proposition 2.1.4. Let f be a function in L, that is C*7T¢ (or C12°F =1 if o > 1/2) for
some ¢ > 0 in an open set Q), then for o € (0,1), (=A)?f is a continuous function in

and its values are given by the integral of (2.1.2).

10



Proof. Let us take an arbitrary open set y compactly contained in 2. There exists a
sequence fr € S uniformly bounded in C°*(Q) (or C1o+¢~1) converging uniformly to f
in Qp, and converging also to f in the norm of L,. By the uniform bound on the C°*¢
norm of fi in Q¢ we will shown that the integrals converge uniformly in Q. Let, € be any

positive real number, then there is a p > 0 such that

M
/T_gdyﬁ
) ly|

where M = sup|fi]co+-. Now we split the integral for (—A)? fi into the points close to z

[SCRNO)

and the points far.

corne=- [ 5] bl W%
/ fu(= n+2g d . / fk n+2(a)

R™\ B, ()
= -71 + 1

For Iy, we can see it is small since
€
|11|</| e dy <

For I, the kernel ‘7L+2<7 is in L*(R™\ B,(z)), moreover since f; — f in L, and

fr(z) — f(x), for k large enough

- [ 19| [ MEO-SE- A6
|z —y[" 7 - y[" 7
R"\ B, (z) "\B,(z)

IN
Wl ™

And we also know that

o(T)

fr(z f
/ _ n+20 n+20 dy <E

11

Then



Since € can be chose arbitrarily small, the integrals converge

@)= )

_ n+2o
2 e =yl

Jr(@) — fr(y)
—A) fo(z) = | 222 L8y —
(=D)7 fr(z) HJ |x—y|n+2" Y

But (—A)? fr, — (—A)?f in the topology of §&’. That implies that (—A)? f must
coincide with the integral in £ by uniqueness of the limits. Besides, (—A)? f is continous

in Qg since it is the uniform limit of continuous functions.

Since (g is arbitrary, this happens for any x € 2. O

When we can use the singular integral representation of the operator (—A)?, we

obtain a very simple maximum principle.

Proposition 2.1.5. Suppose that u € L, and there is a point xg such that:

1. u(zg) =0
2. wis C?0Fe (or OV20Fe=1 jif 6 > 1/2) for some € > 0 in a neighborhood of xo
3. u>01inR"

Then (—A)%u(zg) < 0. Moreover, (—A)%u(xzg) =0 only when v = 0.

Proof. By proposition 2.1.4, (—A)%wu is a continuous functions around z(, and we can use

the singular integral to compute its value at xg.
u(zo) — u(y)
(=2)7u(wo) = /|x_y|n+20 dy
gr 0
<0

since we are integrating a nonpositive function. And the last inequality is clearly strict if

0 < u(y) in a set of positive measure. O

Corollary 2.1.6 (comparison principle for sufficiently smooth functions). Suppose

that u,v € Lo, and there is a point xy such that:

1. u(zo) = v(xo)

2. u and v are C%°%¢ (or C129+=1 if ¢ > 1/2) for some & > 0 in a neighborhood of xo

12



3. u>wvinR”

Then (—A)%u(zg) < (—=A)%v(xg). Moreover, (—A)u(xzg) = (—A)%v(xg) only

when u and v coincide.
The following propositions explain how the operators (—A)? interact with C*
norms:

Proposition 2.1.7. Let u € C%*(R"), for a € (0,1], and o > 20 > 0, then (—=A)°u €
C0%a—20 gnd

[(=A)u]go,0—20 < Clulco.a

where C' depends only on o, o and n.

Proof. For x1, 29 € R™, let us estimate the difference |(—A)u(z1) — (—=A)7 (x2)],

o o u(ry) —ulr: +y) —ulre) +ulxre +
(87u(ar) = (=) u(az)] = . | [ MBI i) L0 20
<h+1I
where

L =Chy, / u(xy) — u(zy + |y)n—+12ia($2) +u(22 +y) dy
B, y

IL=Ch, w(@1) — u(z1 +y) ;3[5332) + u(z2 +y) dy
s |yl
n\BT

For I, we use that |u(z;) — u(x; +y)| < [u]co.e |y|* for i = 1,2. Therefore

2 U0, «
Il S C’n,,o’ / [ ]Tn+2Ly|
Y

T

< C[u]co,a 7“a720

For I3, we use that |u(z +y) — u(xe +y)| < [u]co.a |21 — 22|*

I, <C Z[U]Co,a |l’1 — 1‘2|a
1= n,o |y|n+20

"\ B,

< Clu]go.ar™27 |zy — o9

13



Picking r = |21 — 22|, and adding I; with I5 we obtain

(=2)7u(@1) = (=8)7 (22)| < Cluleoa |o1 — 22|

Proposition 2.1.8. Let u € CY*(R"™), for a € (0,1], and o > 0, then

1. If a > 20, then (—A)°u € CH*727 and
() ulera 2 < Clulore
where C' depends only on o, o and n.
2. If a < 20, then (—A\)7u € C%*=20F1 gnd
[(—~2)7unesoss < Clulor

where C' depends only on o, o and n.

Proof. The first part follows simply by Proposition 2.1.7 plus the fact that the operators

(—A)? commute with differentiation.
For the second part, let us first assume that o < 1/2. We proceed like in the proof
of Proposition 2.1.7, to get

[(=8)7u(z1) = (=L)7(x2)| S L + I

for the same I; and I as before. But now to estimate I; we use that since u € Ch®,

Ju(@1) = ulz1 +y) = ulzz) +ulzz +y)| < [(Vu(z1) = Va(zs)) -yl + [u]era |y

1
< [ulera(ly] |21 — 22| + |y]' ™)

then I < C[u]cl,a (7»1—20 ‘xl _ x2‘0¢ + ,,,1+o¢—2<7)'

In case o > 1/2, we write (—A)?7 = (=A)?"/2 0 (=A)'2, and the result follows
from the observation that (—A)Y/2 =", R;0;, where R; are the Riesz transforms. O

Iterating the last two Propositions we get the following result:

Proposition 2.1.9. Let u € C*®, and suppose that k + o — 20 is not an integer. Then
(—=A)7u € CYP where 1 is the integer part of k+a — 20 and B =k +a — 20 — 1.

14



Proposition 2.1.10. Let w = (—A)%u, Assume w € C%*(R"™) and u € L™, for a € (0,1],
and o > 0, then

1. If a+20 <1, then u € C%*T29(R"). Moreover
[ull go.arzo @ny < Clllull oo + llwllgo.a)

for a constant C depending only on n, o and o.

2. If a+20 > 1, then u € CH*T29=-1(R"). Moreover
[ullgratzo—r@ny < Cllull e + lwllco.a)

for a constant C' depending only on n, a and o.

Proof. We will show that u has the corresponding regularity in a neighborhood of the origin.
The same argument works for a neighborhood of every point, so we get respectively that
u € COeF29(R) or u € CHo+20-1(R").

Let n be a smooth cutoff function such that n(z) € [0, 1] for every € R™, suppn C
By and n(x) =1 for every x € By. Let

uo(z) := Cn,—o / W dy = (=4)" " nw(z)
i

Then (=A)ug = w = (—=A)%u in By, and therefore u — ug is smooth in By ;.
Moreover, its C%®*+29 or C1**+2°=1 pnorm can be estimated from the L> norm of ug — u,

that can be estimated from the L° norms of v and w.

So, we are only left to show that ug € CO"“”Q"(BUQ). Assume o < 1, then we
write ug = (A)"7nw = (=A)177 o (=A)"Inw, and from the C?* estimates for the Poisson
equation (see [8]) we know that (—A)~'nw € C** and its norm depends only on [[wl|¢, .
Now we apply Proposition 2.1.9 and we conclude the proof. On the other hand, if « :71,
then a > 1 — 20, and we write ug = (—A)7! o (=A)!"7nw and the result follows from

Proposition 2.1.9 and the C?® estimates for the Poisson equation. O

Proposition 2.1.11. Let w = (—A)%u, Assume w € L>®(R™) and v € L, for o > 0, then

1. If 20 < 1, then u € CO%*(R™) for any o < 20. Moreover
||u||00,a(]R") < C(llull oo + llwllpee)

for a constant C' depending only on n, o and o.
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2. If 20 > 1, then u € CH(R™) for any a < 20 — 1. Moreover
[ullgro@ny < Cllull o + llwll )

for a constant C depending only on n, o and o.

Proof. The proof is identical of the one of Proposition 2.1.10 with the difference that we
have to use C1'® estimates for the Poisson equation with L> right hand side instead of C%*

estimates. O

Now we will explain the balayage problem for these operators.

Given a domain ) C R”, and a function g € R™ — () that is going to be regarded as
the boundary condition, there is a unique solution of the following problem provided that g

and 2 are regular enough:

u(z) = g(x) when z € R" — Q
0

when z €

The solution of the balayage problem in a ball of radius r can be expressed explicitly

using the following Poisson kernel:

2 — |z

7 1
P(z,y) = Cn7o'< ) | B forx € B, and y ¢ B, (2.1.4)
=y

lyl* —r?
where Cp, , =T (%) 7~"/2~ L sin(7o).

Now, the solution of the balayage problem is given by:

u(z) = / P(z,y) 9(y) dy
R"—B,

The proof of this Poisson formula can be found in [9]. We will come back to the

balayage problem in chapter 5.

2.2 Supersolutions and comparison

We want the least restrictive possible definition of supersolutions for the equation

(=A)u>0 (2.2.1)
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Figure 2.1: The function I'.

so that we can prove general theorems of comparison. We want to be able to apply maximum
principles to nonsmooth functions for which the integral representation (2.1.2) of (—A)°
does not apply. We also want to be able to check (2.2.1) in an open domain 2 that is not
the whole space R™. We will obtain characterizations of supersolutions similar to the mean

value for superharmonic functions that we will use later in the paper.

When we are interested in the whole space, (2.2.1) means of course that (—A)%w is

a nonnegative measure.

Definition 2.2.1. We say that u € S, satisfies (—/\)°u > 0 in an open set Q if for every
nonnegative test function ¢ whose support is inside 2, (u, (—A)7¢) > 0.

The definition is saying that (—A)%u coincides with a nonnegative Radon measure
in Q. This is good for a definition but it is awkward to deal with. We would like to have a
property like the definition of superharmonic functions comparing the value at a point with
the means in small balls centered there. We will restrict our study to functions u € L,. We

are going to use some special test functions.

Let ®(z) = ‘-Ll% be the fundamental solution of (—A)?. Let us stick a paraboloid

from below to cut out the singularity at z = 0 to obtain a C'**! function I'(x) that coincides

with ®(2) when x is outside the ball of radius one centered at the origin (see Figure 2.1).

Given A > 1, consider I'y = M%%F(f) The function T'y € C*! coincides with ®
outside of the ball of radius A centered at the origin, and it is a paraboloid inside that ball.
Besides I'y, > I'y, if A1 < Aso.

17



We need the next proposition in order to use (—A)?T"y as an approximation of the

identity.

Proposition 2.2.2. (—=A)°T is a positive continuous function in L*. And thus, (—/)°T >
0.

Besides [p, (=)D (z) do = 1.

Proof. Since T' is C1!, we can use the integral representation (2.1.2) to compute (—A)°T.

If 29 ¢ By, then I'(xg) = ®(z) and for every other z, T'(z) < ®(z), then:
- I(zo) —T'(y
(-0 = [T,
B [zo — y|
P - o
g / - n+(2%;) dy =0
B |20 — yl

since ® is the fundamental solution.

If zg € By — {0}, there exist and z; and a positive ¢ such that ®(x — 1)+ touches

I" from above at the point xg. Now we use the singular integral representation:

(2T = [T =T q,
Bn |zo — Yl

>/®(I’07I1)+6*¢(y7171)75dy:O

n+2o
En 2o — y|

since (—A)7(®(xo —21) + ) =0.

If g = 0, then I' attains its maximum at xg:

(07T = | deo
RTL

Because we are integrating a positive function.

To show that [;,(—A)7T(x) dz = 1 we consider a smooth cutoff function 7 such

that n(z) < 1 for every x € R”, n(x) = 1 for every x € B; and suppn C Bs. Let

nr(x) =1 (%), then we have

J 80T (@) do - 1 = Jim (~)°T - (~)°0.,1x) =

R™
= lim (I'—= ®,(=A)7ngr)

R—o0

=0
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since clearly (—A)?nr goes to zero uniformily on compact sets, and I' — ® is an L' function

with compact support U
Let N = (—A)"F,\.
Proposition 2.2.3. For any A, the function yx(x) decays like Wﬁ when T — oo.

Proof. For |z| large, T'\(z) = ®(z), and:

)= DD

|z —yl
O(z) — 0(y) / @(y) —'a(y)
= | ——— =L dy+ | ———==-~d
@(y) —I'a(y)
= | ————222d
/ |:C . y|n+2o Y
~ 1
- ‘x|n+20
since ®(y) — I'x(y) is a compactly supported function in L!. O

Proposition 2.2.4. The family vy is an approzimation of the identity as A — 0. In the
sense that

uxy\(x) = /u(y)%\(x —y)dy — u(z) a.e. as A —0
En

Proof. First of all notice that u(y)vyx(z — y) is integrable for every = since u € L, and vy

decays as by proposition 2.2.3.

1
1+|m|n+2o

We have to check the rescaling properties of vy = (=A)T.

- - 1 T
M(2) = (=A)Ta(z) = (=4) (MF (X) )
1 - T 1 T
=5 (=200 (5) = 551 (5)
Since ~; is nonnegative and f v1 dx = 1, we conclude the proof. O

Proposition 2.2.5. If (—A)%u is continuous at a point x € R™ then
o : C
(~2)7u(2) = lim < (u(x) — uxa(a),

where the constant C' depends only on o and n.
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Proof. Since (—A)%u is continuous at the point z, then it is bounded in a neighborhood of

x and for any function g € L'(R™) with compact support:

A—0 A
R™ R™

lim [ (=A)7u(z — y))\—lng (g> dy = (=A)%u(z) - /g dz (2.2.2)

Let g(y) = ®(y) — T'(y), then

Thus, replacing in (2.2.2),

(-7 ulz) = € fim iz [ (~2)7u(e ~ 9)(@() - Trw) dy

RTL
. C
= ;lg}) @(u(x) —u*x7(2))

O

Proposition 2.2.6. Given a function uw € Ly, (—A)%u > 0 in an open set Q if and only if

u s lower semicontinuous in ) and

u(xg) > /u(x)’yA(:y — o) dz

Rn

for any x¢ in Q and X < dist(zq, 00Q).

Proof. We would like to test (—A)%u against ®—I"y and ”integrate by parts”. Unfortunately
this may not be a valid test function. The next few paragraphs overcome this technical
difficulty.

Let us consider a function u such that fRn Hl";(l% dz < +oo. If r > A1 > Ao,

[y, — Ty, is a nonnegative C1! function supported in B,.. If (—A)%u > 0 in B,(zo) then:

(=A)7u, Ty, (x —20) = T\, (2 — 20)) >0

Using the selfadjointness of (—A)7:

(u, (L)L, (& = w0) = (=A)7Tx, (& — 20)) 2 0
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Therefore

(w72, (2 = 20)) = (u, 7, (2 = 0))

w* Ya, (o) > ux ya, (20)

Let Qo CC Q, and (—A)%u > 0 in Q. Let r = dist(20,0Q). Then if r > Ay > Ay >

Uk Yy, = Uk, in Qo (2.2.3)

But ), is an approximate identity, u * vy — w a.e. in {2y as A — 0.

For each A, u * ), is continuous. So w is the limit of an increasing sequence of
continuous functions. That means that (possibly modifying v in a set of measure zero), u

is lower semicontinuous.

Taking Ao — 0 in (2.2.3), we obtain the important property of supersolutions of the

operator (—A)? that replaces the mean value property of the classical Laplace operator:

u *yx(zo) < u(xg) for every zg €  and A small enough (2.2.4)
The if part is already proved (notice that v is symmetric) when A < dist(zq, 9Q).
The case A = dist(xo, 9Q) follows by passage to the limit. The only if part follows easily. 0O

Corollary 2.2.7. There is a constant C' such that for every x € (Q,
u(z) > u*yx(x) — CA* for every A < dist(z, 082) (2.2.5)
if and only if (—A)%u > —C in Q (in the sense that (—A)%u+ C is a nonnegative Radon

measure).

Proof. We can assume that € is bounded (since f > —C' locally in €2 is the same as f > —C
in the whole Q for any distribution f).

Let v = C® * xq, so that (—A)%v = Cxaq.

By Proposition 2.2.5, for any = € 2,

But actually we can see that since (—A\)%v is constant in 2 and ® —T"y is supported
in By, then

C=—(v(z) —v*xyr(x)),
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for A < dist(zx, 092).

Now we consider u+ v, then u+ v(z) > (u+v) *yy(z) is equivalent to (2.2.5), that
means that (—A)7(u+v) > 0in Q. Thus (2.2.5) holds if and only if (—=A)7 (u+v) >0, i.e.
(=A)u>—Cin Q. O

With Proposition 2.2.6 in mind, we can prove the basic properties of supersolutions
for the operator (—A)? without requiring the singular integrals to be well defined. We now

show a maximum principle.

Proposition 2.2.8. Ley Q@ CC R”™ be an open set, let u be a lower semicontinuous function
in Q such that (=A)°u >0 in Q and u > 0 in R"\ Q. Then u > 0 in R™. Moreover, if

u(z) =0 for one point x inside 2, then u =0 in the whole R™.

Proof. We need to require the semicontinuity in {2 because we can not assure that any

superharmonic function will be semicontinuous up to the boundary of the domain.

If u takes negative values in R™, then they must all lie inside €. Since u is lower
semicontinous, it attains its minimum in Q (that is a compact set in R™). Suppose that the
minimum is negative and is attained at a point xg € ). Then by proposition 2.2.6, there is
a A such that:

u(xg) > /u(m)w(a: —xg) dz

R”

But «, is strictly positive and has integral 1, then:

0> / (u() — u(zo))1a( — 20) dx

Rn
That is impossible because since u(z) < 0, the right hand side is strictly positive.

Now, if u(zg) = 0, we get

0> /u(x)’w\(x —xp) dz

]R'n.

But as u(z) is nonnegative

0< /u(a:)w\(x —1xp) dz

R™

Therefore
0= /u(m)%\(x — o) dz

R~
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And since 7y, is strictly positive we obtain u = 0. O

Proposition 2.2.9. If uy,us € L, are two supersolution for the operator (—A)7 in Q (i.e.
(=A)u >0 and (=A)°v >0 in Q), then so is u(z) = min(ui(x),uz(x)).

Proof. Given xy € Q then u(xg) = u;(xo) for i = 1 or ¢ = 2. By proposition 2.2.6 for A
small enough
ui(xg) > /ui(x)%(x —xp) do

Rn

But u; () = u(xg) and u(x) < u;(x) for every other . Then:

u(zg) > /ui(x)'w\(m —z9) dz > /u(m)’y,\(ac —x9) dz

R R

and (—A)%u > 0. O

For functions u such that (—=A)%u < 0, a similar property holds:
Proposition 2.2.10. Given function u € Ly, (—A)%u < 0 in an open set ) if and only if u
is upper semicontinuous in Q0 and u*yx(xo) > u(xo) for any xo in Q and A < dist(xg, IN).
We can also obtain the analog of Corollary 2.2.7.

Corollary 2.2.11. There is a constant C such that for every x € Q and X < dist(xg, 09Q),
u(x) < uxyn(x) + CAN%, if and only if (—A)°u < C in Q.

Proposition 2.2.12. Let Q CC R"™ be an open set, (—A)°u > 0 and (—A)v < 0 in Q,
such that uw > v in R™ \ Q, and u — v is lower semicontinuous in Q. Then u > v in R™.

Moreover, if u(x) = v(x) for one point x inside ), then u = v in the whole R™.
Proof. Apply property 2.2.8 to u — v. O

We have a similar property for functions u such that (—A)?u = 0 in an open set €.

Proposition 2.2.13. Given function u € Ls, (—2)°u =0 in an open set Q if and only if

u s continuous in Q0 and u * y\(xg) = u(xg) for any xo in Q and X < dist(zg, 0N).

From the above proposition, with a standard convolution argument, we can get an
iterative gain in regularity and prove that a function u such that (—A)?u = 0 in an open
set 2 is C*° in that set. This is a well known result not only for the fractional laplacian,

but for any pseudodifferential operator.
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Remark 2.2.14. We are not going to compute v, explicitly. The properties shown so far
are enough for all our purposes. In [9], functions u such that (—A)%u > 0 are defined in a

similar (and equivalent) way using some function in place of v, that is explicitly computed.

2.3 Stability properties

The purpose of this section is to obtain some cases in which we can pass to the limit the

property of being a supersolution.

The main result is the following:

Proposition 2.3.1. Let u be a bounded sequence in L, such that (—/A\)%uy > 0 in Q for

1

each k. Suppose that ui converges to u in Lj,,

and that there is a function p: R>o — R>g

such that lim,_,. p(r) = 0 and

[

1+ |z
R\ B,
for every k. Then (—A)%u > 0 in §2

Remark 2.3.2. The condition on the function p is to assure compactness in L.

Before proving proposition 2.3.1 we will prove a stronger but less interesting result:

Proposition 2.3.3. Let uy be a sequence in S such that (—A)7uy > 0 in Q for each k.
Suppose that uy converges to u in S'.. Then (—A)7u >0 in Q

Proof. We have to check that for every nonnegative test function ¢ supported in Q, ((—A)%u, ¢) >
0. But

(=876 = (. (=)76) = Tim (e, (~A)79)
= lerr;((—A)”uk, ¢) >0

since (—A)7¢ € S. O

The next lemma is what we need now to prove proposition 2.3.1
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Lemma 2.3.4. Let uy be a bounded sequence in L, such that it converges in L}, to a
function u. Suppose that there is a function p : R>¢g — R>qo such that lim, . p(r) =0 and

|ug ()|
—————dx < p(r
/1+|x|"+2" <o)

R\ B,

for every k. Then u € L, and uy, converges to u in S,

1

Proof. The sequence uj converges in Lj, .,

so we can extract a subsequence so that it

converges almost everywhere. Then, applying Fatou’s lemma and the uniform bound for

urlly,:

C’z]hninfjfggkﬁdggg;—dx
) T e

z/liminf%
3 k—oo 1+|CC‘

= /7|u(x3|+20 dx
1+ |z

R

dx

So u € L, with the same bound on its norm. Similarly, it is shown that the

| i e <o)

R"\ B,

inequality

holds also for w.
Let ¢ € S,. We have to show that (ug, @) — (u, ¢).

Since ¢ € S,, then ¢(x) < ﬁ for some C' > 0. Consider a cutoff function 6
such that:

1. 6<1inR",
2. 0=1in By,

3. 0=0in R"\ Bs.
Pick an arbitrary r > 0. Since u € L,:

[u@ote) de ~ [u@o@) do = [ o) - un()o(@)6e/r) da

Rn R R

+ / (ul) — u(2))o(2)(1 — O(/r)) da

R
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The first term goes to zero because ¢(z)0(x/r) has compact support. The second

term is less than 2Cp(r), so it can be made arbitrarily small taking r large. O

Proof of proposition 2.3.1. Applying the lemma 2.3.4 we get that u; — u in S, and then
we can apply proposition 2.3.3 to get the result. O
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Chapter 3

Basic properties of the free boundary problem

In this chapter we will construct a solution to our problem, and we will show the first

regularity results.

3.1 Construction of the solution

We recall the statement of the problem that we are going to study.

Let ¢ : R® — R be a continuous function with compact support !, that we will

consider the obstacle. We look for a continuous function u satisfying
1. u>pin R?,
2. (=A)*u >0 in R,

3. (=A)*u(x) = 0 for those x such that u(z) > ¢(z),

W

imyg oo u(z) = 0.

We will prove that for any such ¢, there is a solution w to this problem. The proof
fails when n = 1 and s > 1/2, because in that case it is impossible to have (—A)*u > 0 in

R™ and at the same time u to vanish at infinity.

We will construct v as the function that minimizes

Ju(z) = u(y)|®

J(u) ==
“ o — [T

R R™

dz dy (3.1.1)

over all the functions u € H* that satisfy ¢ < w.

1Rapid decay at infinity would suffice
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For any function f € S, the norm in H* is given precisely by:

1 F |l g = //fyln(w)gd z dy (3.1.2)

R” R™

TS / e

R

That is equivalent to

fo)| ae (313)

In some texts, this space H* is written as L252.

When n — 2s > 0, the Sobolev embedding results say that Hs C L=o% (see for
example [14], chapter V.). The space H¢ is defined as the completion of S with the norm
||l - Indeed, H* is the space of L5 functions for which (3.1.2) is integrable. The space
H* is a Hilbert space with the inner product given by:

// igﬁzz—g(y)) dz dy

R R™

— [ f@)(-279(a) dz

R’Vl
29 =
/ €2 F()3E

The set {u € H*: p < u} is clearly convex and closed, and it is easy to show that

it is nonempty because ¢ is bounded and has compact support. Thus, the (strictly convex)
functional J has a unique minimum in that set. Let u be this minimizer. In the following

propositions, we will prove that u is a solution of our obstacle problem.

Proposition 3.1.1. The function u is a supersolution of (—A)%u > 0.

Proof. Let h be any smooth nonnegative function with compact support, and ¢ > 0. The

function u + th is above the obstacle, and so ||u + th|| ;. > ||u|/z.. Therefore

(w,u) e < (u+th,u+th) .

0 < t(u, h) . +t2(h, h) .
< t<u7( A) >L2 +t <h’h>H5
<

t/u(—A)sh dz + t*(h, ) ;7.
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Letting t — 07, we get that [u(—A)*h dz = [((—A)*u)h dz > 0 for any nonneg-

ative test function h. Therefore (—A)*u is a nonnegative measure. O

Corollary 3.1.2. The function u is lower semicontinuous and the set {u > ¢} is open.

Proof. Since (—A)°u > 0, by Proposition 2.2.6 u is lower semicontinuous. Thus {u > ¢} is
open. O

Proposition 3.1.3. Let zy € R™ such that u(zg) > p(xo). Let v > 0 such that uw > ¢ in
B, (zg), then (=A)%u(xg) =0 in B.(xg).

Proof. Since u is lower semicontinuous, the infimum of u — ¢ is achieved in B,.(z), then
there is an € > 0 such that u > ¢+ ¢ in B,.(z). For any continuous function h supported in
B, (zg), u+th is going to be above ¢ for ¢ small enough. So the same computation as in the
proof of proposition 3.1.1 takes place. But this time ¢ and h do not need to be nonnegative,
and (—A)®u = 0 is obtained in B, (zo). O

The following proposition is a modification of a theorem of Evans for superharmonic

functions. It will be used to prove continuity for w.

Proposition 3.1.4. Let v be a bounded function in R™ such that (=A)%v > 0 and vg is

continuous where E = supp(—A)7u. Then u is continuous in R™.

Proof. In the open set R™ \ E, (=A)%v = 0, and thus v is continuous there. We are left to

check that v is continuous in F.

Let xg € E and xy, — xo. Since v is lower semicontinuous lim infy,_, o v(zg) > v(xg).
We are left to prove limsup,,_, . v(z) < v(xp). Suppose the contrary, then we can extract
a subsequence such that

lim v(zg) = v(zo) + a
k—o00

where a > 0. Since v is continuous in F, then z; ¢ F from some k on. We can assume that

xy ¢ E for any k by dropping the first few elements in the sequence.

Let yx be the point in E closest to zj (or one of them). Since v is continuous in E,
limv(yx) = v(zo).

Let A = |z — yi| = dist(ag, E), so Ay — 0 as k — 0.
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71 (z+e)
71 ()
point, and thus ¢y > 0, since lim|;|_ o

, where e is any unit vector. The infimum is achieved at one

1 (z+e)
Y1 (z)
depend on e. Setting e = m’“)\;ky’“, we have

1 T—Tp Ty — Yk T — Ty
Y (T = yr) — cova, (T — 28) = IV g! " + " —Ccom "
k

>0

Let ¢y = inf

= 1. By symmetry, the value of ¢y does not

We now use Proposition 2.2.6 for v(yx) and Proposition 2.2.13 for v(x) to get

o(ye) / e (@ — yi)u(a) da
R‘I‘L

> /CO’}/)\}C ($ - IITk)U(:Z?) dx + /(")/)\k (x - yk) — €OV (l‘ _ I'k))v(:r) dz (314)
R™ R
> cov(xy) + 1 + I
where
L = / (M (@ = yr) — con, (& — ap))v(2) do (3.1.5)
BN(?]!@)
I = / (Y (@ = yr) — cova, (. — 2))v(2) do (3.1.6)
R"\B\/Tk(yk)
(3.1.7)

Since v is lower semicontinuous, when k — oo, Ay — 0 and v(z+yx) > v(xg)—ey for

any « € B /57(,,) and ey — 0. Moreover, recalling that yx(z) = wy(z/A) and [y dz =1,

if we set z = L% and e = &%k
/\k /\k ’

/ (e (@ — 4) — comae (@ — a)) da = / (m(2) — comlz + ) dz

Byx(yr) B,—1/2

>1—co—¢g

for & — 0 as kK — oco. Combining these last two facts we obtain
I > (1 —co—eg)(v(zo) —ek) = (1 — co)v(xo) — Exv(mo) + k(1 — co — Ek) (3.1.8)
Now we estimate I5,

Iy > —||v|| / (Y (@ = yr) — coa, (& — ap)) do > —& ||v| oo (3.1.9)

R™\B_x(yk)
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Substituting (3.1.8) and (3.1.9) in (3.1.4),
v(yr) > cov(zr) + (1 — co)v(zo) — 28k ||v]| poo +Er(1 —co — Ek)

where ¢, and & go to zero as k — oo. But this is a contradiction since v(yx) — v(zo) and

v(zg) — v(xo) +a as k — oo. O

Corollary 3.1.5. The function u is continuous.

In this way we finished proving that the minimizer of the functional J(u) solves the
original obstacle problem (1.1.1)-(1.1.4).

3.2 Semiconvexity

We are going to show that when ¢ is smooth enough, the solution u to our obstacle problem
is Lipschitz and semiconvex. When ¢ has weaker smoothness assumptions, we will get
correspondingly weaker conditions for u. The proofs in this section depend only on maximum
principle and translation invariance. This regularity is common for all obstacle problems

with operators satisfying these two conditions.

Proposition 3.2.1. The function u is the least supersolution of (—A)%u > 0 that is above
¢ (u > ) and is nonnegative at infinity (liminf |, u(xr) >0).

Proof. Let v be another supersolution of v + (—=A)%v > 0 such that v > ¢ and
liminf|,| 4o v(z) > 0. Let m = min(u,v). We want to show that actually m = u. By

definition m < u, we are left to show m > wu.

Since both uw and v are supersolutions, by Proposition 2.2.9, so is m. The function
m is also above ¢ because both v and v are, then m is another supersolution that is above

. By Proposition 2.2.8, m is lower semicontinuous in R".

Since ¢ < m < u, then lim,_,,, m(x) = 0. For every x in the contact set {u = ¢},
m(z) = u(z). In Q@ = {u > ¢}, u is a solution of (—A)*u = 0 and m a supersolution.
By Corollary 3.1.5 u is continuous, then m — u is lower semicontinuous. Then m > wu by

comparison principle (Proposition 2.2.12) O

Corollary 3.2.2. The function u is bounded and supu < sup ¢.

Proof. By hypothesis u > 0. The constant function v(x) = sup ¢ is a supersolution that is
above ¢. By Proposition 3.2.1, u < v in R™. O
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Theorem 3.2.3. If the obstacle ¢ has a modulus of continuity c, then the function u also

has the same modulus of continuity.

Proof. Since ¢ is a modulus of continuity for ¢, for any h € R™, o(x 4+ h) + ¢(|h]) > ¢(x)
for every x € R™. Then the function u(x + h) + ¢(|h|) is also a supersolution above ¢. By
Proposition 3.2.1, u(z+h)+c(|h|) > u(zx), for any x, h € R™. Thus u has also ¢ as a modulus

of continuity. O
Corollary 3.2.4. The function u is Lipschitz, and its Lipschitz constant is not larger than
the one of .

Proof. Tt follows from Proposition 3.2.3 with ¢(r) = Cr. O

Proposition 3.2.5. Suppose that ¢ € CYL. For any vector e € R, let C = sup —0ec .
Then Qg > —C' too. Thus, u is semiconvez, and therefore for any point x € R™, there is

a paraboloid of opening C' touching u from below.

Proof. Since O..p > —C, then we look at the second incremental quotients:

o(x +te) + o(xz — te)
2

+Ct* >

for every t > 0 and = € R™. Therefore

o(z) = u(a:the);ru(x — te) Lo s

and v is also a supersolution of (—A)®v > 0. By Proposition 3.2.1, v > u, then

o(x) = u(z + te) J2ru(x — te) + O > u(x)

for every v ¢ > 0 and x € R™. Therefore O.cu > —C. O

The above proposition is enough to treat the case when ¢ is C'!. However, to
obtain the sharp estimates for ¢ € C*, we need to refine the previous result. The following
propositions are proven more or less with the same idea as in Proposition 3.2.5, but with a

different thing instead of the second incremental quotient.

Proposition 3.2.6. Let us suppose that (—A)7¢ < C for some constant C and some
o €(0,1). Then also (—A)°u < C' (maybe for another C depending on the dimension n).
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Proof. We apply Corollary 2.2.11 instead of the second order incremental quotient to obtain:
p(x) < @ xa(z) + CAF
for any @ € R™ and any \. Since (—A)%(u * vy + CA?) = (=A)u* v, > 0, and
wx s+ CON7 > o x4+ ON > (),
then u * vy + CA2? > u by Proposition 3.2.1. Thus (—A)%u > —C by Corollary 2.2.7. O

Proposition 3.2.7. If (—A)%p € L>®(R"), then (—A)%u € L>®(R™).

Proof. This proposition follows by combining Proposition 3.2.6 with the fact that (—A)%u >
0. O

Proposition 3.2.8. If ¢ € C%®, then for every o € R, there is a vector a € R™ such that
w(xo+h) > u(zo) +a-h—C|[h"™  for every h € R”

i.e. the function u has a supporting plane at each point with an error of order 1+ .

To prove this proposition we will need a couple of lemmas.

Lemma 3.2.9. Suppose p € C*T*. If 0 = > \jh; for hj € R" and )\; € [0,1] such that
YA =1, then

z) < Z Aju(z + hj) + C’Z A || for any x € R™ (3.2.1)

Proof. Since ¢ € C'+ there is a constant C for which
> Ne@+h) +C> N |h'|1+°“
>Z>\ z) + Vo(z) - hl—O|h4|1+a)+Cz/\j|hj|1+a
z) + Vo(z) - Y Ajhj =

Like in the proof of proposition 3.2.5, we obtain that

= " Nulz+hy) +C Y A |kt

is a function above ¢ such that (—=A)®v > 0, and thus it is also above u. By Proposition
3.2.1,

D O hjula+hy) +CY N Ry [T > u(a),

as we wanted to show. O
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Lemma 3.2.10. Let f : R — R be a Lipschitz function that satisfies an inequality like
(3.2.1). Then for every x € R, f has right and left derivatives at x. Moreover, the right
derivative is greater than the left derivative, and for any number a in the closed interval

between them and for every h € R:
fle+h)> f(@)+a-h—C|n'"™ (3.2.2)
where C' depends only on the constant of the inequality (3.2.1).

Proof. We will show that f has derivatives from both sides, and the one from the left is
smaller or equal than the one from the right. Then we will show that (3.2.2) holds for any

a between the two derivatives.

Let zp be any point in R, and 0 < A’ < h. Consider the inequality (3.2.1) with

w=x9+ N, hi =R, hy=h—h, and thus A\; = 257" and Ay = 2. We have

/

h h' h—n o N a
f(xo)+hf(x+h)+0<h|h’|l+ + o b= )

flzo+ 1) < h;

h/
< f(@) + 5-(fl@+h) = f(h)) + CB" - h®
Then,
fle+ 1) - flz) _ flz+h)— f(z)
h! - h
Since f is Lipschitz, its incremental quotients are bounded, and then (3.2.3) implies that
f(w+h})L—f(I)

+ Ch® (3.2.3)

has a limit as h — 0%. Thus the right derivative exists.

Similarly, we can show that the left derivative exists. We want to see now that the

right derivative is greater or equal than the left one.

Consider hy = h and hy = —h in inequality (3.2.1), then

f(z) < f($+h)+%f(x—h)+0hl+a

N |

Therefore,

fo) = fe =) St D@ oy

Taking h — 0, we obtain that the right derivative is not less than the left one. Let
a be a real number that is not greater than the right derivative, and no less than the left
derivative. Taking A’ — 0 in (3.2.3),
_ fa+h) — @)
h

+ Ch”
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Then
fx+h)> f(x)+a-h—Ch'T

The result follows similarly for negative h. O
We are now ready to prove Proposition 3.2.8.
Proof of Proposition 3.2.8. By Lemma 3.2.9 we have that if 0 = ) A;h; for h; € R" and
Aj € [0,1] such that >~ A\; =1, then
u(z) < Z Nju(z + hj) + CZ Aj ;'Y for any z € R™ (3.2.4)
Let us assume, without loss of generality, that zp = 0. For any unit vector e, we
apply Lemma 3.2.10 to see that u satisfies the inequality (3.2.1) in every ray from the origin

with possibly a different linear part. That means that for each e € S™~!, there is a real

number a(e) such that

u(te) > u(0) +a(e) -t — C |t T (3.2.5)
where the constant C' does not depend on e and a(e) is the directional derivative
t —
a(e) = Tim A9 =0 (3.2.6)
t—0t t

Now we will show that the homogeneous of degree one function ¢(z) = a (\%) -]

is convex. We have to see that c(Az+ (1 —MN)y) < Ae(z) 4+ (1 —N)e(y). We use the inequality
(3.2.4) to obtain:

u(Mz + (1 — Nty) < du(tz) + (1 — Nu(ty) + C(t |z — y|)* e,

for any real number ¢. We now subtract «(0) on both sides and divide by ¢ to obtain:
u(Atz + (1 — N)ty) — u(0) < )\u(tx) — u(0) u(ty) — u(0)
t - t t
Now we take limit as t — 0, and replace by the corresponding value of ¢ using the directional

+ Ot (|l —yl) '+

+(1=XN

derivatives of u to obtain:
c(Az + (1 = A)y) < Ac(z) + (1 = Ne(y)

Now that we know that ¢ is convex, let a be the slope of a supporting plane at the
origin (a is a vector in the subdifferential of ¢ at zero). then c¢(h) > a - h for every h € R™.
Therefore, recalling (3.2.5),

u(h) > u(0) + c(h) — C'|h["*
> u(0)+a-h—Clh/'™"
which concludes the proof. O
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We finish this section by showing that u solves the third specification of the problem

Proposition 3.2.11. For any closed set A C R", let v be the solution of

1. v(z) = p(z) in A.
2. (—A)*v=0inR"\A.

3. im0 v(x) =0
then v < u in R™ (obviously, in the case A = {u = ¢}, u=v).

Proof. Since u > ¢ in R™, then v > v in A. Since u is a supersolution of (—=A)*u > 0 in

R™\ A and v is a solution, then v > v in R™ \ A by maximum principle. O
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Chapter 4

An improvement in regularity

In the rest of this work, we will study further regularity results for u. This chapter is devoted

to show that (—A)*u is C* for some small « if the obstacle ¢ is smooth enough.

4.1 Problem

To study the regularity of the problem, it is convenient to consider the difference u — ¢.
The problem that we obtain is also an obstacle problem, the obstacle is zero, but there is a
right hand side for the equation. For convenience, we will continue to call u to our solution,

although the problem is slightly different.

Thus, we have u to be a solution of the following free boundary problem:

u(z) >0 (4.1.1)
(=A)°u(z) = ¢(x) (4.1.2)
(=A)°u(z) = ¢(x) when u > 0 (4.1.3)

where ¢ is —(—A)%p, for the obstacle ¢ of the previous chapters.

S

Since we are going to be using (—A)*u(z) a great deal, we define w = (—A)*u.

If we assume ¢ to be C*°, the right hand side ¢ will be C*° as well. However, it
will be enough for all the proofs to come (and actually more than enough) to assume ¢ to

be just Lipschitz.

If we assume ¢ € O for some B € (0,1) such that 1 + 3 > 2s, we will have
¢ € C18=25 The results of this chapter will still apply for this case, but the proofs have
some extra complications. We will address this case at the end of the chapter. At first we

will assume ¢ to be C*°, and thus ¢ to be Lipschitz.

In this situation, we know from chapter 3 that the function u is a bounded Lipschitz

function (Proposition 3.2.4) and also semiconvex (Proposition 3.2.5), and so far we know
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that w is L from corollary 3.2.7 . We want to prove that w is Holder continuous. To

summarize, we know:

sup |¢(x)] < C (4.1.4)

sup [9@) = o(y)l <C (4.1.5)
Ty |z -yl

Uee > —C for every e such that |e| =1 (4.1.6)

lw(z)| < C (4.1.7)

for some constant C.

4.2 A few lemmas

Lemma 4.2.1. For o € (0,1), there is a constant C depending only on o and dimension,

such that if v is bounded and semiconvex,
sup |v(z)] < A (4.2.1)

inf inf ve(xz) > —B (4.2.2)

T |e|=1

then sup, (—A)°v(z) < C - B - A177.

Proof. We can assume that v is smooth. Otherwise we take a smooth compactly sup-
ported function ¢ with integral one, and consider the approximation of the identity 1) (x) =
A" (Ax). Then for any A > 0, 1) xv satisfies (4.2.1) and (4.2.2) and it is a smooth function.
If we can obtain that sup, [(—=A)7 (Y *v)(x)] < C- B - AL=7 uniformly in ), then we pass

to the limit as A\ — 0. Therefore, it is enough to prove the lemma for smooth v.
The value of (—A)%v(x) can be computed with the integral

v(x)

v

oyt = [ D gy
R n

() —v(x) = Vo() - (y —x) + Bly — a*
= / |z d

_ n+20
Br(z) y|
A
L
R™\Bgr(x)
1 1
<B — s dy | +A e W
lz -yl lz -yl
BR(I) "\BR(w)

S C(B'R2_2O-+A'R_2”>
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Replacing R by \/% in the above inequality we obtain:
(—=A)7v(x) < OB A7
O

Remark 4.2.2. Actually in lemma 4.2.1, the condition (4.2.2) could be replaced by Av >
— B by using the fact that
Av=2n lim r2 L v(y) —v(x) dy
r—0+ |8BT\
0B,

Lemma 4.2.3. Let v be such that ||[(—A)%v(z)]]
wv(Az). Then [|(—L)7vx(z)

w < C. For a < 20, consider vy =

oo =0 as A —0.

Proof. Recalling that (—A)? (v(Ax)) = A2 ((—=A)"v) (A\z),

[(=2)7ua(@)| = [ATNT ((=4)"v) (Az)|
S C>\2r7a =0

O

Lemma 4.2.4. For any o € (0,1) and 6 > 0, if ¢ and « are chosen small enough then there

is a v > 0 such that if

(=A)v(z) <e forxz e B (4.2.3)
v(z) <1 forx € By (4.2.4)

v(z) < |22]|* forz € R™\ By (4.2.5)

6 < |{xz e By :v(zx) <0} (4.2.6)

then v(z) <1 —1 for x € Bys.

Proof. As in lemma 4.2.1, we can assume v to be smooth.

Let b(x) = B(|z|) be a fixed smooth radial function with support in By such that

B(0) =1 and (3 is monotone decreasing.

For small enough ¢ and «, we can choose a positive number x < 1/2, such that

o |4y|0¢ -1 J
e+ nsgp (=2)7b(x) + / \y|n+20 dy < 5 onio (4.2.7)

R*—B1
4
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Let v = x(8(1/2) — 3(3/4)). Suppose there is a point x¢ € By /9 such that v(zo) >
1—v=1-—kpB(1/2) 4+ & B(3/4). Then v(xg) + kb(xo) > 1+ x B(3/4), that is larger than
v(y) + kb(y) for any y € By \ Bs/y. This means that the supremum of v(z) + xb(z) for
x € By is greater than 1 and is achieved in an interior point of Bs/4. Let us call that point
x1. Now we will evaluate (—A)7 (v + kb)(x1).

On one hand, (—A)7 (v+kb)(z1) = (=A)v(x1)+r(—D)7b(x1) < e+ K(=A)7b(z1).

On the other hand we have

FAYw+%®@ﬁ=/

Rn

(v + wb)(x1) — (v + Kb)(y)

|J}1 _ y|n+2<7

dy

For any point z € By we know (v+kb)(x1) > (v+kb)(2). Let Ag = {y € B1Av(y) <
0}. By assumption |Ag| > §. We use (4.2.5) and that x < 1/2 to obtain the lower bound:

(=0)7 (v + #b) (1) > / Wt sb)e) = 0+ ) 4,

T — n+20

yER"\ By | ! y|

(0 + b)) = (0 + KE)(y)
i jy — g™ g

yEB, !
1— 29" t/
. | i

wol, |$1 n+2o’ |.17 y|n+2a

1— |4y

n+2o n+ o
D AT

R™\ By /4

1—|4y|* 0

n+20 92 . 9n+20
wntp W

4

Therefore

1— |[4y|®
€+ rsup (—A)7b(z) > / | |n|+22{|; dy +
xr

R™\Bj /4

2. 2n+20

But this is a contradiction with (4.2.7). O

Remark 4.2.5. The proof of lemma 4.2.4 can be adapted to a more general family of oper-
ators instead of (—A)?. In [13], it is used to obtain Holder estimates for the corresponding
equations. The operators for which the result applies include the case

v(z) —v(x + 1)

TU(J?) = /a(x7y) |y|a(x)

R
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for a bounded, symmetric (a(z,y) = a(z, —y)) and 0 < ¢ < o(x) < 01 < 1. No modulus of

continuity whatsoever is required either for a or . All the details can be found in [13].

Corollary 4.2.6. For any o € (0,1), if ¢ and « are chosen small enough then there is a
v > 0 such that if

[(=A)v(z)| < e forx € By
lv(z)| <1 forxz € By

lv(z)] < [22|* for x € R™\ By
then 0SCB, ,, V< 2 — 1.

_ |Bi1]
=3

{z € By :v(x) <0} > |BTl|,

otherwise we consider —v instead of v. By lemma 4.2.4, we get v(z) < 1 — for x € By,

Proof. Consider the same v as in lemma 4.2.4 for ¢

. Suppose

we conclude oscp, ,, v <2 —1. O

Lemma 4.2.7. For any o € (0,1) and « € (0,20), if § is close to |By], then & can be chosen
small enough so that there is a v > 0 such that if
(=2)v(x) <€ forx € By
( 1 forxz € By
( 1+ [2z|% forx e R"\ By
<|{z € By : v(z) <0}

IN

v
v

IA

x)
x)

5
then v(z) <1 —1 for x € Bys.

Proof. The proof is the same as in lemma 4.2.4 with the only difference that we have to

choose k such that:

+ rsup (—A)°b(x) + / 4 4y < 3 V2
e+ ksup (— x rae dy < 1 nt2e Y
@ ly|" ACBy ) |zy —y|"t?

R"—B |[Al=6 A
4

for which we need ¢ close to |B1]| so that the right hand side is larger than the last term of
the left hand side. O

Remark 4.2.8. If «, 0, § and € are a combination of constants for which Lemma 4.2.7
applies, then it also applies for lesser values of a. In other words, if it holds for one «, then

it also holds for any « smaller.

41



Lemma 4.2.9. For any o € (0,1), let v be a function such that (—A)%v(xz) = 0 for x in
some open set §). Suppose that

lu(y) — v(z)] < c(lz —yl) (4.2.8)

for every x € R™\ Q, y € R™ and some modulus of continuity c. Then the same holds for

every x,y € R

Proof. We are left to show (4.2.8) when x,y € Q. The function v is continuous in Q
because of the equation and in R™ \ Q because of (4.2.8), so v is continuous. Let v1(z) =
v(z) —v(z 4+ —y), then (=A)%v1(2) =0for z € QAN (N +y —z) and vi(x) < (|l —y|)
for 2 ¢ QN (2 +y — x). By the maximum principle v;(z) < ¢(|z — y|) for every z € R",

evaluating in z = y we obtain the desired result. O

4.3 Further regularity

Lemma 4.3.1. Given p > 0 and u satisfying (4.1.6), if u(z) > ur? for one x € B,., then
{z € Ba, : u(z) > 0} > 6 |Bay|

for some & depending on .

Proof. We know that u.. > —C every time |e| = 1. In other words, u is semiconvex, for

each point x there is a paraboloid touching u from below:
C
u(y) > u(z) + B (y —x) - §|96—3/|2

where B is any vector of the subdifferential of u(y) + % |z —y|? at .

Now, let us consider the set:

A={y:B-(y-2)20}NB .1 ()
(&)2r
IfyeB, 1 (), then €|z —y|* < L2,
O <3
If y € A, then
u(y) > u(z)+B-(y—z)— = |z —y|
> u(x) grz
Zgr2>0
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The set A is half of a ball. If & <1, then A is going to be completely contained in
Bs,., and we obtain the desired result with
1/ p\n/2
o=5(45)"
2 \4C
Otherwise we take A’ = {y : B- (y — x) > 0} N B,(z) instead of A and we obtain the desired

result with

O

Remark 4.3.2. Lemma 4.3.1, as well as lemmas 4.2.4 and 4.2.7 can be applied to any two
balls, one inside the other. The outer radius does not have to be double the inner radious.
The lemmas, as stated, imply this by rescaling and a standard covering argument. And the
proofs also clearly do not depend on the ratio between the radii. Of course the constants

will vary.

We are now ready to start the proof of w € C*.

Theorem 4.3.3. Let u and w be like in (4.1.1-4.1.7), then w is C* for a universal o, and
its C* norm depends on the various constants C of (4.1.4-4.1.7).

Proof. Let us normalize u and w so that |w||;. = 1. We want to show that there is a
constant Cy > 1 such that for every o € R™ and k € N,

osc  w < Cp2 ok (4.3.1)

B,k (z0)

This clearly means that w is C'*.

We will show by induction that (4.3.1) holds for every k. The induction step works
when k > ko for a large integer k. Then we can choose a large value for Cy so that (4.3.1)
holds for any k < k.

We can assume xzg = 0. Let us also assume that 0 € supp u, we will consider the
case xg ¢ suppu later. Suppose that (4.3.1) holds for £k = 0,1,...,kg. Let us prove that it
also holds for k = kg + 1. Let 6 > 0 be a small number to be determined later. We will
prove that

Hx € By—r tw(z) — inf w < 6;02_0"“0}‘ > 0 | By (4.3.2)

2—ko

But first, let us show how (4.3.2) implies the inductive step.
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Consider
v(x) = 20()_12k°a (w(2_k°x) — inf w) -1 (4.3.3)

2—ko

By (4.1.6), —Au < C, thus (—A)'"%v < C2k0(a+25=2) " Then, if o was chosen
smaller then 2 — 2s, and kg is large enough, then v satisfies the hypothesis of lemma 4.2.4
with o = 1 — s. Therefore, there is a v > 0 such that v(z) <1 —~ for € By /3. Rescaling
back to w we obtain w(z) < Co27Fo*(1 — ) + infp__, w for ¥ € By-ro-1. If a was
chosen small enough so that 27 > (1 — 3), then 0SCH, 4y (wo) W S Cp2~kot1) " And the

induction step is over.

We are left to prove (4.3.2). Suppose the contrary:

C
Hx € Byt w(z) — inf w < 202""“"}‘ < 0Byt (4.3.4)

2~ ko

We know w(x) > ¢(x) for every . Then infBrkO w > infBTkO ¢, and since ¢ is

Lipschitz,

C
osc ¢ < 02 k0 « Z0g—ako
Bz_ko (ZL’()) 2

for kg large enough.

Every time u(z) > 0, w(x) = ¢(z), therefore

C
{z € By-« 1 u(x) >0} C {a: € By-x :w(z) — inf w< 202_0"‘“}

2—ko

Thus
{z € By-» : u(x) > 0} < 0 |By—o|

We choose ¢ in this proof to be small, so that the contrareciprocal of lemma 4.3.1
applies and we have u(x) < pu2~2% for every x € B%T;@O.
Let us consider the rescaled problem:
(z) = Cg M2Rolat2e)y (2 kog)
(z) = Cy t2kooqy(27koy)
b(x) = C5 120 g(2 ho)

Sl

g

The pair @ and w also satisfy the original hypothesis:
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From (4.1.4)-(4.1.7),

|9(z) — ¢(y)]
sup ——~—
T,y |z -yl

lige > —C27 R0 (2725=9) fo1 every e such that |e| = 1

< Ckaro(lfa)

And also a(z) < C27%0(2=25=9) for every x € By),.

If kg is large enough, then

sup M <e (4.3.5)
T,y |z -yl

e > —¢ for every e such that |e| =1 (4.3.6)

0 < u(x) < e for every x € Bg )y (4.3.7)

for arbitrarily small e. We choose £ much smaller than ¢.

From (4.3.6) and (4.3.7), we conclude that u is Lipschitz in Bs,g and its norm is
less than Ce.

The inductive hypothesis, rescaled, turns into:

oscw < 2k (4.3.8)
n
for k=0,1,2,....
Then
|w(z) — w(0)] < |2z|* for |z| > 1 (4.3.9)
|w(z) —@(0)| <1 for |z| <1 (4.3.10)

We also know from (4.3.4) that

By

erBlzw(I)—infw> ;}’ > (1-0)|By]

Now, let b be a smooth cutoff function such that:

b(I):O forxGR"\B5/8
b(x) =1 for x € B7/16
b(z) <1 for every z € R"
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Thus

(b1)ee = beels + 2belie + bliee > —Ce

Let h = (—=A)*(ba). We can apply lemma 4.2.1 to obtain h < Ce.

By construction w — bu = 0 in By, therefore

0=—A(a—ba)=(—A)'""*(w—h) in Bz/16

Let v(z) =1+ 2 (h(x) + infp, @ — w(xz) — Ce). Then:

(*A)lisv =0 in B7/16
supv <1
By
supv <1+ (2 . 2k)a for every positive integer k
sz

{z € By :v(z) <0} > (1 —9)|Bi|

Then, if § was chosen small, we can apply lemma 4.2.7 (rescaled) to v in the ball

Bz /16 to obtain v(z) < (1 — ) for 2 € By o, that means
w(z) > v+ igfu? + h(z) — Ce (4.3.11)
1
for z in By .

Let vi(z) = b(z) - u(x) 4+ €b(2z). Then maxwv(x) = v1(xo) for some zg € By /.
Moreover, since 0 € supp @, and €b(2zx) achieves constantly its maximum in a neighborhood
of 0, then @(zg) > 0. Therefore w(z) = @(z) for every x in a neighborhood of zg, thus w
and also @ are sufficiently smooth at x¢ so that (—A)*u(xg), as well as (—A)%vy(xg), can

be computed. Since zg is a maximum for vy, (—A)%vi(xo) > 0. Therefore

0

IN

(=2)%v1(x0) = h(xg) +2°(—A)°b (2x0)
h(xo) + Ce

IN

Replacing in (4.3.11), we obtain:

w(xzg) > 7+i§fw —Ce
1

But since z € supp @, w(zg) = ¢(x0), and infp, w > infp, ¢, then

ygé(zo)figng—C’sgC’a
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But this is a contradiction if we chose the constants so that e is much smaller than

This finishes the proof for = in the support of u. To extend this modulus of continuity
for all z € R™ we observe that (—A)'~*w = 0 in the interior of {u = 0} and we apply lemma
4.2.9 O

4.4 The case when ¢ € O

When we assume ¢ to be only C# in our obstacle problem, we can still obtain the result
of Theorem 4.3.3 when we have 1+ > 2s. In order to show that, we have to improve some

of the lemmas. We will explain the modifications in detail now.

Since we are not assuming ¢ € C'°°, we only have ¢ € C” for 7 =1+ (3 — 2s. And
instead of u., > —C, we have only a one sided C*# estimate saying that for each z € R",

there is a vector a(x) such that

u(y) > u(z) +a(z) - (y —z) — Cly — '’ (4.4.1)

Instead of Lemma 4.2.1 we will need the following lemma.

Lemma 4.4.1. For o € (0, ), there is a constant depending only on o, 3 and dimension,
such that if sup, |v(z)| < A and for each x there is a a(z) such that

v(y) = v(@) +alz) - (y —2) = Bly— ™" for anyy € R"

1+8—20

Then (—A)"v(x) < CB%A 113

Proof. The proof is very similar to the one of Lemma 4.2.1. We can also assume v to be

smooth and do the computations.
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(~A)°u(z) = / vie) —vly) g,
J 1z =yl

o[ @)@ ~Ve@) -+ Bly—a"?
B o —y|" g
BR(I)
A
+ / e W
o —y|"*?

R™\Bg(z)

1 1
= / o — y[" PP A / @ —y|" w
Br(z) "\Br(z)

<C(B-R'"“27 +A.R%)

1
Replacing R by (%) 7 in the above inequality we obtain:

1+8—20

(—=A)v(z) < CBTH A 155

O

Instead of Lemma 4.3.1, we will use the following lemma that does not provide an

estimate that is as good as before, but it is enough for our purposes.
Lemma 4.4.2. Given > 0 and u satisfying (4.4.1), if u(z) > ur**? for one x € B,, then
{z € Ba, : u(z) > 0} > 6 |Ba|

for some § depending on .

Proof. The proof is identical to the one for Lemma 4.3.1 but every time there is an estimate

with a term |z — y|?, |2 — y|*™” has to be used instead. O

A new lemma has to be added to replace the well known fact that semiconvex

functions are locally Lipschitz.

Lemma 4.4.3. Suppose

lu(z)| <e forxz € B; (4.4.2)

u(y) > u(z) +a(z) - (y — ) —ely — 2| for x,y € B; (4.4.3)

Then u is Lipschitz in By with a Lipschitz norm no greater than Ce, for a constant C.
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Proof. For x,y € By s, let
lu(y) — u(z)|

K =
|z -y

Let us assume that u(y) > u(x), so that u(y) = u(x) + K |z — y|. Let z € By be in
the line determined by x and y so that |z — z| > |y — z| > 1/2. From (4.4.3), we have

u(y) = K |z —y| = u(z) > u(y) + a(y) - (z — y) — e -y’ (4.4.4)
u(z) 2 uly) +a(y) - (= —y) —elz —y|"” (44.5)
From (4.4.4),
1+3
a(y) - (y—z) 2 Kz —y[—clz—y
From (4.4.5),
|z — x|
u(z) > —e+a (y—=x —
(=) ) (=)=
>a(y) - (y €
W) =3
1
>(K|lzx—y|l—¢ x—yH’G — — 2¢
(e vl = el — ) 5
>K 3
=5 €
Since u(z) < € for any z € By. Then K < 8e. O

Now we are ready to state the theorem. Our assumptions now match what we know

in the original obstacle problem when ¢ € C15.

Theorem 4.4.4. Let u and ¢ satisfy (4.1.1), (4.1.2) and (4.1.3). Let w = (—=A)*u. Let us
also assume (4.1.4) and (4.1.7), and also

C > sup M fort=14+p3-2s (4.4.6)

ey Tyl
u(y) = u(w) +a(@) - (y — ) = Cla —y|'*” (4.4.7)
(=A)u<C for any o < # (4.4.8)

where 3 is a positive real number such that 1+ 3 > 2s.

Then w € C% for an a > 0 depending only on s, B and the dimension n.
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Remark 4.4.5. In our original obstacle problem, we have (4.4.7) from Proposition 3.2.8
and (4.4.8) from Proposition 3.2.6. But actually (4.4.8) could be deduced from 4.4.7 and
the boundedness of v by Lemma 4.4.1.

The proof is essentially the same as the proof of Theorem 4.3.3, with a few modifi-

cations.

First of all, for the function v defined in (4.3.3) we have to use Lemma 4.2.4 for a
o such that 0 < 20 < 14+ 3 — 2s = 7. Since it is for those ¢ that we know (—A)w =
(—A)7t5u < C and therefore (—A)7v < € for kg large enough.

Later in the proof, when we construct the rescaled function %, we will have a different
upper bound for @ in B4 given by Lemma 4.4.2 instead of 4.3.1. We have u(z) < p2~ (1+B)ko
for x € B%szo, that is enough to obtain 0 < u(z) < ¢ for x € By/4 since 1+ 3 > 2s.

Instead of (4.3.5) and (4.3.6), we have
|9(z) — (y)]
sup -
vy |z —yl

uy) > a(z) +a(x) - (y —z) —ely — 2|

<e forr=14+0—2s

1+

This is the point when we need to use Lemma 4.4.3 to obtain the Lipschitz bound

for w in Bs/g to be less than Ce.

Then the proof follows like in Theorem 4.3.3 until we have to estimate (bii)e. from
below. Instead, we compute a one sided C® estimate from the one of % and the smoothness
of b. We have that

b(y) > b(x) + b (x) - (y — z) — Clz —y|'+”

z)+a(z) (y—a) —cly — '’

I
—
o
Vv

I

Multiplying both inequalities and recalling that [[af ., < Ce, we get
b(y)u(y) > b(z)u(z) + A(x) - (y — ) — Ce |y — x|

where A(z) = a(x)b(x) + ' (z)u(x).
Then we apply Lemma 4.4.1 instead of Lemma 4.2.1 to obtain h = (—A)*(ba) < Ce.

The rest follows exactly as in the proof of Theorem 4.3.3.
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Chapter 5

Towards optimal regularity

The observation that (—A)!~*w = 0 in the interior of the contact set {u = 0} will allow us
to estimate its growth in the free boundary by using a few barrier functions carefully. In

this way, we will achieve optimal (or almost optimal) regularity results.

5.1 Barriers

7 is proven. The formula says

In [9] a Poisson formula for the balayage problem of (—A)
that if g is a continuous function in R™ \ B,, then there exists a function u, continuous in
R™, such that u(xz) = g(z) for every || > r, and (=A)%u(z) = 0 for every |z| < r. The

function u in B, is given by the formula:

u(z) = / P(x,y)g(y) dy

Rn \B'r

2 2\ 7
— 1
P(z,y) = Cna (T 2 )

o —r2) Tl

where

This is known as the balayage problem in B,, and P is its corresponding Poisson

function.

We can take r — oo in the above formula to obtain a solution of the balayage
problem in the semispace {z, < 0}. If g is a continuous function in {z, > 0}, then there
is a function w, continuous in R"™, such that u(x) = g(x) for every x such that x,, > 0, and

(=2)u(z) = 0 every time z, < 0. The function u in {z,, < 0} is given by the formula:

u(x) = / P(z,y)g(y) dy

{yn>0}

P(1'7y) = Cn,a ('wn|> !

|Yn| |z _y|n

where
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V7

Figure 5.1: The function B.

The constant C), , is chosen so that

1= / P(z,y) dy

{yn>0}
for any x (by rescaling, it is not hard so see that the above actually does not depend on x)

Notice that for each fixed y, P is C? across the boundary {z, = 0}. We are going

to construct barriers now to assure this regularity in several cases.

Let go =1 — xB,. Let B(z) = go(x) when z,, > 0 and for z,, < 0 be given by the

formula:
5= [ wwPeyd= [ Py (5.1.1)

{yn>0} {yn>0Aly[>1}

The function B would be the solution of the balayage problem in the semispace
{z, < 0} for B(z) = g(x) in {z,, > 0} (See figure 5.1). In this case g is not continuous, so

we just define B as the integral above.

Let us estimate now the behavior of B for small z. Let || < 1/2. Then if |y| > 1,
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% lyl < |z —y| < 2]y|, therefore

P(z,y) = Cna (I%I) !

lynl ) |z —y["
2n
ynl” [y]"
1
27 Jyn|” lyl"

S Cn,a |znlg

> Cn,a |$n|0

Applying these estimates to (5.1.1), we get

C - n -

— |z,|” < B(z) <2"C |z,| (5.1.2)
for every |z| < 1/2, where C' depends only on n and « and is given by

1
C= Cn,a T o n dy
lynl” [yl

{yn20Aly[>1}
On the other hand, when |z| > 1, it is clear that 1 > B(x) > d;, for some constant
dy > 0 depending only on « and n.

Now, let g1(x) = min(|z|,1), let us solve the corresponding balayage problem for
the semispace {z,, < 0}. We observe that ¢;(z) = fol go(x/t) dt. Then

Aw) = [ awPey = [B(F) a

{yn>0}
We want to see the behavior of A when x approaches 0. Let |z| < 1/4,

1 1

A(x)z/B(%) dt = 73 (%) dt+/B<%) dt
0 0 2|z

<2x|+/20<|xt”|) dt

2|z|

<2z|+

oo el (= 2[2D)7)

<2|z|+ Clx,|”
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On the other hand

1 2|z 1
A(x):/B(%) dtz/B(%) dt+/3(§) dt
0 0 2|z|
2|z
> [ B(Z) at
e
2|z

Z /dl dt:2d1 |.’13|
0

The function A is continuous, and clearly A(x) — 1 as |z,| — oco. Let u =
mingn\p, , A(z). Then
Afw) > win(y, 24, |2
Ton

If we consider A(z) = 1A (%), then A(x) > min(1, |z).

Proposition 5.1.1. Let v be a continuous function in R™ such that

1. (=A)%v =0 in a convex open domain €.

2. v(x) is Lipschitz and bounded in R™ \ Q

Then v € C7(R™)

Proof. Without loss of generality, we can assume that the Lipschitz constant of v is 1
and ||v|| . = 1. Let o € R™\ Q. Since Q is convex, then there is a unitary matrix U
such that that function V(z) = A(U(z — x0)) + v(zo) satisfies (=A)°V = 0 in Q. Since
V(z) > min(1, |z — zo|) + v(x0), then V(z) > v(z) in R™\ . By maximum principle V' > v

in the whole R™. In the same way we prove v(z) > v(zg) — A(U(x — x0)). Therefore we

have a uniform C? modulus of continuity for every point xzg in R™ \ Q. By lemma 4.2.9,
v e C7(R™). O

5.2 Optimal regularity results

Optimal regularity can be quickly derived from what we have so far in the case when the

contact set {u = 0} is convex. The nonconvex case will require more work.

Theorem 5.2.1. Let u like in Theorem 4.3.3, then if the interior of the contact set {x :

u(z) = 0} is convex, then w € C*~%, and therefore u € C1*.
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Proof. By Theorem 4.3.3, w € C'* for some small a. Then w is continuous is R™. Let €
be the interior of {z : u(x) = 0}, that is convex. We also know w(z) = ¢(z) for every
r € R"\ Q, and ¢ is Lipschitz. Since (—A)!=%w = 0 in , then we are in the conditions of

proposition 5.1.1 with ¢ = 1 — s, so we conclude w € C1~%. O

Remark 5.2.2. With a slightly different barrier function it could be shown that in the

situation of Theorem 4.4.4, w € C* for o = min(1 — s,7) where ¢ € C”.

Remark 5.2.3. By constructing test functions that solve the equation outside of a ball
instead of a semispace, the above Theorem could be refined to a contact set that satisfies
an exterior ball condition. For the time being we cannot assure any regularity for the free
boundary. And such regularity theory is likely to require a sharp estimate on the regularity

of the solution wu.

The proofs from now on are not very different whether we consider ¢ to be Lipschitz
or merely C'7. We will thus describe the general case right away. We suppose that in our
original obstacle problem ¢ € C'?, and that 2s < 1 + 3, so that we have ¢ € C™ for
T=1+40-—2s.

The following lemma gives us an idea about how far from convex the level sets of u

can be.

Lemma 5.2.4. Let u be like in Theorem 4.4.4. Let’s assume that w € C* for some given
a < 14 B —2s (probably larger than the one from theorem 4.4.4). Let xq be a point such
that u(xg) = 0. Then for a small enough 6, there is a constant Cy such that xq is not in the

convez envelope of the set

A, = {z € By(x0) : w(x) > w(z) + Cor®**} (5.2.1)

" 1+8
for anyr > 0. Moreover § can be chosen to be any positive real number less than (a+25 — 1) «
(for example one half of that).

Proof. Sincew € C®, thenu € C*T2 (or C+*T2571) so w(x) = (—A)*u(x) can be computed

by its integral representation.

We can assume xg = 0 without loss of generality.

a+2s
we take Cp = 1 in the definition of A,., we will prove that then the result of the lemma is

We choose § < ( 145 _ 1) «. Notice that 6 < 7 — « (recall 7 = 1+ 3 — 2s). If

true for r small enough. Choosing Cy larger enough in (5.2.1), we can then make it true for
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larger values of r (Actually we can even make sure that A, is empty for large 7). So we will

consider now

Ay = {z € Bu(x0) : w(x) > w(xo) + Cor*+*} (5.2.2)
and we want to show that for small enough 7, 0 is not in the convex envelope of A,..

Since ¢ is a CT function, ¢(z) < ¢(0) + C|z|". Then, when = € A, for r small
enough

d(x) < ¢(0) 4 C'lz|” < w(0) + Cor®t® < w(x)
then w(x) > ¢(x), thus u(x) = 0 for every x € A,.

Let us argue by contradiction. Suppose that we have k points zj ...z, € A, such

that a convex combination of them is 0.

k
Z /\jxj =0
j=1

for \; >0 and Y A; =1.

For each j, we have

wiey) = [ MG gy [ UG LD,

n+2s n+2s
i || A

Since u satisfies (4.4.7), at each point y there is a plane tangent from below with

\H_ﬁ, i.e. there is a vector A € R" such that

an error of order C'|z — y
u(z) > u(y) + A-(z—y) = Clz —y['T” (5.2.3)

for every z € R™.

If we replace z = z; + y in (5.2.3) and add, we get

u(xj +y) > uly) — Crith (5.2.4)

H'M»

Now we compute w(0) and compare it with the values of w(z;)

u(0
w(0) :/ ()|’ﬂ+2s [y ‘n+2s

Rn

- —u(y)
= / |y|n+25 dy+ / |y"n+25 dy
B

R”’\B-ﬁ
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For the first term we use that w € C®, and then u € C**2¢ (or C1*+2571). Then
u(z) < C x|,

|;|Z(f/2)s dy > —C7° (5.2.5)

By
For the second term, we use (5.2.4)

S ey ) - O
| ‘n+29 |y|n+2€ Y

R\ B R\ B

k
=2 -1 AjulT; + )
— n+2s
s, ly

dy _ Orl+ﬁf72s

Now we make the convenient choice for 7. Let ¥ = rP, for p = ;j_rgg We observe

that since p > O‘H , x; € Ay and w is C?%, then for r small enough u(z; +y) = 0 for every
y € Bi. Thus
=0 Al +y) L
_ +B=—2s
/ | ‘n+23 / |y‘n+2s dy CT r
R™\ B R™\ B

k (5.2.6)
> Z Ajw(zj) — CrithF=2s

> w(0) 4+ Corotd — oplth=2sp

Adding (5.2.5) with (5.2.6), we get

w(0) > —CF + w(0) + Coretd — Crith=2sP — y(0) + Corot? — OrP® — Cptth=2sp

(1+8)a
> ’LU(O) + C(]Ta+5 Cr ot2s

But this is impossible for small r because we chose § so that o+ § < O

a+2s

Lemma 5.2.5. Let u be like in Theorem 4.4.4. Let’s assume that w € C for some given

a < min(l — 5,14 8 — 2s) (probably larger than the one from theorem 4.4.4). Then w is
actually in C7*, where

1-—s a+ 6
1—s54+6 o

_ (1-s)at2s+1+0)
N (2(1—5)(a+2s)—l—a(l—i—ﬁ—a—?s)) > 1

"Y =
(5.2.7)

where § is the one of lemma 5.2.4
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Proof. First we will construct some auxiliary functions. Let B be asin (5.1.1) with o = 1—s.
Recall that B(z) > 8 when |z| > 1. Then, for 1 > r > 0, let

1
1
D(z) = +/—B t“ Lt
di
Clearly, D(z) = 0 when |z| < r and z,, > 0. When |z| > r,

min(|z|,1)
ro

1 . a
D(z) > d—ldl + / a—dldlto‘*l dt > min(|z|™, 1) (5.2.8)

For 2, < 0 and |z| < 5, applying (5.1.2),

1—s 1 1—s
D(z)<C [ r® <|x”|> +/ ('x”|) to T qe
T t (5.2.9)

C (T(x—&-s—l + 1) |:En‘17

IN

Now, let us take a point in the free boundary d{u = 0}, that we will suppose to
be the origin. Since w is C%, for 0 < r < 1, by (5.2.8) there is a constant C such that
w(z) —w(0) < CD(x) for every |x| > r. By lemma 5.2.4, if we choose r small enough, then
w(x) < w(0) + r*+° at least in half of the ball B,. We can assume that B, N {x, > 0} is
that half of the ball. Therefore

w(z) < w(0) +r*T° + CD(x) (5.2.10)
for every x except maybe some z € B, N {z,, < 0}.

Since ¢ is C7 and r was chosen small, ¢(z) < ¢(0) + C |z|” = w(0) + C|z|” <
w(0) 4+ r**9 4 CD(x). Therefore all the points for which (5.2.10) does not hold must be in
the set where w(z) > ¢(x), i.e. in the interior of {u(z) = 0}. But in that set (—A)1=*w = 0,
also (—A)!7*D = 0 in that set (since it is included in {z,, < 0}NB,. By maximum principle,
(5.2.10) holds in the whole R™.

Let  be such that |z| is small. Let p =
combining (5.2.10) with (5.2.9), we get

=25 < 1, and r = [z[” > 2[x|. Then,

w(z) < w(0) + 7T + C (roTt 4 1) lzn|' ™
< w(0) + |m|(°‘+6)p +C (|x|(a+s—1)p + 1) ‘x|1—s (5.2.11)

< w(0) +C (|x\q T |x|1_s> < w(0) + C |z|*
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where

0= (a+5)p= (a;L_é)s(i; G +1S__51i(15_ ) ats—1)p+(1—s)

<l-s

Since w(0) = ¢(0), then w(z) > ¢(z) > ¢(0) — Clz| > ¢(0) — C |z|? for |z| small.
And this C? modulus of continuity holds at every point in the free boundary d{u = 0}.

Let xg be such that u(xzg) > 0, let x be any other point in R™. Let 1 be a point in
the segment between z and z that is in the free boundary d{u = 0}. Then

w(zo) —w(0)] < fw(wo) — w(xr)] + Jw(w1) — w(w)|

< lo(zo) — ¢(a1)| + [w(z1) — w(z)|
< C(lwog — 21|" + |v1 — 2]?) < Clag — x|?

Thus, there is a uniform C? modulus of continuity for every x in the set {u > 0}.
Since (—A)!7*w = 0 in the complement of this set, we can apply lemma 4.2.8 to conclude
w € CY(R"). Recalling that in lemma 5.2.4, § could be chosen to be % ( L8 _ 1) o, we get

a+2s
the complicated formula for ¢:

1-s+0 1-5+6 «
_( (1-98)(a+2s+1+0) >a
21— s)(a+28) +a(l + 8 —a—2s)

~ (a+9)(1—5) 1-—3s a—i—é.a

:’ya
O

Proposition 5.2.6. Let u and w be like in Theorem 4.4.4. Then w € C% for every a <
min(1 — 8,1+ 3 —2s). Thus u € CH* for every a < min(s, 3).

Proof. From Theorem 4.3.3, we know than w € C® for some small a > 0. Then we can
apply lemma 5.2.5 repeatedly to get w € C¢ for larger values of a. To check that a gets
as close to min(1 — s,1 + 8 — 2s) as desired we only have to observe that the application
I(a)) = ~va, where v is given by (5.2.7) is continuous and such that I(a) > « for every
a € (0,min(l —s,1+ 6 —2s)) and I(min(1 —s,14+ 3 —2s)) =min(1 —s,1+8—2s). O

Theorem 5.2.7. Let 3 > 0. Given a function ¢ € C*#, let u be the solution of the obstacle
problem given by (1.1.1)-(1.1.4). Then u € CY® for every positive number « less than
min(g, s).
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Proof. In case 1+ [ > 2s, we apply Proposition 5.2.6 to u — ¢ with ¢ = —(—A)%p. Recall
that u — ¢ satisfies (4.4.7) and (4.4.8) because of Proposition 3.2.6 and Proposition 3.2.8,
and (4.1.7) is satisfied because of Corolary 3.2.7.

In case 1 + 8 < 2s, then the proof is simpler. From the definition of the problem
(or from Proposition 3.1.1 if we start with the variational approach) (—A)®*u > 0 in R™.
Therefore (—A)%u > 01in R™ for any o < s, since (—A)%u = (—A)7*(=A)*uwand (—A)7~*
is given by the convolution with a positive kernel. Since ¢ € C'*8, (=A)7¢ € L™ for
any o < # then from Proposition 3.2.6, (—A)%u < C in R" for any o < # Thus
(=A)7u € L™ for any o < 1+B , and from Proposition 2.1.11 u € C%® for any e < 3. [

5.3 Some final remarks

As it was said in Remark 5.2.3, an optimal regularity result is achieved when the contact
set has a uniform exterior ball condition. In case we had an interior ball condition, we could
get the same result looking at the derivatives of u. If we take any direction e, we know
that Jeu is a C“ function for any a < s. We also know that (—A)*0.u = 0 in the set
where u > ¢, since 9, commutes with (—A)*. Then we could apply the barrier arguments
to obtain d.u € C* as long as the contact set {u = ¢} has a uniform interior ball condition.
We believe that the solution « to our problem is always C'°, although we have not been

able to prove it in the general case yet.

In a very regular case, like for example a radially symmetric where the free boundary
is a sphere, it is not hard to see that the regularity of the solution v does not get any better
than C'*. Instead of using the barriers from above, we have to use them from below to

show that (—A)*u grows like C1~% when it crosses the free boundary to the inside.

Our result can be extended to more general integral operators. The following Propo-

sition gives a posible extension.

Proposition 5.3.1. Let u be a continuous function solving the following obstacle problem.:

u> P in R (5.3.1)

Lu>0 in R" (5.3.2)

Lu(x) =0 for those = such that u(zx) > ¢(z) (5.3.3)

lim wu(x)=0 5.3.4
i (o) (584

where ¢ is a smooth function with compact support and Lu is given by the integral formula

r) = / G (u() - ulz + ) dy
Rn
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where G is a positive kernel such that G(y) — W € LY(R™). Then u € CY® for every

a < S.

Remark 5.3.2. The condition Lu > 0 could be taken in the viscosity sense. These operators

are related to jump processes in stochastic theory.

Proof. We notice that Lu = (—A)*u+ g * u, where g(y) = G(y) — ‘y‘%ﬁ is an L! function.

Since G is a positive kernel, it is a standard fact that the operator L satisfies the
maximum (or comparison) principle, and it is also translation invariant. So all the results
in chapter 3 apply to this case without change. Thus u is Lipschitz and semiconvex. Then
u * g is Lipschitz too. When we subtract u — ¢ we arrive to exactly the same problem as in
the beginning of chapter 4, where the right hand side is now ¢ = —(—A)’¢ —g*x @ —g*u
that is a Lipschitz function. So the results of chapted 4 and 5 can be applied directly. [
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