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Abstract

This paper was developed as an answer to a question posed at
The University of Chicago’s Research Experience for Undergraduates
(REU) about the behaviour of rational matrices. The results here have
direct application to questions about the volumes of lattice hypercubes
in 4k + 2 dimensions. The initial results about orthonormal basis
in vector spaces over fields of characteristic zero have independent
interest.

Definition. A rational vector is a vector whose coordinates are all rational.
The vector is normal if the sum of the squares of its coordinates is equal to
one. Two different vectors are orthonormal if their standard dot product is
ZEro.

If we were working in R™, then the Gram-Schmidt procedure would extend
any orthogonal set of vectors. However, this procedure requires division by
the norm of the vector. It is not immediately obvious how this procedure
can be adapted to work in Q™. In this paper, all vectors will be treated as
column vectors. In particular, e; refers to the j* standard basis vector, 1 in
the 7' entry and 0 otherwise.

Lemma. Given a rational vector a with norm one, there exists a matriz
A € GL,(Q) such that the first column of the matriz is a (Ae; = a) and the
columns of A are orthonormal.

Proof. If a = e, take A = I. Now suppose a # e;. Let the i*" coordi-
nate of this vector be a;. Consider the linear transformation that leaves the



vector e; + a fixed and reverses the direction of all other vectors orthogonal
to e; +a. The geometric interpretation of this linear transformation is a
reflection through the vector e; + a.

From the reflection, Ae; = a. Moreover, for all i # 1

ei~(e1+a)
Aej=2——"—-"(e;+a) — e =
los+alp &2

P
2—|—2CL1

(e1 +a) —e;.

Since these vectors have rational coordinates, the entries of this matrix
are rational. Also, this reflection preserves orthogonality and distance, hence
the columns of A are orthonormal and thus form a basis for our space.

Note that A2 = AAT = 1. O

Comment. [t can be verified that the following matrix in explicit form sat-
isfies the conditions in the lemma.

aq a9 as R (07%
a az—ai—1 azas azan
2 ai1+1 a1+1 o ar1+1
A=1la agay  @5—a1-1 agan
- 3 ai1+1 ai1+1 e ai1+1
a an a2 anas agz_al_l
n a1+1 a1+1 T a1+1

Theorem. In the vector space Q", any set of orthonormal rational vectors
can be extended to an orthonormal rational basis.

Proof. We will prove this theorem by induction on n. The base case n = 1
is obvious.

For all n, if the set contains exactly one vector, the result follows from the
previous lemma. Assume that the statement is true for n —1 and that our set
contains two or more vectors. Take the k orthonormal vectors in Q" labeled

Vi1,Va,...,Vk. Use vy as vector a in the lemma to construct the matrix A
and consider A='vy, A7'vq, ..., A7 'vi. Since A~'vy = ey, the other k — 1
vectors lie in the subspace spanned by es, es, ..., e,

By our induction hypothesis, in this subspace of n — 1 dimensions, the
k — 1 rational vectors can be extended to an orthonormal rational basis. If
we augment the vectors in this basis with 0 as the first entry and transform
them by A, we get an extension of our n dimensional orthonormal rational
vectors into an orthonormal rational basis. O



Comment. This proof can be extended to any field of characteristic zero
such as R and Q, by replacing the word ‘rational’.

We will use this theorem to solve a problem posted by Dr. Paul Sally at
the start of the REU.

ari1 Qi2 ... Qin
as1 Q22 ... dgp

Corollary. Given M € GL,(Q),M = | @31 G32 ... A3n |, such that
ap1  Qpy .. Qp,

MT - M = diag(1,1,...,1,2,2). Then, x can be written as the sum of
squares of two rational numbers.

Proof. Since z is the length of a vector and the determinant of M M is not
zero, we have x > 0.
1 1
Consider L = diag(1,1,...,1, %, %

is in the orthogonal group O, (R), we have LM M* LT = I and the sum of
the squares of the entries of each row of ML equals 1. Thus,

). Since L'MTML = I and ML
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Given the first n — 2 orthonormal rational column vectors in the matrix
M, they can be extended to include two more orthonormal rational vectors
by and b, to form an orthonormal basis. Let b;; refer to the 4t coordinate of
the vector b;. Since this is an orthonormal basis,

2 2 2 2 2
CLJ71 + aj72 —|_ ... + a],n72 + bj71 + b.],2 — 1

Since the norm of by is 1, it is non-zero in some coordinate k. Then,

2 2 2 2
T = ak,n—l + ak,n - ak,n—l + ak,n
= 2 2 2 D 2
L—aj ) — o= — s b1+ 0k
2 2
[ @kp—1bra + apnbr . Ak p—1bk2 — Qpnbin
= 2 2 2 2
bk,l + bk,2 bk,1 + bk,Q
can be written as the sum of 2 rational squares. O
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