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Chapter One

On one dark, dreary morning, a few rays of sunlight struggled to reveal a very peculiar sight.  The balcony of an old castle built upon a mountain of rock, surrounded by no living creature for miles, covered with a grey mist day and night, seemed to be supporting the dozing heads of 5 young boys, all dressed in bright, warm pajamas.  Odd enough, but odder it gets.  These were not ordinary boys, you see.  The smallest, 11 years old, was named Kurt Gödel.  


Kurt was quiet and aloof.  On the rare occasions that he did speak, however, Kurt did not waste his words.  Kurt could often understand more clearly than most adults the reasonable things of this world and was used to feeling isolated because of his intelligence.  So, he did not display it often.

Next to Kurt lay 14 year old Carl Gauss who kept kicking poor Leonhard Euler, 12, in his sleep, who in turn moved closer and closer to David Hilbert, also 14.

Carl was not a sociable young man.  He preferred to be left alone at all times and found most people to be disappointing.  From himself, he expected only perfection.  Meticulous, calculating, and self-serving, Carl was no one’s friend.  

His victim, Leonhard, was quite different.  Leonhard was an ordinary child who had an ordinary amount of friends.  He came from a good, health family and still enjoyed the company of his parents more than anyone else.  He was not brave, but he could not be called a coward.  Of all the boys, Leonhard was the most innocent, the most child-like.

Carl was perhaps the least child-like, but behind him David closely followed.  David was a brave, strong, and responsible young man.  He was clever and, some would say, quite charming.  He always wore a smile that told the company around him they could rely on him.  David was a born leader.

Away from all of the rest, sleeping soundly, was young Alexander Grothendieck, age 15.  Alexander was quite similar to Kurt—he did not like to talk and he did not like when others spoke to him.  Alexander did not enjoy the public light and hid from view as much as possible.  

What all of these boys had in common, and what made them special, was their brilliance.  At their ages, none of the boys except Carl considered themselves brilliant, and, perhaps, no one ever would considered them brilliant were it not for this day, which began on the balcony of an old castle built upon a mountain of rock. 

With one particularly sharp kick, Carl managed to finally bring Leonhard out of his comfortable sleep.  Ten seconds later all of the remaining boys awoke to Leonhard’s screaming voice.

“Ahh!  Who are you?  Help!  I’ve been kidnapped!  Help!  Mom, Dad!  Help!!” he screamed.  


Twenty seconds after the kick, Leonhard’s cries were echoed by all of the boys.  All were exhausted before a minute was up, however, and turned to interrogate one another in more civilized tones.  


“Listen, we were all kidnapped together, so there is no use in yelling at one another,” reasoned David.  “Let’s just try to figure out where we are and then we can work on getting home.”  But as all of the boy’s heads turned to scan the mountain range, no sign of recognition appeared on any their furrowed brows.  

“Well we can’t have gone very far in one night, we must still be in Austria,” muttered Kurt.

“Austria!” cried Leonhard, “How can we be in Austria?  I am from Switzerland!”

“And I am German,” muttered Alexander. 

“It doesn’t seem as though this was one nights’ journey, your brilliance, now does it,” spat Carl at Kurt, who averted his eyes in shame.  “You, what is your name,” he demanded, pointing at David.

“My name is David Hilbert, what is yours?”

“I am Carl Gauss,” he responded, and, turning towards the others asked, “Who are all of you?”  

When introductions were finished, and no plan of escape was yet within sight, the boys decided to explore their surroundings.  Turning cautiously towards the balcony door, Carl put his hand over the knob.  The door would not open.  Every boy tried in turn to wiggle or jiggle and loosen the knob, all certain that every other had applied too little pressure, or too much.  The door, in turn, remained certain that it would not open.  

Preoccupied with this hitch in their plans of escape, none of the boys noticed the looming figure behind them that had managed to prevent even one ray of sunlight from reaching their backs.  None, until little Leonhard wiped the sweat from his forehead, noting, “boy this place sure did get warm.”  With this remark, the hairs on David’s neck stood up and the boy slowly turned his head.  Suddenly Carl felt a trembling hand on his shoulder and heard his name quietly stuttered by David.  

“What!” yelled Carl, turning to face him.  Unfortunately, David wasn’t all that Carl faced.  

“Hello Carl” was the last phrase Carl heard before fainting.  You see, at this moment in our story, Carl was facing an enormous dragon.  

Chapter Two

The dragon had dark green scales and a row of great sharp spikes, almost black in color, from the top of his head to the tip of his long tale.  His wings were nearly black, as were his extremely large talons.  His eyes were a dark red color and his face reminded one of a French villain—he seemed to be wearing a permanent sneer.  Overall, his appearance indicated an ordinary dragon.  Of course, this dragon was special.  We already see that he could speak and appear on balconies quite silently.  What we have not yet seen, and what the boys have yet to find out, is that this creature has powers well beyond those of any ordinary, fairy-tale dragon.  Let’s re-join our boys.

“Well, it appears that Carl is not quite as brave as he pretends,” sneered the dragon, turning to look David in the eyes.  “Hello David, hello Alexander, Leonhard, Kurt,” he continued, smiling at all of the boys respectively.  Alexander, Leonhard, and Kurt could only shake.  David, however, managed to regain his composure.

“Hello Sir,” he answered, calmly, “if I may, sir, what is your name?  I feel embarrassed not to know it, since you know all of ours so well.”  The dragon curled its lips into what some would contest was a smile, and, taking one silent step towards brave David replied, “you will know it soon, young man, as will all of mankind.”  Then, in a flash, his smile became a sneer, and, after straightening his curved spine, he glanced down at the boys and whispered menacingly, “duck.” 

The boys fell to the ground.  Above their heads came a deafening roar, then a powerful flame, powerful enough to melt the glass on the balcony door.  Before they could recover their footing, our terrified heroes found themselves scooped into one of the dragon’s large talons.  Their bodies knocked against each other with great force as the dragon strolled leisurely through the great, empty halls of a great, empty castle.  David tried desperately to memorize their turns, but the screams and cries of pain coming from the other boys distracted him, and the dragon’s movements were fluid, making it difficult to tell a turn from a step.  Then they stopped, and were promptly dropped five feet to the ground.  Carl awoke as he hit the ground and followed the other boys, who crawled on their hands and knees to the nearest corner.  

“Well children, it’s story time,” sneered the dragon, “I’ll start by answering your question, David.”

“I have no human name, I am proud to say.  I am not, except in appearances, even a dragon.  I am a force—the force—with which all of mankind is familiar. I stand beyond both time and eternity.  I am all that men should fear, but that which they do not know to fear.  I have been destroying kingdoms and knowledge for centuries.  I am the great uncertainty, I am ignorance.  Every day in the minds of men I battle my enemy, whom you know as Science.  We have decided to settle our differences once and for all.  He has chosen the players and I have chosen the battlefield.  You are the players, children, and this is the battlefield.  

“On this battlefield, there are no rules.  You will be given five challenges in mathematics.  If you cannot prove that which I command you to prove, then, on this battlefield with no rules, the opposite will come true—and your life depends on making sure that the opposite does not come true.  If you fail, then you die.”

“Sir, why us?” asked David, quietly.

“Science has chosen you because if you cannot solve these puzzles, then no human can.  If no human can, then, clearly, I have already won.”

“Your first challenge begins now.  It will be the simplest challenge that you will face,” the dragon cleared his throat, filling the empty room with smoke.  Suddenly parchment and pens appeared before the boys.

“A number is called rational if it can be written in the form ‘some integer a divided by some integer b.’  Now, you have 5 minutes to prove that the square root of two is not a rational number.  If you can’t prove this within the next five minutes,” he paused, “then I will eat you,” he smiled, turned, and left the room.

Chapter Three

For one moment, the room was silent.  Then, all of the boys reached for their pens and began to scribble on their paper.  One minute later, Leonhard calmly announced that he had a solution.  


“You see, it’s easy,” he timidly explained, “I started out by supposing that there was some number a and some number b which satisfied the equation (a/b)2 = 2.  Then a2 = 2b2 .  Now that means that a2 is even, which implies that a itself is even.  So we can re-write a as 2c for some integer c.  So 4c2 = 2b2 , dividing both sides by 2 we get that 2c2 = b2 , so b2 is even, which implies that b is also even.  Now we know that both a and b are even.”

At this point, David interrupted him, “so that doesn’t get us anywhere, since then we just divide by two and get a new a and b.” 

Leonhard simply smiled and continued, “But then we can continue in the same way as above and show that both the new a and the new b are even, hence both are divisible by 2, and we can do this forever…”

At this point, all of the boys understood.  David then concluded the proof, “So we just start with the a/b reduced to lowest terms, and get a contradiction, since a/b is still divisible by 2, which means that there are no such a and b.  So, the square root of 2 is not rational.”


Smiling, Leonhard nodded.  Carl muttered something about having finished the same proof moments before him, but was drowned out by the cheers of the other boys.  In a few more minutes the dragon re-entered the room.  He glanced at the glittering eyes of the boys and sighed, “well, that is quite unfortunate, I was hoping that this would be quick.”  

After reviewing Leonhard’s proof, the morose dragon reached up to a mysterious chord hanging from the ceiling of the room and gave it a rough pull, which caused the floors to swing open.  The dragon glided down and picked up the falling, screaming boys in midair, flying towards one corner of the room below.  As they neared the floor of the room, every boy noticed that they were, in fact landing on what appeared to be a relatively large chessboard, but the squares did not differ in color.  All of the cells of the chessboard were made of what looked to be a polished white marble—all, that is, except for a cell that was near the middle of the board.  That cell was a putrid green color and gave off an equally putrid smell. It was filled with what appeared to be the bottom of a swamp: a thick green goop continuously bubbled within it and algae collected at its sides.  

“Here is your next challenge,” announced the dragon, as he dropped the boys on the Southeast-most cell.  “I assume you all saw my little 8x8 board on your way down.  You are standing in column 8, row 8.  In column 4, row 4, we have an infection.  A healthy, white cell will become infected if two or more of its sides are touching the sides of an infected cell, that is, if it has two or more infected neighbors.  In 12 hours, I will give myself 7 cells to infect.  You must prove that I will never be able to infect the entire 8x8 chessboard with those 7 initially infected cells.  In fact, you must prove that I can never infect the entire board with fewer than 8 initially infected cells.  Now, there are many long, complicated solutions possible, but I want to see only the answer that relies on one word, the proof is 3 lines long.  Find that word, and I will make the next level easier for you—I will give you a very helpful clue.  Otherwise, you can dictate one of the many long proofs, but that would be quite boring for all of us.”

“In this world, in this castle, if you cannot prove that it is true, then, it will not be true.  If you cannot prove that I can’t infect the entire board, then my 7 cells simply will infect the entire board, taking you boys with them.”  

Suddenly, the floors surrounding the chessboard gave way, and below the boys, between them and the doors, was a pit of fire.  

“You see,” smiled the dragon, “you have no way out.  You must play.  If you prove it, then you will pass on to the next test.”  With these words, the dragon flew away. 

Chapter Four

The room (if you could call it that) was very cold, save the waves of warmth coming form the fire below.  All of the boys stood shivering, silent.  


“Well, if your initially infected cells are on the diagonal, then you will infect a square with sides of the length of the number of initially infected cells,” muttered David, “so the diagonal offers maximal infection…”


“Prove it,” challenged Carl.


“You can prove it for 2 initially infected cells, just check all of the cases,” replied David, “then you can extend it by adding one square,”


“No, don’t you see, we have 12 hours for a reason!” shouted Carl, “You have to check not only adding one new cell, but you have to check every possible arrangement of cells.  Just because at one moment you have maximal infection, doesn’t mean that you keep things maximal by adding cells.  You don’t know that more at first doesn’t give you an arrangement with fewer cells later.  To prove that you can’t do more now with less later, you would have to check all of the cases possible with 7 cells, which we might as well start doing now,” spat the boy.


“What do you mean when you say ‘more now with less later’?” asked Leonhard.


“What he means,” responded David, “is that you can’t prove that it is ideal to infect the most new cells possible every time you lay down a new initial infection.  Like, you can put two cells on the diagonal and infect a 2x2 square.  Then, adding a maximal third would be to put a third initially infected cell on the same diagonal, touching the infected square.  It seems obvious that if you keep infecting maximally, on the diagonal, that you will infect the most possible area.  Unfortunately, just because it seems obvious, doesn’t mean that it is.  What Carl means is how do you know that the whole infection stays optimal?  After all, you can infect one rectangle, or square, another somewhere else, and they can eventually touch another and infect the whole board.  We can’t prove all of those interactions without testing every possible combination,” finished David.

“Speaking of that, who is working on finding all of the 7 infected cells combinations?” barked Carl.  No one replied.  

From the corner, Alexander calmly stated, “No one has to work on that.  I can recite them all whenever you want me to.  It will just take time to go through the whole list.  I won’t mess up, though.  It’s just a counting exercise.  I think that we should work on finding the word that will solve the puzzle.”

Some time passed, then Leonhard asked, “what about ‘corner’?” 

“What about it?” asked Carl.

“Well, I think that this is a good solution.  You know, first, that two originally infected cells can infect no more than two other cells.  Also, for the whole board to be infected, you know that you need an original infection that touches every one of the sides of the chessboard.  So, you need at least one original infection touching each corner of the diagonal.  Or, you could have had some configuration that would have infected these corners, but you would have needed at least two originally infected squares somewhere.  Now, to infect the whole 8x8 chessboard, you need the 6x6 inside box to be infected in addition to the 2 diagonal corners.  Now we can repeat the same argument.  In the 6x6 box, you need at least the 2 corners to be infected, or, something to infect them, but that would have taken at least 2 original infections, so we might as well infect the corners.  Proceeding with the argument, we get 8 pieces which need to be originally infected to get the whole square infected.  The key part of the argument is that 2 originally infected cells can only infect at most two more cells, so all of the corner pairs that we infect were either originally infected or were infected by two other unique original infections,” finished Leonhard, smiling.

“That is totally wrong,” snickered Carl, as he watched the smile fade from Leonhard’s face.  “Don’t you see that your first point, that you can’t do better than infecting the corners, is a problem?  That is exactly what we were saying earlier.  Then, if you don’t infect the two corners, the rest of your argument falls apart!  You can have three well-placed original infections in the outer ring and then you don’t need the entire 6x6 inner box to be infected.  You only need a inner 6x4 box to be infected!  With three originals, you need something else.  To prove your argument, you would still have to consider all of the possible cases of outer ring infections,” finished Carl.

“I’d hate to say it, but Carl is right.  Sorry, Leonhard,” muttered David, patting Leonhard on the back.  

After this, the boys fell silent and all turned to stare at the giant chessboard in front of them.  Periodically, one would whisper something under his breath, or trace figures on the marble floor with his fingers.  But no one had any suggestions for the next 8 hours.  Everyone was cold, hungry, and incredibly tired.  Then, Alexander stood up.

“I just want to make sure that we all are thinking about this correctly, and I don’t think that we should be working alone.  Let’s share our ideas,” he suggested.

“No,” spat Carl, “that would be an absolute waste of my time.”

“Fine, Carl, you can work alone, but I think that Alexander is right.  We need to put our heads together,” replied David.  “I’ll start.  I know that any initial infection that infects other cells yields an infected rectangle.  I know that the best infections infect a square.  I know that you need 8 pieces to infect an 8x8 square, but I can’t really prove any of that with one word,” he sighed.

“That is all true,” interjected Kurt, quietly, “and at this point I would like to suggest that everyone remember, when considering proofs, that we only really know one thing—you need two infected cells to touch another cell for it to become infected.  Whatever the proof is, it will have to use this idea, and, if it is only three lines long, then the first line must be this idea, and it implies one thing, which proves that 7 doesn’t work, in the last line.”

All the boys frowned, then nodded.  Again, no one spoke.  “Let’s just share everything that we have been working with,” suggested Alexander.

For an hour, the boys reviewed each others’ work, a few new ideas came through, but nothing solved the problem.  David was the last to speak.

“Well, like I said, I was mostly looking at the infected rectangles generated by any set of infected cells.  There are lots of things to notice about them.  I came up with an equation, let me see if I can remember it.  Right…yes.  So, if m is one side of your rectangle, and n is an adjacent side, and c is the number of originally infected cells, then observation yields that 2c ( m + n,” he suggested.

“Hey geniuses, I am so sorry to bother you, but we have one hour left to solve this,” interrupted Carl, sarcastically.

Leonhard whimpered.  David tried to regain his composure.

“Well, as I was saying, 2c ( m + n , and actually, I just realized that if we could prove that 2c can never be greater then m + n , then we are done…” he trailed off.

“Actually, you can prove that,” suggested Carl, suddenly interested, “If there existed some n, m, c, such that 2c < m + n , then a cell could infect more then its own row or column.  At best, a cell can infect only its own row and its own column.  If we gave 7 cells their own unique row and their own unique column, which is actually the diagonal, then you get c infected columns and c infected rows, which is actually the side lengths of the infected square that you get.  However, with this best possible infection, you can only get equality to hold.  So 2c ( m + n for all possible infections.”  Silence followed.  Then Carl finished, “No.  That is not enough.  I said the words “at best” and I didn’t consider what happens when multiple rectangles interact, and I am not sure how to prove that you always get a rectangle in the first place…”

“And, we really should be using the fact that you need two infected cells to touch another for it to become infected,” offered Kurt.

“I have a feeling about that equation, though,” whispered David, “something about it is very strange, and very important.  I can just feel it.”

The next person to speak was Carl.

“We have five minutes,” he announced.


The feeling that came over Leonhard, Kurt, Alexander, David, and Carl with this realization is difficult to describe.  They knew that in five minutes, their lives would be infinitely easier, whether or not they found the word, but they also did not want defeat.  Time was both the enemy and the friend.  Soon, however, every boy realized that ‘easier’ was not an acceptable motivation.  No sleep, no food, no warmth, could bring them out of the terrible disappointment they would face if they could not find a solution.  Three lines, after all!  It must be complete, perfect, simple, beautiful!  No feeling on earth could ever compare to the powerful desire that drove the boys into a state of flawless concentration.  They were no longer thinking about the problem, they were finding the solution, and nothing could stop them.


With one minute left, David burst into laughter.  “I have it! It’s so easy!” he shouted, “How can it be so easy!”  


“Tell us!” they all yelled in turn, “Tell us!”


David did not have time to tell anything, however, because at that moment the dragon appeared at their side from below.  


“Yes, David, tell us, tell us the word,” he mimicked in a high-pitched voice.  As he said this, the far corner of the board began to bubble and the white marble became a sickly green.

Chapter Five

David could not be distracted.  “Perimeter!” he shouted.  For a moment, the room was silent, then Carl, too, began to laugh.

“Of course,” he shouted, “the perimeter around the infected region can never increase!”

 “Oh!  You’re right!” exclaimed Leonhard, “and the perimeter around 7 initially infected cells is 28, while the perimeter around the 8x8 board is 32!” 

All of the boys were grinning and muttering to one another, even Carl managed to let a little bit of joy shine through.  The infection that had been spreading across the board throughout the proof suddenly began to shrink.  Soon, the entire board was restored to its original state.  The fire below subsided, and the floor began to feel soft.  The walls disappeared and, in their place, the soft chessboard expanded.  In the distance a jungle appeared, surrounding them.  Below their feet, the white marble had become freshly cut crisp grass, still separated, by lines of dirt, into perfect squares.  Above was a clear blue sky, and the sun was shining.  

“Well, this certainly is nice,” exclaimed David, “is it our reward?”

“Yes David, this is your reward,” replied the dragon in a voice that could easily be compared to the hissing of a snake.  A smile formed on the corners of his mouth and, before anyone had time to cover their ears, the dragon let out a deafening roar.  Then, he turned back to the boys, “Now, I am going to need you children to make a 3x3 square, with one boy standing at each farthest corner of the square and with David standing in the very center of the central cell.”  

The boys obeyed.  Everyone waited for something to happen, each took his turn, looking at his surroundings, and then shifting to look at the dragon, expecting something at any moment.  Carl felt a soft tug on his ankle and looked down to find that his feet were completely entangled by thick vines.  The other boys faced the same fate.  

“Hey, now, what’s going on?” yelled Carl.  Before he could continue to express his sentiments, however, he lost his voice.  You see, running towards the boys from the 4 corners of the board were four large, black, angry panthers.  As they approached, every boy tried to loosen the vines on their feet, but they did not give.  At the moment that every boy thought himself doomed, the panthers simultaneously leapt over the boys on the corners and themselves formed a 1x1 square surrounding David, standing at each corner of the central cell.  David crouched down into the fetal position and covered his head.  

“Oh they can’t eat you yet, David,” sneered the dragon, “lunchtime isn’t for another hour.”  For a moment he simply stared at the arrangement before him.  Around David were four panthers, standing on the corners of a single cell.  That single cell was the center of the 3x3 square formed by the position of the four other boys.  Then, the dragon continued,  “Here is your next challenge.  These panthers can only do one thing—one at a time, they can reflect themselves over one of their counterparts.  What I mean by reflection is that this panther can jump over, say, this one,” he said, pointing to two panthers on the northern side of the square, “but he must keep the distance between them the same before and after the jump, and he can only stay on the vertices of the cells.  Their position after the jump will be a mirror image of their position before the jump.  You must prove that the panthers can never form a bigger square.  If they can, or if you can’t prove it, then they will form a bigger square—more precisely, they will form a 3x3 square, and I think that you can guess what happens then.  Once they have eaten all four of you, I will let them eat David too,” he slithered, “and like I said, lunchtime is in one hour,” with this, the dragon spread his wings and leapt into the air.

“Wait!” yelled David, “you said that we would get a clue!”

“I have already given it to you,” shouted the dragon over his shoulder as he flew into the sun.  Before the boys had time to contemplate this mysterious announcement, the panthers began to jump.  In the third jump, one of the panthers landed on Kurt’s corner, who let out a soft whimper after the panther growled at him.  Soon enough, however, the panther was gone.  All of them were gone, about one hundred meters away, still jumping over one another.  

“That’s about 50 minutes that we still have!” yelled Carl.  He was not yelling out of spite anymore; in this challenge, he had to yell in order to be heard by everyone.  

“What clue did we get!” yelled David, “I don’t remember getting a clue!”

“He must be lying, because we never got a clue,” agreed Leonhard.

“Well, why should we expect an evil dragon to keep his word,” replied Carl, “Let’s just solve this.  One hour probably means that this isn’t that hard of a problem.”

Chapter Six

After half an hour of failed attempts, the previous problem began to look like a piece of cake.


“What if we are doomed?  What if they can form a bigger square?” shouted Leonhard in anxiety.


“Well, then we probably would have found a jumping sequence that does that by now,” yelled Carl in response.


“So, Perimeter worked before, why not try something like area now?” suggested David, “if we show that the area can’t increase…”


“but the area can increase,” interrupted Carl, “if two neighboring panthers jump diagonally across their opposite, then we get a trapezoid with an area greater than one.  In fact, you can continue that move indefinitely and get the area to increase indefinitely.”


After a few seconds Alexander pointed out something very interesting, “The area can never be zero, though, since that would mean that the panthers are standing on a line,” seeing only looks of confusion, he continued, “and they can’t ever be on a line since that would mean that they were always on the line.”


“What? Why does it mean that?” yelled David.


“Because they can reverse all of their moves and get their original position, but from the line, they can do nothing but stay on the line, so it must have been their original position,” Alexander replied.  Suddenly, his train of thought was interrupted.


“Look!” shouted Leonhard, pointing to the figure of four panthers in the distance.  They were returning, reminding the boys that their time was quickly running out.


“Wait a second,” muttered David, still focusing on Alexander’s statement.  He dropped his head and stared at the ground in concentration, tuning the other boys out.


Kurt spoke for the first time in the puzzle, shouting, “there’s something that has seemed strange to me this whole time.  I don’t see why David is standing in the center.  I mean, why didn’t the dragon just put him next to one of us?”  No one had a reply, and David’s position, though aesthetically pleasing, became a mystery worth pondering.


“What if that’s the clue?” asked Leonhard.


“Well, great clue!” shouted Carl, sarcastically, “obviously David being in the middle of the square has everything to do with forming a bigger squ—” he trailed off.  Carl suddenly dropped his head and stared at the ground in concentration.  By now the panthers were only a few cells away.  No one was looking at them, but, rather, they were all staring fixedly at Carl, hoping that he had realized something that could help them.  With five minutes left, Carl looked up and announced, “I have it, and David was the clue, after all.”  Behind him now stood the dragon, with a grim expression on his grim face.


“Oh yes, Carl, that is very impressive.  When I practically give you boys the answer, you need only an hour to solve a simple puzzle.  You are brilliant.  Now, please share you genius with all of us,” he commanded.


“Well,” Carl began, “suppose that the panthers could form a bigger square.  Any individual reflection is reversible, so if they could form a bigger square, then they could also form a smaller square simply by reversing the jumps that formed the bigger square.”


“That’s what I got,” interrupted David, “and they could form infinitely smaller squares, but they can never step off of the grid.”

Carl glared at David, angry that he stole the proof from him, “as I was saying,” he spat, “they cannot form a smaller square then the one that they were standing on, which is the 1x1 square, at the vertices of one cell.  That gives a contradiction to the assumption that they can form a bigger square, so the assumption must be incorrect.  The panthers can’t form a bigger square,” he finished smugly, adding, “David was the clue because if the panthers could eat us by standing in the same place as us, then they should also be able to eat David, by standing in the same place as him.  However, none of the panthers can step off of the grid, as David said.  So, they can’t form a small enough square to eat David—at least not fairly.”  The dragon was not pleased.


“Alright.  That’s wonderful.  Your expressions of glee are beginning to irritate me.  Wipe those grins off your faces; there is no reason to be happy about my next challenge,” he commanded as he again swept the boys into his claws and flew into the air.


When they landed, slight injuries aside, the boys were all quite pleased.  They were almost to their final challenge.  They had grown confident in their abilities and, after solving a puzzle as giant panthers leapt around them, they did not fear the dragon’s next test.  Unfortunately, the boys were being a little too presumptuous.  They were dropped on the floor of the same empty room in which they began their quest.  Of course, the floor of the room had been restored, and the boys were relieved to notice that the chord was gone.  For the first time, however, they noticed a red velvet curtain hanging over a large box in the center of the room.  Next to that box stood an even larger box, about five times the height of Alexander, the tallest boy.  That box was covered by a black velvet curtain.  The dragon grabbed the red curtain with his teeth and gave it a great tug.  The curtain fell to reveal a gigantic chunk of cheddar cheese.  


“Oh gosh, that’s where the smell was coming from then!” exclaimed Leonhard.


The cheese was cut so that it appeared to have the dimensions of a 3x3x3 block—it was cut into 27 equally sized cubes.  “This cheese is cut into 27 equally sized cubes,” announced the dragon, “except, I have removed the center cube.  I have replaced it with a glass room, into which five boys will fit comfortably,” he smiled menacingly, and then he turned to the other mystery box.  With another tug, the black curtain fell, as did the boys’ faces.  The curtain had fallen to reveal a gigantic cage occupied by a gigantic grey rat.  The rat was hungry.  “Now, follow me please,” signaled the dragon.


He led them to a small door cut into one of the cheese cubes, opened it with the tip of a claw, and ushered the boys inside.  Behind the door, there was a hallway lit by lanterns that led to a door into the middle glass cube.  Before they entered, the dragon gave them their challenge.


“This rat can eat one block of cheese per minute.  He can only move from a block to an adjacent block, that is, a block that shares a face, not an edge, but an entire face with the previous block.  A face is one of the six ‘sides’ of a cube.  Now, my rat likes the taste of little boys much more than he likes the taste of cheese, so he wants to save the middle cube, the glass cube, for last.  When all of the other cubes are gone, the glass will shatter and you boys will be his dessert.  He will not be able to break through the glass, however, so you will live if you can prove that it is impossible to leave the center cube for last.  Now, as I’m sure you’ve realized by now, you’ll have just under 26 minutes to solve this puzzle as soon as I release the rat.  Just like the second challenge, you can prove this by testing every case.  But if you do that, I will kill you myself, out of spite.  Find an interesting proof.  Now, scurry along, get inside,” he sneered, pushing the boys through the hall with his tale.  As soon as the boys opened the glass door, they heard the cage open to their left.  They ran inside and shut the door.  

Chapter Seven

Five lanterns lit the glass room.  Beneath each lantern, there was a yellow three-centimeter by three-centimeter by three-centimeter cube.  David picked up one of the cubes and noticed that he could easily pull off a piece.  After that piece, he could only remove adjacent pieces.  In the center, there was a small glass box with five miniature boys inside of it.  One of the miniature boys, the one that looked just like David, was holding a yellow cube and peering into its center, surprised to find five boys inside, one of whom looked just like him and was holding a small yellow cube.  David was stunned.  He told the others to pick up a cube.  Soon, all of the boys were hypnotized by the image in the center.  

“What does this mean?” asked Leonhard.  No one responded.  No one knew.  Suddenly, the room shook.   A gigantic nose was pressed against one of their glass walls.  It was the rat.  

“Oh no,” exclaimed Leonhard, “how much time do we have left?”

“Just under 20 minutes,” answered Carl, “look, these little cubes don’t mean anything!  They’re here to distract us!”

“I think that Carl is right,” offered Kurt, “but we can certainly use them to familiarize ourselves with the situation we’re facing.”

The boys went to work.  Everyone was trying to find an interesting solution.  Luckily, with 10 minutes left, Kurt again offered wise advise.

“I think that we should be trying to find a system for choosing boxes which gives a contradiction.  We need to label the rout that the rat can take in a particular way,” he suggested.

Alexander was intrigued by this suggestion and quickly began to formulate an idea.  David was only working on the problem half-heartedly.  He was exhausted, like the rest, and couldn’t keep his mind off of his miniature self.  Carl was not interested in the suggestions of others.  Leonhard could not concentrate because of his great fear of giant rodents.  The rat’s face, by then, was always in view, and Leonhard could not get his mind to stop replacing the image of the rat chewing on cheese with the image of the rat chewing on his struggling body.  Alexander noticed this all and stepped over to Kurt, whispering a suggestion in his ear.  Kurt quickly took out a pen and began marking selected pieces of his cube with an X, while Alexander sat watching him, sometimes offering corrections.  Soon they had two piles of cubes, the ones marked with an X in one pile and the ones left blank in another.  There were 14 pieces marked with an X and 12 pieces un-marked.  Alexander held the glass cube in his hand.  

“We know how to solve it,” he announced.  The boys all turned toward Alexander, aware that their time was almost up.  “You see,” he began, “we can track legal moves by coloring the 27 cubes.  So I choose one corner cube and mark it with an X.  Any cube to which the rat can legally move next does not get marked, so the adjacent cubes don’t get marked.  Then, I look at the moves from those unmarked cubes, and next set of legal moves is marked with an X.  Basically, each face of the cube will look like a chessboard, but you’ll have X’s instead of blacks.  Continuing in this way, all of the possible legal paths are represented by all of the possible paths that alternate X-marked cubes and unmarked cubes.  Now, removing the center cube, since we want it for last, should leave us with a path that goes through all of the rest of the cubes.  There is no such path.  There are 14 X-marked cubes and 12 unmarked cubes, so in the last step, you have 2-X cubes and you have to stop.”

“Another way of saying the same thing,” interjected Kurt, softly, “would be just to note that when you count the cubes marking a corner cube with an X, the center cube will be unmarked.  You have 14 X cubes and 13 unmarked cubes, so the only path that goes through all of the cubes has to start with an X cube and end with an X cube.  The center cube, unmarked, can’t be where a legal path ends.”  

The door through which the boys had entered less than half an hour before slowly swung open.  The terrible shaking had stopped, and the rat was nowhere in sight.  Everyone, everything was silent.  The boys peered through the door to find the narrow hallway barely intact.  It appeared that the rat had attempted to chew through it, but could not.  The boys stood in the doorway, waiting for the dragon to appear with instructions.  No dragon appeared.  After a minute or two of eerie silence, the boys realized that they could do nothing but descend down the hall.  Avoiding the rather large holes in the floor, created by the rather large teeth of the rat, the boys slowly made their way back into the rather large, empty room.  David led the group, and was the first to see that everything was gone.  No more rat, no more cage, in fact, no more cheese—the glass room just floated in midair, connected to the floor only by the shattered hallway.  As the boys stepped onto the floor, one by one, each was shocked by the feeling that, for the first time in a many hours, there were no eyes on the back of his head.  The room was silent and no dragon forced them on to a new challenge. Leonhard was the last to step out of the hallway; as soon as he did, it fell behind him, as did the glass room, which shattered.  

“What should we do?” asked Alexander.  But no one responded.  No one had any idea what to do.  Everyone knew that Alexander and Kurt had a good solution.  Everyone knew that they had given that solution with time to spare.  Unfortunately, no one knew anything else.  

Leonhard’s eyes began to well with tears.  He was exhausted, he was homesick, he was scared—just like everyone else.  “This isn’t fun anymore!  I want to go home!  I hate this game, I hate that dragon, and I hate thinking!”  David put his arm over Leonhard’s shoulder and tried to comfort him.  David, though, was just as scared and miserable as Leonhard and could offer few genuine words of wisdom or encouragement.  

Suddenly Carl turned to face everyone, “This is ridiculous.  I’m tired and I don’t know when this stupid dragon is getting here.  I’m going to sleep.  Wake me up when something interesting happens,” he commanded.  No one thought this was a bad idea.  David promised to stay up and keep guard, but he too was soon overtaken by his own exhaustion.  

Chapter Eight

Twelve hours after he gave in to sleep, David awoke violently, remembering that he had promised to keep guard.


“Are you here?  Where are we? What’s the last challenge?” he asked, assuming that by then the dragon had arrived.  No one responded.  David looked around to find that he was no longer in a large, empty room in a large, empty castle.  He was in his own bed. “Was it a dream?” he muttered, confused.  Then he remembered something and reached into his pocket.  His hand came out clutching a yellow cube.  He pulled off a few pieces to reveal the small glass room.  Inside of it, 4 boys were sleeping soundly.  One had just woken up.  

About 740 miles away, Leonhard awoke to find his mother standing over him.  

“You were muttering something about dragons in your sleep, are you alright?” she asked, concerned. 

“What?  Where is everyone?  When did I end up back here?” he yelled in confusion, jumping out of his bed.

“What are you talking about, sweetheart?” asked his mother.

“You mean I’ve just been sleeping this whole time?” he asked, “I haven’t been missing for hours?  No one stole me from my bed last night?”

“Of course not!” replied his mother, laughing.  “You must have just had a bad dream!”

“Yeah,” but as he remembered the way that he and his new friends succeeded the day before, against all odds, he could not help but add, “well, it wasn’t so bad, actually.”  He continued, “Mother, I think that I would like to be a mathematician, someday.”

“Alright dear, first, how about some breakfast?”

She left the room.  Leonhard stood up and stretched.  As he did this, a piece of paper fell to the ground.

Kurt picked up the paper and began to read it quietly aloud to himself,

Congratulations, children.  Your hard work and extraordinary genius has led to the defeat of Ignorance.  The world will not perish at his hands while you children are there to watch over it in my name.  I am sorry that we did not have the opportunity to meet, but I assure you that I am quite real, as was all of yesterday.  As you certainly have guessed, I am Science.  Unfortunately, many of you boys will never see one another again.


“Wait a moment,” thought Alexander aloud, “weren’t there supposed to be five challenges?”  David was thinking the same thing.

By now I am sure you are all wondering why you are safe at home with one challenge left uncompleted.  That is because I will issue you this challenge now, and it will take you a lifetime to succeed.


“Oh great,” muttered Carl, taking a breath before reading on.

Your final challenge is this: 

Change the world.

Belief in science and the power of logic is the only way to forever vanquish Ignorance.  You must strive to vanquish him.  The power to reveal great secrets of mathematics is within all of you; embrace that power.


And the boys did.

THE END

The first problem was first presented to me by Mark Kisin in Calc161, Fall 2005.

The second and third problems were presented in a problem set created by Miklós Abért

and László Babai in to 2006 summer REU apprentice program.  

The last problem was found in one of László Babai’s handouts, Graphs and Digraphs, 

2003.
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