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Abstract

This paper examines conditions for recurrence and transience for ran-
dom walks on discrete surfaces, such as Z¢, trees, and random environ-
ments.

1 RANDOM WALKS ON NON-RANDOM ENVIRONMENTS

1.1 DEFINITIONS

Definition 1. A class of subsets F of a set (2 is an algebra if the following hold:
l.0e Fand Qe F.
2. Ay, Ay, A e F=J_ A EF.
3. Ae F= A°c F.

If additionally Ay, As,... € F = ;2 A; € F, then F is called a o-algebra.

Definition 2. A Probability Measure is a function P : F — [0, 1], where F is a
o-algebra, satisfying:

1. P{0} =0

2. If A1, As, ... is a collection of disjoint members of F, so that 4; N A4; =
() Vi # j, then
]P’{ U Ai} =3 P{4.
i=1 i=1

Definition 3. A Probability Space is represented by the triple (2, F,P), where
Q) is a set, called a Sample Space, containing all possible outcomes, F is a o-
algebra of subsets of €} containing events, and P is a probability measure that
assigns a measure of 1 to the whole space. F will be a o-algebra on €2 throughout
the paper.



Definition 4. A Random Variable is a function X : Q — R with the property
that
{we: X(w) <z} e FvzxeR

Two events A = {X; < x;}, B ={X; < x;} are independent when P{AN B} =
P{A}P{B}. More generally, random variables X1, Xs,... are independent if
Vk € N,Il,llig,... (S R,

k
P{Xl S .’171,X2 S .TQ,...Xk S LL’k} = HP{Xz S :L‘l}

i=1

If X is a random variable, then for every Borel subset B of R, X~1(B) € F.
We define a measure ux, called the distribution of the random variable, on Borel
sets by

ix(B) = P{X € B} = {X(B)}.

If pux takes values only for countable subsets of the real numbers, X is a
discrete random variable; these are the only random variables we consider in this
paper. If random variables X7, X5, ... are all independent and have the same
distribution, we say they are independent and identically distributed (i.i.d.).

Definition 5. Intuitively, a discrete stochastic process is characterized by a
state space V, and transitions between states which occur randomly according
to some probability distribution. The process is memoryless if the probabil-
ity of a transition ¢ — j does not depend on the history of the process, i.e.
Vi, J, Uoy e U1 €V,

P{Xip1 =j| X =4, Xi1 =w—1,..., Xo = uo} = P{Xy11 = j| Xy =i}

If additionally p;; = P{X 41 = j| Xy = i} = P{X; = j|X¢—1 = i}, so the
transition probability does not depend on time, then the process is homogenous.

Definition 6. A Markov chain is a memoryless homogeneous discrete stochastic
process.

Roughly, this means that, conditional upon knowing the state of the process
up to the n'" step, the values after n steps do not depend on the values before
the nt" step.

1.2 SiMPLE RANDOM WALKS ON INTEGER LATTICES

First we consider a simple random walk on Z where a walker starts at some
z € Z and always moves to either adjacent point with probability 1/2. Let S,
denote the position of the walker after n steps. The model immediately implies
that the random walk is a Markov Chain, i.e.

]P){Sn+1 = Z'nJr1|Sn = Z'nvsnfl = Z’nfla .. ~,Sl =1 SO = Z‘O = Z}

i1,
. . 1
= P{SnJr] = Zn+1‘Sn = Zn} = 57 (1)



where ig = 2,141,992, ...,i,41 1S a sequence of integers with |i; —ig| = |ia — 41| =
oo = lipgr — in| = 1.

Alternatively, work on the probability space [0,1] with Lebesgue measure.
Let X;,Xs,... be a sequence of i.i.d. random variables with P{X; = 1} =
P{X,; = —1} = 1/2, where X; corresponds to the value of the i coin flip (that
X1, Xo, ... exist with these properties is beyond the scope of this paper). Then
the position of the random walk after n steps is given by:

Sp=z24+X1+Xo+ -+ X, n=1,2,....
Lemma 7. Let S,, denote the position of a random walker at time n. Let

Then
1

P Vo'

Proof. When n is odd, p,, = 0, so we only consider the case where the walker
takes an even number of steps 2n. To return to the starting point in that number
of steps, the walk must consist of exactly n steps to the right and n to the left,
and there are (27?) ways to choose such a move. Each particular choice of 2n
steps occurs with probability 272, Using Stirling’s formula, given by

n! ~vV2mn e "n"

We have
(2n> 1 (2n)! 1 Varn e~ (2n)%" 1
Don =

n

22n ~ plpl 22 (v2mn e—mnn)222n = Vorn

O

We can form an analogous construction for simple random walks on Z®. The
random walk S,, now has 2d choices of moves for each n. The probability of
moving in any one direction at time n (55) is equal to the probability of moving
in any other direction, and is independent of the particular path the walker
followed to arrive at n.

Another way to to think of the simple random walk in Z? is to think of
d different simple random walks in each of the d directions. To choose each
step, one of the one-dimensional random walks is picked at random to make a
move, and the walker moves in the direction indicated by that move, keeping
the position in other directions constant.

Lemma 8. [6] Let S,, denote the position of a two-dimensional walker after n
steps, and p, =P{S,, = S,}. Then,



Proof. To return to the starting point in 2 dimensions, the walk must again
comprise an even number of steps 2n, and there are 42" ways to choose such
walks of length 2n returning to the starting point. All the walks returning to
the starting point consist of k steps to the north and south, and n — k to the
east and west. So we have

R on P (2n)!
_ 2n _ 2n
bzn =2 Z(kkn—kn—k>2 kZ:Ok!k!(n—k)!(n—k)'

k=0 ’

e (S

k=0

However, 31, (1) = (>"), so

n

2
_ 2n\ 1
DP2n = n 22n )

which is the square of the one-dimensional result. Therefore we have

1 2 1
DPon ~ ( ) - .
V2 2mn

O

Lemma 9. [6] Let S,, denote the position of a three-dimensional random walk,
and p, as before. Then,

Pon < 32

Proof. As before, the three-dimensional random walk must make an equal num-
ber of steps in each direction in order to return to its starting point. There are
now 62" ways to choose walks of length 2n returning to the origin. If we let n;
denote the number of steps in the x direction, ny the steps in the y direction,
and ng the steps in the z direction, we have

2n
=6 Y ( )
n1 Ny N2 N2 N3 N3

ni+nz+nz=2n

- 67271 Z TL' - 1 n
B Inolna! 327
niinging! n1 Na N3

ni+ns+nz=2n

3%( " ) represents the probability that when 3 balls are able to fall into

ni1 N2 ng
3 separate bins, ny of them fall into the first, ny into the second, and ng into

the third. Informally, we see that if the balls fall randomly, this probability is



maximized by letting nj, ng, ng be as close as possible to n/3. Replacing one
of the terms by this fact, we have

2n\ 1 n! 1 n!
L, <272 S L S
Pan = (n)S” BlEnBEl 2. n1lnglng!

ni+nz+nz=2n

Here |%] denotes the largest integer less than or equal to %. The last sum

represents the sum of all probabilities for the outcome that n balls fit into three
bins, and so is just one. Therefore, we have

< 1 (Qn) 1 n!
Pon < o5 FTRERTER
"= 9\ p )30 5]
Applying Stirling’s formula, we have

Pon < W

O

In addition to the probability of the random walk returning to its starting
point, we are also interested in the frequency of return.

Definition 10. Let A,, be the event that a random walk returns to its starting
point on the n*®, {S,, = Sp}. Then the event that the random walk returns to
its starting point infinitely often is given by:

{4,, infinitely often (i.0.)} := limsup A,, = ﬂ U Ap,.

n=1m=n

If P{4, i.0.} =1, the walk is called recurrent. If P{4,, i.0.} = 0, the walk is
called transient.

Theorem 11 (Recurrence Theorem). [3] A random walk S,, on Z% is recurrent
ifd <2. If d > 3, then the walk is transient, and

P{S,, # So Vn > 0} > 0.

Proof. Let J, = 1{A,} be an indicator variable for the event that the random
walk returns to its starting point. The total number of visits to the origin is

given by:
V=> Jo.
n=0

Using the linearity of the expected value,

E[V] = E[Jon] = Y P{S2, = So}.



We know Y n~% converges only when a > 1. So when d = 1,2, by Lemmas
7 and 8, the sum is divergent. When d = 3, by Lemma 9, the sum is convergent.
For d > 3, we see that to return, the random walk in four dimensions must
at least return in three dimensions. Since the sum of returning probabilities
converges in three dimensions, it must also converge in any greater number of
dimensions. Therefore, we have

00 d=1,2
]E[V]:{<oo d>3

Let ¢ be the probability that the random walker ever returns to its starting
point. Assuming g < 1, its distribution is given by:

P{V =k} =q¢"1(1—q), k=1,2,...
Again assuming ¢ < 1, we find:

EV] =Y kP{V =k} =) k¢"(1-q)= %_q < 0.
k=1 k=1

For d = 1,2 we know E[V] = oo, so by contradiction ¢ = 1, and the walk
returns to the origin for some n with probability 1. When d > 3, lflq < 00, SO
q < 1, and with non-zero probability the random walk may not return to the
starting point at all.

Now from the distribution of ¢,

P{A, finitely often} > P{V =k} =1 —¢*

Soifd =1,2, as k — oo, P{A,, finitely often} — 0, so P{A4,, i.0.} = 1. When
d>3,as k — oo, P{A,} — 1, s0 P{4,, i.0.} =0.
O

1.3 THE ZERO-ONE Law

The proof of the Recurrence Theorem is based on the fact that
P{S, = Sy at least for one n} =1 = P{S,, = Sy infinitely often (i.0.)} =1

And
P{S,, = Sp at least for one n} < 1 = P{S,, = Sp i.0.} =0.

That is, if the random walk returns once to the origin with probability 1, it
will return again and again with probability 1. Similarly, if the random walk
stays away from the origin with non-zero probability for every n, then it cannot
possibly return infinitely often. With infinite sequences of independent random
variables, the probabilities of certain events can only be 0 or 1. This observation
is formalized in Kolmogorov’s Zero-One Law, which can be used to provide
another proof of the Recurrence Theorem.



Definition 12. Let (Q,P) be a probability space. Two c-algebras A, B are
independent if for all A € A, B € B,

P{AN B} = P{A}P{B}.

Definition 13. Assume X7, X, ... are independent random variables on (£2, F).
Then the o-algebra generated by X1, Xs, ... is the smallest o-algebra on which
all the X, are measurable.

Definition 14. Let F, be the o-algebra generated by Xi,...,X,, and let
G, be the o-algebra generated by X, 11, Xn4o,... with F; € Fo C ---, and
G1 D Go D ---. Let F be the o-algebra generated by X1, Xs,..., the smallest
o-algebra containing the algebra F° = U, F,,, and G defined similarly. The
tail o-algebra T is defined by

T = Olgn.

Lemma 15. [3] Suppose F and G are two algebras of events that are indepen-
dent. Then F' = o(F) and G' = (G) are independent o-algebras.

Proof. Let B € G and define the measure
vg(A) :=P{AN B}, vp(A):=P{A}P{B}

Since vp,Up are finite measures, they agree on F. Using the Carathéodory
extension (which states that P can be extended uniquely to a measure space
(2, F,P) where F C F), they must agree on F. So P{A N B} = P{A}P{B}.
Supposing A € F!', B € G', we take the measures

va(B) :=P{AN B}, T(B):=P{AP{B},

completing the proof.
O

Theorem 16 (Zero-One Law). ( [1], p. 290) Let X1,Xo,... be independent
random variables on (Q, F,P). If A€ T,

P{A} =0 or P{A} =1.

Proof. By Lemma 14, any event in o(X,,, X;,11, . ..) is independent of any event
in 0(Xy,...,X,). Defining F° and 7 as above, any event in F° is independent
of any event in USZH,,. So any event in H is independent of any event in
o(US2Hy). However, Hoo C o(X1,...) = (U2 Hy), so any tail event is
independent of itself. That is, P{A} = P{A N A} = P{A}P{A4}, so P{A} =
0, 1. O

Lemma 17 (Borel-Cantelli 1). ( /2], p. 27)
Let Ay, As, ... be a sequence of events for which Y .- P{A,} < co. Then

P{limsup A, } = P{4,, i.0. } =0.

n—oo



So with probability 1, only a finite number of the events A,, occur.

Proof. Supposing that > 2 P{A4,} = 0 and using Definition 9, one has

P{limsup 4, } = P{ ﬁ D Ap} = Jim P{ G Ap} < Jim. i P{4,,} =0,

n— o0
n=1m=n m=n m=n

where the second equality follows from the fact that if v is a measure, Ay, ...
are measurable set, A,11 C A,,n=1,,..., and v{A,} < oo, then v{N2;} =
lim,, o ¥{A,}. The third inequality comes from the fact that the A,, are not

necessarily disjoint.
O

Lemma 18 (Borel-Cantelli 2). ( [4], p. 319) Let A1, Aa, ... be a sequence of
events for which

= e 2o 2oier PLARA:}
P{A,} =00 and liminf — == <C C>1
2 PlAn) R S P

n=1

. Then,
P{limsup A, } > C~'.
k
Proof. Let J, = 1{A,} and N = > _,J,. Ve > 0, let B, . denote the
measurable set defined by

Ny > ¢E[Ng] for some k > n.

We pick the measurable functions given by f(¢) = E[e®X], the characteristic
function of the set B, . and g = f(IV,). By the Cauchy-Schwartz Inequality,
given by E[fg]? < E[f?|E[g?], we have

2 2 _ - 9
P{B,.} = E[f?] > ]IEE[[fggQ]] . Eig]z] , (E[N,] EEE%?.G £))
But E[Nn (1 — f)] < eE[Ny], so
P{Bn,e 2 (1 - 6)2]E[Nn]2 n=1.2

B2 (2,

n

Since E[N,,] — o0 as n — oo,

]P){ ﬁ G Am} > nh—{réo P{Bn,e}-

n=1n=m
Since this is true for every € > 0,
~ T : E[N.]> _ .. Dokt 2o P{AR A}
E A, } > limsu n_ = limsu k=1 £ai=1 <C.
([ U And = limewe G SNV

n— 00
n=1m=n




Lemma 19. ( /2], p. 25) For any —o0 < a < b < 400 we have

IP’{hm mf Sp =a} =P{limsupS, =b} =0

n—oo

Proof.

limsup S, = lim ( sup Sm) = lim n =0
n—o0 n—=00 "m>n n—00

So P{liminf, . S, = a} = 0 and similarly for the lim inf.

O
Lemma 20. ( /2], p. 196) When d = 2,
lim D i1 2ot P{S2; = So, S, = So} )
n—00 <ZZ:1 P{SZk: = SO})2
Proof.
ZZP{Szj = S0, Sar, = So}
j=1k=1
n n—j n
=2 ZP{SQj = S0, S2j+2k = So} + ZP{SQJ' =S}
j=1k=1 Jj=1
n n— ]
=2 ) P{Sy; = So}P{S = So} + Zp{szj = So}
j:l k=1 ] 1
2 n n— _] 1 logn 2 n 2
~5 ik NQ(T) NZ(Z]P’{S% _SO}) .
i=1k=1 k=1
U

We use the above facts to provide another proof of Theorem 11.

Proof of Recurrence Theorem for d = 1.

Proof. Contained in the tail o-algebra generated by random variables X1, Xo, ...

are events such as
{4, >01i0.}, {limsupA, =0}
n—oo

which do not refer to finite subcollections such as X1,...X,,. Our random walk
S, by the Markov Property, has a value after n steps which depend on the n*®
step, but not previous steps. The symmetric nature of the random walk implies
that P{liminf, . S, = —oo} = P{limsup,,_, . Sn, = +oo} = C, while Lemma
18 guarantees that C' > 0. Since the Zero-One Law guarantees that C' can be

only zero or one, C = 1.
O



Proof of Recurrence Theorem for d = 2. ( [2], p. 197) Lemma 15 shows
that the random walk on two dimensions satisfies the hypotheses of the second
Borel-Cantelli Lemma, which in turn asserts that

P{S, = Sy i.0.} >1/2.

By the Zero-One law, since this probability is not zero, it must be one.

Proof of the Recurrence Theorem for d > 3. ( [2], p. 197)

Lemma 7 asserts that the probability of return when d > 3 converges in
sum. This satisfies the hypothesis of the first Borel-Cantelli lemma, which
immediately shows that the probability of return is zero.

1.4 TIiME
Let p1(k) =min{n: S, =k} k=1,2,....

Lemma 21. ( /2], p. 97) Let po =0 and pr, = min{j : j > pp_1,5; =0} k=
1,2,.... Then,

2%k — 2
P{p: :2k}:2_2k+1k_1( ) E=1,2,...

k—1
and
—2n 2n
Proof.
1 1
Clearly,
O
Remark

- - 2k — 2
_ _ _ 2k4+17,—1 - _
]P’{p1<oo}—ZP{p1—2k‘}—22 k (k1>_1

k=1 k=1
So the particle returns to the origin with probability one, i.e. we have a new
proof of the Recurrence Theorem for d = 1.

While it is guaranteed that a random walker will return to the origin, the

mean waiting time of the recurrence is infinite.

Theorem 22. The expected time to hit the origin is infinite.
Proof.

= 2%k — 2
Elp1] :ZQ 2k+2(k1) = 00.
k=1

10



1.5 BIASED RANDOM WALK

A biased random walk is a random walk which tends to move in some directions
with greater probability than others. More formally, let S,, denote the position
after n steps of a a biased one-dimensional random walker. Let p > 1/2 and
S, =X14+...X, , where X1,..., X, are independent with

Plz;} =1-P{z; =1} =p

Theorem 23. [3] Let S,, denote the position of a biased one-dimensional ran-
dom walker. Then there is a p < 1 such that as n — oo

1
P{SZn = 0} ~ pnﬁv

and the random walk is transient.

Proof. The number of choices available for a random walk to return to its start-
ing point remains the same as in the case of the simple random walk. The
probability of such paths, however, is now given by p™(1 — p)™, since out of 2n
steps, n must be taken in either direction, and the probability of moves is p in
one direction and 1 — p in the other.

Plsa =017 =0) = (7)1 = S -

Using Stirling’s formula, we find that

@p"(l —p)"~ drne T (2n) 27 (p(1=p)" = p"i-

nln! (V2mne—mnn)? 2mn VTN

This sum converges, so by the first Borel-Cantelli lemma we have transience.
O

1.6 RAaNDOM WALKS ON GRAPHS

We construct a tree 7; as follows. The vertices of 77 are the empty word, de-
noted by o, and all finite sequences of the letters a, b, i.e. words x7 ...z, where
x1,Za,... 2Ty € {a,b}. Both words of one letter are adjacent to o. We say that
a word of length n — 1 and of length n are adjacent if they have the exact same
letters, in order, in the first n — 1 positions. Note that each word of positive
length is adjacent to three words and the root is adjacent to only two words.
We construct another tree 75 similarly, calling the root o and using the letters
@, b. Finally we make a tree 7 by taking the union of 7; and 75 and adding one
more connection: we say that o and o are adjacent.

11



Lemma 24. [3] T is a connected tree

Proof. Suppose x,y € 7T;. We construct a unique path between them as follows:
If x ~ y we are done. If not, consider the common word consisting of the first
k letters in which « and y agree (this may be the empty word). Any word of
length n in this tree is adjacent to only one word of length n — 1. Call the edge
between them a reduction. Using reductions, we can find a unique path from
x to the common word, and similarly for y. Uniting the path from z to the
common word, and from gy to the common word provides the path from x to y.

If x € 73 and y € 75, then we use reductions to find a unique path from =
to o and from y to 6. Then we use the fact that o ~ 0 to find a unique path
between x and y. O

Theorem 25. [3] Let S,, denote simple random walk on the tree, where the
walker goes to one of the three neighbors each with probability 1/3, and each
choice is independent of the previous choices. Then Sy, is transient.

Proof. Let p, = P{S, = Sp}. For the random walk to return to the starting
point, the walk must still make n steps to the left, and n steps in the other
direction. Steps to the left are made with probability % while steps to the right
occur with probability % The total probability is given by:

= ()6 G) =G G)

Using Stirling’s formula, we arrive at:

= R G ~ e () - e (3) = s (O

V2mne—nnmn)222n 9
Since the sum
> 5= (5)
= V2mn \9
converges, the first Borel-Cantelli lemma guarantees that the walk is transient.
O

12



Theorem 26. [3] With probability 1 the random walk does one of the two
things: either the random walk visits T, only finitely often, or it visits Ty finitely
often.

Proof. In order for a random walk on 7 to visit either 77 or 7 finitely often, it
must at least visit the points 0,0 (the 'bridge’ points) finitely often. Then we
have:

P{The random walk visits 77 or 75 only finitely often} >

P{the random walk visits the bridge points finitely often}

However, transience establishes that the probability of visiting any point finitely
often is one, so the random walk must visit either 77 or 75 only finitely often.
O

2 RANDOM WALKS ON RANDOM ENVIRONMENTS

2.1 THE CREATION OF THE UNIVERSE

The random walk considered in the first section is a mathematical model of
linear Brownian motion in a homogenous, or non-random, environment. We now
consider a random environment (in one dimension) encountered, for instance,
in a magnetic field. Instead of always moving to the right or left with equal
probability (as in the simple random walk) or always moving to the right with
one probability and the left with another (as in the biased random walk), the
chance of moving to the right or left now vary randomly depending on where
the walker is on a one-dimensional integer lattice. Our model is given in two
steps:

God creates the Universe With a sequence of i.i.d. random variables £ =
{. . E o E 1 Ey, E1,Fs,.. } with distribution Pl{EO < JC} = ‘U,g(x), /.Lg(O) =
0, pue (1) = 1, God visits the integers and to ¢ € Z randomly assigns a value E;
(this is a random number between zero and one).

Life in the Universe Into a random environment £, a particle is born on the
origin and begins a random walk. The particle moves a step to the right with
probability Ey, and left with probability 1 — Fy. If after n steps the particle is
at point ¢, then the probability of a step to the right is F;, while the probability
of a step to the left is 1 — E;. We have defined a random walk R,, with Ry =0
and

Pe{Rpir =i+ 1Ry =i, Rn_1,Rn_o,...,R1}
=1- PS{RH+1 =1i— 1|Rn = ian—lan—Qv s 7R1} = E;. (2)

13



Note that when P1{Ey = 1/2} = ux(1/2+0) — px(1/2) = 1, we have our
usual simple random walk.

Formally, let {Qy,F1,P1} be a probability space and let (w; € ©4) b
sequence of i.i.d. random variables with P1{E; < 2} = F(x),F(0) =1—-F(1
0 and

)=
&= 5(w1) = { ..E,1 = Efl(wl),EO = Eo(wl),El = El(w1)7. . }

Let {Q, F2} be the measurable space of the sequences wy = {€1, €2, ...} where
€, =1or —1fori=1,2,... and F3 is the natural o-algebra (the o-algebra gen-
erated by collections of all product sets). Define the random variable Y7,Y53, ...
on s by Y;(we) =¢; fori=1,2,...andlet Ry =0,R, =Y1+Yo+---+Y,,n=
1,2,.... Then we construct a probability measure P on the measurable space
{Q = Q1 xQo, F = F; x Fo} as follows: for any given wy € Q; we define a
measure P = Pg(,1) = Pe on F3 satisfying (2).
Note the difference between P; and Pg¢: the former is a probability measure used
when determining the probability that any ¢ € Z takes on some value F;. With
the creation of the random environment, the probability measure Pg¢ refers to
the probability applicable for the random walk, referring to the probability of
moving to the right or left.

Let Uy = (1 — Ey)/Eg, V; = logU;, and F(x) as above. We assume the
following conditions:

J0<pf<1/28t. P{f<Ey<1l-0}=1 (3)

0o 1-p8
El[VO] = / Id]Pl{VO < x} :/ log
B

1—=z

. dF(z) =0 (4)
11—z

)2dF(x) < 00. (5)

1-p
0 < o? =E V] :/ (log
B

T

Note that for the simple random walk, P{Uy =1} = P;{Vh =0} =1, so (3)
and (4) are satisfied. However, (5) is not satisfied since E;[V?] = ¢ = 0 (that
is, we expect the simple random walk to be at its starting point).

2.2 RECURSION IN A RANDOM ENVIRONMENT

We can state a theorem of recurrence in random environments analogous to
the result in non-random environment. With probability one, God creates an
environment in which the random walk is recurrent. First, two Lemmas:

Lemma 27. ( [2], p. 311) Let

p(a,b,c) =Pg{min{j: j >m,R; =a} <min{j: j >m,R; =¢c}S,, =b} a<b<c
Where p(a,b,c) = p(a,b,c,E) is the probability that a particle starting from b

hits a before ¢ given the environment £. Then

D(a,b)

pla,b,c) =1— D(a,o)

14



where

0 b=a
D(a,b): ]. ) b:a+1
L4+ 3202 T Vo b>a+2

and in particular,

(0,1,) =1 — ——
p Pt - D(n)
where D(b) = D(O,b) +14+U, +UUg+---+UUy...Up_q
Proof. Obviously p(a,a,c) =1, p(a,c,c) =0, and p(a,b,c) = Epp(a,b+1,¢) +
(1—Ey)p(a,b—1,c). Therefore, p(a,b+1,¢)—p(a,b,) = 1;351’ (p(a,b,c)—pla,b—
1,¢). By iteration, we have
p(a,b+1,) —p(a,b,c) = UpUp—1 - Ust1p(a,a + 1,¢) — p(a, a,c))
=UpUp—1-- - Uss1(p(a,a+1,¢) — 1) (6)
Adding the above equations for b =a,a+1,...,¢— 1 we have

—1=p(a,c,c) = pla,a,c) = D(a,c)(p(a,a+1,c) = 1)

or .
1 =1—- —
Pt b= hg
Two equations above imply
1

pla,b+1,¢) —pla,b,c) = _mUbUb—l < Ugq1

Adding these equations gives
p(aa blv C) -1= p(a7 b+ 13 C) - p((l, a, C)
-1 —D(a,b+1)
= m(l +Uat1 + Usy1Uar2 + -+ Usy1Usy2 - Up) = T Dl
So we have the lemma O
Consequence
1
P{ lim p(0,1,n;&) = lim (1 - D(n)) =1} =1 (7)

The consequence follows from the previous Lemma and a claim, left unproven,
that lim, . D(n) = co in probability (with respect to P;.)
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Lemma 28. For any —oco < a < b < co we have

P{limsup R,, = a} = P{limsup R,, = b} = 0.

Proof. Analogue of Lemma 19. O
Theorem 29. ( [2], p.811) Assuming conditions 4, 5, 6 we have

P{R, =0i.0.} =P1{Pc{R, =040} =1}=1
Assuming 4, 6, and E1Vy # 0 we have
P1{Ps{R, =0 i.0.} >0} =0.

Proof. Assume that the walk begins with a move to the right. Then Lemma
28 implies that the walker either returns to 0 or else goes to +oo before it
returns. But by (7), for any € > 0 there is a ng = ng(e, £) such that p(0,1,n) =
1—-1/D(n) > 1 — ¢ when n > ng Therefore the probability that the walker

returns to zero is greater than 1 — e for any € > 0, and so is one.
O
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