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ABSTRACT. “Quasirandomness” will be described and the Quasirandomness
Theorem will be used to prove Gowers’ Theorem. This article assumes some
familiarity with linear algebra and elementary probability theory.
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1. LINDSEY’S LEMMA: AN ILLUSTRATION OF QUASIRANDOMNESS

Definition 1.1. A is a Hadamard matrix of size n if it is an n X n matrix with
each entry (ajj) either +1 or -1. Moreover, its rows are orthogonal, i.e. any two
distinct row vectors have inner product 0.

Remark 1.2. If A is an n x n matrix with orthogonal rows, then AA” = nl, so

(ﬁA)(ﬁA)T =& (ﬁA)T = (ﬁA)_1 & AT A = nl, so the columns of A are

also orthogonal, and (ﬁA)T(ﬁA) =1

Notation 1.3. T denotes the column vector that has 1 as every component.
Remark 1.4. For any matrix A, 17 AT is the sum of the entries of A. !

Fact 1.5. ||Z* = #TZ. Hence, ||AZ||> = (A7)T (AZ) = #T AT Az

Definition 1.6. Given a matrix A and a submatrix T of A, let X be the set of
rows of T" and let Y be the set of columns of T'. & is an incidence vector of X if
for all components x; of ¥, x; = 1 if the ith row vector of A is a row vector of T'

1T selects columns of A and sums their corresponding components. 17 selects rows of A,
selecting and adding together certain component sums. Replacing the ith component of T with a
0 would deselect the ith column of A and replacing the ith component of 1T with 0 would deselect
the ith row of A.
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and x; = 0 otherwise. ¥ is an incidence vector of Y if for all components y; of ¥,
y; = 1 if the ith column vector of A is a column vector of T and y; = 0 otherwise.

Lemma 1.7. (Lindsey’s Lemma) If A = (a;;) is an nxn Hadamard matriz and T
is a kxl-submatriz, then [, o aijl < Vkin

Proof. Let X be the set of rows of T" and let Y be the set of columns of T'. Note
that |X| = k and |Y| = [. Let 7 be the incidence vector of X and let 7 be the
incidence vector of Y.

The sum of all entries of T'is 3 ; ;) <7 @45, which is #T A (recall 1.4), so |27 Agj| =

’Z(m)eT aij|. By the Cauchy-Schwarz inequality, |z7 Ag| < ||Z]| || Ag].

By 1.2 and 1.5, HﬁAg =7 (FA(HFAT=7"7= 7l

147l = ||V 49| = v || & 7] = vl
Substituting for || A7]|| in the Cauchy-Schwarz inequality and noting that ||Z|| = vk
and [|7]] = V1, [#7 Ag| < |7 (vall7]) = Vkin. O

1.1. How Lindsey’s Lemma is a Quasirandomness result. The following
corollary illustrates how Lindsey’s Lemma is a “quasirandomness” result. It says
that if T is a sufficiently large submatrix, then the number of 4+1’s and the number
of -1’s in T are about equal.

Corollary 1.8. Let T be a kxI submatriz of an nxn Hadamard matriz A. If
kl > 100n, then the number of +1’s and the number of -1’s each occupy at least
46% and at most 55% of the cells of T.

Proof. Let x be the number of +1’s in 7" and let y be the number of -1’s in T.
Suppose kl > 100n. We want to show that (0.45)kl < z < (0.55)kl and (0.45)kl <
y < (0.55)kl.

By Lindsey’s Lemma, |}_; cp aij] < VkIn. Note that z —y = 2 (ijyer Bij» SO

= |z — y| < Vkin. We know that k> 0 and [ > 0, so kl > 0.

|z — vy kln [n [ n 1
< = — < - =
kL~ (kl)? kl — Y 100n 10

where the last inequality holds because kI > 100n. Since all entries of T are either
41 or -1, the sum of the number of +1’s and the number of -1’s is the number of
entries in T, so x + y = kl, hence y = kl — x. Substituting in for y,

’E(i,j)eT @ij

|z — (kl — )| < 1
kl - 10
il < 2 —ki< Ll
10 10
9kl 11kl
20 — T~ 20
9i:l < M_u< 11kl
20 20
9kl 11kl
— < y< ——
20 20
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Definition 1.9. A random matrix is a matrix whose entries are randomly as-
signed values. Entries’ assignments are independent of each other.

To see how Corollary 1.8 shows Hadamard matrix A to be like a random matrix
but not a random matrix, consider a random n X n matrix B whose entries are
assigned either +1 or -1 with probability p and 1 — p respectively. Consider U, a
k x I submatrix of B. U has kl entries, and w, the number of entries of the kl
entries that are +1, would be a random variable.

Considering U’s entries’ assignments independent trials that result in either suc-
cess or failure and calling the occurrence of +1 a “success,” P(w = s) is the proba-
bility of s successes in kl independent trials, which is the product of the probability
of a particular sequence of s successes, p*(1 — p)¥'=*, and the number of such se-
quences, (’Zl>, so P(w =s) = (ksl) p*(1—p)*'=5. In other words, w has a binomial
probability distribution. Hence, w has expected value klp. If each entry has equal
probability of being assigned +1 or -1, p = % so E(w) = kl(%) Note that w can
take values far from E(w), since P(w = s) shows w has nonzero probability of being
any integer s where 0 < s < kl.

Now consider n x n Hadamard matrix A, its k x [ submatrix T, and z, the
number of +1’s in T. Corollary 1.8 shows that x must take values close to E(w).
2 More precisely, if kI > 100n, x must be within 5% of E(w). z is like random w
in that we can expect x to take values close to the expected value of w. However,
x is not random because it must be within 5% of E(w), while random w can take
values farther from E(w), any value ranging from 0 to kl. 3

The above argument is symmetrical: It can be used to compare y, the number
of -I’s in T, and z, the number of -1’s in U. In deriving P(w = s), we called the
occurrence of +1 a “success.” We could have arbitrarily called the occurrence of -1
a “success.” Then P(z =s) = (’Zl) p*(1—p), E(z) = ki() if p= 1, and y would
be like random z, but not random, in the same way that x would be like random
w, but not random.

In short, n x n Hadamard matrix A is ”quasirandom” because it is like a random
matrix B, but not itself a random matrix. Characteristics (x and y) of k x [ T, a
sufficiently large * submatrix of A, are similar to characteristics (w and z) of k x [
U, a submatrix of B. A is like, but not, a random matrix B because submatrices
of A have properties similar to, but not the same as, submatrices of B.

2. THE QUASIRANDOMNESS THEOREM

Definition 2.1. A graph G = (V, E) is a pair of sets. Elements of V' are called
vertices and elements of F are called edges. E consists of distinct, unordered pairs
of vertices such that no vertex forms an edge with itself: Yo € V,E C V xV\{v,v}.
v1,v2 € V are adjacent when {v1,v2} € E, denoted vy ~ vy. The degree of a
vertex is the number of vertices with which it forms an edge.

21p this paragraph, +1 and -1 are assumed to occur in each cell with equal probability, so that
E(w) is kl(%)

3If kI > 100n, & must be within 5% of E(w). 100 was used in the hypothesis of 1.8 for the
sake of concreteness. Any arbitrary constant ¢ could have replaced 100, so that kIl > cn. So long
as ¢ > 1, x is more limited than w in the values it can take.

4l >n
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Remark 2.2. Vertices can be visualized as points and an edge can be visualized as
a line segment connecting two points.

Definition 2.3. Counsider a graph G = (V, E) and let n denote G’s maximum
number of possible edges, i.e. the number of edges there would be if every vertex

were connected with every other vertex, so that n = < “2/‘ > |E| is the number

of edges in the graph. The density p of G is %

Definition 2.4. A bipartite graph I'(L, R, E) is a graph consisting of two sets
of vertices L and R such that an edge can only exist between a vertex in L and a
vertex in R. Call L the "left set” and R the "right set.”

Notation 2.5. Given two sets of vertices V7 and Vs, E(V7,V3) denotes the set of
edges between vertices in V5 and vertices in V. |E(V7, V2)| denotes the number of
elements in E(V1, Va).

Definition 2.6. Consider a bipartite graph I'(L, R, F) such that |L| = k and
|R| = I. Label the vertices in L with distinct consecutive natural numbers including
1 and do the same for vertices in R. An adjacency matrix (a;;) of T is a k x {
matrix such that

0 — 1 ifi~j,whereie L and j € R
Y10 otherwise

Remark 2.7. Let A be a k x 1 adjacency matrix. (ATA)T = AT(AT)T = AT A.
Since AT A is symmetric, it has [ real eigenvalues, denoted Aq, ..., A; in decreasing
order. AT A is positive semidefinite because Vo € R, 2T AT Az = ||Az|® > 0.
Since AT A is positive semidefinite, its eigenvalues are nonnegative.

Definition 2.8. A biregular bipartite graph I'(L, R, F) is a bipartite graph
where every vertex in L has the same degree s, and every vertex in R has the same
degree s..

Remark 2.9. |E| = |L|s, = |R| se.

Fact 2.10. (Rayleigh Principle) Let n X n symmetric matrix A have eigenvalues

T Az

A1, .., A in decreasing order. Define the Rayleigh quotient Ra(7) = “=. Then
A = maxr Rj(x).
FER™,FA£0

Lemma 2.11. LetT'(L, R, E) be a biregular bipartite graph with |L| =k and |R| =
l. Let each vertex in L have degree s, and let each vertex in R have degree s.. Let
A be the k x 1 adjacency matriz of T, and let A1 be the largest eigenvalue of AT A.
Then A\ = $,5¢.

Proof. Let r1, ..., 7 be the row vectors of A. Recall that A has only 1 or 0 for entries
and that each 7; contains s, 1’s, so dotting 7; with some vector adds together s,
components of that vector.

. 2
HAllxl

2 5 N
e T || sl RsE ks,

’2 l l T

)Sr = S¢Sr

1l><1

where the last equality follows from 2.9.
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=112 —
We have that Hf”ﬁ! = 8.8 when ¥ = 1;4;. If we could show that V¥ €

R! ”A“‘“’lll, < 885, then we would have that Hl\z\lu reaches its upper bound s.s,,

) Hz —

S0 its max must be s.s,, and by 2.10 and 1.5,

ZTAT Az | AZ||?
A= maz — = ar 5= = ScSr
ZeRL, A0 T T ZeRL,TAD || 7]
It remains to show that V& € R, ”ﬁjllz‘ < 508
Let 1,...z; denote the components of . AT = (7 - &, ..., 7% - ©)T, so
k
(2.12) JAZ|* =Y (7 - 2)°
i=1

7; - & is the sum of s, components of Z. Let x;1, ..., Z;s, be the s, components of

@ that 7; selects to sum. Then 7 - & = ) ;5.
i=1

$

Lo | @it oy is, ) =

Sr
T T = E Tij = (i1, ooy Tis, ) - Lo, x1 <
j=1

where the inequality follows from the Cauchy-Schwarz Inequality, so we have that

Sr
(7 - )% < s, Y (z45)%. Substituting into 2.12,
j=1

k s,
(2.13) JAZ < 533 (i)

i=1j=1

Observe that the first summation cycles through all the row vectors and, for each
row vector 7;, the second summation cycles through the components of Z chosen
by 7;. Recall that A has s. 1’s in every column, so in multiplying A and Z, every
component of & is selected by exactly s. row vectors. Hence,

l

k s,
DD () = sy (@) =se |12

i=1j=1 i=1

Substituting into 2.13, | AZ||*> < s,s. ||Z]|%, so VZ € R/, H” H‘ < 8cSp- O

Corollary 2.14. Under the assumptions of 2.11, Iy is an eigenvector of AT A
corresponding to eigenvalue 1.

Proof. Each entry of Aflx 1 is the sum of a row of A, which is s,., so Aflxl = 5, 1px1.
Similarly, AT Tkxl = scl;x1. Hence, ATAl, = AT (sTkal) = 5,.(AT Tkxl) =
sTscllxl = )\1 11, where the last equality follows by 2.11. We have that A7 Aljyy =
A1 11X1, 50 Tjx1 is an eigenvector of AT A corresponding to eigenvalue \;. O

Notation 2.15. J denotes a matrix with 1 for every entry.

Theorem 2.16. (Quasirandomness Theorem) Suppose T'(L, R, E) is a biregular
bipartite graph with |L| = k and |R| = l. Let the degree of every vertex in L be
s and the degree of every vertex in R be s.. Let X C L and Z C R, let p be the



6 QIAN ZHANG

density of T', let A be the k x1 adjacency matriz of ', and let \; be the i*" eigenvalue
of AT A in decreasing order. Then

IEX, 2)] —p|X]1Z]] < VA2 |XT]|Z]

Proof. Let T be the incidence vector of X and let 2’ be the incidence vector of Z.
> |E(X, Z)| = #T AZ. Consider the subgraph I'(X, Z, E(X, Z)). If all vertices in X
were connected with all vertices in Z, the number of edges in the subgraph would
be |X| |Z‘ = _‘TJ;CXZZ

|E(X,Z)| —p|X||2]] = |2"AZ—p(E" Jpxi?)| = |27 (A = pJixi)Z]
|1ZT 1A = pTixt) 2l = VIXT (A = pJia) 2]

where the inequality follows by the Cauchy-Schwarz inequality. It remains to show
that [[(A = pJexa) 2l < VA2 [Z] ice. [[(A = pixa) 2)1° < A2 2] = Az 121"

IN

A =plis)Z|” = 27 (A= pJis) (A = pJis)Z
= ZT(AT — pJ]Z;l)(A — kaXl)g
= ZNATA - pAT Jisi — pILGA + PP T Tkxa)Z
We will simplify ATA — pAT Jy; — pJE A+ p? JE,  Jexi term-by-term.
(Simplifying J7,A) T is biregular: Every vertex in R is connected to s. vertices

in L, so s. = |T|’ and every vertex in L is connected to s, vertices in R, so s, = lT
Put another way, the entries of each column of A sum to s. and the entries of each

E
row of A sum to s,. p= %, so:

_ 1Bl _ kD) pkt

. k
Se =T I ;. ?
E
Tk i i

Notice that each entry of JkalA is s., which is pk, so nglA = pkJi«-

(Simplifying AT Jiwi) AT Ty = (JE,A)T = (pkJixi)” = pkJixi, where the last
equality holds because J;x; is symmetric.

(Simplifying Jkalexl) Each entry of Jkalexl is the sum of a column of Jiy;,
which is k, so nglexl =kJix-

Substituting in for J,z;lA, AT Ji 1, and J,Z;lexl:

ATA = pAT Joxi = p Il A+ 0 i i = AT A= p(pkJia) — p(pkJixa) + p° (kJix)
= ATA-p*kJ =M
By 2.14, 1 is an eigenvector of AT A to eigenvalue \; = s,.5. = (pk)(pl) = p2kl.
Since Jix1 = 11, (p2kJi)T = p2k(Jpal) = p2k(11) = (p*kI)1 = A 1.
MT = ATAT — p*kJpl =T - MT=0=0T

5Consider the submatrix of A that is the adjacency matrix of I'(X, Z, E(X, Z)). Call this
submatrix B. In this sentence, X refers to the set of rows of B and Z refers to the set of columns
of B, so 1.6 applies.
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so 1 is an eigenvector of M corresponding to eigenvalue 0.

M = ATA *p2le><l = (ATA)T - (ka'Jle)T = (ATA 7p2le><l)T = MT. Since
M is a symmetric matrix, by the Spectral Theorem 3.22, there exists an orthogonal
eigenbasis (3.21) to M. Let €; be a vector in this orthogonal eigenbasis, so M¢&; =
u;€;, where u; € R is an eigenvalue of M and u;’s (aside from wuy) are indexed in
decreasing order. Let &) = Tl, so u; = 0. Since the €; are orthogonal, Tis orthogonal
to €;, 1 > 2. Notice that for i > 2, each entry of J;y;€; is -6 = 0, so Jixi€; = 0.
Hence, for i > 2, Mé; = (AT A — p*kJix))é; = AT Ae; — p?k(J1x,€;) = AT Aé;. For

This implies that the largest eigenvalue of M is Ay, NOT A;: Since \;’s are
ordered by size and no u; = A1 for ¢ > 2 and u; = 0, which is not generally equal
to Ay = sr8c > 0, no u; ever is A\;. The next largest value that a u; can be is As.
(In particular, the largest eigenvalue of M is ugs = Az.)

'mz Mz Mz

By 2.10, the largest eigenvalue of M is marz*zr5*. “zr7 < marz*zrz = A2 =
FTMZ < \ZTZ and 777 = 27 = ||2||%, so Z7MZ < Ay ||z Recall,
1A = pJux)2I* = Z7(A = pJxi)" (A = pJixi)?
= ZN(ATA - pAT Ty — pILGA + PP T Tkxa) 7
= Mz
< Dollz))?
which is what we needed to finish the proof. ([

The smaller A, is, the closer |E(X, Z)| is to p|X||Z|, so the closer IBXA)] i to

IXT[Z]
’Il))((‘l‘lzzl‘ = p. Notice that |J|5§<)ﬁ»ZZI)I is the density of the bipartite subgraph formed

by X and Z, T'(X C L,Z C R,E(X, Z)). Hence, the Quasirandomness Theorem
says that the density of I'(X, Z, E(X, Z)) is approximately the density of the larger
graph I'(L, R, E).

Corollary 2.17. Under the same hypotheses as Theorem 2.16, if p? | X||Z| > A2,
then |E(X,Z)| > 0.

Proof.
PIX1Z] > & PP (IX]12))° > X |X]|Z]
& plX|1Z] > VA | X]]Z]
< plX[Z] = VA2 [X]|Z] >0
By 2.16,

IE(X, Z2)| —p|X]|Z]| < VX [X[|Z] = —vXX[|Z] < |E(X, Z)]-p|X]|Z]
& plX[|Z] - V2 |X||Z] < |B(X, 2)|

Combining the above results,

0<p|X||Z] — /X X|IZ| <|EX,Z2)=0<|EX,2Z)| (]

2.1. How the Quasirandomness Theorem is a quasirandomness result.

Definition 2.18. A random graph is a graph whose every pair of vertices is
randomly assigned an edge. Pairs’ assignments are independent of each other.
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Remark 2.19. A random bipartite graph is a random graph such that any two
vertices in the same set have probability 0 of forming an edge.

Consider a random situation. Let G(L', R', E’) be a random bipartite graph
with |L'| = k and |R/| = [, and let each pair {l,r}, I € L' and r € R’, have
probability p of being an edge. Let X’ C L’ and let Z’ € R’. Consider the
subgraph ¢(X’,Z', E(X’,Z’)). The number of pairs of vertices of g that can form
edges is | X'||Z'|.

Considering the designation of edge a “success,” |E(X',Z')|, the number of
“successes” in |X'||Z’| independent trials, would follow a binomial distribution:

P(E(X', 7)) = ) = (\X’Uz’l)psu ~_p)IXNZ=s | B(X’, Z')| would have ex-

|BE(X’,2"))|

pected value p|X'||Z’|, so the density of g, et would have expected value

% = p. By the same argument, P(|E’'| = s) = ('L,UR/')ps(l —p)|L/||R/|_5,
the expected value of |E’| would be p|L'||R'|, so the density of G, %, would
have expected value p. The density of G and the density of g have the same ex-
pected value, but there is no guarantee that the densities be within some range of
each other. The probability that the densities are wildly different, say a density of
0 and a density of 1, is nonzero.

Now consider biregular bipartite graph I'(L, R, F) described in the hypothe-
ses of 2.16. The Quasirandomness Theorem says that the density of subgraph
I'(X C L,Z C R,E(X, Z)) must be within some range ° of the density of I'(L, R, E),
so in this sense one can expect the density of I'(X, Z, E(X, Z)) to be approximately
the density of I'(L, R, E). Similarly, one can expect the density of G to be approx-
imately the density of g (in the sense that their expected values are the same).
However, unlike the density of I'(L, R, E) and the density of I'(X, Z, E(X, Z)), the
density of G and the density of g are not necessarily within some range (other than
1) of each other.

I'(L,R, E) is a quasirandom graph because it is like, but not, a random graph
G(L',R',E'). One can expect sufficiently large 7 subgraphs of I'(L, R, E) to have
densities similar to, yet different from, densities of subgraphs of a random graph.

3. GOWERS THEOREM

Definition 3.1. If F' is a field and V is a vector space over F', then GL(V) is the
group of nonsingular linear transformations from V to V under composition.

Definition 3.2. If d is a positive integer, then the general linear group GL4(F)
is the group of invertible d X d matrices with entries from F' under matrix multi-
plication.

Definition 3.3. For a group G and an integer d > 1, a d-dimensional represen-
tation of G over F is a homomorphic map ¢ : G — GL(V) = GL4(F), where V
is a d-dimensional vector space (V = F'?) and F is a field. The degree of ¢ is d.

6The range is controlled by A2 and the sizes of X and Z, and could be less than 1. The larger
X and Z are and the smaller Ag is, the closer the density of the subgraph is to the density of the
larger graph.
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Remark 3.4. To clarify, ¢ : G — GL(V) 2 GL4(R) is a representation of G over
R. ¢ maps elements of G to invertible mappings from R? to R%. Such mappings
correspond to d X d invertible matrices with entries from R.

Definition 3.5. ¢ : G — GL(V) is a trivial representation if it maps every
element of G to the identity transformation.

Theorem 3.6. (Gowers’ Theorem - GT) Let G be a group of order |G| and let
m be the minimum degree of nontrivial representations of G over the reals. If

X,Y,ZCG and |X||V]|2] > L2 then Jz e X, yeY, z€ Zst.ay = 2.
Corollary 3.7. 3.6 would still be true if its conclusion were replaced by XY Z = G

Proof. Take X,Y,Z C G such that |X||Y||Z] > €2

XYZ =G means Ve € X,y €Y, z€ Z, dg € Gs.t.xyz = g and Vg € G, dz €
X,yeY ze Z st.xzyz = g. The first statement holds by closure of G, so it
remains to show the second statement. Take g € G. Let Z' = gZ~'. By closure
of G, 7' € G. Since |Z'| = |Z|, |X||V]|Z'| > L. By 36,3z c X,y eV, 2 ¢
Z'stay=72 oy ) =Y =12y lg) =g ryz=g. O

3.1. Translating Gowers Theorem: Proving ms > m Proves Gowers’ The-
orem.

Variables in this subsection refer to those defined in the context of
F(Gl,GQ,E)Z

To prove 3.6, we take a graph theoretic view of it. Let G be a group. Let
I'(G1,G9, E) be a bipartite graph with two sets of vertices G; and Ga, which
are copies of G. Let there be an edge between g1 € Gy and go € G2 only if
Jy €Y C Gs.t.g1y = g2, let A be the |G| x |G| adjacency matrix of T', let Ay be
the second largest eigenvalue of AT A, let p be the density of T, let X C G, and
let Z - GQ.

3.6 says that, for sufficiently large X and Z, there is at least one edge between a
member of X and a member of Z, i.e. |E(X,Z)| > 0. Curiously, which particular
vertices are chosen to constitute X and Z is irrelevant to guaranteeing an edge
between them. Rather, the sizes of X and Z are all that matter.

In this graph theoretic view of Gowers’ Theorem, the hypotheses of the Quasir-
andomness Thrm hold. 8 If p?|X||Z| > As were to also hold, then by 2.17,
|E(X,Z)| > 0, proving Gowers’ Theorem. To translate proving GT into proving
some other statement, we use the following results:

Notation 3.8. g; denotes any element of G; and g denotes any element of Gs.
Lemma 3.9. The degree of every vertex of I'(G1,Ga, E) is |Y]

Proof. We will show that every vertex in G; has degree |Y| and every vertex in Go
has degree |Y|, so every vertex of " has degree |Y].

Claim: Every ¢; has degree |Y|. Since G is a group, by closure, Vg; € G; = G
and y € Y C G, g1y € G = G2 so g1y = g2. For each g, multiplication with
each y yields |Y| distinct products in Ga. Since g; and gy form an edge iff Jy €
Y s.t. g1y = g2, g1 can form no other edges, so the degree of every ¢ is |Y|.

83.9 shows that I is biregular
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Claim: Every go has degree |Y|, i.e. every go has |Y| preimages in Gy: Vy €
Y, 3 unique g; € G1 s.t. g1y = ¢g2. Take y € Y C G. Since G is a group, y~' € G.
Take g» € G2 = G. By closure, goy~! € G = G4 50 g1 = goy ™. (]

Corollary 3.10. |E| = |G||Y|
Proof. Every g1 € Gy forms |Y| edges, and there are |G| ¢1’s, so |E| = |G||Y| O

n

Fact 3.11. If A is an nxn real matrix with eigenvalues A1, ..., Ay, then Tr(A) = >\,

i=1
Notation 3.12. ); denotes one of the |G| eigenvalues of AT A: {)\1, O Y] }, listed
in decreasing order. m; denotes the multiplicity of A;.

Corollary 3.13. Xy < %2‘4)
1G]
Proof. By 3.11, Tr(ATA) = Y\ = A + ma)s + ... > moXy, where the last
i=1
inequality follows from AT A having nonnegative eigenvalues (by 2.7) and from
A >0° 0

Lemma 3.14. Tr(ATA) = |E|

Proof. Let ci, ..., ¢/ be the column vectors of A and let ¢;; denote a component of
5.

|G |Gl |G| |Gl |G]
r(ATA) = ch G=> 0= )
j=1 i=1 j=1 i=1

The last equality follows because entries of A are either 0 or 1, so C?j =¢;;. The
double summation adds all the entries of A, hence counts the number of edges of
I'(G1,Ge, E).

In more detail: The second summation gives the degree of a particular go. The
first summation cycles through all vertices in Go. Hence, the double summation
counts all the edges that vertices in G'o are members of, so it counts all the edges
of T'. (]

Corollary 3.15. Ay < m

Proof. Ay < %TA) ‘ ‘Gnuy‘ The first inequality holds by 3.13, the second
equality holds by 3.14, and the third equality holds by 3.10. g

Remark 3.16. p= ‘Igl\l\gl‘ I}C/v‘l‘ where the first equality follows from 3.10 and 2.3.

Proposition 3.17. To prove Gowers’ Theorem, it remains to show that me > m.

Proof. jFrom 3.15, we have that Ay < %i‘ If we could show that % <

p?|X||Z|, then A\ < p?|X||Z|, fulfilling the hypotheses of 2.17 and reaching the
conclusion of Gowers’ Theorem 1°. In other words, to prove GT, it remains to prove
M < p2|X] |21

9By 2.11, A1 = srsc. Recall that s, is the sum of each row of A and s. is the sum of each
column of A. Here, we assume that I' is a nontrivial graph, i.e. it actually has edges, so s, > 0
and s. > 0. Hence, A1 > 0.

10its graph theoretic interpretation: |E(X, Z)| > 0
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2
G < 21X 12] & G2 < (157 1X112] & 18 < x| |Y]|2], where the

first iff follows from 3.16. To prove GT it remains to prove % <|X|Y||Z].
Given GT’s hypothesis |X||Y||Z] > %, if we could show mg > m, then
I X[Y]|Z] > % Hence, to prove GT it remains to prove mg > m. O

3.2. Proving mg > m.

Recall that ms is the multiplicity of Ay and m is the minimum degree of nontrivial
representations of G over R i.e. the smallest dimension of a real vector space in
which G has nontrivial representation. To show that my > m, we will need some
preliminary definitions and results.

Definition 3.18. Let V be a d-dimensional vector space. U C V is invariant
under ¢ : G — GL(V) if for all g € G, U is invariant under ¢(g), i.e. Yu € U, g €
G, p(g)u € U. Every mapping that ¢ associates with an element of G maps U to
U.

Definition 3.19. If A € F and A is an n x n matrix over F', then the eigenspace
to eigenvalue )\ is Uy = {# € F" s.t. AT = AZ}. A member of the eigenspace is
called an eigenvector corresponding to .

Lemma 3.20. If AB = BA, then every eigenspace of A is invariant under B.

Proof. Let Uy be an eigenspace of A. We want to show that VZ € Uy, BZ € U,.
Since ¥ € Uy, AZ = A%, so ABZ = BAZ = B(\f) = ABZ. O

Definition 3.21. An eigenbasis of a matrix A is a set of eigenvectors of A that
forms a basis for the domain of the linear transformation corresponding to A.

Theorem 3.22. (Spectral Theorem) Every real symmetric matrixz has an orthogonal
eigenbasis.

Notation 3.23. Given mapping f: A — B and C C A, f|c denotes the mapping
that is the same as f, except with domain restricted to C. Hom(A,B) denotes the
set of homomorphisms from A to B.

Proposition 3.24. Let A = AT be a real d x d matriz, and let G be a group. Let
m = min{s : 3¢ € nontrivial Hom(G,GLs(R))}, i.e. m is the minimum degree
of nontrivial representations of G over the reals. Let ¢ € Hom(G,GL4(R)) be
nontrivial. Suppose that A commutes with all matrices in GLq(R). Then there is
an eigenvalue of A with multiplicity at least m.

Proof. By 3.22, we can choose a particular eigenbasis of A. Call this basis B4 =
{€i,...,eq}. Since ¢ is nontrivial, we can pick gg € G, such that ¢(go) is not the
identity matrix. Let ¢ : R? — R? be the unique linear map whose transformation
matrix with respect to Ba is ¢(go). Since ¢(go) is not the identity matrix, 1 is not
the identity map on R<.

Since A commutes with every element of GL4(R), by 3.20, for every g € G and
every eigenspace Uy of A, Uy is invariant under ¢(g). Hence, ¢|uy, : g — ¢(9)|u, is
vlu, : G — GL(Uy), a dim(U))-dimensional representation of G.

In particular, A commutes with ©(go), so by 3.20, ¥ sends each eigenspace of A
to itself. ¢ cannot act as the identity on every Uy, because if it did, then V&' € RY,

—

d o
U=, oe; where a; € R, and
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d d d
(@) =D ae) =Y (@) = e =T
i=1 i=1 i=1

so 1 would act as the identity on R¢, which is contrary to the choice of .

We’ve shown by contradiction that there must be an eigenspace Uy of A such
that ¢ : Uy — Uy is not the identity map. Because ¢|U; is not the identity
map, ¢(go)|u,, is not the identity matrix, so ¢|y; : G — GL(Uy) is a nontrivial
representation of G.

By definition, m is the minimum degree of nontrivial representations of G, so the
degree of | Ul (which is the dimension of U}) is at least m. Since A is symmetric,
the dimension of Uy: is the multipliticy of A, so the multiplicity of X is at least
m. (|

Definition 3.25. ¢: V — V is a permutation on set V if it is a bijection.

Definition 3.26. Consider a graph G = (V,E). A graph automorphism is a
mapping o : V — V that preserves adjacency, i.e. Vi,j € V, i~ j < o(i) ~ o(j)

Remark 3.27. A graph automorphism for a bipartite graph I'(Vy, Vs, EY) consists

of permutations o1 : Vi — V; and o9 : Vo — Vo s.t. Vo € V) and vy € V5,
V1 ~ Vg = 0'1(’1)1) ~ 0’2(?]2).

Definition 3.28. P(o0) is a permutation matrix of permutation o if

1 ifo(i)=j
0 otherwise.

P(o)i; :{

Lemma 3.29. Let I'(Vy, Vo, E) be a biregular bipartite graph, let A be its adjacency
matriz, let 01 be a permutation of Vi, and let o2 be a permutation of V. Then o1
and oo constitute a bipartite graph automorphism iff P(o1)A = AP(o2)

Proof. The claim is that
Vi eV, j € VQ, i~ j S Ol(i) ~ O'Q(j) <~ P(Jl)A = AP(U’Q)

We will translate the right-hand side into some other statement.

By definition, P(01)A = AP(02) < Vi, j, [P(01)A];; = [AP(02)],;-

For all 4, j, [AP(02)];; = Zle A;1P(02)1. Notice that cells of A and cells of
P only take values 1 or 0, so terms of the sum are either 1 or 0. The summation
is equivalent to summing only the terms that are 1. For a term to be 1, A; and
P(02);; must both be 1. By definition, A; = 1 iff i ~ [, and P(og);; = 1 iff
o2(l) = j. Hence, A;P(0o2);; =1iff i ~ 1 and 09(l) = 7, so

L
ZAilP(UQ)lj = Z Ay P(o2)i5.
=1 s.t.inl=05"(j)
Multiple I’s can be adjacent to i, but since oy is one-to-one, only one [ can equal
—1/-
) (])7 50

0 otherwise

AP, = > AizP(ag)UZ{ L ifinoy(j)

Is.t.inl=05"(j)
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K
For all 1,j,[P(a1)A];; = > P(01)ikAkj. The terms of this sum are either 1 or 0,
k=1
so the sum is equivalent to summing only the terms that are 1. For a term to be
1, P(o1): and Ag; must both be 1. By definition, P(o1):, = 1 iff 01(4) = k, and
Agj =1iff k ~ j. Hence, P(01)ikAr; =1iff 01(¢) =k and k ~ j, so
K

ZP(Ul)ikAkj = Z P(O'l)ikAkj

k=1 ks.t.oi(i)=k~yj

Multiple k& could be adjacent to j, but since o; is one-to-one, only one k = o1(i).
Hence, the summation can have only one term that is 1, so

[PlonAly; = Y Plo)udAy = { é ifou(i) ~j

otherwise
ks.t.oy(i)=k~j

For alli,j [P(01)A],; = [AP(02)];; iff the cells are both 1 or both 0 iff (01(i) ~ jandi ~ o5 ' (4))
or (=(o1(i) ~ j)and =(i ~ 05 ' (§))). Hence, o4 (i) ~ j is equivalent to i ~ o5 " (4).

To summarize, P(c1)A = AP(02) means Vi, j, o1(i) ~ j iff i ~ 05 '(j), so the
lemma says:

Vi€ Vi, j € Vo, in e o1(i) ~oa(j) &= Vi€ Vi, j € Va, 01(i) ~ j & i~ 051 (5)

(=)Suppose
(3.30) i € V1,j € Vasin~ j & o1(i) ~ 02(j).

We want to show oy (i) ~ j < i ~ 05 1 (4).

(3.31) o1(i) ~ j & 01(i) ~ 02(051(5)) & i ~ 051 (4)

where the last equivalence comes from the < direction of 3.30

(«<)Suppose
(3.32) i €V1,j €Vl 0u(i) ~j & i~ 0y ()

We want to show i ~ j < 01(i) ~ 02(j).

(3.33) i~ im0y (02()) © 01(i) ~ 02())

where the last equivalence comes from the < of 3.32 O
Claim 3.34. Let o be a permutation and let P be its n X n permutation matrix.
pPT =p-1

Proof. The claim is that PPT = PTP = I,,,,.

Recall that P(c);; is 1 if 0(i) = j and is 0 otherwise. Since o is a function, every
row vector of P has only one entry that is 1. Since o is bijective, every column
vector of P has only one entry that is 1. No two row vectors can have same the
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same component be 1, because if there were two such row vectors, there would
be a column vector with more than one 1-entry, contradicting that every column
vector has only one l-entry. Similarly, no two column vectors can have the same
component be 1. Hence, every pair of distinct row vectors of P is orthogonal and
every pair of distinct column vectors of P is orthogonal
Let the rows of P be 71,...,7,. (PPT); =7} -7 Zr” = 1, since every row
j=1
vector has only one entry that is 1. For ¢ # j, (PPT),-j =75 - 7; = 0 since row
vectors are orthogonal. Hence, PPT = I.
n
Let the columns of P be é3,...,¢,. (PTP); =¢ -¢ = Y ¢;j = 1, since every
j=1
column vector has only one entry that is 1. For i # j, (PPT);; = ¢ - ¢; = 0, since
column vectors are orthogonal. Hence, PTP = 1I. O

Corollary 3.35. Under the assumptions of 3.29, P(02)AT = ATP(0y) by 3.29
and 3.34

Lemma 3.36. Let I'(V1, Vo, E) be a bipartite graph with adjacency matriz A. Let
o1 be a permutation on Vi and let oo be a permutation on Va. Let o1 and og
constitute a graph automorphism. Then P(o3) commutes with AT A.

Proof.
P(oy) AT AP(0y) = (02)T AT (Ij,5e 1) AP(02)
= P(o2)" AT(P(01)P(01) ") AP(02)
= P(o2)" AT(P(01)P(01)")AP(02)

i)

(P(02)" AT P(01))(P(01)" AP(02))

(P(o2) *ATP(01))(P(o1) AP (03)) = ATA

The last equivalence follows from 3.29 and 3.35. We have P(02) 'ATAP(0y) =
AT A so ATAP(0,) = P(0)AT A. O

Now consider the particular bipartite graph I'(G1, Ge, E) involved in the proof
of Gowers’ Theorem. A is its adjacency matrix, which is a |G|x|G| real matrix,
so AT A is a |G|x|G| real matrix. Let Ay be the second largest eigenvalue of AT A.
Let 01 be a permutation of G1, let 02 be a permutation of G5 and let o1 and o9
constitute a graph automorphism. Let ¢ : g — P(02) be a nontrivial representation
of G, i.e. let ¢ map some g to a P(o2)’ that is not the identity matrix. Let ¢ be
the linear transformation corresponding to this P(o2)’. Using an argument similar
to that in the proof of Proposition 3.27, we will show that my > m.

Remark 3.37. Recall 3.19. Uy, (ATA) = {7 € RIC s.t. ATAT = A7}
Proposition 3.38. my > m

Proof. P(o3)" is not the identity matrix, so 1) does not act as the identity on RIG!.
Suppose we could show that 1) does not act as the identity on Uy, (AT A).

Then P(ag)’|UAZ (ar4) would not be the identity matrix. Hence, <p|UA2(ATA) :
G — P(02)|UA2( aray would be a nontrivial representation of G| so its degree would
be at least the minimum degree of a nontrivial representation of G i.e. m.

By 3.36, each P(02) commutes with AT A, so by 3.20, U,,(AT A) is invariant
under every P(o3), so P(O-Q)‘UAQ(ATA) = GL(UAQ(ATA))a S0 <p|U,\2(ATA) G —
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GL(Uy, (AT A)). The dimension of Uy,(AT A) is the degree of ¢lu,, (aT ), Which
we already showed is at least m. Since AT A is symmetric, mg = dim(Uy,(ATA)),
which is at least m, so mo > m.

It remains to show that ¢ does not act as the identity on Uy, (AT A). The only
way a ¢ that is not the identity transformation can act as the identity on Uy, (AT A)
is if each vector in Uy, (AT A) has identical components, i.e. is a multiple of I. By
2.14, AT AT = \ 1 # Ao, so for ¢ € R, AT A(cl) # Aa(el) so no multiple of T is in
Uy, (AT A), so ¢ cannot act as the identity on Uy, (AT A). O

3.38 finishes the proof of Gowers’ Theorem.
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