STATISTICAL GROUP THEORY

ELAN BECHOR

ABSTRACT. This paper examines two major results concerning the symmetric
group, Sp. The first result, Landau’s theorem, gives an asymptotic formula
for the maximum order of an element in S,, and the second, Dixon’s Theo-
rem, settled an open conjecture concerning the probability that two randomly
selected elements of S,, will generate A, or Sp.

1. INTRODUCTION

The field of statistical group theory was born in the 1960s with the series of
papers by Erdés and Turan that gave a statistical characterization of the symmetric
group (see, for example, [5]). It is an easy exercise in induction to show that, for
example, if and element of S;, is chosen uniformly at random, the length of the
cycle containing 1 is distributed uniformly. On the other hand, the two authors
show that the order of elements in S,, are asymptotically normally distributed. This
paper will give two examples of proofs on the symmetric group: one “classical”,
the other statistical in the style of Erd6s and Turan. Landau’s theorem, proved in
1902, states that the maximum order of an element in S,, is asymptotic to eV 1987,
Dixon’s theorem states that as n goes to infinity, if two elements are selected from
S, uniformly at random, the probability that these two elements generate A, or
S, approaches 1. Both proofs are interesting in that they use both combinatorial
and number-theoretical techniques.

2. A PROOF OF LANDAU’S THEOREM

The order of an element = in a group is defined as the smallest non-negative
integer n such that 2™ = 1. It is not difficult to prove that for an element z in S,
with cycle lengths a1, asg, ..., ag, the order of z is lem (ay,as,...,ax). Landau’s
Theorem, proved in 1902, states that the maximum order of an element in S, is

asymptotic to eV"™1°8"  The proof in this paper follows that of Miller [6].

Definition 2.1. The Landau function G(n) is defined as the maximum order of
an element in S,,. Equivalently,

G(n) = max{lem (a1, ag, ..., ax) : Z a; =n}

Definition 2.2. If m is any natural number greater than 1 and has prime factor-
ization ¢7'q5? ... qg", define S(m) = Zle q;

The following lemma will allow us to relate the sum of the prime factors of a
given number to the Landau function.

Lemma 2.3. Iflem (aq,as,...,a;) =m, S(m) < Zle a;
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Proof. Given m, take aj,as,...,ar with lem (aj,as,...,ar) = m such that > a;
is minimal. Each a; is greater than 1 since if a; = 1 for any ¢, then a; can be
removed to get a smaller sum, contradicting minimality. Moreover, each a; is a
prime power. For if not, we may decompose a; into integers b and ¢ such that
a; = be and ged(a,b) = 1 where neither a nor b are 1. Assuming without loss of
generality ¢ > b > 1, we have that b+ ¢ < b+ ¢(b—1) = be+ (b — ¢) < bc and
hence we can construct a new minimal set, a1, as,...,a;,-1,b,¢,a;41,...,a; with
least common multiple m (since b and ¢ were relatively prime).

Finally, the p;s must be distinct, since only the p; with the largest exponent
contributes to the least common multiple, so any smaller power may be removed
to get a smaller sum, contradicting minimality. After these reductions, then, we
have the lem(p{*, p5%,...,p*) = m, so the set of a; with minimal sum is exactly
the prime factorization of m. This means that S(m) = Zle a; for the minimal

case and hence that in general S(m) < Zle a;. O

Hence we have the following two corollaries, which reduce calculating G(n) to a
purely number theoretic question.

Corollary 2.4. S,, contains an element of order m if and only if S(m) <n

Proof. If S(m) < n, then if m has prime decomposition ¢{*, ..., ¢;", there is an
element of S,, containing one cycle each of lengths ¢;* for ¢ = 1, ..., k with the
remaining points fixed. On the other hand, if there is a partition of n with least
common multiple of m, then by the previous lemma, S(m) < n. O

This gives us the following:

Corollary 2.5. G(n) = S{H%}é m

Definition 2.6. Define P to be the unique prime such that Zp<Pp < n while
> p<pp >nandlet F(n) = H D.
p<P

F(n) represents the order of an obvious candidate for G(n), i.e. the one with
disjoint cycles with lengths corresponding to the first 7(P — 1) primes. The goal is
to prove that log F'(n) ~ log G(n) and then to show that log F(n) ~ y/nlogn.

Lemma 2.7. Let g1 < ... < gs be the primes dividing G(n). Then Y ;_,logq; <
2 +log F(n) + log P

Proof. We note that

qu <S@Gn) <n<d p

p<P

Define ¢, ...,q: to be the primes dividing G(n) that do not exceed P, and py,
.., pr to be the odd primes not dividing G(n) that do not exceed P. Then by
subtracting ¢; + - - - + ¢; from above, we have

S T
Z i §2+Zpi
i=1

i=t+1

By definition, ¢; > P whenever j > ¢, and forall ¢ =1, ..., r, p; < P. We note

that 10% is a decreasing function, so that if a < b, =°—1logb < band a < ﬁ log a.
ga og
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ilo »<2k”ip+ilo :
> _logai <275+ 3 logp

We then add 25:1 log g; to both sides to get the conclusion. O

Thus log ¢; < g; IO%P and p; < @ log p;. Hence we have

Lemma 2.8. Let q be prime. If e > 1 and ¢°|G(n), then ¢¢ < 2P and g < v/2P.

Proof. Denote by @ the smallest prime not dividing G(n). We actually show that
¢° < 2Q. Suppose ¢¢ > 2@Q, and let N be the smallest integer such that Qv > ¢.
Since by definition QV~! < ¢, we have ¢ < QY < ¢Q. Now let m = %G(n). Thus
m > G(n). Because ¢ does not divide @), m has the same prime factorization of
G(n) except that it includes a factor of Qv and the exponent of q is (e — 1) instead
of e. Thus we have the following equation for S(m):

S(m) = S(G(n) + (@Y — ¢° +¢° ).
Note that it is sufficient to prove that (Q~ — ¢°+¢°~!) < 0, since this would imply
S(m) < S(G(n)) < n, while simultaneously m > G(n). This would contradict 2.5.
If g <@, then N =1 and —¢° + ¢°~ ! < —¢°/2 < —(2Q)/2 < —Q, a contradiction.
On the other hand, if ¢ > @, since e > 1, then

QYN — ¢ +¢ < qQ—q(g—1) < qQ —qQ =0,

also a contradiction. Q cannot equal g, of course, since ¢ divides G(n) and @ does
not. ([

Remark 2.9. The lemma is interesting in that it shows the prime factors of G(n)
are bunched up; once one is skipped, the number of primes larger than @ dividing
G(n) is bounded by 7(2Q) — 7(Q).

Theorem 2.10. log F(n) ~ log G(n).

Proof. Split up the factorization of G(n) into primes with exponent 1 and primes
which appear with exponent greater than 1. The latter set contains at most v/2P
primes, for otherwise we would have at least one prime factor greater than /2P
raised to a power of two or greater, contradicting Lemma 2.8. Thus

log F(n) <logG(n) <2 +log F(n) + log P+ V2P log2P.
It thus suffices to prove that log F'(n) > ¢P for some constant c¢. For this it is

sufficient to show that A(z) = 3°  logp ~ z. Abel’s summation formula says
that if a(x) is the indicator function of the primes,

- m(z)

Alz) =Y a(j)logj = m(x) log(x) — (1) log(1) /; ro),
j=1

By the prime number theorem, then, we have that

A 1| Ve @ 1l ve 1 ° 1
Aoy g [P ] ]
T x| Ja x N z |Jy logx vz logx
The theorem is proved with simple bounds on the last term above. O

Theorem 2.11. Z p~n.
p<y/mlogn
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Proof. We will need a statement equivalent to the proof of the Prime Number The-
orem (whose equivalence we will not prove but can be found in [6]). In particular,

if we define
A(@) =) p<ap,

1:2

then we have

Ax) ~ .
(z) 2logx
The proof is immediate when one substitutes y/nlogn for x. O
Corollary 2.12. G(n) ~ eVnlosn,

Proof. By Theorem 2.11, we have that log F'(n) ~ v/nlogn. Hence F(n) ~ eVnlosn,
By Theorem 2.10, G(n) ~ eVmlosn, O

3. DiXoN’s THEOREM

We will now prove Dixon’s theorem, which settled affirmatively a 70-year-old
conjecture that as n tends to infinity, the probability that randomly selected pairs
of elements of S,, generate either A,, or S, tends to 1. The theorem employs some
algebraic machinery, combinatorial analysis, and some of the results of Erdés and
Turan. We begin with some standard definitions about group actions that will help
classify the subgroups of 5,, that candidate pairs will generate.

Definition 3.1. The orbit of an element a € A under the action of a group G is
the set {a9 : g € G}.

Definition 3.2. A subset of S C {1,2,...,n} is called a block if for any element
geG,SINS=0.

Definition 3.3. A subgroup G < S, is called transitive if it has one orbit.

Definition 3.4. A subgroup G < S, is called primitive if it is transitive and has
no non-trivial blocks, where singletons and the whole set are considered trivial.

Definition 3.5. t,, and p, are defined as the proportion of the (n!)? pairs of
elements in S,, that generate a transitive group and primitive group, respectively.

The idea of the proof is to show that p,, is nearly 1, while at the same time using
primitivity as part of a sufficient condition for generating A,, and S,,.

n —1
Lemma 3.6. We have the recursive formula n = Z (n) it;
i
i=1
Proof. Choose any partition of {1,2,...,n}, say, A1, Aa, ..., Ax. Then the number
of pairs of elements (z,y) that have exactly Ay, As, ..., Ay as fixed blocks in the
subgroup (x,y) is

n
H(ki!)thi
i=1
where k; = |4;]. We next observe that the number of partitions of {1, 2, ... , n}
that have j; parts of size i is
n "’L'
Uj1,d2sesin = H W

i=1
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This, of course, comes from the multinomial coefficient with k; indices of i, further
divided by H?Zl ji! because subsets of the same size are not distinguished. Thus

by summing over all n-tuples (j1, j2,...,j,) such that > . ij; = n, we arrive at
the identity:
n
2 N2, i
=D Vs [ [0
i=1

Substituting for v;, j,,... j, we get

=1

Next, we multiply each side by X™ and formally sum over all nonnegative integers
n, giving the following formal identities:

gnm—z [ZH (i) ] O ) L (i_og'm)

=0 5=0

The second equality can be justified as follows: the series on the right will contribute
1 to the coefficient of X™ if and only if it is the product of coefficients whose power
terms where the ns are the k;s. We recall that (ef(®)) = f/(z)ef®), and hence we

have: - - -
D nlnxnTh = Tt XY T RIXE
n=0 =1 k=0

Thus by taking the formal product of the two series on the right and equating the
(n — 1)st coefficients, we get
n —1
n .
n= ( ) it;
; i
=1

K2

as desired. d
Lemma 3.7. We have the relation t, =1 — 1 + O(n=?)

Proof. Define r, = n(1—t,) and ¢, = .77} (@)_li. Then

=1
n n -1 n n —11 n n —1
rnzn(l—tn)zz<i) Z—Z(J i(l—ti):cn—Z(Z) 7
i=1 i=1 =1
Since (7) = (,",), we may write ¢, = Z?;ll (?)_11' = nZZ:ll (7;)_1. Since also

(3) < (%), c<n—3and (3) = O(n?), we have the following upper bound:

Cn < nn;l (’;)1 =0(n?)

Since r; > 0, r, < ¢, by definition. Hence
th=1-"">1_%
n n

which goes to 1 as n goes to infinity. (Il

Definition 3.8. An imprimitive group is a transitive group which is not primitive.
The proportion of pairs of elements in S,, which generate an imprimitive group is
denoted by i,,.
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Proposition 3.9. There are at most (m!)%*t,,(d")*™ pairs (z,y) € S, x S, that
generate an imprimitive group with m blocks.

Proof. As in the first part of the proof, there are exactly (m!)?t,, pairs of elements
which generate a group that has m blocks of equal size of d. Each element x and y
acts transitively on these blocks, so the action of z or y on a single block determines
the action of z or y on the whole set. This gives at most (d!)?>™ possible choices
(with each factor d! coming from the internal variation within each block). O

Lemma 3.10. The proportion of pairs of (x,y) that generate an imprimitive group
i Sy, is at most n2~ 4

Proof. There are ﬁ*"ﬁn' ways to partition {1,2,...,n} into m blocks of size d. Each

imprimitive group has some block structure, even if it is not unique, so summing
n!(m!)2t,, (d)2™

(dmml pairs of

over each pair m, d such that md = n, we have at most
generators, and hence we have:

) m!)%t,, (d!)*m m!(d)™
i< ) (n&dwinl < ;R
md=n md=n

We need the identity

v (id\ i zd d ldli m!(d!)m
() 11

=1

We also note that
ud—muu_ifd—j

(id)! L id— 5

Since each —~ d < 1 , this product is bounded above by

<Hl_<d D = ()= @D,

n

Since we require m > 2 and d > 2, we have m! > 2% and —(d — 1) < 4. Hence
midh” < (2%)"% =2~

p 1. So we arrive at:

in< Y 27T <n27% =0(n7?),

md=n

O

We have shown that almost all pairs of elements generate a primitive group.
This is very useful when combined with Jordan’s Theorem, which gives a sufficient
condition for a subgroup to generate A,, or S,.

Theorem 3.11. (Jordan, 1893). A primitive subgroup of Sy, is equal to either A,
or S, whenever it contains at least one permutation which is a q-cycle for some
prime q < n — 3.

Proof. Throughout the proof we will make use of a few lemmas whose proofs are
elementary and can be found in [7]. To begin, we must give a multidimensional
analogue to transitivity:

Definition 3.12. A subgroup G < S, is called k-fold transitive if for every pair of
ordered k-tuples S and B, there exists g € G such that S9 = B



STATISTICAL GROUP THEORY 7

Suppose that some element g € G is a g-cycle; without loss of generality g =
(123...q). Throughout the proof we use the following notation: Q = {1,2,...,n},
r=1{1,2,...,q}, and A = {g+1,...,n}, where of course |A| > 3 by hypothesis.
For any set A, we also denote the pointwise stabiliser of A by G4. Observe that
(9), having order q, is a Sylow subgroup of G, which has order dividing ¢!. It is
not hard to see that G is primitive on I'. Thus we can apply the following lemma
from [7]:

Lemma 3.13. If G is primitive on {1,2,...,n} and Ga is primitive on T, where
1 < || =m < mn, then G is (n —m + 1)-fold transitive and primitive on 2.

We next use the following lemma, which can also be found in [7]:

Lemma 3.14. Let G be k-fold transitive on Q, and a subgroup U < Gr be a
subgroup such that for any V' such that U is conjugate to V in G, U is conjugate to
V in Gr. Then the normalizer N = N (U) is k-fold transitive on the set of points
left fized by U.

Since (g) is a Sylow subgroup, it satisfies the hypotheses of the lemma and hence
the normalizer N of (g) is k-fold transitive on Ga. If G° denotes the action of G
on the subset S, then this amounts to N® = S?, since k-fold transitivity on a set
of cardinality k generates the entire S®. The following stronger fact is also true:

Lemma 3.15. Ifa €', N& = 54,

Proof. By the work above, N& = S2, so for any k-tuple 7 € S?, there exists
o € N2 such that 0 = 7 on A. But if we take the composition g°c for some
appropriate exponent ¢, then g°o(a) = «, where still g°c = 7 on A, since g¢ leaves
these points fixed. O

The next fact about NL will give us a complete characterization of the commu-
tator subgroup of N:

Lemma 3.16. N! is abelian.

Proof.

N ={o€ S, :0(a)=a,0|a=ido(g)o"" = (g)}
In particular, the first and third condition give exactly one o € S, for each
g € {g) such that o (g)c=! = (g). This is because for each g° € (g), we require
(c(D)o(c)o(2c+1)...ac(a+c)...) € a{g)o~t. Since the elements in the cycle
must be equally spaced, together these uniquely determine some element in S,,. NI
is isomorphic to some subgroup of the automorphisms of (g); in other words,

NT =T < Aut((g)).
Since Aut((g)) is abelian, the result follows. O
We just need one more well-known fact [3], namely that

Lemma 3.17. Any primitive group G containing a 3-cycle is the alternating group
or the symmetric group.

Proof. Denote by A the largest subset of  such that Alt(A) < G, where Alt(A)
denotes the subgroup of Ag which leaves points outside of A fixed. Such a set is
non-empty since G contains a 3-cycle. For the sake of contradiction, assume A # Q.
A is not a block, so for some g € G, ANAY # () or A. Suppose this intersection
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consists of at most one point for each g. Call this point a and let the original 3-cycle
be (abc). We note that since g Alt(A)g~1 = Alt(A9) < G, some other 3-cycle (ade)
is in G as well. It’s easily checked that

(abc) (ade) (abe) ™" (ade) ™" = (abd) .

Now suppose that the intersection A N A9 consists of two points or more points,
including a and b, for some g € G, choose d € A9 — A. We know there is such
a point since G is primitive. Since Alt(A?) < G, G contains the 3-cycle (abd).
Now suppose Alt(®) = AU {d}. We wish to show Alt(®) < G, which will give
the desired contradiction. To do this, note that we only need to show that for all
elements o € Alt(®) such that o(d) # d, we have o € G. Of course, if without loss
of generality a = o(d) # d but o € Alt(®), then o(d) € A. But then we have some
7 € Alt(A) such that 7(o(d)) = b, so # = 7o € Alt(A). However, then we have
both (abd) 7o and (abd) 7 in G since the former fixes d. Then clearly 0 € G. O

Note that the commutator of a direct product follows a rather nice rule:
[Na, No] = [NS, N2 x [NS,NE] = [52,8%] = A%

Thus G contains a 3-cycle, since a subgroup of a subgroup of G contains a 3-cycle,
and we apply Lemma 3.17. This completes the proof of Jordan’s theorem. ([l

Definition 3.18. For a prime g satisfying (logn)? < ¢ < n—3, define T, = U{U €

q
Sp|o contains a g-cycle and its other cycle lengths are relatively prime to ¢}.

Corollary 3.19. Suppose there is some z € T,, with order h, where h is divisible by

q. Since ord(z%) = = q, then any primitive group G containing z generates

h
ged(¢,h)
A, or S, by Jordan’s theorem.

We shall prove that the proportion of T, in S,, is at least 1 — m to prove
Dixon’s theorem. Three more lemmas will finish the proof. The first is an asymp-
totic estimate for Zp 11) that I wrote. Two come from Erdés’ and Turdn’s seminal

paper from 1967 [5].

Lemma 3.20. For primep <mn, Y. % ~ loglogn.

p

Proof. We write Zp% =Y cpenalz)l, where a(n) is the indicator function of
the primes. Now, Y1 a(i) = w(n), so by Abel’s summation formula,

Ll [
> - <>x+/2 2,

P
The estimate m(x) ~ i of the Prime Number Theorem proves the lemma.

([l
Lemma 3.21. Let 1 < a1 < ags < --- < a, < n. Then the proportion d, of
elements in S,, without any cycles of length a1, as, ..., a, is at most (3_+, %)’1.

Lemma 3.22. The proportion of elements in Sn_q with order relatively prime to
q is bounded below by ¢~ e for sufficiently large n.
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Proof. 1t is clear that if we take the product over all positive integers such that p
does not divide v and for any |z] < 1,

0% (5) =Tl (3)

the nth coefficient gives the number of ways to sum to n using no multiple of p.
But in taking this product, we are merely excluding multiples of p, so

zv > Y 2, 2PV
Hexp(;) = eXP(Z P Z p7)~
v v=0 v=0

But using the facts that —log(1l — 2) = 3250 2~ and ,w =30, A, we
simplify this to

1—2P)b Pl R _p=1
S e SR SRy

Using the representation (1 — ,21’)_])771 =1+> 2 2T, (1— é), we actually
get the exact formula,

where m = L%J . It is not difficult to show that, since ¢ > (logn)?,

gl — 1 logn — logq logn 1
[T~ exp(— 2080 > ep(— 282 > exp(———)
el q q logn

We now have all the tools to prove Dixon’s celebrated result.

Theorem 3.23. (Dizon, 1969.) The proportion of pairs of elements in S, which

generate either A, or S, is at least 1 — Toglogn)” *

Proof. Let u, be the proportion of elements in S,, which lie in 7;,. Combining
the previous two lemmas, we see that for ¢ prime, (logn)? < ¢ < n — 3, and n
sufficiently large,

1

un > (1= (3 ) e

PR

By the estimate on the sum of prime reciprocals, for sufficiently large n

1 4
Z — ~loglog(n — 3) — loglog(logn)? > E log logn.
q
q
In the previous part of the proof, we showed that the proportion of elements which
generate a primitive group, p, > 1 — % for large enough n. Thus the proportion of
pairs of elements which generate A,, or S, is at least

2 16 2
B P ¢ [t P R [ —
P = (1=un)” 2 ( n> 9(loglogn)? — (loglogn)?
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Remark 3.24. Since publishing his paper in 1969, Dixon has sharpened his result
with respect to the rate at which the probability approaches one. In fact, he finds
an asymptotic formula [4]:

This result is an improvement on Babai’s 1989 theorem [1] which also gave a linear
error term. Both of these papers use the classification of finite simple groups.
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