THREE THEOREMS IN KNOT THEORY

ELEANOR BRUSH

ABSTRACT. In this paper, I will explore connections between the braid group
and both free groups and fundamental groups. It is my goal to summarize
and simplify the proofs of two important theorems about braid groups, as well
as stating a third. Along the way, I hope to clarify the proofs by producing
simple lemmas and exercises, as well as supplying examples of the material in
the theorems.
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1. INTRODUCTION

Definition 1.1. A braid on n-strings is a three dimensional object between two
xy-planes in R? given by the following information:
(1) n points on a plane z = a, Py,..., P, so that if i < j, the z—coordinate of
P; is less than that of P;
(2) n points on a plane z = b where b < a, Q1,...,Q, so that if i < j, the
x—coordinate of @); is less than that of @);.
(3) For each i there is a path joining P; to Q;, where p is a permutation of

{1,...,n} so that as one travels along this path, the z—coordinate strictly
decreases. We say that the i—th string of the braid ends up at or goes to
Qiu-

(4) No two of these paths intersect.

We can look at projections of braids onto the zz-plane. If at some point, two of
the paths have the same z-coordinate, the path with the greater y—coordinate at
that point is said to go over the other. See Figures 1 and 2 for examples.

We denote a braid as ¢. The simplest braids on n strings we will call o; for
1 <i<n—1. The j — th string of o; goes from P; to @), for j # i,i+ 1. Further,
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FI1GURE 3. On the left is ; and on the right ai_l.

in o;, the path from P; ends up at ;31 and the path from P;y; ends up at Q;
with the path from P; going over the other. In, o, 1 the paths go to the same
places, but the path from P;;; goes over the other. Every braid on n-strings is a
composition of al-ﬂ for 1 <i<n—1. See Figure 3.

We can think of braids as continuous paths. Take a braid ¢ on n strings. For
each 1 < i < n, there is a continuous map b; : [0,1] — R3 so that b;(0) = P; and
b;(1) = Qiu. No two paths intersect. These n paths or strings represent the braid.

Definition 1.2. Two braids are string isotopic if there is a continuous deformation
from one braid into the other such that at each point in the deformation the 4
conditions are satisfied. By pulling strings to the left and right without breaking
any and then straightening and pulling tight, it is sometimes easy to see that two
braids are string isotopic. See Figure 5 to see that the two rightmost braids are
string isotopic.
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FI1GURE 4. The product of two braids through concatenation.
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FIGURE 5. An example of two braids that are inverses of each other.

If two braids are string isotopic, we can find continuous maps to represent the
deformation that changes one braid into another. Let o and o’ be two string isotopic
braids in B,,. For each 1 <4 < n there is a continuous map ¢; : [0,1] x [0,1] — R3
so that ¢;(z,0) = b;(x), and ¢;(z,1) = b;(z)

Definition 1.3. The braids on n-strings form a group, B,,. The equivalence re-
lation is string isotopy. The operation is concatenation, given as follows. Every
braid o defined by planes z = a,z = b is string isotopic to one defined by planes
z=a',z ="V where b/ < a'. Let the braid ¢ be defined by planes z = a,z = b and
points {P;},{Q;}. Let ¢’ be defined by planes z = d, z = e and points {S;}, {R;}.
To make the product oo’ we shift ¢’ to the planes z = b,z = ¢ as allowed and
associate the point S; with the point Q; for each 1 < ¢ < n. Now oo’ is defined by
planes z = a and z = ¢ and the points {P;},{R;}. See Figure 4.

Is B, really a group? It is clear that concatenating two braids in this manner
gives another braid, so that B,, is closed under this operation. It is also clear that
the operation obeys associativity since we are essentially gluing braids together end
to end. The identity braid is the braid of n straight lines. Since every braid is a
finite composition of ¢;, we can just undo each ¢; one at a time to unwrap the braid
and get the identity braid, showing that every braid does in fact have an inverse.
See Figure 5. These observations show us that B,, is in fact a group.

Consider 0;0; € B,,. If |i — j| > 2, 0,0, is string isotopic to o;0;. This is because
the braids o; and o; under such conditions do not affect each other or work with
the same strings so we can slide them up and down with out changing the braid.



4 ELEANOR BRUSH

13
\
3 //

a

FIGURE 6

N

Thus, in B, we write 0;0; = 0;0;. Further, we can see that
0704103 = 0410041

The string isotopy between the two braids is shown in Figure 6. The isotopy is
provided by sliding string 3 up and down behind the other two strings. We have
already noted that every braid in B, is a finite composition of o1,..., 0, so that
those n braids generate the braid group. These equalities, 0,0; = o0, if |[i — j| > 2
and 0;0;410; = 0,410;0;+1, now provide relations for the group. We will see later
that these generators and relations suffice to describe the braid group.

Definition 1.4. A knot is a subset of points in R homeomorphic to a circle.

Definition 1.5. A link is a disjoint union of finitely many knots. Each of these
knots is a component of the link. Thus a knot is a link with one component.

Notation 1.6. Throughout the paper, I will use F}, to denote the free group on n
elements, z1,...,x, where n is a fixed integer. So that

F,=<x1,...,2,;,— >

Notation 1.7. TI(X, z) denotes the fundamental group of the space X based at
the point z. If it is clear in context, I may omit the = and simply write II(X).

Notation 1.8. Cx(Y') denotes the complement of ¥ in X.

2. THEOREMS I NEED
I will use the following theorems without proof.

Theorem 2.1. Suppose that f : X — Y is a continuous mapping of topological
spaces and xg € X. Then f gives rise in a natural way to group homomorphism

S TH(X, 20) — TI(Y, f(0))

which is defined by fr1(¢) = fol for all loops € in X at xy. If f is a homeomorphism,
then fr is an isomorphism.

Theorem 2.2. Let (xg,yo) denote a point in the topological product X x'Y of the
topological spaces X and Y. Let

II(X, o) x II(Y, yo)
denote the direct product of the fundamental groups. Then
H(X X Y7 (.%‘Q,y())) = H(X, 370) X H(Y, yo)
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Theorem 2.3. Theorem of Seifert and Van Kampen: Let O1 and Oy be pathwise
connected open subspaces of a topological space X such that

X =01UO0,
and
O=0:N0y

so that O is pathwise connected, nonempty, and xo € O. Then
(X, xo) & H(Ol’xo)(fl)n H(a m)(fz)n I1(O3, 7o)

where f1 and fo are the natural injections of O into O1 and Oy respectively.

3. ARTIN REPRESENTATION THEOREM

Lemma 3.1. The fundamental group of R? with n distinct points removed is iso-
morphic to the free group on n elements, F,,.

Proof. (Sketch.) By induction on n. Let R2 denote R? with n distinct points
removed. We know that II(RZ) =< e >= Fy and that TI(R?) 2 Z = F}.
Assumption: R2 = F),

Induction: Let n + 1 points in R? be given and remove them from the plane. We
know that in R? we can draw a line separating one point z; from the rest. This line
divides R? into two half-planes. Let the half-plane with the hole left by z; be P;.
Construct P so that Cge2(P;) C P and the intersection of P; and P is nonempty,
pathwise connected, and has no holes. The idea would be that P is the half-plane
complement of P; shifted a little bit so that F; and P overlap but so that x; is not
in the intersection for any 1 < j7 < n+ 1. See Figure 7 to get the picture. Now, let

O,=P, O,=PO=P NP
so that R? 41 = 01 UO,. All three regions are pathwise connected. Taking z € O,
they satisfy the conditions for Van Kampen’s Theorem. We already know that
I1(Oy) = F; and by assumption II(Os) = F},. Since O is an open subset of R? with
no holes, II(O) =< e >. Then the homomorphisms from O into each half-plane
send e to e, the identity loop, so that in the amalgamated free product no new
relations are created. This gives us that

M(R2,,) 2 F,« Fy = F



6 ELEANOR BRUSH
(]

Theorem 3.2. B, is isomorphic to the subgroup of right automorphisms 3 of F,
which satisfy the conditions

(1) (x129...2,)0 = 2122 ... Ty

(2) z;0 = Aiwa;l for1<i<n
where p is a permutation of 1,2,...,n and every A; belongs to (i.e. is a word in)
FE,,. If the braid o goes to the automorphism 3, u is defined by the fact that i—th
string of sigma goes from P; to Qi for all i. The braid o; will be mapped to the
automorphism B of F,, where

-1
i = TiTip17;
Tit10 = T4
;0 =x; ifj#i,i+1

Proof. A braid o € B, is defined by two planes, z = a and z = b with points
P,...,P, and Q,...,Q, respectively. We take a point P in the plane z = a
whose x-coordinate is less than x-coordinates of P; and Q; for all 1 < ¢ < n. Take
the point @ in the plane z = b whose x and y coordinates are equal to the x and y
coordinates of P.

Remove the strings of o from R3. Let p denote the plane z = a with the points
Py,..., P, removed. Similarly, let q denote the plane z = b with the points
Q1,...,Qn removed. Counsider II(p; P) and II(q; Q). Let x; be a clockwise loop
based at P around the hole left by P; in the plane p (or based at @ around Q; in
q.) (Clockwise is from the perspective of a point in R? where z > a.)

By Lemma 3.1, we know that
(p; P) = 1(q; Q) = Fpy =< @1,..., 205 — >

where x; is a generator of the free group and in our case a clockwise loop around the
hole left by P; or @Q; as stated. This relationship shows us that automorphisms of
F,, are equivalent to isomorphisms between II(p; P) and II(g; Q). Thus, we will talk
about isomorphisms between the fundamental groups instead of automorphisms of
F,.

We want an isomorphism between B,, and the group of automorphisms on F,, (read:
isomorphisms between the two fundamental groups). We will first define this iso-
morphism ®. We will write & for ®(c). Let o € B,. Given a loop ¢ € I(p; P),
(¢) € (q; Q) is the loop obtained by pushing ¢ down the gaps in R? left by the
strings of o.

Our first goal is to show that 7 is in fact an automorphism of F), (read: isomorphism

between the two fundamental groups).

(1) Single-valued: If ¢; and ¢ are loops in p at P which are homotopic relative
to P, there is a homotopy

h:[0,1] x [0,1] — R?
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where
h(zx,0) = 41 (x)
h(l’, 1) = 52(‘%)
h(0,t) = p = h(1,t)

And 7 can be thought of as a continuous map from a loop in II(p; P) to a
loop in I1(g; Q). Now define a new map A’ : [0,1] x [0, 1] — R? that is going
to send 417 to £50.

o Yz,3t) , for0<t<1/3
B (z,t) =< h(z,3t—1) , for1/3<t<2/3
o(r,3t—1) , for2/3<t<1

where 7! is the inverse or pushing up process. From this we see
B (z,0) =5 (z,0) = l1o(x)
B (x,1/3) = 0155 ' (x) = £1(x)
h'(z,2/3) = la(x)
B (z,1) = b5 (z)

So k' is a homotopy from #17 to £55.
We conclude that if ¢; ~ ¢y € TI(P; P) then ¢17 ~ {55 € TI(q; Q). Since
the equivalence relation in fundamental groups is homotopy, we know that
7 is single-valued.
Injectivity: Further, given two homotopic loops in II(g; @), we can find a
homotopy between the loops we get after pushing the loops up the braid in
an exactly analogous way, implying that & is also injective.
Surjectivity: Since & has the pushing up inverse process, given any loop
in II(¢; Q) we can find a corresponding loop in II(p; P), implying that 7 is
surjective.
Homomorphism: Let ¢1,¢5 € II(p; P). It is clear that the product of £,
and /57 is the same as the loop obtained by pushing down the product of
41 and EQ.

= 615 o 625 = (61 (¢} EQ)E
so that & is a homomorphism.
As previously noted, the two fundamental groups we are looking at are
isomorphic to F,, and & is a map from one fundamental group to the other.

Finally, we see that & is a single-valued, bijective homomorphism from F,, to Fj,.
We now know that ® does in fact send braids to automorphisms.

o : B, — Aut(F,)

Now to show that ® is an isomorphism.

(1)

Single-valued: Let o and ¢’ be two string isotopic braids in B,,. Then for
each 1 <4 < n there is a map ¢; : [0,1] x [0,1] — R3 that brings o to o’
Let ¢ € I(p; P). Consider {7, l0’ € 1I(g; Q). The string isotopy maps c;
give a natural homotopy from ¢z to fo’. So

o~0c' =5~ Lo’ VYl eIl(p; P)
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FicURE 8. Here we can see that xjx, is homotopic to a loop
around both of them. This can be extended to z7 ... xy,.

Injectivity and Surjectivity: Given by Lemma 3.3

Homomorphism: Let 01,00 € B,. Take any ¢ € II(p; P). It is clear
that the loop obtained by pushing ¢ down oi09 is the same as the loop
obtained by pushing ¢ down o7 and then again down oy. So for any ¢,
l(o1 0 09) = €T7 0 {53 and thus 1003 = 71 002

= ®(0y 003) = P(01)P(02)

so that ® is a homomorphism.

We see that ® is a single-valued, bijective homomorphism and thus an isomorphism.

From the statement of theorem, we want that B,, is isomorphic to the subgroup of
Aut(F,) satisfying (1) and (2). We now need to show that the automorphisms in
the set {®(0) | 0 € B,} C Aut(F,) do in fact satisfy these conditions.

(1)

€r10; .

21 ...z, € I(p; P) is the product of loops going once around each of the
points Py, ..., P, in the clockwise direction. These n loops are homotopic to
one big loop circling all n points once in the clockwise direction. In Figure
8 we can see the homotopy between loops going once around two points
and one loop around both of them. This is then clearly extended to loops
around n points. If we push this big loop down any braid o, we still end up
with one big loop around all n points because the loop will always encircle
the whole braid. In other words, if we take z; ...z, € II(p; P) and let o
be any braid in B,,, then (z; ...x,)7 is the same as z1 ...z, € II(¢; Q). So
we see that

(X1...2p)T =21 ...2,
for any o € B,,.
Since ® is a homomorphism and B,, is generated by {o;,1 <i <n —1} it
suffices to consider the automorphisms created by each o;. It’s easy to see
that pushing down a loop around the j-th hole is not affected by the braid
o; if j # 4,7 4+ 1 because the j-th string isn’t affected by such a braid. It
makes sense that if we push a loop around P;;; down o; it becomes a loop
around P;, thus x;. However, it is not immediately clear why x;5; # x;41.
If l‘H_lOT =X then
(X1 ... )07 =21 ... 2p by (1)
L0410 - X0 = T1...2TTi41 ... Ly sSince 0; is a homomorphism
T1...Ti0%i... Ty =T1...T;Ti4+]1...T, Dy above
0% = TiTiq1

— -1
XTi0; = TiTi41T;
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FIGURE 9. On the left is x;, where the base point has been changed
from P to P’. When this loop is pushed down o;, we get the loop
on the right.

We can also see this topologically. Since R? with the points P,..., P,
removed is path connected, it does not really matter where we choose the
base point of our fundamental group. For present purposes, we move the
base point from P to a point P’ whose z coordinate is between that of
P;_1 and that of P;, whose y coordinate is less than the y coordinate of all
P; and whose z coordinate is a. Pictorially, this is a point in the plane p
between P;_; and P; and below them. Then the loop z; still goes clockwise
around P;, but it now goes in front of or to the left of P; before it loops the
point. When we push this loop down ¢;, the resulting loop goes clockwise
around ;+1, and still goes in front of @;. This is illustrated in Figure
9. The loop z;+1 loops clockwise around @Q;41, but it should not go in
front of @;. To make up for this, first we loop @;, then @;4+1, and then
undo the loop @, resulting in z;z; 112, ! as found above. This is actually
arbitrary. We could decide to make z;6; = x;11, but then by analogous
logic, z;410; = Jc;rllxixiﬂ. So for our purposes, we will choose

x; , if A+ 1
xjo; = xixiﬂx;l , ifj=i
T; , ifj=i+1

So we find that if we want to have that z;06 = Aiwai_l, forall 1 <14 <n,
where A; € F,, and p is some permutation, as stated in the theorem,

i, ifjAii+1
jp=< i+1 , ifj=i
i, ifj=i+1

where we can see that ju denotes where the j-th string ends up in o;. It will
be important to remember later that this permutation p associated with
the homomorphism & and thus with o is exactly the physical permutation
that tells where each of the strings of the braid goes to. And

e , if j#14,i+ 1, where e is the empty word
Ai={ z , ifj=i
e , ifj=i+1
Let B = {8 € Aut(F,) | § satisfies (1),(2)}. I would like to verify that B is a
subgroup of Aut(F),). Let e be the identity automorphism. Clearly,

(1) (x1...2p)e=21...2y
(2) x;e =x; sothat iy =i and A; =eforalll <i<n

Let 81,082 € B. Then
(1) (Cﬂl e l’n)ﬁ152 = (iﬂl . l'n)ﬁQ =T1...Tp
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(2) iB1fe = (Aiy @iy, A )B2 = Ay Boipy iy (Aiy f2) " s0 that ip = ipips and
A; = A;,,0B2. It might happen that cancellation occurs either between
Aju, B2 or its inverse and x;,,,,. If this happens, either x;}lw is the last

letter of A;,, B2 or the first letter of (A;,, 32)~'. But then z;,,,, would be

the first letter of (A4;,,B2)~" or the last letter of A;,, B> respectively. So

that x;,, ,, is still the center letter of the word ;5 5.

So B is closed under composition. It is not hard to see that if 3 € B, f~! is as
well. So B is a subgroup of Aut(F,). Since B is closed under composition, and any
o € B, is a finite composition of ¢;, then the automorphisms associated with any
braid ¢ will also be in B, or will satisfy (1) and (2).

There is one last note about the permutation pu. We saw above that for @, iy
does have the physical significance desired, i.e. that the permutation that comes
with the automorphism &; is the same permutation that denotes where each of the
strings of ¢; ends up. Since the &; maps are homomorphisms, when we compose
two we can say that

257107 = 2407 005 = (A, Tk, Ay )57 = (k)T kg, (A5)77) ™
We know that ku; denotes where the k-th string of o; ends up and that kpu,pu;
denotes where the ku;-th string of o; ends up. So that kp;u; must denote where
the k-th string of 0;0; ends up. Then we can continue this a finite number of times
to show that the permutation p associated with the automorphism of any braid o
is the permutation that denotes where the strings of the braid go. In so doing, we
use that any braid o € B,, is a finite composition of o;.

The theorem states that B, is isomorphic to the subgroup of Aut(F,) of auto-
morphisms satisfying (1) and (2). The homomorphism is ®, which sends a braid o
to the pushing-down map @ which is an automorphism of F,, because of the rela-
tionship between the fundamental groups of the planes with n points removed and
F,. We saw that o; does act on x; as specified for all 1 < j < n. We also saw that
the permutation g in condition (2) has the physical significance we desired. The
only thing that remains left to be shown is that ® is injective and surjective, and
thus an isomorphism. For this we have the following lemma. d

Before we move on, some calculations are in order. We need to know how &; and

o, ! = o~ act on all possible loops. By using the fact that &; is a homomorphism
we can deduce the following computations. (x = £1)

R S EE AR

T;0; = xixfﬂxfl , ifj=1
xt L ifj=i+1
T , ifj#Edi+1
wior = T , ifj=i
T T T, i j=it1

Lemma 3.3. Suppose that (3 is an endomorphism of F,, satisfying (1) and (2) from
the previous theorem. Then there exists an n-braid By such that By = 5. From this
it follows that B is an automorphism of F,, since ® maps braids to automorphisms
of F,,. It also follows that since every such automorphism can be found by ®(o) for
some o that ® is bijective.
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Proof. If 8 satisfies (2), for each 1 < i < n, ;8 = Aiwai_l where A; € F,. So
we can assign a number value to 8 depending on the length of these A;’s. (The
length of an element of the free group F;, is the number of elements concatenated
or multiplied to achieve it. Let this be denoted ¢(A) if A € F,,.) Let

0B) =D 0A)
i=1
We will proceed by induction on this integer £(3).

Base case: If £(8) =0 A; is the empty word for every 1 <4 < n. So that
Tip oo Ly oe e npy = L1+ L. Ty

since 3 must satisfy (1). But then p must be the identity permutation since the
free group is not commutative. So we deduce that § is the identity endomorphism.
Then let Gy be the identity braid of n strings.

Assumption: If £(3) < m for some integer m then we can find a braid fy such
that 60 = ﬂ

Induction: Take @ such that £(3) = m. Then since § satisfies (1) and (2) we
see that

AlmluAl_l . AnngAgl =(@1...2p)8=21...2,
and more directly that
AlxmAfl .. Anxn#Agl =21...2Zn

The two sides must have equal length. Since the right hand side has length n, so

must the left. Then some elements must cancel so that we can be left with n letters

in F,,. The cancellation will occur at some lowest i. This can happen in one of two
ways:

(1) AixiuAi_l'AiJ,-lx(i-{-l)pA;_ll = Ai'Bi+1“T(i+1)uAi_-|-11 where Bi+1 = ZL'ilLAi_lAi+1

so that A;41 = AialeiH. Then

in
O(Aipr) = 0(A;) + 14 4(Biy)
In this case, we compose the endomorphism &; with 5 where 7; is as defined
in the preceding theorem. This only affects x; and x;11. So
2;0:3 = (w12 1)
= 2;Bv,4187; ' B
= A AT Avniz A - A A7

= AiBi+1x(i+1)uBi__|_11Ai_l

and
21030 = i = Agxi A7
Consider
zif = ijjMA{.—l . i A+ 1
208 = AiBiy1zapn,Boa Ayt ifj=i

Ay A L ifj=i4+1
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Then
j—1
U@iB) =Y Aj+U(A:Biy1) + (A Z A;

Jj=1 J=i+2
1—1
<Y A U(Ai) + LA Z A;
Jj=1 Jj=14+2

)

Since £(a3) is less than £(3) = m, we know that we can find a braid (7;5)o
such that (7;8)¢ = ;8. Then define §y to be o; *(3)o. Then

E:U; (Fiﬁ)O:Uil (Uzﬁ)O—U OO—ZOB 6
in which we use that the map ® is a homomorphism. So that 3y is the
desired braid.
Or AiﬂjiﬂA_l AH‘lx(H‘l)qu_-i-ll A; I“L'BlﬂAi__’_ll where Bi = A;1A1+193(i+1)u
so that A; ! = B, x(z+1)uA7+1 Then

0(A;) = U(Aip1) + 1+ 4(B;)

In this case, we compose the endomorphisms o, Land 3. Again, this only
affects x; and z;41. So

-1 1
rio; B=wi118=Air1zi1) A
and
N |
Tip10; B = (T iTi41)B
-1
= xi+1ﬂxzﬂxi+lﬂ
1 —
= A @A - A AT Az A
-1 _
= Ai+lB7; IZMB A

z+1
Consider
L z;3 = AxmA_ , ifj#d,14+1
x]Ui_lﬁ = Az+1x(z+1)qu+1 y lf] =1
Aiv1B; :vWB A;r1 , ifj=i+1
Then
1—1 n
Loy B) =D Aj+ 0(Ai) + LA BT ) + Y A;
Jj=1 Jj=i+2
i—1 n
<Y AU A) LA+ DA
j=1 j=i+2
={(B)

Since E(?ﬁ) is less than £(8) = m, we know that we can find a braid

(?ﬂ)o such that (U;lﬂ)o = Fﬂ. Then define 3y to be ai(?ﬁ)o.
Then
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so that (y is the desired braid.

If no cancellation occurs, then A; is the empty word for all 4, but then ( is the
identity endomorphism, in which case ¢(3) would be 0 not m. So given any en-
domorphism satisfying (1) and (2) we can find a braid Sy such that ®(5y) = .
This shows that ® is surjective. Further, we know that ® is invertible, and thus
injective. And we finally conclude that ® is the desired isomorphism. ([

4. PRESENTATION THEOREM

Previously, I noted a couple of relations that hold in the braid group. I also
noted that the braid group is generated by o; for 1 < i < n — 1. The following
theorem asserts that these generators and relations constitute the presentation of
the braid group. I will not prove it here.

Theorem 4.1. The group B,, has defining relations o,0; = j0; if |i — j| > 2 and

004103 = 0;410:0;41 for 1 <i < n —2 on the generators o1,...,0,_1. In other
words,
By, =< 01,...,0n;0i0; = 0j0; if |i—j| > 2,0i0i410; = 044100541 for 1 <i<n—1>

Using these relations, we can more easily see whether two braids are equivalent
or not. Given a braid
g =04 ...0q,
we can perform a couple of ”moves” to change it into an equivalent braid. If we see
0;0; where |i— j| > 2 we can replace it with o;0;. If we see 0,0;10; we can replace
it with ¢;410;0;41 and vice versa. This procedure gives us the following exercise.

Definition 4.2. The center C of a group G is {x € G | Vg € G, xzg = gx}.

Corollary 4.3. The center of the braid group By, is < (01...0,-1)" >. For
ezample, (o1 ...03)* € By is seen in Figure 10.

5. BUILD-UP TO THEOREM OF ARTIN AND BIRMAN

We would like to prove theorems about the fundamental groups of the comple-
ments of links. This can be made easier by associating links with braids and vice
versa.

Braids into Links: Let o € B,, be given. We can make a link by connecting P;
with @; for each 1 < ¢ < n. This essentially turns the paths from P; to @, into
loops starting at P;. The loop would go from

PiHQwHPmHQiWH“'HPi
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63

FIGURE 11. 1. The link is cut along an plane from the axis placed
in the center. 2. The link is cut into three strands. 3. These
strands are straightened out into a braid (4.)

The union of loops, or images of circles, forms a link. If we install an axis per-
pendicular to the yz-plane, we essentially glue strings together to form a link that
encircles the axis. Given a braid o € B,,, we will call the link created in this way
L(o).

Links into Braids: This process is pretty much the inverse of the other. We
can again install an axis such that the link encircles the axis in a counterclockwise
direction (counterclockwise if we look at the construction from a point whose -
coordinate is less than that of any of the points involved in the braid) and then,
rather than gluing, start at the axis and move downward, cutting apart paths. This
precise algorithm need not necessarily be followed. Given any link L’ we can find
a link L such that L’ and L are string isotopic and such that there is a braid o so
that L(c) = L. Of course, L’ might be L.

Examples 5.1. Let L be the left-handed trefoil. Then if o = 03 € By, L = L(0).
See Figure 11.

Examples 5.2. Let L be the figure eight knot, Then if 0 = (05 '01)? € Bs,
L = L(o). This link is turned into braid without using the algorithm given. This
process is easier to see if we start with the braid and turn it into a link by gluing
together the ends. Look at the two links in Figure 12. Starting at a joint, if one
works around the link, reading, for example, ”dots over squiggly” as appropriate,
the two links are the same. For example, if we start at the dots and squiggly
joint and follow the dotted line, we read ”dots under squiggly,” ”dots over solid,”
”dots under squiggly,” ”solid over squiggly,” ”solid under dots,” squiggly over dots,”
”squiggly under solid,” ”squiggly over dots,” and then we find ourselves back where
we began. This loop reads exactly the same in either diagram.

Examples 5.3. Let L be the Borromean Rings. Then if 0 = (0;'01)%) € Bs,
L = L(o). See Figure 13.
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FI1GURE 13. 1. The link is cut along a plane from the axis placed
in the center. 2. The link is cut into three strands. 3. These
strands are straightened out into a braid (4.)

Examples 5.4. Let L be the Miller Institute link. Then if ¢ = Uflagoflog’,
L = L(o). With this link as well, it is easier to start by turning the braid into a

link and then reading the lines around the link. The loop will be the same on either
diagram. See Figure 14.

These results and others are summarized in the tables in Section 7.

Note 5.5. There is a little group theory that I will need in the following section.
Suppose a group G has presentation

G=<21,. . , Y1 =€ yYm =€ >

15
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FIGURE 14

We can use Tietze transformations to simplify the presentation.
(1) If we can express an element x in terms of the generators x1, ..., x, we can
add z to the generators of G without affecting the group. So we can write
L T1yee ey Ty TyY1 =€ ooy Yy = € >=<1T1,...,Tp3Yy1 =€,...,Ym =€ >

if # can be given in the other generators. Let ADG denote this transfor-
mation in which we add a generator. For example,

<z —>=<z,z%—>
and
< T1,T2;X2T1 = T1T2 >=< X1, T2, Y;T2T1 = T1T2,Y = T1X2T1 >

(2) If an equation y = z follows from the relations given, we can add y = z to
the relations of G without affecting the group. So we can write

<T1y,e e, TpsY1=¢€,...,Ym =€,y =2 >

if y = z follows from the first m relations. Let ADR denote this transfor-
mation in which we add a relation. For example,

< 1'171'2;.’)3% = e,x% =e>=< .%'17.%‘2;.’)3% = e,x% = e,xfzxg =e>

(3) If a generator is a word in the other generators, we can remove it from the
generators. Further, we must replace any instance of it with the equivalent
word. Let REG denote this transformation in which we remove a generator.
For example,

< X1,T2,T3;T1 = 5(123?3731‘% =e>=< T9,T3; (.%‘25(53)2 =€ >

(4) If arelation follows from the others, we can remove it from the presentation.

Let RER denote this transformation. For example,

—-1,.,—1
< T, T2;T1T2 = T2T1,T1X2X Ty = € >=<T1,T2;T1T2 = T2T] >
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Lemma 5.6. Let
G=</l,z1,...cple 0" =a7,... lr, 07! =2,5 >

where o € B, and & is the automorphism as given in Theorem 3.2. Suppose the
group has the property that lx; = x4 for any x;. Then G is the semi-direct product
of < t;— > and F,.

Proof. Let L =< {; — >. For GG to be a semi-direct product of L and F,,, they both
need to be subgroups of G and one of them needs to be normal. It is clear that L is
a subgroup. The identity element e = (0. Given any ¢¢,¢™ € L, (F¢™ = ¢F+™ ¢ L.
Finally given any ¢ € L, {=% € L as well and ¢*/=% = ¢ so that all of the elements
of L have inverses in L. Then L is a subgroup. We already know that F;, contains
the empty word or identity element, is closed, and that all of its elements have
inverses in the group. So that F), is certainly a subgroup of G. Further, we want to
show that F}, is a normal subgroup of G. Let g € G be given. Since by assumption,
lx; = x;l, every g € G can be written as {™w for m € Z and w € F,,. So g = {Mw.
Take any wqy € F,,. Since we can move the {’s as we please,

1 —le—m 1

qwog ' = Mwwow =" Mpwow t =w’ € F,

Since gwog~! € F,,, we conclude that gF,, = F,,¢g and that F}, is a normal subgroup
of G. Now to look at G/F,. Take g1, 9> € G so that g, = ¥wy, go = {™wy and
9192_1 = fkwlwz_lé_m
If k #m, gigy* = £ "wwy ' ¢ F,. However, if k = m,
glgz_1 = Kk*mwlwgl = w1w2_1 e F,

So that two elements of G are equivalent modulo F,, if ¢ appears to the same power
in both elements. We can then see that G/F, = L. Since there is clearly an
isomorphism from L to G/F,, G is the semi-direct product of its subgroups L and
F,. |

6. THEOREM OF ARTIN AND BIRMAN

We have removed braids from planes and worked with the resulting spaces. We
now want to remove links from space and work with the resulting space.

Notation 6.1. To be clear, when talking about toruses: We can cut a torus hori-
zontally, so that the cross section is an annulus, and a loop around the cross-section
is a longitudinal loop or simply a longitude. We can cut a torus vertically, so that
the cross section is a disc, and a loop around the cross-section is a meridian.

In the next big theorem, we want to find the fundamental group of the comple-
ment of a link in R3. We will call this the group of a link. In other words, the
group of a link L, G(L) = II(Cgrs(L)). We have also seen that every link L has an
associated braid o. Because of this, we can work with links of braids, L(o) rather
than links in the abstract.

Theorem 6.2. Suppose 0 € By,,. Then the group G(L(o)) of the link L(o) has a
presentation of the form

< X1yeooy T X1 = T10,...,Ty = Tpn0 >

where @ is the automorphism of F,, as defined in Theorem 3.2.
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Proof. Let 0 € B,, be given. We create a cylinder S whose faces are in the planes
z = a and z = b and such that ¢ C S C R®. We make a straight line path from
the point @ to the point P. This path will be ¢. As we removed o in the proof of
Theorem 3.2, we remove o from S and consider Cg(c). In Cg(c), fz;£~" is string
isotopic to z;, the same automorphism from Theorem 3.2. Both loops have @ as
base points and the isotopy is provided by the pushing down process. We can now
make a torus 7' out of S by connecting the two faces and associating P; with @;
for every i. In so doing, we also turn o into L(o). There is a natural continuous
and invertible map f from Cg(o) to Cr(L(0)). (Keep in mind that f(P) = P).
Theorem 2.1 gives us a natural group isomorphism

fu:I(Cs(o), P) — II(Cr(L(0)), P)

We have already seen that the fundamental group of the plane z = a with n holes
is isomorphic to F,, or < z1,...,x,; — >. In the torus we can also make a longitu-
dinal loop which is actually the path ¢ now that the ends have been identified. So
Cr(L(0)) is generated by < £, x1,...,2, >. Since II(Cr(L(0)), P) and II(Cg(o), P)
are isomorphic, relations in II(Cg (o), P) must also hold in II(Cr(L(c)), P). We
have seen that fz;¢~! = 2,5 in II(Cs(c), P) so that this must hold in II(Cr(L(0)), P).
However, there might be other relations we don’t know about. We will show that
these are the only generators and relations. Let

G=</{l,xy,... ,xn;&clﬁfl = x10,... ,Kxnﬁfl =x,0 >

We want to show that G = II(Cr(L(0)), P). There is a natural homomorphism
from G to II(Cr(L(0)),P). In the fundamental group of a torus, the meridian
and longitude are commutative, so that every element of G can be written as £™w
where m € Z and w € F,,. If {™w maps to the identity under the homomorphism,
it is easy to see that m must be 0 and the word must be the identity. So that the
homomorphism is injective. Since the natural homomorphism sends generators to
generators, the homomorphism must be surjective. So G = II(Cr(L(0)), P), and

I(Cr(L(0)),P) =< L, xq, ... bzl = a7, el = 2,7 >

Now we are going to mess around with the torus a little bit. Let 70 denote the
interior of the torus 7. Then we find a slightly smaller solid torus 7" so that
T’ C T°. We also make sure that L(o) C 7" and P ¢ T’. With these new toruses
we can do some topology magic. It is clear from our setup that
CRB (L(O')) = C]R?’ (TI) U CTO (L(O')),
Cro(T") = Crs(T") N Cro(L(0));
and that
P € Crpo (T/)
These conditions satisfy Theorem 2.3, Van Kampen’s Theorem so that

(s (L(0))) = T(Cra (TN i, oy P TH(Crro (L ()

where f1, fo are the natural maps from Cro(T”) to Crs(T"), Cro(L(c)) respectively
that give rise to the group homomorphisms through Theorem 2.1. So now we just
have to evaluate the three fundamental groups on the right.

Cgs(T") is space with a donut removed. Two loops in II(Cgs(T”)) are homotopic
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if they loop the donut the same number of times in the same direction. A loop
around the donut is a meridian of the torus. So it is easy to see that

(Crs(T")) X< m; — >
where m stands for a meridian around the removed torus.

Cr,(T") is a solid torus with an inner tube removed. Cpo(T’) = A x S' where
A is an open annulus and S! is the unit circle. Then by Theorem 2.2,

(Cro(T")) = TI(A) x TI(Sh)

The fundamental groups of the annulus and the circle are essentially the same- the
infinite cyclic group. So we write that II(4) =< M;— > where M stands for a
meridian since a loop around the annulus is a meridian of the torus. Similarly,
II(S') =< L;— > where L stands for a longitude since a loop around S! is a
longitudinal loop around the torus. So we find that

(Cro(T")) =< L;— > x < M; — >

From all of our work we have found that
(1) Since II(Cr(L(0))) and II(Cro(L(0))) are isomorphic, we can say that
I(Cro(L(0))), P) =< b,21, ..., xp;bey, 0 =5, .. Ao ) = 2,7 >
(2) TH(Cho (")) < s — >
(3) M(Cro(T")) X< L;— > x < M;— >

To evaluate II(Cgs(L(c))), we need to consider the homomorphisms (f1)m, (f2)m.
Remember that

(f1)u : (O, (T")) — T(Crs (T7))
(f2)u : T(Cr, (T")) — T(Cr, (L(0)))

The only generators of Cro(T”) are L and M so those are the only things we need to
check with the homomorphisms. We can see from the topology that (f1)n(L) = e
and (fo)m(L) = ¢. Thus in the free product amalgamating II(C7o(7T")), these
elements are identified. Similarly, since (f1)n(M) =m and (fo)n(M) = z1 ... x,,
in the free product amalgamating II(Cro(T")) we identify m and zy ...x,. To put
together II(Cgs(L(0))), we gather the generators of II(Cgs(T") and II(Cro(L(0))).
We also gather the relations of the two subgroups, along with the relations found
from the two homomorphisms. II(Cgs(L(c))) is the group of the link L(c). So that

G(L(o)) =<, x1,..., Tp,mile l =x7,. . Al = b=, m=1a1.. .2y >
where @ is the automorphism of F;, as specified in Theorem 3.2.

There are a couple of details left to iron out. In the statement of the theorem,
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m and ¢ do not appear. So we can invoke Note 5.5 and apply Tietze transforma-
tions to get rid of them. Giving us

G(L(0)) =< l,x1,...,Tp, M;T1 = X1T,..., Ty = TpT, M = T1...Tpy >

G(L(0)) =< X1y ooy Xy M T = T10, .., Ty = Tp0, M = T1 ... Ty > using REG
G(L(0)) =< X1y« 3Ty X1« . Ty T = T10 ..., Ty = TpO > using REG
G(L(0)) =< X1y, Tp;T1 = XT10,..., Ty = Tp0 > using REG

This works for links made from braids. But every link is isotopic to the link of
a braid from previous work. So we can find the group for any link in the form
desired. O

Corollary 6.3. Given a link L, for some o € B, the group of the link is
< Xyyee T3] = X910, ey Lje] = Lj—10, Lig] = Lj410, ..., Ty = Tz > for some 1 <i<n

Proof. Given o € B,,, we know that & is an automorphism of F,, such that

10 ... 200 = (X1 ... 2p)T =1 ... 2,

Let 1 < i < n be given. Then in G(L(0)), we know that z; = x,7 for each j # i
because of the relations of the group. So that

T1... xi—lxial'i—i-l iy =21 X1 T X541 - - - Ty

= X;,0 = I;

Thus from the other n — 1 relations, we can deduce any last one. This means
that, practically, when computing the groups of links, we can disregard the most
complicated relation and work with the others. O

Examples 6.4. Let L be the left-handed trefoil. By previous work we know that
if o = 0} € By, then L = L(0) and we know the automorphism corresponding to
o. Then by the Theorem of Artin and Birman, we know that

G(L) =< x1,x9;21 = xlmgxlxga:flx; xy], Ty = a:lxgxla:;le >
= G(L) =< z1,x9;22 = xlxgxlxglel > by Corollary 5.3
= G(L) =< x1,T2; XoT1Ly = T1X221 >
= G(L) = By by Theorem 4.1

Examples 6.5. Let L be the Hopf Link. Then the braid we want to work with is
02 € By, and we know the automorphisms associated with this braid by previous
work. So

G(L) =< x1,x9;21 = $1$2I1$51$;17$2 = xlxgxfl >
= G(L) =< x1,T2; 29 = xlxgcvfl > by Corollary 5.3
= G(L) =< x1,T2; X221 = T1X2 >
= G(L) = 7?
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FI1GUrRE 15. Left-Handed Trefoil on the left and Right-Handed
Trefoil in the middle. Solomon’s Seal on the right. All powers
of g1 in BQ.

AP G

FIGURE 16. The closely related Granny Knot (left) and Square
Knot (right).
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FIGURE 17. Two two-component links, the Whitehead (left) and
Hopf (middle) links. A three-component link, the Borromean
Rings on the right.
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FIGURE 18. Three more complicated knots. From left to right,
the Figure Eight, Stevedore’s, and Miller Institute.
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Examples 6.6. Let L be the Borromean Rings. Then the braid is (o5 'o1)? and
the group is as follows:

. _ —1 -1,.-1,_.—-1 —-1,.—1 —-1,.—1 _ -1, -1 —-1,_-1
<$1,1’27$37$1—$1$21‘1 T3TL1Ly Ty Ty T1X3L1T2Xy Ty T1Ly Ty ,T2 = Ty Ty T3T1T2T7 T3 r1T3 >
_ o -1 —1,.—1 —1,.-1 -1 —1,—1
=< X1,%2,T3;T1 = T1T2T3Ty T1T2X] Ty T1Ty L] ,T2 = Ty L] T3T1T2L] Ty T1Tz >

. —1 _ —1 _ 1,1 —-1,.—1
=< 1,T2,T3;T1T2T1 T3T1 = T2XL3Ty T1T2,T2 = Ty Ty T3T1T2T{ Ty T1T3 >

L. 7 VDN —1.-1. . _ .—1.-1 "
=< 1,T2,T3;T1T2T1 T3T1 = T2XT3Ty T1T2,T2T3 Tq T3T] = Ty Tp T3T1T2 >
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7. PurTING IT ALL TOGETHER

Before proving the Theorem of Artin and Birman, we learned that links and
braids are interchangeable. For pictures of several links, see Figures 15 through 18.
So given a link, we can decompose it into a braid. In proving the Artin Represen-
tation Theorem, we found an automorphism of the free group F,, associated with
every braid. So we can start with a link, cut it apart into a braid, and then find an
automorphism. Given this automorphism, the Theorem of Artin and Birman tells
us how to find the fundamental group of a link in R?. Through a series of simple
computations, we compiled the following tables.

Link Braid Automorphism
Left-handed Trefoil | o} lp=2,A1 = x12977
2# = 1,A2 = T1T2
Right-handed Trefoil | o} ° lp=2A =y, a; "
2u=1,A9 = x5 o eyt
Solomon’s Seal o3 1p =2,A1 = 2129012221
2u=1,As = x12271%2
Granny Knot 0;303 lp=3,4, = ;vgxgxgxg1m51x§1x51xf1x2x3x2
2u=1,A5 = nggxgzrglx; Ty Ty xl_lsc2:z:3x2x§1:v2_lx3_1x2_1
3[14 = 2, A3 = X2I3
Square Knot 01_302_3 lp=3,4, = zglxglxglrgxgxl_lxglxgl
2u=1A5 = mglxglxglxxgxg,xf1x§1x§1x§1x2x3
3u=2,A3 = a3z wy
Hopf Link oy lp=1,A41 = x129
2[/, = 2, Ag =T
Whitehead Link (0105 )02 | 1p=3,A; = mlxglxgxgxl_lxglx;l
2u=2,A5 = xlmgl
3u=1 A3 = I3_11'2_1I;1£E21'3
Borromean Rings (02_101)3 lp=14A = a:lschl_la:gxlxz_lelxgl
2u=2,As = :Cglelxgaf;l
3u=3,A3 = 1'3_11’1_1$3I11’2_1$1_1I§1I1$3I1I2$1_1
Figure Eight Knot (05 01)? lp=3,A) = xyw00; "
2u=1,A4y = 23"
3# = 2, A3 = zglelxgzz:l
Stevedore’s Knot 02_10%02_101 lp=3,4, = zlxgxl_lzgxlxgxl_l
2u=1,Ay = 23"
3u=2 A3 = x;lelxgxlxgxl_lxgxl
Miller Institute 01_10201_103 lp=24, = I2I3I2IE3_1I2_1I§1I2_11’1£C2I31’2$C3
2u=3,As = ajgxgxgxglx;1x§1251x1x2x3x2m3

1 1

1 1

-1,,-1,~1,-1_-1 -1
Ty Ty Ty Ty Ty T T2T3T2

3/,1, = 1,A3

-1, -1,_-1_-1
= T2X3X2T3 Ty T3z Ty
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Link, L Group, G(L)

Left-Handed Trefoil < X1,T9;ToT1XTo = T1T2x, >= By

Right-Handed Trefoil | < x1, x2; 12921 = Tox120 > By

Solomon’s Seal < X1,T9; T1T2X1T2T] = LoT1X2L1 L1 >

Granny Knot < x1,T2, xggxlxg_lxl_l = $2_11'1_1$2,$3I2$3 = XToT3Tg >

Square Knot < Ty, %2, xg;xla?;lelxglxgl = x;lelxglmglxl,xgmglxgl = xgla:;lxg >
Hopf Link < X1,To;T1Te = Tk >=2 72

Whitehead Link < x1,T3,x3; xgzleg_l = 1:1:63_1502, I2_1$§1I2I3I1 = xg_lx;lzglxgxg >
Borromean Rings < x1,Ta, £E3;I2I31'2_1I1$2 = T1ToT] T3T1,TaTg T] T3T1 = x?jlxl_lxgxlxg >
Figure Eight Knot < x1,T9, .Z‘g;ﬂ?lﬂfgl'l_l = 3323:1_1333,5633:2 =T103 >

Stevedore’s Knot < x1,T3,T3; J;Qajgl = J;glxl, .1321‘33)2_1.131]}23?1_1 = mnggxz_lxlxgxl_lxgl >
Miller Institute < T1,T9,T3;T1 = x%xga:gxglx;l, ToT3Ty = xgmgxglxglxglx; T1ToT3Toxy >

There is a collection of knots known as the prime knots, from which all other knots
can be made. These include the trefoil knots, Solomon’s seal knot, the figure eight
knot, Stevedore’s knot, and the Miller Institute knot. These important knots are
found in the above tables.

8. CONNECTIONS TO PERMUTATIONS

We have been discussing several kinds of knots and using them as examples of
our theorems. See Figure 15 through 18 for diagrams of the most important knots.
There are interesting connections between the braid group, B,,, and the group of
permutations of n elements, S,. There is a homomorphism from B, to S,. As
noted in the definition of braids, each braid ¢ has a corresponding permutation
1 that denotes where each of the n strings ends up. Let p : B, — S,, where
p(o) is the permutation associated with o. More formally, for any 1 <i < n — 1,
p(oi) = (i,i +1). So that the braid that switches two strings corresponds to the
permutation that switches the same two elements. It will be useful later that p
is a homomorphism. Take o,0’ € B, so that p(c¢) = p and p(¢’) = /. In o,
the string from P; goes to Q;,. Then in o', the string from Q;, goes to R(;,, -
Then in oo’, the string from P; ultimately ends up at R;,,s so that pu' is the
permutation associated with the product of the two individual braids. So we see
that p(oo’) = p(o)p(c’) where the order of composition is from left to right. Since
p is a homomorphism, p(c~1!) = p(c)~! for all o € B,,.

Definition 8.1. If a braid p € B, is such that p(c) = e, the identity element of
Sn, p is a pure braid. In other words, the i-th string of p goes from P; to Q; for
each 1 < i <n. We denote the subset of pure braids P, C B,.

Theorem 8.2. B,/P, =S,
Proof. In order to take the quotient of B,, modulo P, we first need to know that
P, is a normal subgroup of B,,.
Subgroup: Clearly, the identity or unit braid is a pure braid. If p, p’ € P,,
p(p) =p(p') =e € Sy

Then the permutation associated with pp’ is

p(pp’) = p(p)p(p') =coe=ce
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so that pp’ € P,. It is easy to see that concatenating two pure braids results in
another pure braid. Further, given p € P,,

plp~ ) =plp) =l =
so that p~! € P,. It is also easy to see that to unwind a pure braid, we will need
a braid that sends a string from P; to @);, another pure braid. We find that P,
contains the identity braid, is closed, and contains inverses of all of its elements.
We conclude that P, is a subgroup of B,.

Normality: Let any o € B,, be given. Then if p is any pure braid,

p(opo™") = p(o)p(p)p(c™") = po)p(c) " =e

so that apa_l € P,. This shows us that 0P, = P,o so that P, is a normal sub-
group.

B, /P, : In this quotient group, all p € P, are now equivalent to the identity.
Any two 0,0’ € B, are in the same equivalence class modulo P, if and only if
o~ lo’ € P,. If 6710’ € P, we know that

pc™ o) =e
=plc Hpld) =e since p is a homomorphism
= p(o) " 'p(o’) = e
= p(o’) = p(o)

This shows us that braids in B,, are put into equivalence classes modulo P, accord-
ing to their associated permutations. Now, p can be turned into an isomorphism
from B,,/P, to S, since it has already been established as a homomorphism and the
permutations to which p maps a braid determines its equivalence class. If o € B,,
is given, let
0 = {0 € By | plo) = i}

so that o, is an equivalence class and define amap p’ : B, /P, — S,, so that o, — p.
By definition p’ is single-valued and injective. Since p is a homomorphism, p’ is
as well. Since p(o;) = (3,7 + 1), 0(;,i41) # 0 for all 1 < < n. Any permutation
i € S, can be written as a finite product of permutations (i,i + 1) for various i
where 1 < i <n. If p €5, is given as

(7:171'1 + ]-)kl e (Zm7lm —+ ]_)knL — #’

for k; € Z then
k By _
P(Uz'll Oy ) =p
so that o, # (). So given any permutation in S,, we can find a braid in B,, and thus
an equivalence class in B, /P, that maps to the permutation. Thus p’ is surjective.
And we have a bijective homomorphism, i.e. an isomorphism. We conclude that
B, /P, 2 S,. O

Theorem 8.3. Ifo € B, the link L(c) made from o has ¢ components if and only
if p(o) € S, can be expressed as the product of c disjoint cycles. This implies that
L(o) is a knot if and only if p(o) is one n-cycle.
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Proof. We know that the permutation p(o) signifies where the strings of the braid o
end up. In creating L(o), we connect P; with @, for every 1 <i <n. A component
of L(o) is constructed if we can start at P;, travel to P;,, then to Q;,, then to
Qipu, then to Pj,,, etc. and end up back at ;. In other words, a component is a
self-contained subset of strings of L(c). A cycle is a set of elements of 1,2,...,n
where we start at an element ¢ and permute again and again until we return to
once more. Again, this is a self-contained subset of elements. It is clear that the
two definitions correspond. From which it follows immediately that a knot, or a
link with one component, must correspond to a braid with one component. (Il
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