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1. INTRODUCTION AND OVERVIEW

The Schrodinger operator, also known as the Hamiltonian operator, completely
determines the time evolution of a quantum system via the Schrodinger equation

ihdyp = Hv,

where H is the Schrédinger operator and 1 is the wave function.
The Schrodinger operator is usually written as

FL2

where A is the Laplacian and V(z) is a multiplication operator given by the poten-
tial field. In this exposition, we will, for simplicity, let m =1/2 and A= 1in (1.1).
The Schrodinger operator is then given by

(1.2) H=-A+V(z).

Multiplication operators are symmetric, and the negative of the Laplacian is self-
adjoint on the Sobolev space H2(R™). However, since the collection of self-adjoint
operators is not an algebra, it is not necessarily true that (1.2) is self-adjoint or
even essentially self-adjoint on H. Therefore, due to the physical importance of
self-adjoint operators as observables, it is relevant to confirm that the Schrodinger
operator H is self-adjoint or essentially self-adjoint. This depends upon the poten-
tial V', which is determined by the specific quantum system. The first important
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problem of the study of Schrodinger operators, then, is to find specific and realistic
conditions for V' under which H becomes self-adjoint or essentially self-adjoint.

The second big problem of Schrodinger operators is the determination of the
spectrum, given the potential V. This is particularly important since the collection
of eigenvalues describes the possible energy levels of the quantum system.

In this exposition, we will collect some of the most important techniques and
theorems for finding the spectrum of H, along with the conditions under which H
is (essentially) self-adjoint. I have tried to make this as self-contained as possible,
although there were a few results of functional analysis upon which I was unable
to further expound without considerably increasing the article’s length. However,
references [1], [2], and [4] do a particularly fine job of covering all necessary back-
ground material.

2. SOBOLEV SPACES AND ELLIPTIC REGULARITY

Often in quantum mechanics, the state space is some subset of L?(R"). Recall
from the mathematical theory of quantum mechanics that an observable is a self-
adjoint linear operator on the state space. Since the Hamiltonian is given by (1.2),
a natural subset of L?(R") in which to work would be a space in which not only
the domain of H is in L?(R"™), but the image of H must also be in L?(R™). This
means that the second derivatives should also be in L?(R™) due to the Laplacian.
The following construction creates a natural space in which this should occur.

Definition 2.1. Let o = (ay,...,a,) be an n-tuple of integers. We say that « is
a multi-index, and we define |a| = a3 + --- + a,. A generalized derivative in R™
of order k < n is defined to be the a derivative of the form 0% = 92102 - - - 032,
where o = (a1, -+ , ) is an n-tuple and |a| = k.

Using the notion of a generalized derivative, we can now define the Sobolev space
HF(R™), which plays a very important and natural role in the theory of Schrédinger
operators.

Definition 2.2. Let £ € N. Then we define
HFR™) :={f € L*(R") : 0°f € L*(R™)V|a| < k}.

Since in mathematical physics, we often want a derivative up to a particular
order to be in L?(R™) (as in the case of the Hamiltonian with k = 2), the Sobolev
spaces are rather vital to our exposition.

We introduce a scalar product in H*¥(R"™) by setting

(f,9)k = Y (0°f,0%),

|al<k

where (-, ) is the scalar product in L?(R™). The corresponding norm is then
1/2

171l = (0} = Z/nwa )da

Theorem 2.3. The scalar product (f,g)r makes H*(R™) into a separable Hilbert
space.
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Proof. We first prove completeness. Let {f,,}°°_; be a Cauchy sequence in H*(R™).
Then all sequences {9 f,,}°°_; for |a| < k are Cauchy in L?(R"). By the com-
pleteness of L?(R™), these all converge, that is,
mlgnoo 8afm = Jo

in L2(R"). In particular, letting o = 0 gives us f,, — go. But this means that
0% fn — 0%go in D(R™), the space of distributions in R™. Hence, g, = 9%gg, s0
that go € H¥(R™). This shows that f,, — go in H*, which proves completeness.

For separability, we notice that the map f + {0%f}4)<s creates an isometric
embedding of H*(R") into a direct sum of copies of L?(R™). The separability of
HF(R™) then follows from the separability of L?(R™). O

The definition of a Sobolev space is very direct for natural numbers. However,
it is convenient to extend the definition of H* to the case where k € R. We carry
this out by performing a Fourier transformation. Recall that the Fourier transform
is a unitary operator, and that it transforms 0% f(z) to (i§)*f(§), where f denotes
the Fourier transform of f. Hence, the condition that f € H¥(R") is equivalent to

the condition that £ f(¢) € L*(R") for |a| < k.
The above condition is in turn equivalent to the condition that

Y PIFE© € 'R,

la| <k
Clearly, there exists a C' > 0 independent of £ such that the following holds:
(2.4) CTHL+ [P < D0 P <o+ lg).

|| <k
Hence, that f € H*(R") is equivalent to the condition that
(1+[€*)*/2(€) € LAR™)

and the norm || f||x may be written as

1/2

(2.5) Hﬂu=[/ﬁﬁ%ﬂ%ﬂﬂﬂﬁﬁ

There is one more definition we must make before we define the Sobolev space
HY(R"), for k € R. Recall that the Schwartz space S(R™) is the function space of
of all C*° functions on R™ such that all generalized derivatives, when multiplied by
any power of |z|, converge to 0 as |z| — oo. More precisely,

S(R™) = {f € C>®°(R™) : sup |2°0° f(z)| < +oo for all multi-indices a, 5}.
rER®

The Fourier transform is an automorphism of the Schwartz space S(R™). The
following space is similar to the Schwartz space in the case of distributions, as the
Fourier transform acts on it in a similar fashion.

Definition 2.6. The space of tempered distributions S’(R™) is defined to be the
dual of the Schwartz space S(R™). That is, a distribution S is a tempered distri-
bution if and only if lim,, oo SUP,cgn [20% @ (7)] = 0 for all multi-indices «, 3
implies lim,;, 00 S(@m) = 0.
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Let F' be the Fourier transform, and let S be a tempered distribution. Then
we define (F'S)(yp) = S(F), so that F'S must also be a tempered distribution. In
our definition of the Sobolev space, we want to be as general as possible while also
yielding to common sense, noting that not all distributions have Fourier transforms.
Tempered distributions provide a natural space, since the Fourier transform is a
continuous, linear, bijective operator from the space of tempered distributions to
itself.

Using the definition of tempered distributions, we can now make an appropriately
general definition for H*(R™), for k € R.

Definition 2.7. Let k¥ € R. Then we define
HER™) == {f € S'(R") : (1+ [¢[)M2F(€) € L2 R™)},

where §’(R™) is the collection of tempered distributions in R™. The norm is just
(2.5) extended to all real numbers.

We now progress to a very famous result in analysis, the Sobolev embedding
theorem. We first define a very important space to be used in the theorem.

Definition 2.8. Let [ € N. Then we define
CHR™) == {f € C{R") : |0“f|loo < +0V|a| < k}.
In C!(R™), we define the norm to be

Il = D 10%fllos-

la| <k

Theorem 2.9 (Sobolev Embedding Theorem). Let k > n/2+1. Then we have the
embedding H*(R™) C CL(R™), where the embedding operator is continuous.

Proof. We first show that

(2.10) Iflley < Cllf e,

for f € S(R™), where C' is independent of f. The Fourier transform and the Inverse
Fourier Transform Theorem imply that

0" f(a) = (2m) " [ (ig)7e < Fepae,
so that
0" (@) < (2m) /2 [ Jen o)l
Therefore, using the C from (2.4), we obtain

lulw < C / (1 -+ [€[%)/2| F(€)lde.

Separating the integrand by using (1 + |€|?)%/2 brings us the following, after we
apply the Cauchy-Schwartz inequality.

£y € (L4 162D/ -+ €242 Fe) e <
1/2 B 1/2
o farirema)  ([ariepreifiora)
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The first of the two factors is finite, due to the convergence of the integral. The
integral converges since 2(I —k) < —n, so that the integrand decreases as |§| — +00
faster than |£|~"~¢ for some sufficiently small € > 0. The second factor is || f||x by
Definition 2.7. Therefore, Equation (2.10) holds as long as k > 1 4+ n/2.

We now show that S(R") is dense in H*(R") for any k € R. Consider the
operator Aj, that multiplies the Fourier transform f(£) by (1 4 |¢[2)*/2. This is an
isometric isomorphism of H*(R") onto L?(R") which takes S(R") isomorphically
onto S(R™). Hence, S(R") is dense in H*(R") since S(R") is dense in L?(R™).

Let g € H*(R"), f,, € S(R"), and f,, — g in H*(R"). Then from Equation
(2.10), fm — g1 in CL(R™). But then g and g; coincide as distributions, so they
should coincide almost everywhere. By continuity, (2.10) holds for any f € H*(R"),
proving the continuity of the embedding. O

We now introduce the space HJ (R™), which plays an important role in local
elliptic regularity and the proof of Sear’s Theorem.

Definition 2.11. Let k € R. Then we define
HE (R") := {f € D(R") such that ¢f € H*(R")Vp € C°(R")},
where D(R™) is the space of distributions on R™.

In fact, similar to the space H¥(R™), this is a generalization of the case k € N.
When k € N, the following definition is suitable.

Definition 2.12. Let k € N. Then H*(R") is defined to be the set of f € D(R")
such that Pf € L? (R") for any differential operator P on R" of order < s with

loc
smooth coefficients.

There is one particular major result we should cover before progressing to the
subject of self-adjointness. Consider the following partial differential equation:

(2.13) —Af+cf=g(z),

defined on a domain Q C R”, with ¢ € R. Let g € H;,}(€). The function f €
H} () is called a weak solution of (2.13) if

| 5@V + er@e@)is = (5.9)
for every ¢ € C§°(£2). This definition leads us to the following important result.

Theorem 2.14. Let f € H () be a weak solution of (2.13), with g € HF (),
where k € N. Then f € H'2(Q).

loc

In particular, for g € L? (2), we may conclude that f € H? (). We refer the
reader to [3] for the proof of this theorem and for a more complete development of

elliptic regularity in general.

3. SELF-ADJOINTNESS

We recall the definitions of a symmetric and self-adjoint operator. A symmetric
operator is an operator A the elements of the domain of which satisfy (Af,g) =
(f,A*g) for all f,g € D(A), where A* denotes the adjoint of A. A self-adjoint
operator A is a symmetric operator that also satisfies D(A) = D(A*). Note that
in general, we have the inclusion D(A) C D(A*), so to prove that a symmetric



6 JONATHAN EMBERTON

operator is self-adjoint, we need only prove the converse inclusion. An essentially
self-adjoint operator is a symmetric operator with a unique self-adjoint extension.

Definition 3.1. We define an observable to be a densely-defined self-adjoint oper-
ator on a Hilbert space H.

Notation 3.2. We will use the symbol H to represent the Hilbert space correspond-
ing to the given quantum system. All Hilbert spaces are taken to be separable.

Definition 3.3. Let A and B be observables on a Hilbert space H. Then B is
said to be smaller than A in the sense of Kato (written B <x A) if D(A) C D(B),

and there exist a,b € R, a < 1, such that the following inequality holds for all
P € D(A):

(3-4) [1BY[| < al| Ag[| + bl|¢]-
An equivalent condition for B <y A is if there exist a,b € R with a < 1 satisfying
IBYI* < allAp||* + bl |*

for all ¢ € D(A).
The following theorem is one of the most important for confirming when the
operator H is self-adjoint. We start with a lemma.

Lemma 3.5. Let A € R, and let A be a closed, symmetric operator in a Hilbert
space H. The following are equivalent:

(1) A is self-adjoint

(2) IN € R s.t. ker(A* £ MiI) = {0}

(3) INER s.t. im(AL Nl)="H

Proof. First, note that im(A £ ¢I) is a closed subspace of H. Since
(A£A)* = A" FiMl,
we have
ker(A* F M) = [im(A £ i\)]*,
so (2) and (3) must be equivalent. Clearly, (1) implies (3), since the spectrum of
any self-adjoint operator is real. It remains to show that (2) and (3) imply (1).
Since D(A) C D(A*), we must show that D(A*) C D(A). Let f € D(A*) and
v = (A*+iI)f. By (3), there exists a g € D(A) satisfying (A +iI)g = ¢. Since A
is symmetric, Ag = A*g. Therefore,
(A* +iXD)f = p = (A* +iX)g,
so that
(A* +4A)(f —g) =0.
By (2), f =g and f € D(A). Therefore, D(A) = D(A*) and A is self-adjoint. O
This leads to another version of the same theorem.

Theorem 3.6. Let A be a closed, non-negative, symmetric operator. Then A is
self-adjoint if and only if there exists a A > 0 such that

ker(A* + AI) = {0}.
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Corollary 3.7. Let A be a non-negative symmetric operator. Then A is essentially
self-adjoint if and only if there exists a A > 0 such that

ker(A* £ AI) = {0}.

Having established Lemma 3.5, we may prove the Kato-Rellich Theorem, one
of the most important theorems in mathematical quantum physics for determining
self-adjointness.

Theorem 3.8 (Kato-Rellich Theorem). Let A be an observable, and let B a sym-
metric operator. If B <x A, then H = A+ B with D(H) = D(A) is self-adjoint.

Proof. By Lemma 3.5, H is self-adjoint iff im(H +nl) = H for some n € iR (which
further implies that this equation holds for all n € C\ o(H), where o(H) is the
spectrum of H). Since A is self-adjoint, for each n € iR, R, = (A—nl)"!is a
bounded operator on H and imR,, = D(A).

Now, H —nlI = (I + BR,)(A —nI), so that im(H —nl) = H iff im(I + BR,) =
H. The latter condition is true if there exists N € R such that for all |n| > N,
|BR,|| <1, since then I + BR, is an invertible bounded operator.

To prove this, we first note that

1

Ryl <
! 7|

el and [[AR, ¢l < [l]l-

These follow from the equation

1A = 0Dy |* = [|A¢ ) + [0 ¢]?
by setting ¢ = (A — nl)y. Using Definition 3.3 with ¢ = R,%) € D(A), we have

b
IBRyoll < all ARyol| + bl Ryel| < (a + m)ll@ll,

so that a < 1 implies that || BR,|| < 1 for sufficiently large |n|.
The proof that im(H + nI) = H is almost identical. O

If we let A= —A and B = V(z) in the Kato-Rellich Theorem, then as long as
V(z) <x —A, H is self-adjoint. However, the inequality <k is somewhat foreign
and not terribly intuitive. As a result, the Kato-Rellich theorem is not particularly
useful to us by itself. On the other hand, we may derive some important theorems
as corollaries, which we will in turn use to prove some physically critical results.

Theorem 3.9. Let V € (L? + L*>®)(R™), where p = 2 if n < 3 and p > n/2 if
n>4. Then H=—A+V is a self-adjoint operator and D(H) = HP(R™).

Proof. We may work within the confines of C5°(R™) and use a density argument.
It is sufficient to show that V(z) <x —A. We write V(z) = Vp(z) + Vo (z). If
n < 3 and ¢ € D(—A), then we have

VIl < [IVagll + Voot | < NIValllldllco + Voo lloo[[#1]-

We need to show that ||V| < a||—A||+b||¢]], and we may do so by deriving an
estimate for ||1)||. Let h(p) := p?. Using the Fourier transform and the Cauchy-
Schwartz inequality, we have

(2m)* 2|19l oc = sup / e“’””@(p)dp’ < [l < a4+ 17+ D)9 <
rER3 R3

CURDN +11911) = C(| = A + [[])-
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_We replace ¢(p) by v,(p) := r*i(rp), where r > 0. Since [§roc = [¢]oc,
19l = 1911, el = r*/2]19)), and [P, | = r=*/2|hi], we obtain
@m)* 2 [ lloe < v 2C(| = Al + 7219,

where 7 > 0 is arbitrary. Now, if we choose r such that a = r—1/2(27)=3/2C||V1|| <
1, then we have shown that —A > V', completing the proof for n < 3.
If n > 4, we similarly obtain by Holder’s inequality:

VI < [IVpeoll + Vot | < [Vallplleollg + I Voolloo Il

where % + é = 1. In this case we can bound ||¢||, in a similar way to how we
bounded |[¢||co. We will not prove this result, but instead refer the reader to [5].
Once this is proven, the proof will be complete. O

The above theorem is considerably more intuitive than the Kato-Rellich Theorem
itself, and we can easily observe some of its valuable consequences.

Example 3.10. The Hamiltonian of the hydrogen atom has potential

2
e
V(z) =——,
||
so that
o2
H=-A—-—.
||

Let us prove that H is self-adjoint. Let B; be the unit ball in R3. Then we write
V = x5,V + (1 = x5,)V. The former term is in L*(R?) and the latter term is in
L (R3), so that by the previous theorem, H is necessarily self-adjoint.

Before proceeding to the next theorem, a few definitions need to be made. The
first is the sign of a complex function. We define
B 0 if f(z) =0
6@ ={ T e 70
Essential in the proof of Kato’s Inequality below will be the regularized absolute
value of f, defined by
fel@) = (If(@)* + )2,
It is clear that lim._¢ fc(z) = |f(z)| pointwise and |f(x)| = (sgnf) - f, the same as
in R.

Theorem 3.11 (Kato’s Inequality). Let f € L}, .(R™). Suppose that the distribu-
tional Laplacian Af € Li (R™). Then

loc
(3.12) Alf] = Re[(sgn f)Af]
in the distributional sense.
Proof. We begin with the assumption that f € C*°(R™). We would like to show

that (3.12) holds pointwise except in the case that |f]| is not differentiable. For such
f, we have

(3.13) fVf.=RefVH.
Since f. > |f|, we obtain

(3.14) Vil <

LI

€
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Taking the divergence of (3.13), we get
Vfel? + feAfe = [V f? + RefAf.
Together with (3.14), this shows that
feAfe > RefAf,
which, dividing both sides by f. leads to the equation
(3.15) Afe > Re[(sgn.f)AS],

where we have defined sgn_f := ff~!. In fact, when |f| is smooth, sgn_f — sgnf.
Now we use regularization to finish. Let ¢ € C§°(R"), ¢ > 0, and [ =1. We
define
ps(x) :=06""p(x/d)
and

Is£)(x) = (5 * )(x) = / o5z — y) F(y)dy.

n

(The family of operators I, for § > 0, is called an approximate identity. See [4]
for details.)
Replacing f with Isf in (3.15), we see that

A(Isf)e = Relsgn (s f)A(Lsf)].
Letting § — 0 and then € — 0, we get (3.12), which completes the proof. O

Theorem 3.16. Let V € L? (R™) and V > 0. Then H is essentially self-adjoint.

loc

Proof. H is clearly non-negative and symmetric. By Corollary 3.7, it suffices to
prove that ker(H* + I) = {0}. Therefore, we need to show that there exists a
unique solution for the PDE
(3.17) -“Af+Vfi+f=0,
with f € L?(R"), namely f = 0.

We observe that f € L?(R") and V € L? (R") imply that Vf € L} (R").

loc loc

Moreover, f € L1 (R™). By (3.17), Af € L} .(R").

loc loc

We now apply Kato’s inequality, thereby obtaining
Alf| = Re[(sgnu)Af] = Re[(sgnf)(V + 1) f] = [f|(V +1) > 0.
As a result,
ALy|f| = I;Alf] > 0.

Now, Is|f| > 0 clearly holds. Also, I5|f| € D(A). This follows from the facts
that |f| € L2(R™) and

@u1s1) = [ digs(o ~ 1wy
Now,
(A £1), Ts £1) = = IV sl D 2 )
but since the LHS is > 0, we obtain that V(Is|f]) = 0. Hence, Is|f| = ¢ > 0.
Since |f| € L3(R™), ¢ = 0. Hence, Is|f| = 0, which clearly implies that |f| = 0. O

In fact, a more general result using slightly different restraints on V is available
by Sear’s Theorem. We begin with a lemma, the proof of which is given in [1].
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Lemma 3.18. Let V(z) satisfy V(x) > —Q(|x]) for some increasing positive func-
tion Q(x). Then if f € D(H*),

o1 [T

We may use this result to prove Sear’s Theorem.
Theorem 3.20 (Sear’s Theorem). Let the potential V(x) satisfy the condition

Viz) > —Q(|z|), where Q(x) is an increasing positive continuous function on
[0, +00) such that

(3.21) +00.

/°° dv
0 Q(2z)
Then H is essentially self-adjoint on H?*(R™).

Proof. To show that H is essentially self-adjoint, it is sufficient to show that H* is
symmetric. Let fi, fo € D(H*), g; := —Af; + V(z)f;, so that g; € L?>(R"). We
need to show that

(3.22) 192 = / 912
]Rn n
Assuming that f; € S(R™), we have
/ hge—gf: = —/ fidfo = Afi- fo
|z|<t |z| <t

/| Y (EVS - AVE)
z|<t

[ (5% -1).
|z|=t 31" 31‘

This formula also holds fi, fo € Hf.(R™), and in particular, for all fi, fo €
D(H*). Let

(3.23)

1
0= Jaan

Now, multiplying (3.23) by p(¢), and integrating over [0, 7], we obtain

s "o < /M(flgz - glf2>dx> at= [ e ( / t m)dT) d,

(fi92 — g1.f2)dS, so that

where [(t) = f‘

x|=t
(3.25) /OOO [1(¢)|dt < +o0.
We now define -
P(T):= / p(t)dt.
The right-hand side of (3.24) takes the fogm

/O L0 ( /0 t J(T)dT) dt = /0 1) ( / ' p(t)dt) dr = /0 (PT) — P(r) ()
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Now, we estimate half of the RHS of (3.23) with the help of the Cauchy-Schwartz
Inequality and Lemma 3.18:

/OT p(t) </z|—tf88{’1ds> dt
1/2
</z|<T |f2(x)|2dz> | </|:L’<T P2 (ll) ’aféf«x)

Il | Q7 eIV Afd < .

- ‘ [ ole T2 <
|z|<T r

5 1/2
dx) <

for some C € R. The other half works similarly, leading to the equation

(3.26) <K.

/0 LP(T) - PO

for some K € R.

We divide both sides by P(T') and let T — 4oc0. By (3.21), this implies that
P(T) — 400 as well. Hence, (3.26) shows that

T
P(t)

3.27 li 1— —= | I(t)dt =0.
(3.27) T-Fo0 J, ( P(T)) )

Our aim was originally to prove that fOOO I(t)dt = 0. This can clearly be derived
by (3.27), since [ |I(x)|dz < +o0o. We choose ¢ > 0 and take R > 0, so that
Jr H(t)|dt < e. Fixing such R, if we take T > R, we have:

T T
) (- 38)
— —= | I(t)dt — —= | I(t)dt
[ (=5 o< | [ (- ) 10
Then as T — 400, we find by (3.27) that indeed [~ I(t)dt = 0, and the proof
is complete. [

< +e.

4. CHARACTERIZATION OF THE SPECTRUM

Another big problem in mathematical quantum mechanics is the description of
the spectral properties of the Schrodinger operator H. Some of the main results of
the spectral theory of Schrodinger operators are presented here.

We begin with a relevant lemma that concerns variational principles, i.e., per-
turbation theory of operators. We recall that the spectral theorem allows us to
identify a self-adjoint operator in a Hilbert space H with a collection of projection
operators {E)}, called the spectral family of A, satisfying certain properties. (If
the reader is unfamiliar with the spectral theorem, he may skip ahead to the next
theorem and consult the results of the lemma.)

Recall that

E)\_H) =FE\VA€eR

in the strong operator topology, and we define

The distribution function of the spectrum of A is defined by letting
N(A) :=dim(E\H).
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N (M) actually represents the number of eigenvalues of A less than A.

Lemma 4.1 (Glazman). Let D be a subspace of D(A) such that an operator A in
H is essentially self-adjoint on D. Then for any A € R, we have

(42) NA—=0)=sup{dimL:L C D,(Af, f) <A, f) for f € L\{0}} =: M.

Proof. We begin by showing that if L is a subspace of D and (Af, f) < A(f, f)
for all f € L\ {0}, then dimL < N(XA —0). In fact, if dim L > N(A — 0), then
LN (Ex_oH)* # {0}, since L N (Ex_oH)* = {0} implies that Ey_q injectively
maps L into E)_g, in turn implying that dim L < dim(Ey_oH) = N(A —0). But if
f € (Ex_oH)™*, then (Af, f) > A(f, f), so that the existence of a non-zero vector
f € LN(Ex_oH)* is a contradiction of the definition of L. Hence, dim L < N(A—0),
showing that M < N(A —0).
We now confirm the converse inequality. Note that

Bao= lim_E(N,)),

where E(N,\) = Ex_o — Ey, so that
N(A-0)= Nlim dim [E(N, \)H].

Hence, it is sufficient to prove that dim F(N, A) is not greater than M for any N <
A. In E(N, \)H, pick an orthonormal basis and let {e,..., e} be a finite number
of vectors of this basis. It suffices to show that m < M. Since E(N,\) C D(A),
e; € D(A)Vj =1,...,m. Hence, for any € > 0, there exist vectors €1,...,¢é, € D
such that

lle; — &l <€, ||Aej — A&l < eVji=1,...,m,

since A is essentially self-adjoint on D. If L is the span of the set {é1, ..., &n}, then
there is an € > 0 such that dim L = m. (This follows from the non-degeneracy of
the matrix [[(€;, €;)||]";=; for small € > 0.) Furthermore, for € > 0, (4.2) holds for
L. Hence, m < M, which finishes the proof. O

In fact, a slightly more specific result holds, which we shall use to prove the
following theorem. The proof is exactly the same as that of the above theorem,
except that it is unnecessary to approximate the vectors e; by é;.

Theorem 4.3. Let D be a subspace of D(A) such that A is essentially self-adjoint
on D. Then for any A € R, we have

(44) N\ =sup{dim: L C D,(Af, f) < \(f, /)¥f € L\ {0}
Theorem 4.5. Suppose that V € LS (R™) and

4.6 liminf V(z) = lim inf V(z) >a

(4.6) iminf V(z) = lim  inf V(z)>

for some a € R. Then the operator H 1is self-adjoint, bounded below, and, for

all o’ < a, only a finite number of eigenvalues of H of finite multiplicity exist in
o(H)N(—o0,d).

Proof. Clearly, V(x) > —C for some C and therefore H is self-adjoint and bounded
below.
Step 1. Let us initially consider
(Ho.6) = [ =B+ V()] Gdo, v € DH).

n
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We intend to show that
(47) (H0) = [ (V0P + V@] do, v € D)

Now, (4.7) is obvious for ¢y € C§°(R™). In the case that ¢» € D(H), we initially
show that

(4.8) /n [[VY]? + V(2)[¢]?] do < +oc.

Local elliptic regularity implies that if ¢» € D(H), then ¢ € H? (R"). Hence,

/B [|V1l)|2 + V(m)|d)|2] dr < +00

for any ¢ € D(H) and for any (bounded) ball B in R™.
Let b < inf V(z) — 1. Since ¢ € L*(R"), (4.8) is equivalent to:

Hy(w,0) = [ [V0F + (V@) ~ DIuf] da < +cx.
If the quadratic form H, is finite, this means that
(4.9) /|V1/J|2dx < 400 and /(1 +V(z)|Y]? < +oo.

The quadratic form Hj is actually generated by the inner product

Hy(tbr, 1) = / (Vi + (V(z) — b1 5] da,

which is finite as long as ¢; and 15 both satisfy (4.9).
If ¢ € C§°(R™), we have

(4.10) ((H = bI)p,1p) = Hy (¢, ¥).

The LHS of the above equation is continuous with respect to the graph norm
(Ilv]1? + HH¢||2)1/2 on D(H). Therefore, the same is true for Hy(¢,v) and, by
continuity, Hj is well-defined on D(H).

Now, we clearly have

[911 7 ey < Ho (¥, %)
for ¢ € C§°(R™). Hence, the convergence of elements of C§°(R™) with respect to
the graph norm implies their convergence in H*(R™). Since H'(R") is complete,
Y € D(H) implies that 1 € H*(R™), so that the first inequality in (4.9) is true.
Similarly, the weighted L? space

LA(R™, 1+ |V(2)]) == {w c L*(R"): /Rn (1+ |V (@)]) [v(x)]Pde < +oo}

is complete, therefore implying that ¢ € L2(R™, 1+|V (x)|) if » € D(H). Therefore,
every ¢ € D(H) satisfies (4.9). Since (4.8) and (4.9) are equivalent, every such
also satisfies (4.8).

Step 2. Now we use Theorem 4.3, keeping in mind that N(\) is the number of
eigenvalues less than A. To finish the proof of the theorem, we must show that if
a’ < a and L is a subspace of D(H) satisfying

(4.11) (Hi, ) < d'(,¢)
for all ¢ € L, then dim(L) < +o0.
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Due to step 1, we may rewrite (4.11) as
(412) [ I90F + (Vi) - )] dz <o,
R’n

We let 6 € (0,a —a’) and R > 0 be such that V(z) > o’ +§ for |z| > R, and
define
M := —inf V(x).
If C>0and C > M+ d, then (4.12) implies that

4.13 V|?d V|2 + 6?2 dx < C 2d
(4.13) /.M' " “/M“ P + 8lpP] da < / 2,

lz|<R
for ¢ € L.

Now, consider an operator A : L — L?(Bg) defined by A : ¢ + 9|p,,, where Bg
is the ball of radius R about the origin. We consider L with the topology induced
from L?(R™). A is clearly continuous. Inequality (4.13) shows that ker(A) = {0}.
It then suffices to prove that L := AL is a finite dimensional subspace of L?(Bg).
That L C H'(Bg) is clear, and by (4.13), we have

[l (ry < K1Yl (55),

for ¢ € L and some K € R independent of .

Hence, the identity operator I in L may be written as a composition of the em-
bedding L € H'(Bg), which is continuous, and the embedding H'(Bgr) C L2(Bg),
which is compact. It follows that I is a compact operator, since the collection of
compact operators is an ideal in the collection of continuous operators. Therefore,
dim(L) < +o00, which finishes the proof. O

Corollary 4.14. If V(z) € L5 (R™) and limy o V(z) = +o0o, then H has a
discrete spectrum.

Recall that the essential spectrum oess(H) consists of all non-isolated points
of o(H) and eigenvalues of infinite multiplicity. Our first result regarding the
essential spectrum claims that the essential spectrum is maintained under certain
perturbations of the potential. We first introduce some results of functional analysis
that are necessary in the proof of the theorem.

Lemma 4.15. Let H be a Hilbert space. An operator A : H — H is relatively
compact with respect to B : H — H if and only if it is compact as an operator from
D(B) into H.

Lemma 4.16. Let A be a self-adjoint operator in H and B a symmetric operator
into H with D(B) D D(A). Suppose that B is relatively compact with respect to A.
Then the operator B = A+ C, with D(B) = D(A), is self-adjoint and
Oess (B) = Oess (A)
Lemma 4.17 (Rellich-Kondrashov Compactness Theorem). Let
2n
2<p< ——.
=p n_29
Then the embedding H(R™) C LP(R™) is compact.
We may now prove a beneficial result, namely that under “small” variations of
V', the essential spectrum remains the same.
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Theorem 4.18. Consider the operators Hy := —A +Vy and H = —A + 'V, where
V =Vo+Vi. Let Vo, Vi € L3S (R™) be bounded from below. Further assume that
im0 Vi(x) = 0. Then

Jess(H) = O—ess(HO)'

Proof. We prove that the multiplication operator V; is relatively compact with
respect to Hy. The theorem will then follow by Lemma 4.16.

By Lemma 4.15, it is sufficient to prove that V; is a compact operator from the
space D(Hy), with the graph norm, into L?(R™). Since D(Hy) can be continuously
embedded into H'(R"), it suffices to show that V; is a compact operator from
HY(R") into L?(R"™).

Let

S:={Vif:feH(R") and | f||m @&~ <1}

We must prove that S is a precompact set in L?(R™). Let ¢ > 0. By assumption,
there exists an R > 0 such that |V (z)| < € if |x| > R. Let Bg be the ball of radius
R centered at the origin. Then we have

(4.19) 11 = xB)V flIZ2@n) = /B V(@) f(@)Pde < (|72 @n < €.

c

R
Note that the set S. := {xp,Vif : f € S} is precompact in L?*(R"). This
follows from the Rellich-Kondrashov Compactness Theorem, since the embedding
HY(R™) C L} .(R™) is compact and if f € S, then f(z) =0 for all z ¢ Bpg.
Now, S lies in a e-neighborhood of S, which is precompact, and € > 0 is arbitrary.

Hence, S is precompact and the proof is complete. ([l

The following theorem shows that under certain conditions, the essential spec-
trum is in fact exactly the set of non-negative real numbers.

Theorem 4.20. Let V(x) € L5 (R™) and lim ;.o V(z) = 0. Then
Oess(H) = [0, +00).

Proof. We know from Theorem 4.5 that H can have only isolated eigenvalues of
finite multiplicity on (—o0,0). It remains for us to show that [0,4+00) C o(H). Let
A > 0 be fixed. The condition A € o(H) is equivalent to the existence of a sequence
{om}s_1, om € D(H), such that

(4.21) lim ”(H — /\I)<p7rz|| —

0.
m=too |lom]

We shall describe the construction of such a sequence. We consider the function
e®* where |k| = VA It satisfies the equation (—A)e?*® = \e** so that since
lim| ;o V(2) = 0, we have

(4.22) lim [~A + V(z) — Ne?™ = 0.

|| —o0

To obtain the sequence {,,}, we must choose cut-offs of the function e*** that
approach infinity as m increases. Let B € C3°(R") satisfy B > 0, B(z) = 1 for
|z| < 1/2, B(z) =0 for |z| > 2. We set

B,.(z) =B (mfl/Q(x — m)) .

Then we have
(4.23) supp(By,) C {z : |z —m| < /m},
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so that
(4.24) lim sup |V(z)|=0.

m—+00 zEsupp(Bpm,)

We now explicitly define
Om(x) := By, (z)e*®.
We proceed to check that (4.21) holds for the above-defined {®,,}. Note that
(4.25) loml? = /|B x)[2dx = "/2/|B 2de = Cm™/
where C' > 0. We clearly have
HSDm _ 7(ABm)6ikI . (VBm)(vezkz) + kZBmeikw + V(x)Bmezkm

Therefore,

(4.26) (H — \)o,, = ¢**[HB,, — ik - VB,,].

Now,

VBl < Cm™ Y2 and |AB,,| <

31Q

Noticing (4.24), we can now see from (4.26) that
lim sup [(H — Al)pm(z)] = 0.

m— 400 zER™
But by (4.23), this implies that
lim m "/2||(H Ao |* =

m— 400

Along with (4.25), this implies (4.21). This concludes the proof. |

5. EIGENVALUE BOUNDS

Another critical area of mathematical quantum mechanics lies in finding bounds
for the numbers of eigenvalues of H with a given potential. In this section, we
will introduce three theorems involving eigenvalue bounds: the Birman-Schwinger
bound, the Lieb-Cwikel-Rozenblum bound, and Kato’s Theorem. We shall not
prove our results, since they use more sophisticated methods than the rest of the
theorems contained in this text.

We begin with the Birman-Schwinger bound. As we see, this is only to be used in
the three-dimensional case, but since this is a physically important scenario, it is an
invaluable method of eigenvalue bound calculation. It is quite an astounding result
because of its generality (that is, it is easily computed given any V € L*°(R3)) and
because it is such a simple formula.

Theorem 5.1 (Birman-Schwinger). Suppose that V(z) € L= (R3) and

5.2 // <+oo.
(5:2) R3 JR3 |:v—y\2

If N(H) is the total number of ezgenvalues of H counted with multiplicities, then

- 167r2 /Rs /Rs |ﬂc—y|2

(5.3)
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The formula actually holds for a more general class of functions called the Roll-
nick class. See [6] for details.

A stronger result of Theorem 4.20 holds if V' quickly goes to 0 as |z| — co. Not
only are there no negative numbers in the essential spectrum, there are no negative
eigenvalues at all. This result is often referred to as Kato’s Theorem, and instead
of being an eigenvalue bound, it describes a case in which the conditions imposed
on V are not too strong, but in which a powerful result exists. The proof is not
provided, due to its length. However, a (rather long) proof is presented in [1].

Theorem 5.4 (Kato). Suppose that V(z) € LS (R™) and

loc

(5.5) lim |z|V(z) = 0.

x| —o0

Then H has no positive eigenvalues.

Kato’s Theorem brings forth an important question. Is there a general formula
for the number of negative eigenvalues of an arbitrary Schrédinger operator similar
to the one provided by the Birman-Schwinger bound? The answer to this question
happens to be yes. In fact, there are many estimates of the number of negative
eigenvalues of H (which we denote by N_(H)), but there is one particularly well-
known and valuable theorem that bounds N_(H) of a Schrodinger operator for
dimension greater than three.

Theorem 5.6 (Lieb-Cwikel-Rozenblum). Let V(z) € LS (R™). If N_(H) is the

loc
number of negative eigenvalues of H counting multiplicities, then

N_(H) < cn/ Imin[V (z),0]|"/? da,

n

where ¢, depends only on n.

Note that this theorem is in a way stronger for bounding negative eigenvalues
than the Birman-Schwinger is for bounding both positive and negative eigenvalues.
Whereas the Birman-Schwinger bound requires the dimension to be equal to three,
the Lieb-Cwikel-Rozenblum bound has no restraints on dimension other than that
it be greater than three.
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