THE RESTRICTION PROBLEM AND THE TOMAS-STEIN
THEOREM

DENNIS KRIVENTSOV

ABSTRACT. E. M. Stein’s restriction problem for Fourier transforms is a deep
and only partially solved conjecture in harmonic analysis. Below we state
the problem and the Tomas-Stein theorem, which solves a particularly useful
case of the conjecture. We then introduce the Fourier transform of complex-
valued measures and the stationary phase method as tools used in the proof
of the Tomas-Stein theorem. We give a proof of the theorem, and then turn to
applications in deriving the Strichartz estimate for the Schroedinger equation.
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1. INTRODUCTION

We assume the reader is familiar with basic facts about the LP spaces, L' and
L? Fourier transforms, and convolutions. These can be found in most analysis
textbooks, such as [2] or [1]. Given a function f : R™ — C we will use the following
notation and normalization to denote the Fourier transform (when defined):

(1.1) fo) = [ s

and the inverse Fourier transform:

(12) fo = [ emerrieae.
The restriction problem asks when an inequality of the form

(1.3) 1flsn-1lpagsn—1y < Ol fllzr

holds, where S”~! is the unit sphere and the constant depends only on p, ¢, and n.
When ¢ = 2, the best possible result is given by the following theorem:
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Theorem 1.4 (Tomas-Stein). Let f € L with p/ < 2”132 Then || flgn—1|lL2(sn-1) <
C|lf|l», where C depends only on n and p'.

We will give a proof for the region p’ < 27?:32. The argument for the endpoint is

quite different, using a complex interpolation method; it can be found in [3]. The
next section introduces the Fourier transform of a measure and the convolution of
a measure with a function. Section 3 derives estimates for the decay of the Fourier
transform of the surface measure of the sphere. Section 4 fills in the remaining
details of the proof. Section 5 gives a useful application to differential equations.
Sections 2-4 follow the exposition in [4] while 5 follows [3].

2. FOURIER TRANSFORMS OF MEASURES

We will want to rephrase the statement of the Tomas-Stein theorem in terms
of the surface measure of a sphere. To do this, we will first prove some general
statements about complex-valued measures.

Definitions 2.1. Let p be a complex-valued measure on R™ with finite total vari-
ation. Then i : R®™ — C, the Fourier transform of the measure, is given by

le) = [ e duta),

Let ¢ : R — C be a Schwartz function (i.e. smooth, rapid decay, and rapid
decay for all derivatives). Then the convolution of ¢ and p is

prn)= [ ole = p)uty)

It is clear that both the Fourier transform of 1 and its convolution with ¢ are
bounded, since

il =1 [ emeanl < [ el = () < o0
Rn Rn

by assumption. For the convolution,

ol =1 [ pla=nul < [ ol =ldinl) < (suple) () < o,

using that Schwartz functions are bounded.
The following lemma states that the ordinary interaction between convolutions
and the Fourier transform carry over to measures.

Lemma 2.2. Let p and ¢ be as above, and v is another finite measure. Then we

have:
(o= oen
(2) pp=@¢xf

(3) | fdv = [ pau

Proof. Thebe can be derived from Fubini’s theorem. We start with the duality
relation (

/,udu—// —Imies gy (x)dy (€ // “Imiesqy () du(z) = /Ddu,

with Fubini’s theorem clearly justified since both measures are finite.
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To see (1), fix £ € R™. Consider e’zﬂim‘(f’y)w( ) as a function from R™ x R"
under the product measure dz x du(y). It is integrable by Tonelli’s theorem:

L e e@edi) = [ lot)idrdul(o) < el @) <
Rn X R™ "XRW

We can therefore apply Fubini’s theorem to the following:

Fie) = [ e spmn = [ o) ([ ) s
= // e E () dadu(y) = /@(S—y)du(y) = ¢ * p(8).

(2) also falls out from Fubini’s theorem, this time using the integrability of ¢ to
justify switching the order of integration:

prio) = [ it~ ety = | ( / e—m'(m—y}du(@) )y
-/ ( [emenaty )dy) rienau(e) = [ @ du(e) = an.

O
We have already proven most of the next lemma:

Lemma 2.3. Let p be a finite measure and f and g Schwartz functions. Then

[ foan= [ (ax9)- sa

Proof. The only new fact needed is that g = g. This follows from the fact that the
integral of the conjugate is the conjugate of the integral:

5= / e=2mia-€g(z)dz = / e~2miedg(p)de = / ™t g(x)dz = §.

Now we can simply compute, using first duality (Lemma 2.2(3)) and then Lemma

2
/fgdu [#dude= [ £-Grpia= [ Gripdo= [ 1 (genas

O

2.

We are now in a position to make the major simplifying restatement of the
Tomas-Stein theorem. This is known as the TT* approach for this reason: the
Tomas-Stein theorem as stated above asserts the boundedness of the operator T*
from LP to L?(S™~1) which is given by taking the Fourier transform and restricting
it to the sphere. We claim this is equivalent to its adjoint T being bounded and
the composition TT* being bounded.

Theorem 2.4. Let p and p’ satisfy
1 1

p v
Let 1 be a finite measure on R™. Then the following are equivalent:

(1) || Fullze < Clf |2y for all | € L ()
(2) 9llz2(wy < Cligller for all Schwartz functions g
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(3) ||fx*h||Le < C?||h||L» for all Schwartz functions h.

Proof. The proof uses the following basic fact about dual Banach spaces (self-dual,
in this case):

oo = swo | [ ardl.
Fer?(u)llfllipz =1
Then if (1) holds, we can use the duality relation (Lemma 2.2(c)):
(duality) sup | / gfdul=sup | / fu- gdz|
If1l L2y =1 £l 2 =1
(Holder) < sup | fullzellgll e
”fHLQ(“):l
(1) < sup Olflle2wllgll e
1712 =1
= Cligll s

which is (2). Conversely, if we assume (2) by the same reasoning we have

[ g = [ aran <l aoll Al < Clllliw 17226

. . . !
Since Schwartz functions are dense in LP , we then have

Ifpllr = sup |/fu~gdx\ < suwp Clgller 1z = Clifllez ),
g€S,llgll =1 g€S,llgll =1
which is (1) (S is the Schwartz space).
Next we show (2) and (3) are equivalent. If (3) holds, then

g = [ b= [ (xR hdo < Bl bl < AL,

which is the square of (2). The second equality is Lemma 2.3 with both functions
set to h, the next step is Holder’s inequality, and the last inequality is (3) by
assumption. Now assume (2) and let h be a Schwartz function. Then, using the
same tools,

(dual spaces) i hllLe = sup | /(,& * h) - gdz|
9€S,ligll, pr =1
(Lemma 2.3) = sup | /Q;Ld,u|
9
(Cauchy-Schwartz) < sup 172 22 1911 22
(2) <cC® Sup 1Rl Lo gl o = C2 IRl Lo
which is (3). O

3. STATIONARY PHASE APPROXIMATIONS

The previous section rephrased the restriction problem in terms of the Fourier
transform of the surface of the sphere. In order to exploit this, we will need to
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estimate the decay of this function. First, we consider a more general question. Let
¢ : R"™ — C be smooth and « : R® — C be smooth and of compact support. Let

I\ = /e*m)‘d’(””)a(:c)dx.

We wish to estimate the decay of [I(\)| as A — oo. The following computation
shows that if such an estimate is independent of «, it is diffeomorphism invariant.
More precisely, if ¢; and ¢o are smooth functions with ¢; = ¢ o G for some
diffeomorphism G,

‘/e—‘n'i)\qﬁg(ac)oé(m)dx:-/e—Tri>\¢1(G”lac)oé(x)dx:\/e—Tri)\<251(y)a(G’y)|J(G’)|dy7

where J takes the determinant of the Jacobian matrix.

The decay on [ is related to the degeneracy of ¢. The simplest case of this is
when ¢ is nonstationary. The following is a general fact about smooth functions;
the proof is omitted.

Lemma 3.1 (Straightening). Let f be a smooth complex valued function on a neigh-
borhood of p with V f(p) # 0. Then there is a diffeomorphism G of neighborhoods
of 0 and p with G(p) =0 and f o G(x) = f(p) + Tp-

This immediately gives the following:

Theorem 3.2 (Nonstationary phase). Let ¢ be smooth on a neighborhood of p with
Vf(p) #0. Then for a smooth and supported on a sufficiently small neighborhood
of p, for all N there is a Ciy (that depends on o and @) such that |[I(\)| < CyA~N.

Proof. Let G : U — V be the diffeomorphism given by applying Lemma 3.1. As-
sume « is supported inside V. Then by the computation above,
ey,
)
where in the last step the phase e~ ™*¢(®) was pulled out of the integral. But

the function a(Gy)|J(G)| is C§°, so its Fourier transform is Schwartz and can be
bounded as required. O

1IN = | / e~ TNO®) ) o (Gy)|T(G)|dy| = Claro GII(G)|(

The decay grows weaker for a nondegenerate critical point, but the proof of this
is somewhat harder. The replacement for Lemma 3.1 is the Morse lemma. The
calculation is more sophisticated and requires the Fourier transform of tempered
distributions, but the general format (reducing to a normal form by diffeomorphism
invariance) is the same. The result is stated below; the proof can be found in [4]

Theorem 3.3 (Stationary phase). Let ¢ be smooth on a neighborhood of p with
Vf(p) # 0. Assume the Hessian matriz Hy(p) is invertible. Then for a smooth
and supported on a sufficiently small neighborhood of p, there is a C' (that depends
on a and ¢) such that |[T(\)] < CA~"/2.

We wish to apply this to the surface measure of the sphere, which from now on
will be denoted by o. The first observation is that since ¢ has rotational symmetry,
so does 6. Therefore it is sufficient to estimate the decay of 6(\e, ). Next, we cover
S™~1 by coordinate charts as follows: the first is the inverse of q; : D"71(0,1/2) —
S~ given by q1(z) = (z, /1 — |z|2) paired with its image, which is a neighborhood
of the north pole. The second is the inverse of gz : D"~1(0,1/2) — S"~! given by
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g2(x) = (x, —/1 — |z|?) paired with its image, which is a neighborhood of the south
pole. D" (p,7) = D(p,r) here means {x € R"!| |z — p| < r}. The remaining
charts (with similar maps {g;}%_,) avoid the north and south poles.

Let ¢; be a partition of unity subordinate to the covering by charts. Now we
have

d(Ney) = /e_Q”iM"da(x)

k
3 / e~ Nen (1) do ()

:/ o—2miry/T- 2 Py V1 — |y|2)dy+/ J2riay/1IyE P2y —V/1 — |y|2)dy
D(0.1/2) V1—1y[? D(0,1/2) 1—y?

k
+Z/ e~ Wren 0 gi(y)ay (y)dy
j=3"Ui

where U; are the domains of the g; and the o; are smooth functions that depend
on g;. Consider the phase functions of the integrals in the sum. It is easy to see
that if V(e, - Ag;)(y) = 0, then the ¢; is stationary in the e, direction; since g;
is a coordinate map, this happens only at two places on the sphere—the north and
south poles. But these are not in the support of ¢; for j > 2, so the phase there is
nonstationary everywhere. This means that Theorem 3.2 applies in a neighborhood
of every point, and so, by compactness, on the whole support of ¢;.

The other two integrals are each stationary at exactly one point (y = 0), and
there the Hessian can be computed to be —21, which is invertible. Using Theorem
3.3 when y = 0 and Theorem 3.2 elsewhere and combining with the above, we get

6(Aen)| < CAF .

Recalling from before that the Fourier transform of a finite measure is bounded
gives

Theorem 3.4. For all £ € R™, we have
GOl <+

4. PROOF OF THE TOMAS-STEIN THEOREM

The following is a well-known interpolation theorem we will use in the proof
below. Its proof can be found in [1].

Theorem 4.1 (Reisz-Thorin). Let T be a linear operator from LP° + LP' with
1 <pg<p1 <oo. Assume

1T fllq0 < Aol fllpo
and

ITfllgy < Arllfllp:
for some qo,q1 € [1,00]. Then if for some 6 € (0,1),

1 1-6 6
= -

D Po b1

and
1 1-06 0
+

q qo q1

b
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then
ITfllq < AJAG° N Fllp-

A consequence of this is Young’s inequality for convolutions:

Theorem 4.2 (Young). Let f € LP and g € LY with % + % > 1. Then if we take r
11, 1_
such that ;. = s+3 1,
1 gl < I llgllg-

Proof. Let T be the convolution operator Th = fxh. We will prove the inequalities

(A) ITh{lp < [[fllpllRlla
and
(B) IThlloe < | flIpl Al

where LP and L?" are dual. Thinking of T as an operator from LY + L' to LP4 L™,
then, we can apply Reisz-Thorin and set § = 1 — 2. Then

1-0 0 1 1 1 1 1 1
el (e e e B
1 py r p r r 2 p rp P q

and
1-6 0 1
P oo 7
SO
1f * gllr = 1 Tglle < £, A1 NG g = I flIpllgllq
as desired.

To prove inequality (A), we use Reisz-Thorin again, this time fixing h € L' and
letting Rf = f x h. Then if f is bounded, clearly we have

Rf| < / @ —)llg@)ldy < [ Fllsollgls-
If fisin L', then
IRf| < / / (@ — 1)g(y)|dydz = / / (@ — ) |dalg(y)ldy = / 1Flg@)ldy = 1 £l llglh-

We tus have R bounded L! — L' and L — L, so by Reisz-Thorin we have
1 % Rllp = IRFI < | FplIAlL as desired.

To finish the proof, we observe that inequality (B) is a trivial consequence of
Holder’s inequality. O

Proof of Tomas-Stein. Recall that from Theorem 2.4, it suffices to show that for

P < 22 (or, equivalently, p > 2282) || % flL» < C|f| L for all Schwartz

functions f. Since S is dense in L¥' | this will imply Tomas-Stein as stated in
Theorem 1.4.

Next, let 1 be a smooth function R™ — [0, 1] that is 0 when |z] < 1/2 and 1
when |x| > 1. Then let ¢(z) = ¢(22) — ¢(z). Then when |z| > 1, ¢(z) =1-1=0,
and when |z| < 1/4, ¢(x) = 0 — 0 = 0. Moreover, for |z| > 1,

> @ k) =1.

k>0




8 DENNIS KRIVENTSOV

This means that we can write

o={1-) o2 ) |6+ (62" 0)8) = Ko+ ) K,
k>0 k>0 j=0

where we use K_o, = (1 =2 >0 q[)(2_jm)) 6 and K; = ¢(2772)6.
K_ has compact support by construction. This means that by Young’s in-

equality,

(4.3) 1K oo * fllze < 1K —oollLall £l o

2:_;2? > 2. As was noted earlier, & is

bounded, 50 || K _oo||z« is finite and depends only on dimension.

where £ = 2 — 2 which works because p’ >

In the previous section, we obtained the estimate |6(¢)| < C(1+ |¢])~ "=, where
C depends only on n (Theorem 3.4). But because of the conditions on the support
of K, this gives || Kj||p~ < C2-i"5. Using a simple case of Young’s inequality,

n—1

(4.4) 1K * flleee < 1B llpe< || fllzs < C2777= || fll e
At this point we need to make this observation:
(4.5) o(D(z,r)) < Arm~!

where D(z,r) = {z € R"| |z| < r} and A depends only on n. This is clear since
S"~1is an (n — 1) dimensional submanifold of R™.

Next, because of the radial symmetry of the sphere o, and so &, is invariant
under reflection x — —z, and so 6(§) = 6(—&) = 6(£). Then we can apply Lemma
2.2(a) to K;:

Kj = o166 = §a-36 = 2" dy; % 0,
where g () = g(az). Now, ¢ is Schwartz, so for each N there is a constant Cy
such that |¢(&)] < Cn(1 + [£])~™N. Letting N = n, we can perform the following
computation, decomposing the integral into a sum over annular regions:

K1 =20 | [ 4 - ()

< G2 / (11 2| — y])""do(y)

= " 71— e Jle —-n
Cy2 /ij)(uzlé y)do(y) + > (1+27|€ —y[)""do(y)

/D(&T““J')—D(f,?’“j)

k>0

(A)

< Cu2" | o(D(E,279)) + > 27" o(D(6,2717) = D(€,2"))

k>0

(B)

< C«n2]n A2—j(n—1) + ZAQ—nk2(k+l—j)(n—l)

k>0

(©)

= (, 27" . 342" 19-i(n=1) — 340, 27127,
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Step (A) bounds each integral by the product of the integrand’s supremum and
the measure of its support. Step (B) uses the observation (4.5) to approximate the
measures of the disks. Step (C) evaluates the geometric series on the right and
simplifies the expression.

Now we have the following bound:

(4.6) G fllee = K * flle = 155 Fllze < 1K el fllze < Q27| £z,

where @ is the constant 3AC,,2"~! from the computation. We used Plancharel’s
theorem twice to pass to the Fourier transform and back again.

But this means the convolution operator 7} f = K; * f is bounded L' — L* by
(4.4) and L? — L? by (4.6). By Reisz-Thorin,

1K % fllp < Q7272775 =0 1|,
where 6 = %. This is because
1-46
2T % T p

and

6,1-0_, 1_1

2 1 p 7
Then
(A7) K+ fllp < Q¥/ra2/paI T A0 f, = QP55 | £
The exponent is negative when p > 242 a5 desired.

The remaining step is the simple observation that

&*f:K_Oo*erZKj*f.

Jj=0
Then combining (4.3) and (4.7), both the left and right sides are bounded for
p < 242 and so [|6 * f|, < C|f||,7, which completes the proof. O

Remark 4.8. No special properties of the sphere were used in the proof. The relevant
facts were Theorem 3.4 and equation (4.5). The latter only requires the surface to
be a compact submanifold of codimension 1, while the former needs nondegeneracy
at the critical points of the phase functions. This turns out to be equivalent to
having nonzero Gaussian curvature. We will use this in the next section in deriving
Strichartz estimates for the Schroedinger equation.

5. STRICHARTZ ESTIMATES

An application of the Tomas-Stein theorem is the derivation of Strichartz esti-
mates for partial differential equations. These bound the LP norm of the solution in
terms of Banach space norms of the initial data. They are a powerful tool in deal-
ing with the limiting processes often necessary to answer existence and uniqueness
questions. A simple example is the homogeneous Schroedinger equation:

{ —i0iu + %Au =0

u(z,0) = f(z)
where u : R xR — R depends on position (z) and time (¢), 0 is the time derivative,
and A is the Laplacian in the position variables only. We can fix time and take the

(5.1)
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x Fourier transform (which we denote with the usual hat symbol) of the equation,
which gives the ordinary differential equation

{ _iatﬁ(gvt) - 27T|§|2ﬁ(§,t) = Q
a€,0) = f(6)

where we used the property of the Fourier transform that a;\u(g ) = (2mi&;)u(€) on
the Laplacian. But (5.2) is easy to solve and yields

(5.2)

a(e,t) = f(e)erm el

Now we just need to take the inverse Fourier transform to get
(5-3) u(z, t) = / fgemies e,

This can be reexpressed as the inverse Fourier transform of f 1, where p is the
measure in R™ x R given by

/ $(€. )y = / o€, |€1?)de
R xR R™

for ¢ € CY. This is a measure supported on the surface of a paraboloid. By Remark
4.8, the Tomas-Stein theorem applies to ¥p where ¢ € C§° and is 1 on the unit
ball in R™ x R. The paraboloid is n dimensional, so for p > % =2+ %,

(5:4) I llze < ClAllez ) = CllFll2 )

for f with f supported in the unit ball. The last equality follows from the fact that
integrating a time-independent function with respect to u is the same as integrating
it with respect to R™.

The left hand side of (5.4) is ||u||z» by construction, while the right hand side is
C||fllz2®ny by Plancharel, so

(5:5) ullze@nery < Cllfllz2 @r)-

Now let f have support in D(0,)). If we let fy(z) = f(5%) and ux(z,t) =
u(%,+%), (5.1) implies

5.6
(56) u(z,0) = fr(a)
by the chain rule. But f;(f) = )\’”f()\f), which has support in D(0, 1). By change
of variables, ||f>\||%2(Rn) = )\"Hf||%2(Rn) and ||u)\|\’2p(R”+1) = )\”+2Hu||1£p(Rn+1). Com-
bining this with (5.5) gives
(5.7)

[l Lo gnry = A7 [Jua || Lo @1y < CATF || full L2 @ny = CATEAT || £l L2,

{ —i0suy + %AUA =0

and the left hand side is C||f||z2(rn) when p = 2+ 2. This means that for that
value of p, (5.5) holds for all f € L? with compact support (uniformly in C). By
the density of compactly supported functions, this means it holds for all f in L?,
which is the Strichartz estimate we wanted.
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