THE BANACH CONTRACTION PRINCIPLE

ALEX PONIECKI

ABSTRACT. This paper will study contractions of metric spaces. To do this,
we will mainly use tools from topology. We will give some examples of contrac-
tions, and discuss what happens when we compose contraction functions. The
paper will lead up to The Banach Contraction Principle, which states every
contraction in a complete metric space has a unique fixed point.

CONTENTS

1. CONTRACTIONS: DEFINITION AND EXAMPLES

Definition 1 (Contraction). Let (X,d) be a complete metric space. A function
f X — X iscalled a contraction if there exists k < 1 such that for any z,y € X,

kd(z,y) > d(f(z), f(y))-

Example 1. Consider the metric space (R,d) where d is the Euclidean distance
metric, i.e. d(z,y) = |z —y|. The function f : R — R where f(z) = £ +bisa

contraction if ¢ > 1. In this specific case we can find a fixed point. Since a fixed
ab

means that f(z) = 2, we want 2 = £ 4-b. Solving for x gives us z = _%%.

Example 2. We can create a similar contraction in the metric space (R2,d)
with the Euclidean distance metric. The function f : R? — R? where f(z,y) =

(£4b,%+b) is a contraction if a,c > 1. For a fixed point, we want f(z,y) = (z,y).

Solving just like we did above, we get = = a‘l—f’l and y = cibl.

2. COMPLETE METRIC SPACES

The Contraction Theorem will specify that the metric space must be complete.
We will now define a complete metric space and explain its role in the Theorem.

Definition 2. A metric space X is complete if every cauchy sequence of points in
X converges to a point in X.

This specification simply ensures that what would be our fixed point is actually
in X. If we took the function f(z) = # + b, as in the above example, but only
considered it on the space R? — {ab/(a + 1} (which is not complete), our function
would not have a fixed point.
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3. ApPPLYING CONTRACTIONS MULTIPLE TIMES

From these examples, we have reason to believe that contractions in general
have fixed points. To show that any contraction has a fixed point we will find a
point that should be fixed and prove that that point is indeed a fixed point. Let
f : X — X be any contraction. If, for a moment, we believe that all contractions
have fixed points, then f2(x) should have a fixed point since it’s a contraction:

Claim 1. Suppose f is contraction. Then f™ is also a contraction. Furthermore,
if k£ is the constant for f, k™ is the constant for f™.

Proof. First we will show that the theorem is true for n = 2. Since f is a contraction,
we know that for some k < 1, kd(z,y) > d(f(z), f(y)). We can apply f again to

f(w) and f(y) to get kd(f(z), (y)) = d(f*(x), f*(y))- Since kd(z,y) > d(f(x), f(y)),
we know that k2d(z,y) > kd(f(z), f(y)). Thus we have

kK2 d(w,y) > kd(f(2), f(y)) = d(f*(z), f*(y))

Thus k2d(x,y) > d(f2(x), f?(y)). Note that since k < 1, k? < 1. Now assume
f™ is a contraction. We can similarly show that fm*! is a contraction. Our in-
duction step is also proving that the constant for f™ is k™, so we can assume that
k™d(z,y) > d(f™(z), f™(y)). Like in the above proof, we can apply f again to get

Kitld(e,y) > K d(f (@), f(y) > d(fH (@), £ ()

Thus k"td(z,y) > d(f"i(x), f**1(y)). By induction, the theorem is true for
all n.
O

Since each f™ is a contraction, each f™ has a fixed point. Moreover, we can
show that each f" has the same fixed point. If f(z) = z, then f2(z) = f(f(z)) =
f(z) = z. By induction, f"(x) = x for all n. Also, this proof shows that the
distances between points get very small as we apply the contraction many times.
This means that if the original space X was not infinitely large, the area covered
by the image of f™ will get very small. That is, if the distance between any two
points in X had a maximum, let’s say m, then the distance between any two points
in the image of f™ would have to be less than £"m. In the next section, we will
look at contractions on metric spaces where the all distances are bounded.

4. CONTRACTIONS ON BALLS

Definition 3. Force X and 0 < r € R let

B.(c)={z € X | d(c,z) <7}

be the ball of radius r centered at c¢. Also, we define the closure of B, (c), deno-
tated by B, (c), to be the set containing B,.(c) and all of its limit points.

Remark. If a subset of a complete metric space contains all of its limit points,
then all cauchy sequences contained in the set converge to a point in the set. Thus
by using closed balls, we ensure that they are complete. Also note that B,.(c) =
{z e X |d(e,z) <r}.
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The above definition implies the distance between any two points in a ball B,.(x)
has to be less than or equal to 2r. Thus, if we restrict f to some B,.(x) we will be
able to specify which points are contained in the image. But we have to make sure
we pick our ball so that the hypothetical fixed point of X is in it. If we pick our ball
so that the image of the ball is a subset of the original ball, then f : B,.(z) — B,(x)
would itself be a contraction, so it would have a fixed point. This would also be
the same point that is fixed in X! So we just have to make sure that such a ball
exists:

Claim 2. Suppose that f is a contraction. Let € X. For large enough values of
r, f(Br(z)) C Br(x).

Proof. We want to find r such that for any y € B,(z), f(y) € Br(x). Thus we want
to find 7 such that d(z, f(y)) < r. By the triangle inequality, we know that

d(z, f(y)) < d(z, f(z)) + d(f(2), f(y)

f(y)
Since f is a contraction, we know that d(f(z), f(y)) < kd(x,y). If B.(z) is any
ball and y € B,(x), we know that d(x,y) < r. Thus d(f(z), f(y)) < kr. Thus

d(z, f(y)) < d(z, f(z)) + kr

So if we choose r so that d(z, f(x)) + kr < r, we would know that d(z, f(y)) <
for any y € B,.(z). Thus f(y) € B,(x). Thus we can solve for r to find which r’'s
will work for a specific k and z:

d(z, f(x))+kr<r

d(z, f(z)) <r—kr

d(x, f(x)) <r(l—Fk)
d(z, f(x))

<
a-n
Thus we know that if W < r, then f(y) € B.(z) for any y € B,.(x).
]

Remark. In general, we know that if A C B and p is a limit point of A, then
p is also limit point of B. Thus A C B. Since f(B,(z)) C B,(x), we know that

f(Br(z)) C By(x).

Now, since we know how large the ball is to begin with, we can specify how small
it gets when we apply f many times:

Claim 3. For any n, f™*(B,.(x)) C B, (f™(z)), where v’ = k"r.

Proof. The proof of this Claim is very similar to the proof of Claim 1. First we
will show that it is true for n = 1. We know that » > d(z,y) for any y € B,(z).
This implies that ' = kr > kd(z,y). Since f is a contraction, we also know that
kd(z,y) > d(f(z), f(y)), which means kr > d(f(x), f(y)). Since every point in
f(Br(z)) equals f(y) for some y € B,(x), we know that every point in f(B,(x)) is
less than kr away from f(z). Thus all points in f(B,(z)) are in a ball around f(x)
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or radius kr.

Now assume the Claim is true for n. Thus we know that (B, (x)) C B, (f™(z)),
which implies d(f™(z), f™(y)) < k™r for any y € B,.(x). This implies that kd(f"(x), f"(y)) <
k™1, Also, since f is a contraction, we know that d(f"*1(x), f*™1(y)) < kd(f™(x), f*(y)).
So d(f"*(z), f*(y)) < k™*tlr. This implies that f**1(B,(x)) C B (f"*1(x)),
as desired. By induction, the Claim is true for all n.
(]
Remark. Again, since f"(B,.(z)) C By (f"(x)), we know that f(B.(z)) C

B, (fn(m))
5. THE INTERSECTION OF NESTED CLOSED SETS

We know that when we apply f many times the image gets very small and we
have a precise way of saying how small the image is. Also, our fixed point should be
in the image of each f™. Since the fixed point should be in all f*(B,(z)), it should
be in the intersection of all f™(B,.(z)). We will complete the proof by studying the
intersection. First, we will make sure there is at least one point in the intersection:

Claim 4. The intersection of all f(B,(x)) is nonempty.

Proof. First we will find a sequence of points that is cauchy, so it must converge to
a limit. We will then show that this limit must be in the intersection.

Take the sequence of points a,, such that a, € f*(B,(x)). We will show that
this sequence is cauchy. We will show that for any e there exists N such that
if n,m > N, d(a,,a,) < e Let N be such that ¢ > kVr. We know that
fN(B,.(x)) € Bu.(fN(x)), where ' = kNr, as described in Claim 3. Also, note
that if p > N, then fP(B,.(z)) C fN(B,(x)). Thus if n,m > N, we know that
an,am € fN(By(z)). Thus an,am € By (fN(z)). Thus d(fN(z),a,) < 7’ and
d(fN(z),am) < r'. Adding these together get d(fV (), a,) + d(fN(z),am) < 2r'.
Since this is a metric space we know that d(a,, a,) < d(fN(x),a,) +d(fN (), am).
Thus d(am,,a,) < 2r < ¢, as desired.

Since the sequence is cauchy, it must converge to a limit. Now we will show that
this limit is in the intersection. Say that the limit p was not in the intersection.
Then p is not in some f7(B,(x)). Let B;(p) be a ball around p such that j =
d(f(x),p) —r', where ' = k™r. Thus no point in f*(B,(z)) is in B;(p). But there
are an infinite number of points from the sequence a,, in f"(B,(x)) since we have
am € fm(By(x)) C f*(Br(z)) if m > n. Since every ball around p must only
have a finite number of points of a,, outside of it, this contradicts the fact that a,
converges to p. Thus p is in the intersection.

O

Remark It is true that in a complete metric space, for any sequence of closed sets
Ay D Ay D Az D ..., the intersection of the sets A; is nonempty.

Furthermore, we can show that p is the only point in the intersection.

Claim 5. The intersection of all f”(B,(z)) has only one point.
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Proof. Say the intersection had more then one point. Let a,b be any two points
in the intersection. Let € = d(a,b). Take n such that €¢/2 > k"r. We know that
f™(B,(x)) is contained B, (f(x)), where r’ = k™r. Also, no two points in this ball
can have a distance of 2’ or more. Since d(a,b) = € = 27/, both a and b cannot be

in f7(B,(x)). Thus they are not in the intersection of all (B, (x)). O

6. Two PROOFS OF THE CONTRACTION THEOREM

Now we know that the intersection has exactly one point. Since we have guessed
that our fixed point is in all f*(B,(x)), this must be our fixed point. We will now
prove that this is so.

Theorem 1 (The Banach Contraction Principle). Let (X, d) be a complete metric
space, f: X — X a contraction. Then f has a unique fixed point in X.

Proof. By the previous two claims, there exists exactly one point y in the inter-
section of all f*(B,(x)). Say that it was not fixed. Let ¢ = d(f(y),y). We know
that € is not 0 since f(y) # y. Take n such that ¢/2 = k™r. Thus we know that
f™(Br(x) C Be,(f(x)). Thus no two points in f™(B,(x) can have a distance greater
than e. y is in f™(B,(x) because it’s in all f*(B,(x) and f(y) is in f*(B,(x) be-
cause each contraction is a subset of the last. But the distance between y and f(y)
is €. Thus we must have f(y) =y. Thus y is a fixed point.

Note that we cannot have more than one fixed point. If had two, say z,y, we
would have d(f(x), f(y)) = d(x,y). But we know that d(f(x), f(y)) < kd(z,y)
where k£ < 1 since f is a contraction.

|

Alternate Proof. We can prove the Theorem an alternate way using similar
concepts and methods developed in this paper. However, this proof is framed
around the idea of creating a cauchy sequence that will ‘lead’ us to our fixed point.

Proof. Take any z € X. Let a,, be the sequence such that a, = f*(x). Choose r
so that f(B,(x)) C B,(z), as described in Claim 2. First we will show that this se-
quence is cauchy. For any ¢, we will find j such that if m,n > j then d(a.,,, a,) < €.
Take any e. Take j such that €/2 > k7r. So we know that the distance between
any two points in fJ(B,(x)) is less than € (see Claim 3). We also know that
ar € f*(B.(z)) and that if m,n > j, then f™(B,.(z)), f*(B.(z)) C fi(B.(z)).
Thus @, an € f7(By(x)) and so d(am,an) < €, as desired.

Since the sequence is cauchy, it converges to a limit y. Say that y was not fixed
by f. Take e = d(f(y),y)/3. Since a, converges to y, we can find N such that
for all K > N, ar € B(y). Find that N and take any such k. By the triangle
inequality, we know that d(f(y),y) < d(f(y),axr) + d(ak,y). This implies that
d(f(y),y) — d(ar,y) < d(f(y),ar). Since d{ary) < d(F(y). y)/3,

d(f(y),y) —d(f(y),y)/3 < d(f(y),y) — dlar, y) < d(f(y), ar)

Thus W < d(f(y),ax). Since ar1+1 = f(ag), ar+1 is in the same ball as ay.

Thus the exact same statement can be made for a1, i.e. M <d(f(y), ar+1)-
Thus we have



6 ALEX PONIECKI

d(f(g)vy) < 2d(f§l/)’y) <d(f(y),ar+1)

This contradicts the fact that f is a contraction, since a contraction requires
that d(f(y), f(ax)) < d(y,ax). Thus y must be fixed.

d(ya ak) <

O
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