A FOUNDATIONAL CATEGORY

PAIGE NORTH

ABSTRACT. We present several axioms in an attempt to characterize Set . A
category which satisfies these axioms has many properties which can be seen
to be analogous to properties of Set , and, in fact, the category is equivalent

to Set .
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1. INTRODUCTION.

In his 1964 paper, “An Elementary Theory of the Category of Sets”, William
Lawvere presented a set theory with axioms given in purely categorical language.
The irreducible term in the usual formalization of set theory is usually the inclusion
relation. However, the irreducible term in Lawvere’s formalization is the morphism.

We demonstrate that the natural numbers, familiar concepts of functions and
subsets, and the axiom of choice can be understood in a category which satisfies
Lawvere’s axioms. Then we show that any such category which is additionally
complete and locally small is equivalent to Set.

2. PRELIMINARIES AND AXIOMS.

In the following section, we give several of the axioms which will characterize
categories equivalent to Set and several definitions so that we can describe the
properties of the categories in familiar set theoretic terms. We also prove several
results which follow from the axioms.

We begin with a category . which has the following axioms. By a category we
mean a collection of arrows and objects with the usual relations. However, in this
paper we stress the fact that the objects of a category are only special instances of
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arrows: those which are identity arrows. For this reason, we denote both an object
and its identity arrow by the same name: for any object X in .

X: X=X
is the identity arrow of X.

Axiom 2.1. All finite limits, co-limits, and exponentials exist.

Remark 2.2. We only consider objects in .¥ as up to isomorphism, and thus all
limits, co-limits, and exponentials are considered unique.

In particular, we have a unique initial object 0 and a unique terminal object 1.
By !, we will mean the canonical map from any object to 1. For any objects A and
B, by m4 we mean the canonical projection A x B — A, and by ¢4 we mean the
canonical injection A — A + B.

Definition 2.3. An object G is a generator in a category € if for any f,g: A — B
in%, f =gif and only if for all a : G — A we have fa = ga. An object G’ is a
co-generator if for any f,g: A — Bin ¥, f = g if and only if for all b: B — G’ we
have bf = bg.

Axiom 2.4. 1 is a generator.

Definition 2.5. Given arrows x and y with y monic, there exists a unique z : 1 --» -

such that the following commutes,
X
/]

1- 2=

we say that = is an member of y, denoted = € y as usual. If y is an identity, it is
clear that y is monic and that there exists such a z, i.e. x, for any z : 1 — X. In
this case, we say x is an element of X, denoted z € X as usual.

Definition 2.6. If given arrows a : A — X and b : B — X there exists a unique
c¢: A --» B such that the following commutes,

X

a
//cﬁ
A-<>B
we write a C b. If b is an object, that is if b = X : X — X it is clear that b is
monic and that there exists such a ¢, i.e. a, for any a : A — X. In this case, we say
x is a subset of X, denoted x C X as usual. We sometimes refer to the domains of
the arrows and write A C X if a C X so that our notation resembles familiar set

notation.

Axiom 2.7. For any f : A — B if A has elements, then there exists g : B — A
such that f = fgf.

Remark 2.8. If f is monic, this axiom says there exists g such that gf = A, and if
f is epic, fg = B.

Axiom 2.9. Every object but 0 has elements.
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Remark 2.10. Otherwise, 0 2 1. In fact, if ! is the canonical arrow 0 — 1 and there
exists £ : 1 — 0, we have z! : 0 — 0 and !z : 1 — 1. However by the universal
properties of 1 and 0 there exist only one endomorphism, the identity, on either of
these objects. Thus z! =0 and !z = 1.

Axiom 2.11. Every element of a co-product is an member of one of the injections.
Axiom 2.12. There exists an object with more than one element.

Remark 2.13. If for an arrow m with domain A we have ma = ma’ implies a = a’
for all a,a’ € A, m is monic. In fact, let z,y : B = A. Then we have mz = my
implies mab = myb for all b € B. By hypothesis, we have b = yb, and by axiom
2.7, x=y.

Lemma 2.14. An object S is the sum of objects A and B if and only if there are
arrows a: A — S and b: B — S such that any element of S is an member of either
a or b but not both.

Proof. Let a : A — S and b : B — S be arrows such that any element of S is
an member of either a or b but not both. Let f,g : Z = A be arrows such that
af = ag. Then we see that for any z € Z, afz = agz : 1 — S. By hypothesis, there
is a unique z such that az = afz = agz, and thus fz = gz. By axiom 2.4, we see
that f = g, and thus a, and similarly b, is monic.

By the universal property of A + B there exists f : A+ B — S such that
fta = a and fip = b. Suppose fxr = fy for z,y € A+ B and that z,y € A
without loss of generality. Then there exist T,y such that © = 1oZ, y = t4y. Then
aZ = fiax = fx = fy = fiay = ay which implies £ = ¢ since a is monic. Therefore
T =1AT =14y =y, and we see that f is a monomorphism.

Now let g : S — A + B such that gf = A as guaranteed by axiom 2.7. Let
x € S. Then, by hypothesis and without loss of generality, there exists z: 1 — A
such that ax = x. We have fgr = fgax = fgfia® = fia®T = aT = x. Thus, by
axiom 2.4, fg =S so S is isomorphic to the sum of A and B.

Therefore, S is the sum of A and B if there are arrowsa: A — Sandb: B — S
such that any element of S is an member of either a or b but not both.

Let S be the sum of A and B. By axiom 2.11, any element of S is an element of
A or B.

Let x € S and suppose € a and x € b. Let M be an object with two distinct
elements, m and n, as guaranteed by axiom 2.12. Then there exist o and 8 such
that the following diagram commutes.

/A 1
11— >A+B-————>M
b n
\T ‘ T
B———1

We see that mla = n!g, and thus m = n. By contradiction, we cannot have both
x €aand x €D.
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Therefore, S is the sum of A and B only if any element of S is an member of
either a or b but not both.
O

Remark 2.15. We see that the sum of two objects is analogous to the disjoint union
of two sets.

We denote the co-product of 1 and 1 as 2:
Lo L1
1—2<—1
Lemma 2.16. 2 is a co-generator in ..

Proof. Let f,g: A — B.

If f = g then clearly bf = bg for all b: B — 2.

Conversely, suppose f # ¢g. By axiom 2.4, there exists a  : 1 — A such that
fx # gx. Let b = (fx,gz) : 2 = B so that fo = b and gz = b't1. Since 2 has
elements, by the axiom 2.7 there exists b : B — 2 such that ' = bb’b. Thus we have
fx=0b1=bbbiy =bbfr and similarly gr = b'bgz. Thus we see that b'bf # b'bg
and so bf # bg.

1—2so0<

bmb,

xT B xT
fmg
A
Thus, the contrapositive says that f = g only if bf = bg for all b: B — b. (I

Lemma 2.17. Let a,b C A. Then a C b if and only if for all x € A we have x € a
implies that x € b.

Proof. If a C b and = € a there exist unique «,~ by definition making the outer
and left triangles commute below. Define

B =ya

We have 8b = aae = x. Thus § makes the right triangle commute below, and since
b is monic, (3 is unique in this respect. Therefore x € b.

I

a 1 b

/7N

A—————>B

Conversely, suppose that for all z € A, z € a implies that z € b. Let ¢ be an
arrow such that beb = b by axiom 2.7. Then define

v =ca
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Since for every a € A’ there is a € B such that b3 = aa by hypothesis, we have
ac = b = bebB = beaa = bya for all @ € A’. By axiom 2.4, a = by, and ~ is the
unique such arrow since b is monic. Therefore, a C b. (]

The next section will explore the final axiom.

3. THE NATURAL NUMBERS.

By the following axiom, there is an object in . which respresents N with an
initial element and successor morphism. We show that Peano’s postulates hold for
Nin .7.

Axiom 3.1. (Natural numbers object.) There exists a triple (IV, 0, s) such that for
all other triples (X, xg,t), there exists a unique x such that the following diagram
commutes:

11— N—>N

Nk

X—X

N is universal among objects with a distinguished element and endomorphism.

The object N corresponds to the usual notion of the natural numbers with 0 as
its first element and s as the successor function. The unique arrow = corresponds
to the usual notion of a sequence in X which would be given in usual set notation
as (z(n))neny where x(n) = (" o xg)(1) for all n € N.

Recall that an exponential of two objects A and B is an object B4 and arrow
ega: BA x A — B, called the evaluation, such that for any f: Z x A — B there
exists a unique f : 7 — B* such that the triangle below commutes:

BA BAx AL~ B
Aoy

fT fxAl
|

A 7 x A

An arrow denoted ega will always refer to the evaluation of B4 for any A, B.

When we have arrows x : C' — A and y : C' — B, the arrow C' — A x B induced
by the universal property of A x B is denoted as (z,y). When we have arrows
z: A — C and y: B — D, the arrow A x B — C x D induced by the arrows
xma: Ax B— Cand yrg: AX B — D is denoted just (x,y) for simplicity. It will
be clear in context which is meant.

Theorem 3.2. (Primitive recursion.) Given arrows fo: A — B and u: N x A x
B — B, there exists f : N x A — B such that for any n € N, a € A we have
f{0,a) = foa and f(sn,a) = u(n,a, f(n,a)) as in the following diagrams:
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a (n,a) (sn,a)

1 A NXx 1 N x A
TNxXA !
i<ma> lfo lf ‘\\\\\\\\ | (moa,f (n,0)) lf
Y
NxAl>B B<——NxAxB—">5

Proof. We construct f as follows. Let A = (D, D) : D — D x D be the diagonal
arrow for any object D, € : BA x A — B the evaluation arrow for the exponential
BA. Define t': N x B4 x A — B to be the composite

NxBAXA NxAxe w
NxBAX A S NXxBAXAXASNxAx BAx A—>NxAxB—“>B

Let t' : N x BA — B4 be the exponential adjoint to ¢’ so that the following diagram
commutes:

BAx A—B

A

t'xAl
|
NxBAx A

¢

Define

t = (smy,t'): N x BA - N x BA
Then by axiom 3.1 there exists  : N — N x B4 such that the following diagram
commutes:

1 N 2 N

(0,fo) \L l

N x BA —> N x BA

where fo : 1 — B# is the exponential adjoint of f;. Then define
f=elmgax,A): N x A— B.

<7TBAZEO,CL>

1 BAx A
A fo B

In consideration of the above diagram, in which the right triangle commutes, we see
have that f(0,a) = e{(mgax, A){0,a) = e{mpax0,a) = e(rpa(0, fo),a) = €(fo,a) =
foa.

nxA XA t

NxBAx A B

t'x A
\LSXA ltxA\ eT
XA TpA XA

NxBAx A BAx A
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In consideration of the above commutative diagram, we have that f(sn,a) =
e{mpax, A)(sn,a) = e{(mgaxsn,a) = e(mrgatzn,a) = €<7TBA<S7TN,£/>$7’Z,CL> = e<t~’a:n,a> =
t'(xn,a). By the definitions of ¢, u, and f that ¢'(zn,a) = u(N x A x €)(N x B4 x
A){xzn,a) = u(NxAxe){zn,a,a) = u{myan,a, e(ngazn,a)) = u(ryzn,a, f(n,a)).
Since 7x (0, fo) = 0 and Tt = 7y (s, ) = smn the following diagram commutes:

N 2 N
(0, fo) A A
1 N x B N x B
\ \LT{.N lﬂ'N
N : N

In particular, the outer pentagon commutes. Since it is clear that by replacing both
instances of myz with NV, the outer pentagon still commutes, and by axiom 3.1 this
arrow is unique, we see myx = N and in particular myzn = n. Thus, we have that
flsn,a) =t'{zn,a) = u{nyan,a, f(n,a)) = uin,a, f(n,a)). O

Lemma 3.3. There exists a predecessor function p : N — N such that it is left
inverse to the successor function, and the predecessor of 0 is 0.

Proof. By theorem 3.2, from the arrows 0: 1 — N and 7y, : N X 1 X N — N we
can define p: N x 1 — N such that for all n € N p(0,1) = 001 and p(sn,1) =
TN, (1, s, f(n,1)). In essence, from the arrows 0: 1 — N and 7y, : N X N = N we
can define p: N — N such that for all n € N p0 = 0 and psn = n. By axiom 2.4,
we have ps = N. O

Theorem 3.4. (Peano’s postulates.)

(i) 0 € N and for anyn € N,sn € N.

(#i) 0 is not the successor of anyn € N.

(#ii) The successor function is injective.

(iv) Let A C N such that 0 € A and if n € A then sn € A for alln € N. Then
A=N.

Proof. (i) By the definition of 0,0 € N and for any n € N, n is an arrow n: 1 — N,
sosn:1— N — N. Thus, sn € N.

(ii) Suppose there exists n € N such that sn = 0. Then by lemma 3.3, we have
n = psn = p0 = 0 so that s0 = 0. Then for any ¢: X — X and zy € X by axiom
3.1 there must exist an x: N — X such that the following commutes:

11— N—>N

AN
X—=X
Since sO0 = 0, xg = 20 = xs0 = tx0 = txy. By axiom 2.4, since this must hold for

all zp € X, we have that t = X for any object X and any endomorphism =z — X.
Thus, the only endomorphism for any object is the identity morphism. However,
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axiom 2.14 ensures the existence of non-identity endomorphisms. By contradiction,
we see that 0 is not the successor of any n € N.

(iii) Suppose for z, 2’ with codomain N, sz = sz’. Then x = psx = psa’ = 2’
by lemma 3.3, so s is injective.

(iv) Let v : A — N. By axiom 2.7, there exists u’' : N — A such that vuv = v.
Define

t=pusv: A— A

For all @ € A, there exists a unique n € N such that n = va, and for all n € v
there exists a unique a’ € A such that sn = va’ by hypothesis. Thus, we have
that for all a € v there exists a unique a’ € A such that va’ = sva. We see that
sva = va' = vura' = vusva, and by axiom 2.12, sv = vusv = vt, and thus the
bottom square commutes below.

N —>

lx
t
v

N,

0
0/
1

A——

N

N—=N

l}
]

a

There exists a unique 0’ € A such that the bottom triangle commutes by hypoth-
esis, and by axiom 3.1, there exists a unique z: N — A such that the upper half
commutes. By the universal property of (N,0,s), we see that v& = N. Then
vxv = v and, since v is monic, xv = A. Therefore, A = N. O

4. FUNCTIONS AND SUBSETS.

We show that we can take the union and complement of any collection of subsets
of a common object in .7

Definition 4.1. Let e be the equalizer of fra, and fma,, €* the co-equalizer of
vp, f and up, f, ¢ the equalizer of e*1p, and e*tp,, ¢* the co-equalizer of 74, e and
Ta,€ as below:

TA LB *
E>E—>AXA:>>1A*JC>B:1>>B+B*€»E*

7TA2 L32
Ld)* d)I
I* 1
We call the object I the image of f and the object I* the co-image of f.
Theorem 4.2. The image and co-image of a function are isomorphic.

Proof. By axiom 2.7 and 2.9 there exist arrows ¢*: [* — A, ¥: B — I, and
g: B — A such that ¢*¢* = I and y¢ = I. Define

ff=yfpt =1

g =o"gp: I — I7
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such that f = f¢* and f = ¢a. Thus we have ¢ f = ¢vpa = ¢a = f, and
similarly fy*¢* = f.

Then we have that f*g"* = 6(fo" 6")g(6v )" = Gfgfi = Vi = f*.

Now we have that fma, (0", 9"g"f*) = fo* = ¢ fy* = of* = of*g"f* =
forg* f* = fra, (0", ¥*g*f*). Since e is the equalizer of fmy, and fma,, there
exists e: [* x I* — E such that ee = (¢*,¢*¢g*f*). Then we have since ¢* is
the co-equalizer of w4, e and wa,e, I* = ¢*P* = @*ma, (V*, Y g* [*) = ¢*ma,e€6 =
P mae€ = P* A, (VY gT fF) = *YFg* f* = ¢* f*. Similarly, we have that f*g* =
1. ([l

Remark 4.3. Given a function f, we see that f factors through its image I as below.

4—1.p

N

I

Definition 4.4. The characteristic function of a subset A C X is a mapping
¢: X — 2 such that x € A if and only if ¢px = 11, that is, there exists a unique o’
to make the upper triangle commute if and only if the bottom triangle commutes.

A<—/—1

7}

é
Remark 4.5. Given ¢: X — 2 we see that the equalizer of ¢ and ¢1!

A= X —=2
AR

is a subset of X such that for x € X, z € A if and only if ¢px = ¢1!. Thus, subsets and
their characteristic functions are in bijective correspondence as we would expect.

Given ¢: X — 2 we have an arrow q@: 1 — 2% given by the exponential adjoint.
Conversely, given an arrow (Z): 1 — 2% we have an arrow ¢ = e(cZ)xX ): X — 2 where
e: 2% x X — 2 is the evaluation for the exponential 2%. Thus since characteristic
functions of subsets of X and arrows 1 — 2% are in bijective correspondence so are
subsets of X and arrows 1 — 2%,
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Definition 4.6. Given a collection of subsets of X, we say that U is their union
if x € U if and only if z is a member of one of the subsets.

Theorem 4.7. Given any collection of subsets of X, their union exists.

Proof. Let the collection of subsets be indexed by an arrow « : I — 2% where I
is an ‘indexing’ object in the sense that the elements i, j,... € I induce elements
ai,aj,... € 2%, By the above remark, we see that 2 € A for some A C X if and
only if there is some j € I such that e;x («j, ) = ¢;. We show there is an object
U C X which is the union of the indexed subsets in the sense that € U if and
only if there exists j € I such that eyx (aj, ) = ¢1.

Define U by
62)((0(,X>
E—>IxX—>1—>2
i’l) T
U——>X

where FE is the equalizer of eox (o, X) and ¢1! and uv = wxe is the factorization of
mxe through its image U.

Let x € U. There exists v’ : U — FE such that vv' = U by axiom 2.7, and 2’
such that uz’ = x by definition. Define

! !/
2 =v'r € E

j=mrex’ €1

Then z = ur’ = wov'a’ = wvr” = wxex”. Thus we have that e(a, X){j,z) =
e{a, X)(mrex” , mxex”) = e{a, X)ex"” = 11lex” = 1y since lez” : 1 — 1 must be the
identity of 1.

Conversely, if there exists j € I and z € X such that (o, X){j, z) = 11 = 11!ex”,
then by the universal property of E, there exists " € F such that ez’ = (j, z).
Then we have that x = wx(j,z) = nxex” = u(va”) and the arrow vz”, which is
unique since u is monic, shows that x € U. O

Definition 4.8. For two subsets A, B C X, we say that B is the complement of A
if X = A+ B.

Theorem 4.9. The complement of any subset exists.

Proof. Let a: A»— X. We will construct the complement of A.
Define 2% : 2% — 24 as the exponential adjoint of eox (2%, a) : 2% x A — 2,
§: 1 — 24 as the exponential adjoint of ¢o! : A — 2.

9Aw A—21 L9 g AP oo
A A
(2%,4) | esz (0,4) | T
PG !
X x A—=2X x X A——1

We may think of 2¢ as analogous to a function taking subsets of X to their preimage
in A, and ) as the subset of A which is empty.
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Define e : E — 2% to be the equalizer of 2%, (! : 2% — 24,

e g
2X!1®

E 24

Here, F is analogous to a the set of subsets of X whose preimages under a are
empty.

Define b : B — X to be the union of the collection of subsets indexed by
e : E — 2% by theorem 4.7.

e;x (exX)
F ExX ; 2
Ly:
g lﬂ'x
B>—"—>X

We show that b: B — X is the complement of a : A — X.

Now we show that for all z € a and ¢t € e we have eyx (t,2) = ¢, but for all
x € b, there exists t € e such that e;x (t,z) = ¢;. Thus, for all x € X, we cannot
have both € a and = € b.

For all z € a and t € e, there exist unique Z and ¢ such that aZ = x and et = ¢
by definition, and we see that the two leftmost triangles below commute. By the
definition of 2% and (), the two sqaures below commute, and by the definition of E,
the rightmost triangle commutes.

Ex A
(t,z) J{ ) (1,4)

1 o A oA A< x4
XA Ay 2 AT
SR
oX X 2 L9

From the diagram, we see that eox (t, 1) = eox (2%, a)(t
€24 (2%, A)(e, A)(L,T) = €34 (D, A)(!, A)(t,T) = 1o!{!,
must be the identity of 1.

Now for all x € b there exists a unique Z such that b = z. Let ¢’ : B — F be
such that g¢’ = B by axiom 2.7. Define

N
=
3]
<

Il

~

o

w0
&,
=

Q

)
=
S
~ T~
"

t=engfgTce

where t = g fg'T is the unique arrow such that et = ¢ since e is monic. We have
x = b = bgg'T = mx f¢’T which implies (¢t,x) = {ergf¢'T, 7x fg'T) = (e, X)fg'T
so that the following diagram commutes.
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We see that eox (t,2) = 11!fg'T = 11.
Therefore we see that there is no x € X such that both z € a and = € b.

Now we show that if x ¢ a, then 2 € b so for all € X, we have that « € a or
x €b.

Let 2 € X, and suppose x ¢ a. Let s : A+ 1 — X be arrow induced by a and
zand t: X — A+ 1 the arrow guaranteed by axiom 2.7 such that ts = A+ 1 as
below.

1
A——
a
/ 4 ‘o
t (tol,e1)
X=—= AR

S

L1
T

A+1
1

_—N<—

1

We see that ta = tstqa = 14 and tx = tsi; = 1. Define
q; = <L0!, L1>t

Then gBa = 1! and ¢z = 1;. Let ¢ € 2% be the exponential adjoint of é. Since
da = 1!, by exponential adjointness we see that 29¢ = @ = @l¢. Thus, there
is a unique ¥ : 1 — FE such that ep = ¢. Now we see that eyx (e, X){¢,z) =
€ax (P, x) = ¢z = 1. Thus, there is a p: 1 — F such that fp = (1, x). We see that
b(gp) = mx (¥, z) = x and that gp is unique in this regard since b is monic. Thus,

x € b. Therefore, for every z € X either x € A or x € B.

Since for all x € X, x € a or x € b but not both, by lemma 2.14, we see that X
is the sum of A and B. Therefore, B is the complement of A by definition. O

5. THE AXIOM OF CHOICE.

We show that axiom 2.7 is stronger than the Axiom of Choice. In brief, axiom
2.7 ensures that both epimorphisms and monomorphisms spilt, but the Axiom of
Choice only implies that the former split. In the following, we do not assume axiom
2.7.

Theorem 5.1. For any f : A — B, if A has elements, then there exists g : B — A
such that f = fgf if and only if both of the following are true.

(i) Given o : I — 2% there exists f : I — X such that for all j € I fj € o
where o is the equalizer of 11! and exx (aj, X).

(ii) The complement of any subset exists.
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Remark 5.2. Statement (i) is the statement of the usual Axiom of Choice we will
use in this proof. In usual set theory, we would say that given an index function,
«, of subsets of X, there exists an index function, f, of elements of X such that
f(4) € a(j) for all j € I. However, in this category, aj is only an element of 2%
and so we must construct the subset of X represented by «j as below.

i j, X
A I o
— X —>2"x2—=

!

Proof. We show that axiom 2.7 implies statement (i). Given a collection of subsets
indexed by an arrow a: I — 2% and any j € I, let e: E ~— I x X be the equalizer
of e{o, X) and v1!7xx, and let a;: A; — X be the equalizer of (e, X)(j, X) and
LI!X-
. (o, X)
E IxX =1 2

lrxx L1
<j7X>T
«

'x

Aj>;>X

We have that e{a, X)(j, X)o; = ti!xa; = tilixx({j, X)e;, and thus by the
universal property of F, there is a unique arrow m: A; — E such that the following
commutes.

E=—>TxX
A

m | (j,X)T
I )

Aj el X

Let n: E — A; be such that mnm = m by axiom 2.7. Then we have that
mn = A; and nm = E by the universal properties of £ and A;, so that n is the
inverse of m. Let ¢: I — E such that (nre)c(nre) = mre as ensured by axiom 2.7.

Define
f=amne: I =X
Then we see that a;j(ncj) = fj, and that ncj is the unique such arrow since «; is
monic. Thus ncj shows that fj € ;.
Thus we have shown that axiom 2.7 implies (i), and theorem 4.9 uses axiom 2.7
to show (ii). Therefore axiom 2.7 implies (i) and (ii).

Now we show that statements (i) and (ii) imply axiom 2.7, that is, given f :
A — B, we show there exists g : B — A such that fgf = f. In summary, we first
construct an arrow g from the image of A under f back to A, and then construct
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g : B — A by applying g to the image of A and sending everything else to some
selected point in A.

Let i : I — B be the image of f: A — B, and let f : A — I be the arrow given
by the universal property of I such that if = f. Define

p=(f,AVA: A Tx A

and ¢¢ : A — I x A as the complement of ¢ by statement (ii). Let & be the arrow
given in the following diagram by the universal property of I x A as the coproduct
of ¢ and ¢°.

Then we have an arrow a : I — 24 by exponential adjointness and consequently
an arrow § : I — A by statement (i) such that for all j € I, §j € «;, where
a; C A is the equalizer of 1! and &(j, A). (Each such «; # 0 since, given j € J,
by exponential adjointness we have a subset arrows 1 — 27 — 24 by which we can
find a suitable a by hypothesis.)

By axiom 2.11, {j,gj) € I x A must be a member of either ¢ or ¢©. We have
&(j,57) = &, A)(g) = 1!(gf) = 11, 0 (j, gj) must be a member of .

Thus, there exists a € A such that (j,7j) = ¢a = (fa,a). We see j = fa and
Gj = a. Hence fgj = j for all j € I. Therefore, by axiom 2.4, fg = I.

Let I be the complement of I. By statement (i), choose some a* € A. Define
g : B — A by the universal property of B as a coproduct:

X

> A
P

Since by the universal property of I, for all a € A, fa € I. Then we have fa =
ifa = ifgfa = fgfa by the universal property of I. Therefore, by axiom 2.4,
f=Traf

Therefore, statements (i) and (ii) imply axiom 2.7. O

7)>—>UZJ<—<N

6. SET

The above results suggest that a category characterized by the given axioms has
properties similar to those of Set. The following theorem shows that, in fact, a
category characterized by these axioms is equivalent to Set.

Theorem 6.1. Let € be a locally small complete category which satisfies the ax-
ioms. Define a functor F : € — Set by

FC =%(1,0)
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(Ff)e=fe
for all objects C in €, arrows f: C — D, and ¢ € C. Then F is an equivalence of
€ and Set.

Proof. Given g : FC' — FD, construct f : C — D as follows. By lemma 2.14, C'
and D are each the sum of 1 over their respective elements. There exists f : C — D
induced by the identity arrows dom(c) — dom(gc) such that fc = gc for all c € C.
Then we have (Ff)c = fc= gc for all c € C so F f = g. Therefore, F is full.

Let Ff = Ff'. Then for all c € C, fe= (Ff)c= (Ff')e = f'c and thus f = f’
by axiom 2.4. Therefore, F' is faithful.

For any set S, let C' in € be the sum over the elements of S. Then by lemma
2.14, €(1,C) and S have the same cardinality, and thus are isomorphic. Therefore,
F is essentially surjective.

Since F' is full, faithful, and essentially surjective, it is an equivalence of ¥ and
Set. |
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