MARKOV CHAINS: STATIONARY DISTRIBUTIONS AND
FUNCTIONS ON STATE SPACES

JAMES READY

ABSTRACT. In this paper, we first introduce the concepts of Markov Chains
and their stationary distributions. We then discuss total variation distance
and mixing times to bound the rate of convergence of a Markov Chain to
its stationary distribution. Functions on state spaces are then considered,
including a discussion of which properties of Markov Chains are preserved
over functions, and we will show that the mixing time of a Markov chain is
greater than or equal to the mixing time of its image.

CONTENTS

1. INTRODUCTION

Definition 1.1. A Markov Chain with countable state space () is a sequence of
Q - valued random variables, X7, Xo, X3, ..., such that for any states z;, and any
time n > 1,

P{Xn = mnHXn—l =ZTp-1,Xn-2==Ti2,...Xg= 370} = P{Xn = $n||Xn—1 = xn—l}

This definition says that the state of a Markov Chain depends only on the state
immediately preceding it, and is independent of any behavior of the chain before
that. We will often denote the probability of going from one state to another,
P{X,, = z4|Xn-1 = xp_1} as p(¢p_1,2,). To refer to the probability of going
from one state to another in j steps, P{X,4+; = y|X, = x} , we will use the
notation of p/(z,y).

We will also often refer to the transition probability matrix P of a Markov Chain.
This means the || x || matrix, where for all ¢,j in Q, P;; = p(i, j).

Definition 1.2. A Markov Chain X, with transition probability matrix P is irre-
ducible if for any two states x,y there exists an integer ¢ (possibly depending on x
and y) such that p'(z,y) >0

By this definition, if a Markov chain X, is irreducible, there is positive proba-
bility that, starting at any state, the Markov chain will reach any other state in
finite time.

Definition 1.3. Let T'(z) = {¢t > 1 : p'(z,z) > 0} be the set of times ¢ for which
there is a positive probability for the chain to return to starting position = at time
t. The period of state x is defined to be the greatest common divisor of T'(x).
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Definition 1.4. A Markov Chain X, is said to be aperiodic if the period of all of
its states is 1.

We will often discuss Markov Chains that are both irreducible and aperiodic. In
this case, the following theorem is useful:

Theorem 1.5. If X, is an aperiodic and irreducible Markov Chain with transition
probability matrix P on some finite state space 2, then there ewists an integer M
such that for allm > M, p™(z,y) > 0 for all z,y € Q.

Proof. For any = € Q, recall from the definition of periodicity that T'(x) = {t > 1 |
Pi(z,z) > 0}, and since X, is aperiodic, we know ged(T'(z)) = 1.
Consider any s and ¢ in T'(z). Since

P (z,x) > p°(z,2)p' (z,2) > 0

we know that s+ ¢ is in T'(z) as well, so T'(x) is closed under addition.

We will now use the fact from number theory that any set of non-negative integers
which is closed under addition and which has greatest common divisor 1 must
contain all but finitely many of the non-negative integers. This implies that we can
find some t, such that, for all ¢t > t,, t € T(z).

Fix any z,y in Q. Because X, is irreducible, there exists some k(, ,) such that
pFew (z,y) > 0.

Thus, for t >, + k(z.y),

p(z,y) > pFew (z,2)pkew (z,y) > 0

Now, for any « € Q, let ], = t, +max,ecq k(,,y). For ally € Q, we have ple(z,y) > 0.
We then know that for all m > max,ecqt,, we have p™(x,y) > 0 for any z,y €

0. O

2. STATIONARY DISTRIBUTIONS

Definition 2.1. For any Markov Chain X, with transition probability matrix
P, a stationary distribution of X,, is any probability distribution 7 satisfying the
condition that

T=7P
By matrix multiplication, it is equivalent that, for any y € €,

w(y) =Y w(x)p(x,y)

zeQ

I will show in this section that, for any Markov chain X, on a finite state space
Q, the stationary distribution 7 exists, and if X,, is irreducible, then 7 is unique.
In the next section, I will show that if X, is an irreducible and aperiodic Markov
chain, there is a notion of convergence to its stationary distribution.

For most of the theorems in this section, the condition of a finite state space is
necessary. To show this, consider the simple random walk on Z, which is a Markov
Chain represented by the transition probabilities:

Loviflz—y|=1
_ )2
T,y) =
p(@.y) {0 : otherwise
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I will show that the simple random walk cannot have any stationary distribution.
Suppose the simple random walk on has a stationary distribution, that is, there
exists some probability distribution 7 such that

w(y) =Y m(@)p(x,y)
zeQ
1 1
Zmly) =5y - +rly+1)

This means that 7 : Z — [0,1] is a harmonic function; that is, it satisfies the
condition that, for all z, m(z) equals the average of its neighbors. It can be shown
that the only harmonic functions on Z are linear. Because 7 must always be non-
negative, we know that the slope of 7 must be zero. If w(z) = 0 for all z, then 7
is not a probability distribution; similarly, if 7(x) # 0, then }_ _, 7(z) = 00, so
is not a probability distribution. Thus, the simple random walk cannot have any
stationary distribution.

Theorem 2.2. If X, is a Markov Chain with transition probability matriz P on
finite state space 2, then w, the stationary distribution of X,,, exists.

Proof. Let S = {probability distributions on{1,2,... ,n}} C R™. Because the sum
of all components of a probability distribution must equal one, S is a compact
subset of R™.

Choose any u € S. We know that uP, uP?, uP3,... are all also in S.

Now, consider the sequence
1 n—1
Vp = — Pk
= kz_o p

vy, is also a sequence in S. Because S is compact, it must have some convergent,
subsequence. Thus, there exists some subsequence v,,; that converges to some 7 in
S.

I claim that this 7 is a stationary distribution for P. We want to show that 7P = m,
or equivalently, 7P — 7 = 0.

7P = lim vy, P

j—o0
nj—1
= lim — pr+l
J—oo Ny I;J K
njfl 1 n]-fl
=P -7 = lim — ) i — puP*
J—oo Ny ,;] n; ,;)
nj njfl
= lim — Pk — Pk
J—oo Ny 2::1#' n kz:;) a
= lim —(u(P™) —p)
j—o0 nj
=0
since (u(P™) — p) is bounded and lim;_, nlﬁ goes to 0. O

Theorem 2.3. If X,, is an irreducible Markov Chain with transition probability
matriz P on finite state space ), then the stationary distribution m is unique.
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Proof. Suppose there exists m; and w2 such that mP = m and P = my. It is
sufficient to show that :;Ezg
are scalar multiples of each other, there can be at most one with components that
sum to 1.

Because X, is irreducible, we know that, if 7P = m, then 7(z) > 0 for all z € Q.
This is true because Because ) .o m(z) = 1, there must exist some y € € such
that 7w (y) > 0, so if we choose any x, there must be some m such that p™(y,z) > 0
(or else X, would be reducible), so it immediately follows that 7 can have no 0
components.

Since € is finite, it follows that there exist some € > 0 such that

is a constant over all z, because if all stationary vectors

mi(z) _
z my(x)

This implies that, for all y € €,

m1(y) — ema(y) > 0
and =0 for some y € Q

If m; — emy is not the zero vector, then we get that, for some appropriate scalar
a, a(m; — ems) is also a stationary distribution. However, a(m; — emy) = 0 at
some z, contradicting what we showed above, that no stationary distribution of
an irreducible Markov chain can have any components equal to 0. Thus, m — ems
must equal 0 for all z, so Z;Ei; is a constant, and P can only have one stationary

distribution. O

3. CONVERGENCE

The goal of this section is to place an upper bound on the time it takes any
irreducible, aperiodic Markov chains converge to its stationary distribution. This
section is mostly based on Chapter 4 of Markov Chains and Mizing Times.

3.1. Total Variation Distance. In order to define Mixing Times, we first need
to define a method to measure distance between probability distributions.

Definition 3.1. For some probability distributions u and v, the Total Variation
Distance between p and v, denoted ||u — v||7y, is

l|u—v||Tv = max ln(A) —v(4)]

Now, we will introduce some other definitions of Total Variation distance and
show that they are equivalent.

Proposition 3.2.
= vllay = 5 3 Iu(a) — v()
z€eQ
Proof. Let B = {x | u(xz) > v(z)}. For any event A € Q,
i(A) = (4) < p(ANB) — v(AN B) < u(B) — v(B)
Similarly,
v(A) = p(A) < v(B°) — u(B°)
Because
u(B) + p(B°) = 1 = v(B) + v(B°)
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we get that v(B°) — u(B°¢) = u(B) —v(B), so this is an upper bound of ||u—v||Tv,
and if we consider the event A = B, we get equality.
Thus, we get,

= vllry = S u(B) ~ v(B) + v(B*) — u(B°)]

= 2 3" nla) ~ v(a)

z€Q

Note that the above proof also shows that

lp=vllev = Y lu(@) —v(@)]

z€Q,p(w)>v ()

To understand the next definition of Total Variation Distance, we need to use
coupling.

Definition 3.3. A coupling of two probability distributions u and v is a pair of
random variables (X,Y) such that the marginal distribution of X is p and the
marginal distribution of Y is v.

Thus, if ¢ is a joint distribution of X,Y on Q x Q, meaning ¢(z,y) = P{X =
z,Y =y}, then 3 o q(z,y) = p(z) and 3, a(z,y) = v(y).

Clearly, X and Y can always have the same value only if 4 and v are identical.
Proposition 3.4.

[l — v||ry = inf{P{X #Y} | (X,Y) is a coupling of p and v}

Note: Such a coupling is called an optimal coupling. In the proof below, we will
show an optimal coupling always exists.

Proof. For any event A C €,

1(A) — v(A) = P(X € A) — P(Y € A)
<P{X€AY ¢A}
< P{X #Y}

= |l —v|lrv <inf{P{X #Y (X,Y) is a coupling of  and v}

Now, we need to construct a coupling such that equality holds.
Let

p= 3 min{u(e),v(z)}

e
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We show that

p= 3 min{u(e),v(z)}

z€EQ

= Y @+ Y )

2€Q,u(z)<v(z) 2€Q,v(x)<p(z)

=Y @+ Y @+ Y v@- Y @)
z€Q,u(z)<v(z) 2€Q,v(x)<p(w) z€Qv(x)<u(z) z€Qv(z)<u(z)

=1- > (ux) - (@)
z€Q,v(z)<pu(z)
=1— (@) — v(@)|lrv
Now, flip a coin with probability p of heads.
If the coin is heads, choose the value of X by the probability distribution
min{u(x), v(z
1) - Rinlite) )

In this case, let Y = X.
If the coin is tails, choose the value of X using the probability distribution

n(z) = %;(m) if () .> v(zx)
0 : otherwise

Independently choose the value of Y using the probability distribution

() = %ﬁm tif v(z) > p(x)
0 : otherwise

Using this, we have, for the distribution of X,
p+A-pn=p

and for the distribution of Y, we have

py+(1-pr=v
This means that we have defined a coupling (X,Y) of p and v. Note that X #Y
if and only if the tail lands tails. Thus,

PIX#Y}=1-p =lp-vlzv

3.2. The Convergence Theorem.

Theorem 3.5. Suppose P is an irreducible, aperiodic Markov Chain, with sta-
tionary distribution w. Then there exists a € (0,1) and C > 0 such that, for all
t>0,
P'(z,-) - < Cat
max ||P(z,) —7flrv < Ca
Proof. Since P is irreducible and aperiodic, there exists § > 0 and r € N such that,
for all z,y in Q,

p'(z,y) = om(y)
Let © =1—0. Let II be a square matrix with || rows, each of which is =.
P = (1 - 0)II + 6@ defines a stochastic matrix Q.
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Now, we will show P™* = (1 — ©%)II + ©*Q* by induction.
For k = 1, this is true, because it is exactly how we defined (). Assume this holds
for k = n.

P’r(nJrl) — pTrpr
=[(1 - ©")II + ©"Q"|P"
= (1—OMIP" + (1-0)0"Q I + 0" Q" Q

Because IIP" =11, and Q"II =11, we get
Pr(n+1) — (1 _ @n+1)1—[ + 6n+1Qn+1
completing the induction.
= Ptpi = (1-eMTIP/ + e*Qkpi
P =TI — O*1I + ©FQ* P/
PrEHI 11 = 0%(Q*P7 —T0)
P?“k-i—j(wo’ ) — H(mO’ ) _ GkaPj('Zha ) - H(;UO: )
2 - 2

Thus, the left hand side above becomes the Total Variation Distance, and the second
term on the right hand side is at most 1, so we get that there exists some C; such
that

maX||Prk+j(iE0, ) - 7T||TV S Cj@t
zE€Q

Now, let C = maz{Cy,C4,...,Cr_1,C\}, let k = [%], and we have
max|| P (2o, ) = wllrv < CO'

O

3.3. Standardizing Distance from Stationary. We will now introduce notation
to show the distance of a Markov Chain from its stationary distribution, and the
distance between two Markov Chains.

Definition 3.6.

Lemma 3.7.

d(t) < d(t) < 2d(t)

Proof. Because the triangle inequality holds for Total Variation Distance, for all
z,y in €,

1P (z,) = P(y, Mlrv < [[P'(2,") = 7llzv + [P (y,") = 7llrv
so d(t) < 2d(t). Since 7 is stationary,

m(A) =D w(y)P'(y, A)

yeN



8 JAMES READY

Thus, we have
d(t) = maXHPt(fCa ) = 7llrv

= max (I}llCa,X|P (x,A) - W(A)D

z€Q

— t ¢

_I;Iég( glggzdz y)| P (x P(y,A)|)
yeQ

< ! ~ P!

< max (Y w(y) max|P(z, 4) - P'(y, 4)))

yeQ

t LT

Sr;léagz((r;leaécﬂp( ) =Py, )||TV)

< max |P!(z,-) — Pt(y,)||rv = d(t)

The second to last inequality holds since ) veQ m(y) is a convex linear combination.
O

Lemma 3.8. d is submuliplicative; that is,
d(s+1t) < d(s)d(t)

Proof. Fix z,yin , and let (X, Y;) be the optimal coupling of P*(z, -) and P*(y,-).
We early showed this coupling does exist, and that

|P*(z,-) = P*(y,)llrv = P{X; # Ys}

p*Hi(x Zp (z,2)p"(z,w)

Z2€EQ

= 3" PX, = 2l (2, w)

2€Q
= E*(P'(X,,w))
Similarly, p*™*(y,w) = E(p'(Ys, w)).
= p*(z,w) — p"t(y,w) = E(P'(X,,w) — P'(Y;,w))

1
= [|P*H (2, w) = P*H (y,w)||rv = 3 > IB(PY (X, w) = PH(Y;,w))]
weR

< B(y Y 1P, w) - P, )

wEN
= E(||P(Xs,") = PY(Y;, )ll2v)
(t)P{X £Y,}

We now get to the following corollary:

Corollary 3.9. For all c € N,
d(ct) < d(ct) < d(t)°
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Proof. From the earlier lemma, d(ct) < d(ct). From the lemma immediately above,
d(ct) =d(t +t+...+1t) (c times)
d(t)d(t)...d(t) (c times)
d(t)"

IN

3.4. Mixing Times.

Definition 3.10. The mizing time of a Markov Chain, with respect to e, is
tmie(€) = min{t | d(t) < €}
We will also let timiz = tmiz(3)-

The choice of exactly % is somewhat arbitrary, but as we will see below, it
simplifies the calculation of a key inequality.
By corollary 3.9, for any I € N

d(ltmiz(€)) < E(ltmiw(e)) d(tmiz (€ )) < (2€)l
= d(ltmiz) S 27l

This means that a Markov Chain converges to its stationary distribution exponen-
tially fast.

4. FUNCTIONS

We will now consider the idea of functions on state spaces. We let X,, be a
Markov Chain with transition probability matrix P on some state space &', and
consider some function F' : X — W. F will always be surjective, but not necessarily
injective. We will let W,, = F(X,,). For all of this section, assume X is at most
countable.

I will show, by counterexample, that W, is not always a Markov Chain.
Let X = {a,b,c} and W = {d,e}. Let X,, be the Markov Chain represented by
the below directed graph, where p(i,j) = 1 if 7 has an outgoing edge to j, and 0

otherwise.

.a _— .b _— .C
Define F such that F(a) = F(b) =d, and F(c) =
Let X, have the starting distribution {p1, p2, ps} over {a, b, c}. We want to show
the Markov condition does not hold for W,,; that is, there exists some n and w,
such that

P{Wn = wn|Wn71 = wnfl} 7é P{Wn = wn|Wn71 = wn717Wn72 = Wnp—2,""" 7W0 = 'U)o}

This is true for W = d, because
P{Xy=a,Xo=(borc),X; =(bor¢)}
P{Xo=(borc),X; =(borc)}

P{Wz :d|W0:€,W1 26}:

_ P2
D2
=1
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but

P{X2 = G,Xl = (b or C)}
P{X, =(borc)}
P2

Copi e

P{WZ :d|W1 :e}:

P{W, = d|Wy = e, W = e} # P{W; = d|W; = e}, so W, is not a Markov Chain.
However, there does exist a condition on X,, that guarantees W, to be a Markov
Chain.

Theorem 4.1. Let X,, be a Markov Chain with transition probability matriz P on
some state space X, and consider some function F : X — W. Let W, = F(X,,).
For each w € W, let F~Y(w) = {x € X|F(z) = w}. If for every pair of states
wy,wy in W and every pair of states x1,xs in F~1(w),

> opany) = > play)
yEF~1(ws) yeEF~(ws)

then W, is a Markov Chain on W.

I will say that any Markov Chain with a function which satisfies the condition
of the above theorem is function reqular.

Proof. We want to show that
P{Wn = wn|Wn—1 = wn—l} = P{Wn = wn|Wn—1 = wn—laWn—Q =Wp—2,""" :WO = U)()}

We know for every zq,xs in F_l(wn,l), there exists some w € R such that

Yo op@ny) = Y plany) =w

yeF~1(wn) yeF~"(wn)

I claim that
P{Wn = wn|Wn71 = wnfl} = P{Wn = wn|Wn71 = wn71;Wn72 = Wp-2, """ ;WO = 'U)o} =w
First, I will show this is true for the left hand side.

P{W, = wy|Wp_1 = wp_1} = P{X,, € F~ (w,)|Xpn_1 € F (wy_1)}
_ P{X, € F Y wy),Xn1 € F Hwp1)}
P{X,_1 € F~ (wp—1)}
_ EweF—l(wn,l)(P(Xn—l =z)- ZyeF—l(wn)p(may))
P{X,_1 € F~ Y (wp,—1)}
. ZmeF—l(wn,l)(P(Xn—l =1z) w)
P{X, 1 € FY(w,_1)}
W 2weF-1(w,_y) L (Xno1 = 1))
P{X, 1 € F Y w, 1)}
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Now, I will show this is true for the right hand side.
P{W, = wp|Wyp-1 = wp—1,Wp_9 =wp_2,--- , Wy =wp}
= P{X, € F Y (wn)|Xn_1 € F Y (wp_1), Xns € F  (wp_s), -, X0 € F 1 (wp)}
P{X, € F ' (w,),Xn 1 € F Y (wy 1), Xpn o€ F~ Y (wp_s), -+, X0 € F~(wp)}
- P{Xp_1 € F ' (wy_1), Xp_2 € F-Y(wy_2),--, Xo € F~1(wp)}

B <erF1(wn—1)P{Xn2 € F Y (wy 2),--,Xo € F Nwo)} - P{Xp 1 =
2| Xn s € F Y (wp_2), -+, Xo € F~'(wp)} - (ZyeFl(wn)P(a:,y))>/<P{Xn1 €
F~Ywp—1), X2 € F~ (wp—s), -+, Xo € F~"(wo)}
= (w Yver—1(uwn_) PAXn—2 € F Y (wy_2),---,Xo € F Y (wo)}P{X,_1 = 2| X, 2 €
F~ Y w, 2), -+, X0 € F‘l(wo)}> / <P{Xn1 € F Y wy 1), Xy 2 € F N w, 5), -+, Xg €

F~'(wo)}

Thus, W, is a Markov Chain. O

However, function regularity is only a sufficient condition for the image to be a
Markov Chain, not a necessary one. Let X, be the Markov Chain represented by
the transition probability matrix below.

‘a b ¢ d
al0 5 5 0
b{1 0 0 0
c|0 0 0 1
dj{o0 5 5 0

Let F(a) =a, F(b) = F(c) = 3, and F(d) = 7.
Because p(b,a) # p(c,a), X, is not function regular. We then have that W, is
represented by the following transition probability matrix:

This counterexample demonstrates an issue with deciding how we determine the
starting distribution of the X,,. Given any starting distribution of W,, can we
choose how we want to pull this back onto the X,,? If we know or can fix any
pull back of starting probabilities in X', then W, is a Markov Chain, so this is
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a counterexample. However, if we do not know how the starting distribution is
pulled back in X, and all we know is the observed probabilities of the W,,, then
P{W; = a|Wy = B} is not well defined, and W, is not a Markov Chain.
For this rest of this section, unless otherwise stated we will not assume X,, is
function regular. However, we will assume that W,, is a Markov Chain.

We will now discuss some properties of Markov Chains that are, or are not,
preserved over functions on state spaces.

First, we will prove a lemma needed for the next theorem.

Lemma 4.2. Let P be a transition probability matriz on a state space Y. Then
a probability distribution p on Y is stationary for P if, on some probability space,
there exist YV-valued random variables Yy,Y1 such that (a) each of Yo and Yy has
marginal distribution p; and (b) the conditional distribution of Y; given Yo = y is
the y* row of P.

Proof. Suppose we have some random variables Yy, Y7 such that P{Y; = z|Y, =

y} = P(y,z) and P{Yy; = y} = P{Y1 = y} = n(y). We want to show that = is
stationary; that is, we want to show m(y;) = >, 3 (7(y) P(y,:))-

> @®Py,y:)) = Y (P{Yo =y} - P{Y1 = 2|y = y})

yey yey
=Y (P{Vi =y, Yo =y})
yey
= m(y:)
O
Theorem 4.3. Let X,,, with stationary distribution 7, be a function reqular Markov

Chain. Let W, = F(X,), as usual. Then the projection mo F~1 of m to W is a
stationary distribution for W,.

Proof. We will first choose two random variables Yy, Y] such that:
PYi=2|Yo=y} =q(y,2) (1)
P{Yo =y} =P{Mi =y} ==x(F () (2)
= > 70
2€F~1(y)

By the lemma, we know that if two such random variables exist, than 7(F~1) is a
stationary distribution.
Let P(Y1 = z,Yy = y) = f(z,y). Having assumed P{Y; =z | Yo =Y} = ¢q(y, ),
we want to show that f(z,y) satisfies the condition (2) above.
P{leﬂ]',Y():Y}_ ( m)
P{YO — y} - q yJ
fz,y)
> =5 =4y)
Z:EF*l(y) (2)
= f(z,y) =qy,z) >, 7w(2)
z€F~1(y)

=Y fay= Y )

zeEW z€EF~1(y)
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The last step follows since ) .y, q(y,z) = 1.
Thus, we have just shown that P(Yo =y) = > cp-1(, 7(2), the second part of

condition 2. Now, all that is left is to show that P(Y; = z) = (7 o F~1(x)).
q(y,x) = P{Wy =y | Wo =z}
=Pz € F'(y) | Xo € F'(2)}
=P{z, e F'(y) | Xo=2€ F ' ()}
We know that, since X, is function regular, the last step above does not depend

on the choice of z.
Choose any u in F~1(y).

Zf(m,y):Z( Z Puv)( Z 7r(z))

yew yeEW wveF- 2EF~1(y)

2(2(2 (=)

yeW zeF-1(y) veF~1(x)

z(Z(ZPw 9))

YyeEW zeF-1l(y) veEF-—

= Z ( Z p(z,v)m(2) ) (Since we were able to combine the y sum and the z sum)

veF—1(z) 2z2€X

= Z w(v) (Since 7 is stationary in X))
veF—1(x)

= (ro FY)(x)
We just showed that > f(z,y) = P{Y1 =z} = (7o F~1)(x), so we are done. [

Now, as an example of a Markov Chain with a function on its state space, I will
introduce the Ehrenfest Urn model. The state space X is {0,1}". At each integer
time ¢, one random index 1 < j < N is chosen, and the j*" coordinate from time
t — 1 is switched. Thus, for two vectors x and y, the transition probabilities are:

(z.1) {]{] :if z and y differ in exactly one coordinate
z,y) =

0 :otherwise
This can be visualized as two urns of balls. At each time ¢, one ball is randomly
chosen to switch urns.
I claim that the stationary distribution of the Ehrenfest Urn model, 7 is that
all possible vectors are uniformly distributed with probability 2%, Because there

are 2V vectors, this is a probability distribution. This distribution is stationary
because, for any y € X

1 11

= N———

2N 2NN

1 11

9N = Z oN N

{z|x and y differ in exactly one coordinate }
w(y) =Y w(@)p(x,y)
z€eQ
Because the Ehrenfest Urn model is irreducible and X is finite, 7 is unique.
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Now, let W =1{0,1,2,...,N}, and define
N

Wo=>_ Xn(j)
j=1

We know that W, is a Markov chain because X, is function regular (any vector
with & 1’s at time ¢ — 1 is equally likely to have [ 1’s at time ¢). We can determine
the transition probabilities of W,, by looking of the transition probabilities of X,.
If W, = w, then W,,41 increases by 1 if a 0 is chosen to be switched in X,,, and
decreases by 1 if a 1 is chosen in X,,. the transition probabilities are as follows:

N —w
P 1) =
(w,w+1) = ~—

w
P -1)=—
(w,w—1) = =

P(w, any other value) =0

Using Theorem 5.3, we can also determine the stationary distribution of W,, by
considering the stationary distribution, 7, of X,. Since all vectors are equally
likely, it is simply a matter of counting how many vectors in X' go to each value in
Y. The number of ways to have w 1’s in an N length vector is (). Because there
are 2%V binary vectors of length N, we can see that the stationary distribution of

Wn: ¢7 is:
()

p(w) = 9N

We will now show that, if X, converges to its stationary distribution, then W,
converges to its stationary distribution at least as fast.

Theorem 4.4. If X,, is irreducible and aperiodic, then W, is irreducible and ape-
riodic.

Proof. Because X, is irreducible and aperiodic, there exists some M such that for
all m > M and z,y € X, p™(x,y) > 0.

We will now show that ¢™(wq,ws) > 0 for any m > M and wy,ws € W, where
q™ (w1, ws) represents the transition probabilities of going from w; to ws in m steps
in the chain of the W,,.

Choose any wi,ws € W.

q" (wy,wy) = P{X,, € F~Y(wy) | Xpnom € F_l(wl)}
_ P{X, € F '(ws), Xpp € F ' (w1)}
h P{X, m € F~Y(w)}

— ZxEFI(’un),yEF*l(wz)pm(miy)
P{Xp_m € F~ (wy)}

>0

This condition is stronger than the condition for irreducibility, so W, is irreducible.
If we let wy = wy, this condition says that for any m > M and w; € W,
q"(wy,wy) > 0, 80 T(wy) D {m | m > M}. This implies that ged(T(wy)) = 1
for all w; € W, so W, is aperiodic. O

Theorem 4.5. d(t)w, < d(t)x, -
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Proof.

d(B)w, = max || Y (¢'(w,y) = 7(0))llrv

yeWw

= max I Z Z (P{Xt =z|X; € F7H(w)}p'(z,2) — 7r(:v))||TV By Theorem 5.3
zeX zeF~1(w)

< s (Lop, | S (9 =)
< I:,?Ea}}fH Z (p (z,2) — 7r(x))||TV

zeX
=d(t)x,
The third line followed because

Y P{Xy=z|X; e FN(w)} =1

z€F—(w)

Corollary 4.6. For all €, ty,(€) (W) < timee (€)(Xp)

Proof. Recall that ¢,,;,(€) = min{¢|d(t) < e}. This corollary follows immediately
from theorem 5. O

I’ll now show some counterexamples of properties that are not preserved under
functions on state spaces. If X, is reducible, W, is not necessarily irreducible. Con-
sider an X, of two identical, non-communicating classes, for example, the Markov
Chain represented by the graph below:

> <>

It is clear that there is a function (namely, F(a) = =aand F(b) = F(d) =
B) that maps the corresponding states in each class to the same point, creating a
Markov chain with a single communicating class.

If X, is periodic, then W, is not necessarily period. Consider the Markov Chain
represented by the transition probability matrix below to be X,:

0.0 T W

[ S =S; ==l -]
O bt ©O ;T
ot © ot O
S o © o &>

Now let F'(a) = F(b) = a and F(¢) = F(d) = . We then have that W, is
represented by the transition probability matrix below:

Here, X,, has period 2 , but its image has period 1, so W,, is aperiodic.
Consider the following lemma:
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Lemma 4.7. Let X,, be a function regular Markov Chain, and W, = F(X,,).

q(wy,ws) = 0 if and only if for all v € FY(w;) and y € F~Y(ws), we have

p(z,y) = 0.

Proof. First, we will show that the right hand side implies the left hand side.

Suppose that for all z € F~!(wy), y € F~!(ws), p(z,y) = 0. We then get that
P{X, € F Yws) | Xp_1 € F *(w1)} =0

which is equivalent to saying g(w;,w2) = 0, as desired.
Now, we will show the left hand side implies the right hand side by proving the
contrapositive. Suppose there exists some zo € F~1(w;) and yo € F~!(w) such
that p(z,y) = 0. This means that > p-1(,,)P(0,y) = «, for some a > 0.
Because X, is function regular, we know that for all z € X, ZyeF—l(wz) p(z,y) = a.
Also, because we are conditioning on the event X,,_; € F~!(w;), we will assume
that P{X,_1 € FY(w;)} > 0. We can now show that
q(z,y) = P{X, € F ' (w2) | Xy € F~H(wy)}

_ P{X,, € F7Y(w2),X;_1 € F~'(w1)}

- P{X,_ 1 € F~Y(w)}

~ Der—t(wy) P{Xn—1 =2} (2 ep-1(wy) P(@,Y))

N P{X,, 1 € F~Y(w)}

a-P{X,_1 € F7 (w)}
P{X,_1 € F~Yw)}
>0

O
Corollary 4.8. If X,, is irreducible and function regular, then W,, is irreducible.

Proof. Recall our definition of an irreducible Markov Chain: X, is irreducible if for
any two states x,y there exists an integer ¢ (possibly depending on z and y) such
that p*(z,y) > 0. It follows immediately from the lemma that if X,, is irreducible,
then W,, is irreducible. O

Corollary 4.9. If X,, is aperiodic and function reqular, then W, is aperiodic.

Proof. Recall our set T'(z) = {t > 1| p'(x,z) > 0} from our definition of the period
of a Markov Chain. Let T'(z) = {t > 1| ¢*(F(z), F(x)) > 0}. The above lemma
shows that 7'(x) must be always contain 7'(z). Thus, for any w, the ged(T(z)) <
ged(T'(z)). Because X, is aperiodic, ged(z) = 1 for all z € X, so , because F' is
always onto, ged(w) = 1 for all w € W. Thus, W, is aperiodic. O
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