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ABSTRACT. This paper illustrates the construction of a Chevalley group for a
finite dimensional semisimple Lie algebra over an algebraically complete field.
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In this paper, the theory of Lie algebras is introduced, with a special focus on

the analysis of finite dimensional semisimple Lie algebras.

The theory is devel-

oped essentially from the ground up, the only prerequisites are a basic knowledge
of linear algebra and ring theory. We do not explore the connection between Lie
algebras and Lie groups, in particular the definition of Lie algebra does not arise
from studying differentiable manifolds. Instead, we present the Lie algebra axioms,
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motivated by the algebraic structure of End(V), the ring of endomorphisms of a
vector space V.

Part two deals with an introduction to the theory of Lie algebras, which are vec-
tor spaces equipped with a bilinear product called the bracket product and de-
noted [zy] or [z, y], satisfying certain axioms. In the case of End(V), [zy] = vy —yx
and when we view this space as a Lie algebra we denote it by gl(V) and call it the
general linear algebra. In section two we have the basic algebraic definitions (eg
homomorphism, subalgebra) familiar to anyone who has studied algebra. In sec-
tion three we discuss representations, maps from a Lie algebra L to gl(V') for some
V. Representations, especially the adjoint representation, will be a central tool for
studying Lie algebras, since they allow many theorems about gl(V) to be applied to
L. Section four deals with some more advanced definitions, including the notion of
a semisimple Lie algebra, which will encompass most of our discussion in the rest of
the paper. We also prove Engel’s theorem, which gives an important criterion for
the nilpotency of a Lie algebra. Section 5 discusses Jordan decomposition, which
states that a matrix can be written as the sum of a semisimple and nilpotent ma-
trix. Section 6 introduces the Killing form, a symmetric bilinear associative form
on an arbitrary Lie algebra, which is central to the analysis that follows. Weyl’s
Theorem, in section seven, is a cruicial theorem about representations of semisimple
Lie algebras. Finally, section 8 introduces an analogue of Jordan decomposition for
an arbitrary semisimple Lie algebra.

In part 3 we discuss the root space decomposition, root systems, and the con-
struction of a Chevalley group. Section 9 discusses representations of a very impor-
tant Lie algebra, sections 10 and 11 introduce the idea of a root space decomposition
for a semisimple Lie algebra and prove some properties. Section 12 discusses root
systems, which arise naturally from considering root space decompositions, but
are an interesting geometric concept in their own right (and the analysis requires
no Lie algebra concepts, only linear algebra ones). Finally section 13 gives us a
much-needed theorem about the existence of isomorphisms between semisimple Lie
algebras (and in particular, automorphisms of a particular Lie algebra), and section
14 explains the construction of a Chevalley group (of adjoint type), which is the
goal of the paper.

1. LINEAR ALGEBRA REVIEW

Here we review the interaction of a vector space V' (over F') and its endomor-
phism ring End(V') with the ring of polynomials F[T] over F.

If Fis a field and V is a vector space over F', there is a natural homomorphism
F — End(V) sending each element to scalar multiplication. This allows us to take
a polynomial with coefficients in F' and evaluate it at some T' € End(V). To em-
phasize the fact that the indeterminant will be a linear transformation, we write
F[T) for the polynomial ring over F and p(T) for some polynomial in F[T].

Now assume V is finite dimensional. Since F[T] is a principal ideal domain, for
any x € End(V) we can find a minimal polynomial that has x has a root, this
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is called the minimal polynomial of z and is denoted m,(T). We also have the
characteristic polynomial ¢;(\) = det(AI — z). In this case we have A € F and
the expression on the right is just the evaluation of the determinant of a linear
transformation, which turns out to be a polynomial in A. We will usually write this
as ¢, (T), which agrees with our usual notation, but remember ¢, (T) # det(T —x).
It is a consequence of the Cayley-Hamilton theorem that m, (T divides ¢, (T).

The Chinese Remainder theorem says given polynomials p;(T") and ¢;(T"), we can
satisfy the relations p(T) = p;(T) (mod ¢;(T)) as long as the ¢;(T) are relatively
prime.

Finally, if we fix x € End(V) we can regard V as an F[T]—module, that is for
a polynomial p(T"), v € V, the action of p(T") on v is p(x)(v). Then it is a theorem
of module theory that if p(T') = p1(T)---p,(T) is a decomposition into pairwise
relatively prime polynomials, the kernel (In V') of the action by p(T') is the direct
sum of the kernels of the actions of the p;(T). In particular, if p(T') = ¢,(T'), and
F is algebraically closed, we can write c,(T) = [[,(T — a;)™. Thus ker c,(z) = ®
ker (x — a;)™¢ where the polynomials on the right are the factors of ¢, (T") to their
linear powers. Finally, by the Cayley-Hamilton theorem, c,(z) = 0 so we get a
decomposition of V' into subspaces which are invariant under x.

Lastly, recall that the trace of an endomorphism 7T of a finite dimensional vector
space V' (written T'r(T')) is the sum of the diagonal entries of the matrix represen-
tation

Part 2. Lie Algebras
2. INTRODUCTION TO LIE ALGEBRAS
We begin our discussion with a definition:

Definition 2.1. A Lie Algebra is a vector space L endowed with an operation
[[] : L x L — L, called a bracket product. The bracket product satisfies the
following three axioms:

(L1) The bracket product is bilinear.
(L2) [zz] =0forallz € L
(L3) [z[yz]] + [ylzz]] + [z]xy]] = 0 for all z,y,z € L

Note that the bracket product is not necessarily associative, instead we have
axiom (L3) which is called the Jacobi identity. It is also worth remarking at this
point that we will occasionally write [z, y] instead of [zxy] for clarity.

The motivation for the above axioms comes from the following idea: Consider,
for a vector space V, the vector space End(V') consisting of endomorphisms of V'
(that is, linear operators  : V. — V). For z,y € End(V), define [zy] = zy — yz.
The reader should check that End(V) endowed with this bracket product is a Lie
algebra, which we denote by gl(V').We call it the general linear algebra. (Note
that End(V) and gl(V) are the same objects. We use the latter notation when we
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want to emphasize the Lie algebra structure).

We now introduce some terminology, which is standard for any kind of algebraic
analysis and should feel familiar:

Definition 2.2. Let L be a Lie algebra over a field F'.

e A (vector) subspace K of L is a subalgebra if it is closed under the bracket
product: z € K and y € K imply [zy] € K.

e A subspace I of L is an ideal if for z € L, y € I, [zy] € I. (obviously ideals
are subalgebras)

e If A and B are subspaces of L, A+ B = {& + ylx € A,y € B} and
[AB] = {>,[xiyi]|z; € A,y; € B}. These are also subspaces of L. If I and
J are ideals of L, then I 4 J and [IJ] are also ideals (proof left to reader).

e [LL] is called the derived algebra of L, and L is abelian if [LL] = 0.
e [ is simple if it is nonabelian and has exactly two ideals: itself and 0.

o If K is a subspace of L, N(K) = {z € L|[zk] € K for all k € K} is called
the normalizer of K in L. Np(K) is a subalgebra of L, and If K is a
subalgebra of L, N (K) is the largest subalgebra of L having K as an ideal
(proof left to reader).

e If K is a subalgebra of L, K is self-normalizing if K = N (K)

e If X is a subset of L, C(X) = {y € L|[zy] = 0 for all z € X} is called the
centralizer of X in L. CL(X) is a subalgebra of L, and is an ideal if X
is an ideal (proof left to reader). If K is a subalgebra of C1(X), we say K
centralizes X.

e Cr (L) is written Z(L) and is called the center of L.

e If L and L' are Lie algebras over a common field F', a linear map v : L — L'
is a homomorphism if Y [zy] = [V (x)y(y)] for all z,y € L. If ¢ is injective
it is called a monomorphism and if it is surjective it is called a epimor-
phism. If it is both mono- and epi- it is an isomorphism, and L and L’
are said to be isomorphic (written L = L)

The following elementary proposition is should also look familiar:

Proposition 2.3. Suppose L and L' are Lie algebras over F, and ) : L — L' is a
homomorphism. Then Ker 1) = {x € L|y(x) = 0} is an ideal of L, and (L), the
image of L, is a subalgebra of L.

Proof. Left to reader.
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If I is an ideal of a Lie algebra L, then we can construct the quotient algebra
L/I, and the familiar homomorphism theorems all hold. This is the content of the
following proposition:

Proposition 2.4. Let L be a Lie algebra, and I C L an ideal. Then we can define
a bracket product on the quotient space L/I by [a + I,b+ I] = [ab] + I. With this
bracket product, L/I is a Lie algebra, and the canonical map ¢ : L — L/I is a
homomorphism. The following results also hold:

a) If L and L' are Lie algebras over a field F and v : L — L' is a homomor-
phism, then Ker 1, the kernel of v, is an ideal of L. We have L/ Ker 1) =
L', in particular there is a unique isomorphism ¢ : L/ Ker v — L' such
that ¢ = ¢ om.

b) If I and J are ideals of L with I C J, then J/I is an ideal of L/I and
(L/D)/(J/I)= L/ J.

¢) If I and J are ideals of L, (I +J)/J = 1/(INJ).

Proof. Straightforward. This imitates the proof for other algebraic structures (eg.
rings) nearly exactly.
O

We end this section with a final elementary proposition (again, the reader should
supply the proof if he or she so desires):

Proposition 2.5. If L and L' are Lie algebras over F, ¢ : L — L' a homomor-
phism, and I,J ideals of L, then (I+J) = (1) +y(J) and ([IJ]) = [W(I)(J)].
Also, these are all ideals in (L).

Proof. Easy O

3. REPRESENTATIONS

As we shall see, an incredibly useful tool for studying a lie algebra is the notion
of a representation:

Definition 3.1. If L is a Lie algebra over a field F', a representation of L is a
homomorphism ¢ : L — gl(V), where V is a vector space over F. ¢ is said to be
finite dimensional if V is.

If ¢ : L — gl(V) is a representation, we will sometimes say L acts on V via
¢. What this means is that given an element z € L we can interpret x as taking
elements of V' and moves them (this is the action) to other elements of V', explicitly
x takes v € V to ¢(x)(v) (as ¢(x) is a function from V to V). For clarity of nota-
tion, if T" is an element of gl(V') we will occasionally write T.v for T'(v), so when
¢ L — gl(V) is a representation we can write ¢(z).v for ¢(z)(v).

Now if L is any Lie algebra, we have a representation called "ad” as follows: for
x €L, adz: L — L is defined by ad z(y) = [zy]. Then one can easily verify that
ad : L — gl(L) is a representation, it is called the adjoint representation of L.
Every Lie algebra has an adjoint representation, and we can add in a subscript, as



6 ALEX ZORN

in ady, to distinguish the adjoint representation of L from, say, the adjoint repre-
sentation adg of a subalgebra K of L.

Using ad, we can transfer notions from vector spaces of the form End(V) to
arbitrary Lie algebras. For example, a linear operator € End(V) is said to be
nilpotent if 2" = 0 for some n € N. Then if L is any Lie algebra, z € L is ad-
nilpotent if ad z € End(L) is nilpotent. Similarly, if V' is finite dimensional over
F, z € End(V) is said to be semisimple if the roots in F' of m,(T'), the minimal
polynomial of z, are all distinct. Then if L is any finite dimensional Lie algebra,
x € L is ad-semisimple if adxz € End(L) is semisimple. Note that, if F is an
algebraically closed field, x € End(V) semisimple if and only if it is diagonalizable.

Proposition 3.2. Let V be a vector space over a field F, and x € gl(V).

(a) If x is nilpotent, then x is ad-nilpotent.
(b) If V is finite dimensional, F' algebraically closed, x semisimple, then x is ad-
semisimple.

Proof. (a): Fix z, (z™ = 0) and consider two endomorphisms of End(V): A, and
pz where for y € End(V), \;(y) = 2y and p,(y) = yx. Then \?(y) = 2™y = 0, and
P2 (y) = ya™ = 0, so they are both nilpotent endomorphisms of End(V'). They also
commute: A\;py(y) = peAe(y) = xzyxz. Then adz = A\, — p,, and since the sum or
difference of nilpotent endomorphisms is nilpotent, ad x is nilpotent.

(b): Let vy, va,...,v, be a basis for V that diagonalizes z, and say ai,...,a,
are the eigenvalues. Now consider the basis e;; for gl(V'), where e;;(vi) = dirvj,
0 the Kronecker delta. We will see that the basis e;; diagonalizes ad x. We have
ad z(e;;)(v) = (zei; — €;;2) vk = T0ikVj — €5;aRVE = a;0;xV; — aRdikvj. But agdsy, =
a;0;, (since if i # k both sides are zero), so adxz(e;;)(v;) = (a; — a;)0iv; =
(a; —a;)e;j(vg). We get that e;; is an eigenvector of ad x, with eigenvalue a; — a;.

O

Now if L acts on V via some representation ¢, and W is a subspace of V stabi-
lized by L (¢(x).w € W for all € L, w € W), then by restricting the action of L
to W we get L acting on W. Similarly, if L stabilizes U C W, with U and W sub-
spaces of V, then the action of L on W/U via ¢ is well-defined (as the reader should
check). The most general case of this phenomenon is explained in the proposition
below:

Proposition 3.3. L acts on V via ¢. K is a subalgebra of L and I is an ideal of
K. U CW are subspaces of V. K stabilizes U and W, and the action of I maps
U into 0. Then K/I acts on W/U wvia ¢.

Remark 3.4. Since restricted actions satisfy the same equations as the original
actions, (formally, restricting the range to a subspace or quotient subspace is a
ring homomorphism) this restriction to a subspace/quotient preserves nilpotency
(characterized by the equation 2™ = 0 for some n) and semisimplicity (characterized
by x being the root of a polynomial with no duplicate roots in F'). Examples:
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o If K is a subalgebra of L, and adjy x is nilpotent for some =z € K, so is
adg T

e x as above. K stabilizes L and K so (even when K is not an ideal) K acts
on (the vector space) L/K via ad, and the action of x is nilpotent.

e [isanideal of L, and x € L with ad rz nilpotent, then adp,,; T is nilpotent.

e Respectively, semisimple in each of the above cases (L finite dimensional)

We end this section with a final definition which will be useful later:

Definition 3.5. If ¢ : L — gl(V) is a representation, we say ¢ is irreducible if
there are no proper subspaces of V stabilized by L. ¢ is completely reducible if
V' is the direct sum of subspaces V; stabilized by L such that the restricted action
of L on Vj is irreducible.

4. SOLVABLE, SEMISIMPLE, AND NILPOTENT

We now introduce three more concepts which are slightly more intricate than
those discussed in Definition 2.3. The first is the notion of solvability of a Lie
algebra, which mimics solvability in group theory. Given a Lie algebra L, we define
a sequence of ideals of L as follows: L(®) = L, LV = [LL], L&) = [LMLM] and
in general L) = [LO-D (-],

Definition 4.1. A Lie algebra L is solvable if L") = 0 for some n.
We have the following proposition:

Proposition 4.2. Let L be a Lie algebra over a field F.

(a) If L is solvable and K is a subalgebra of L, K is solvable.

(b) Homomorphic images of L are solvable.

(c) If I is an ideal of L such that I and L/I are solvable, then L is solvable.
(d) If I, J are solvable ideals of L, then so is I + J.

Proof. (a): Suppose L™ = 0. If K is a subalgebra of L, then clearly [KK] is
a subalgebra of [LL]. Tt follows by induction that K < L) for all i, hence
K™ c L™ =0, so K is solvable.

(b): Suppose L") =0, L' is a Lie algebra over F, and ¢ : L — L’ is a homomor-
phism. Write M = (L), a subalgebra of L’. By proposition 2.6, it is clear that
Y(LD) = M@ for all 4, hence M = (L) =0, so M is solvable.

(c): Suppose (L/I)™ = 0 and I™ = 0. Let 7 : L — L/I be the canonical
homomorphism. Then by part (b), (L) = 7(L)™ = (L/I)(™ =0, so L™ C I.
By part (a), (L()(™) ¢ 10 = 0. It is clear that (L(™)(™) = L(»*+™) hence L is
solvable.

(d): By part (c) of proposition 2.5, (I +J)/J = I/(INJ), the latter of which is
the homomorphic image of the solvable Lie algebra I. Part (a) above then implies
(I 4+ J)/J is solvable. On the other hand, J is also solvable. So part(c) above
implies I + J is solvable. (I

The concept of solvability also inspires the following definition:
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Definition 4.3. A Lie algebra L is semisimple if is finite dimensional and its
only solvable ideal is the 0 ideal.

We now move on to the notion of nilpotency, which at first glance seems quite
similar to solvability. We define a sequence of ideals as follows: L° = L, L' = [LL],
L? = [LL'], and in general L' = [LLI71].

Definition 4.4. A Lie algebra L is nilpotent if L™ = 0 for some n.

It is easy to see that L(¥) C L?, hence nilpotent Lie algebras are solvable. We
have the following elementary proposition for nilpotent Lie algebras, analogous to
proposition 4.2 above:

Proposition 4.5. Let L be a Lie algebra over a field F.

(a) If L is nilpotent and K is a subalgebra of L, K is nilpotent.
(b) Homomorphic images of L are solvable.

(¢) If L/Z(L) is nilpotent, then so is L.

(d) If L is nilpotent and nonzero, then Z(L) # 0.

Proof. (a): Suppose L™ = 0. We can show by induction that K¢ C L’. By assump-
tion, K° C L°. Then by induction K‘*! = [KK'] C [LK'] C [LL!] = L**'. Then
K™ C L™ =0, so K is nilpotent.

(b): Suppose L™ =0, L' is a Lie algebra over F, and ¢ : L — L’ is a homomor-
phism. Write M = (L), a subalgebra of L’. By proposition 2.6, it is clear that
(L) = M for all i, hence M™ = (L") =0, so M is solvable.

(¢): Suppose (L/Z (L))" =0, and let 7 : L — L/Z(L) be the canonical homomor-
phism. By (b), (L") = (L/Z(L))" = 0, hence L™ C Z(L), so L"*! C [LZ(L)] = 0.

(d): Pick m such that L™ is nonzero, but L™*! = 0. Then for z # 0 € L™,
y € L we have [xy] € L™ =0, s0 x € Z(L). O

The reader will surely notice an overlap in terminology: We have used the words
”semisimple” and ”nilpotent” to describe both Lie algebras and elements of gl(V').
One may wonder why this is so. In fact, there is a beautiful relationship between
nilpotent Lie algebras and nilpotent endomorphisms: If L is a finite-dimensional
Lie algebra, then L is nilpotent iff all its elements are ad-nilpotent. This is Engel’s
theorem, which we will prove shortly. First we introduce a theorem which is a
valuable result in and of itself:

Theorem 4.6. If V is any nonzero vector space and L is a finite dimensional
subalgebra of gl(V') consisting of nilpotent elements, then there exists nonzerov € V
such that z.v =0 for all x € L.

Proof. Induct on the dimension of L. If L = 0 there is nothing to prove. If dim
L =1, pick « # 0 € L. By hypothesis « is nilpotent so find n € N such that ™ #£ 0
but 2"*! = 0. Then there exists w € V such that z™.w # 0. Letting v = 2™.w., we
have xz.v = 0.

Now let dim L > 1 and let K be a maximal proper subalgebra of L. Then
(Remark 3.4) K acts on L/K via ad, and the action of each element is nilpotent.
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Let M C gl(L/K) be the image of K under this representation, then dim M | dim
L so by induction there exists z + K € L/K sent to zero by M. So for z € K,
0+K=adz(z+ K) =[zz]+ K, or [zz] € K.

So consider K + Fz. (F the underlying field). This a subalgebra of L properly
containing K, hence it equals L (by maximality). Let W be the subspace of V' such
that z.w = 0 for all x € K, w € W, by induction W is nonzero. If w € W and
z € K, z(zw) = [zz].w + z(x.w) = 0, since [zz] € K. This implies z.w € W, so
Fz can be regarded as a subspace of gl(I¥). Since Fz has dimension 1 and z is
nilpotent, we know there exists nonzero w € W such that z.w = 0. Then for all
y=z4+az€ K+ Fz, yw=zw+ azw =0, but K + Fz = L so we are done.

O

Corollary 4.7. If L is a finite-dimensional Lie algebra and ¢ : L — gl(V) is a
representation such that ¢(x) is nilpotent for all x € L, there exists nonzero v € V.
such that ¢(x).v =0 for all x € L.

Proof. Immediately clear from Theorem 4.6.
O

Theorem 4.8. Engel’s Theorem If L is a finite dimensional Lie algebra, L is
nilpotent if and only if all elements of L are ad-nilpotent.

Proof. First assume L is nilpotent. if z € L, y € L', adx(y) € L**'. In other
words, ad z(L') C L'™!, so ad 2™(L) C L™ = 0. Therefore, ad x is nilpotent.

On the other hand, assume L consists of ad-nilpotent elements. We proceed
by induction. If dim L equals 0 or 1, L is nilpotent. If dim L > 1, by Corollary
3.8 there exists nonzero x € L such that ad y(x) = 0 for all y € L. This means
x € Z(L), so Z(L) # 0. Then L/Z(L) consists of ad-nilpotent endomorphisms
(Remark 3.4), hence by induction L/Z(L) is nilpotent, and by proposition 4.5 we
are done.

([l

We end this section with another application of Theorem 4.6 (via Corollary 4.7):

Lemma 4.9. Let L is a nilpotent finite dimensional Lie algebra, K a nonzero ideal
of L. Then KN Z(L) # 0.

Proof. L acts on K via ad, so Corollary 4.7 gives nonzero z € K such that ad z(z) =
0 for all € L. This implies z € Z(L).
O

5. JORDAN DECOMPOSITION

Recall from linear algebra that if V' is a finite dimensional vector space over an
algebraically closed field we can write any linear transformation 7 as an upper-
triangular matrix with respect to some basis. Then we can write T'= S+ N, where
S is a diagonal matrix and N is strictly upper-triangular (zeroes on the diagonal).
Note also that S and N commute. In fact, we have the following general proposition:
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Proposition 5.1. Let V be a finite dimensional vector space over F, F an alge-
braically closed field, x € End(V)

(a) There exist unique x5, x, € End(V) satisfying x = xs + &, Ts semisimple, x,
nilpotent, and x5 and x, commute.

(b) x5 and xz,, commute with any endomorphism commuting with x.

(c) If A and B are subspaces of V' such that x maps A into B, then x5 and x,, both
map A into B.

Proof. (If necessary, the reader should consult the introduction for a brief review
of End(V) as an F[z]—module).

Since F'is algebraically closed we can completely factor the characteristic polyno-
mial of z: ¢, (T') = [[,(T'—a;)™ where a; are the roots and m; are the multiplicities.
Then we can write V' as a direct sum of V; = Ker (x — a;)™, each stable under z.
Using the Chinese Remainder Theorem (in F[T]), find p(T) such that p(T) = a;
(mod (T — a;)™), p(T) = 0 (mod T). Note that the last equation is unnecessary
if a; = 0 for some 4, and if all the a; are nonzero then T is relatively prime to the
other moduli. Let ¢(T) =T — p(T).

Now set z,, = ¢q(z), s = p(x). Since they are each polynomials in z they com-
mute with each other (and every endomorphism commuting with z), and their sum
is clearly . Now if v € V;, we know we can write x5 = a; + r(x)(z — a;)™ for
some 7(z), hence z5(v) = a;v + r(x)(z — a;)™ (v) = a;v, so any basis of V; will
consist of eigenvectors of x5 (with eigenvalue a;). Hence we can diagonalize z, so
x5 is semisimple. Lastly, if v € V;, we have z,(v) = (z — z5)(v) = z(v) — zs(v) =
z(v) — a;v = (v — a;)(v), hence 2™ (v) = (x — a;)™ (v) = 0. So zM = 0, where
M = max(m;), therefore z,, is nilpotent.

(c) is now clear, since ¢(T") and p(T") are both polynomials with no constant term.

We have shown everything but the "uniqueness” clause in part (a). Suppose z =
s+ n is a different decomposition of z. Then s and n commute with x, hence with
xs and z,, (part (b)). The sum of commuting nilpotent endomorphisms is nilpotent
(clear) and the sum of commuting semisimple endomorphisms is semisimple, since
they can be simultaneously diagonalized (a standard linear algebra fact, see Lemma
9.3: Simultaneous Diagonalization for details). So we have 3, — s = n — x,, is a
semisimple, nilpotent endomorphism, hence it must be identically zero. O]

This decomposition is known as the Jordan decomposition, or Chevalley-
Jordan decomposition. Note that part (a) of the theorem justifies the word
"the” (as the decomposition is unique). We also have:

Lemma 5.2. Let x € End(V), V a finite dimensional vector space over an al-
gebraically closed field F, x = x5 + x,, its Jordan decomposition. Then adx =
adxs + adxy, is the Jordan decomposition in End( End(V)).

Proof. By Proposition 3.2, ad xs is semisimple, ad x,, is nilpotent, and we know
[ad x5, ad x,) = ad [zs,z,] = 0. O
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6. KILLING FORM

From here on, we will be primarily working with algebraically closed fields of
characteristic zero. We will call such fields "typical”. In addition, we will use ”typ-
ical Lie algebra” to denote a finite-dimensional Lie algebra over a typical field.

Jordan decomposition is one of the central tools we will use in our analysis of
Lie algebras. The second central tool is known as the Killing form, and is defined
as follows:

Definition 6.1. Let L be a finite dimensional Lie algebra. If z,y € L, define
k(z,y) = Tr(ad zad y) (The trace of the linear transformation- see the introduc-
tion). & is called the Killing form.

Recall that a form on a vector space is simply a function from L x L to the
underlying field F' (an example is the dot product in R™). The Killing form enjoys
some useful properties:

Proposition 6.2. The Killing form k of L is:
(a) Symmetric: k(z,y) = &(y, ).

(b) Bilinear

(c) Associative: k([zy], z) = k(x, [yz])

Proof. All of these proofs will hinge on an elementary fact about trace established
in the introduction: that if A, B € End(V), Tr(AB) = Tr(BA).

(a): Obvious from the fact stated above.
(b): We know that ad : L — gl(L) is linear, and that the trace functional is linear.

(c): We see for any z,y,z € gl(V), V finite dimensional, Tr([zy]z) = Tr(zyz) —
Tr(y(xz)) = Tr(zyz)—Tr((xz)y) = Tr(xz[yz]). Hence k([zy],z) = Tr(ad [zy]ad z) =
Tr(ladzadylad z) = Tr(ad z[ad yad z]) = Tr(ad x ad [yz]) = k(x, [yz]). o

As with the adjoint representation, when K is a subalgebra of L we can distin-
guish between the Killing form of K and the Killing form of L with a subscript:
Kk versus k1. We do, however, have the following useful lemma:

Lemma 6.3. Let L be a finite dimensional Lie algebra, I an ideal of L. Then if
z,y €1, kr(z,y) = kr(z,y)

Proof. Create a basis for L by first creating a basis for I and extending it to
L:(x1,29, T, Tmt1y---,Ty) (say dim I = m). Now if x € I, consider the
matrix representation for adpxz. For i > 0, x,,4; ¢ I but since I is an ideal
adr (zm+i) € I. This implies the m + ¢ diagonal entry in the matrix is zero,
so the terms that contribute to the trace correspond to the basis elements of I:
Tr(adp z) = Tr(adyz). Similarly, Tr((adg z)(adry)) = Tr(((adr z)(adr y)) |1
)=Tr((ad; z)(ads y)). O

We also have the following definition:
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Definition 6.4. Let L be a finite dimensional Lie algebra,  its Killing form. The
radical S of « is the set {z € L|k(z,y) =0 for all y € L}. k is nondegenerate if
its radical is O.

Since k is associative, its radical S is an ideal: If x € S, y € L, we want
to show [zy] € S. This amounts to showing x([zy],z) = 0 for any z € L, but
k([zy], 2) = k(z, [yz]) = 0. We want to find conditions on L for the Killing form x
to be nondegenerate. It turns out that (provided char F' = 0) this is exactly the
same as L being semisimple. This result is the goal for the rest of this section. We
begin with a lemma:

Lemma 6.5. Let A C B be two subspaces of gi(V'), V a finite dimensional vector
space over a typical field F. Let M = {x € gl(V)|[z,b] C A for all b € B}. If
x € M satisfies Tr(xy) =0 for ally € M, x is nilpotent.

Proof. Let x = x5 + x, be the Jordan decomposition of x. Then x, is diago-
nalizable, so fix a basis vi,...,v, of V consisting of eigenvectors of x; and let
ai,-..,a, be the corresponding eigenvalues. If we can show each a; = 0, then
rs = 0 so x = x, is nilpotent, as desired. To do this, consider the smallest sub-
field E of F containing all the a;. Then E is a vector space over QQ, the prime
subfield of F', of finite dimension (at most m). We need to show F = 0, equiva-
lently the dual space E* = 0. In other words, any linear function f : E — Q is zero.

To show this, pick f : E — Q and let y € gl(V') be defined by y(v;) = f(a;)v;.
We can find a polynomial without constant term (1) € F[T] satisfying r(a;—a;) =
f(a; — a;) for all pairs 4, j (this follows from Lagrange interpolation). Remember
from proposition 3.2 that we have a basis e;; of gl(V'), where ad z4(e;;) = (a;—a;)e;;
and ady(e;;) = (f(a:i) — f(aj))ei; = f(ai —aj)ei; = r(a; — aj)e;;. It follows that
ady =r(ads).

Now since ad x4 is the semisimple part of ad x and ad x maps B into A, ad z,
maps B into A. Then since ady is a polynomial in ad x5 without constant term,
ady maps B into A. This means y € M, so Tr(zy) = 0, or y .a;f(a;) = 0.
Applying f to this sum yields Y, f(a;)* = 0, but the numbers f(a;) are rational
so they are all zero. Since the a; span F, f must be zero.

O

Note that we used the hypothesis that F' had ch. 0 when we asserted that its
prime subfield was isomorphic to Q. We now prove a theorem known as Cartan’s
criterion, which is a criterion for solvability of a Lie algebra:

Theorem 6.6. (Cartan’s Criterion) Let L be a subalgebra of gl(V'), V' a finite di-
mensional vector space over a typical field. If Tr(zy) =0 for all x € [LL], y € L,
then L is solvable.

Proof. Use the lemma: V is as above, B = L, A = [LL]. Then M = {z €
gl(V)|[zy] € [LL] for all y € L}. We want to show that for x € [LL],z € M,
Tr(xz) = 0. Then the theorem will give us x is nilpotent, so adg « is nilpotent,
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so adjy )« is nilpotent. Then Engel’s theorem gives us [LL] nilpotent, which im-
plies that L is solvable (since LU+Y) = ([LL]))® c ([LL])?).

It is enough to show that, for an arbitrary generator [xy] €|
some z € M, Tr([xy]z) = 0. But we have Tr([zy]z) = Tr(z[yz]
since z € M and y € L, [yz] € [LL], so by hypothesis Tr([yz]z) = 0.

LL] (z,y € L), and
) = Tr([yz]z). But

O

Now, the Killing form enters the picture:

Corollary 6.7. Let L be a typical Lie algebra, and S is the radical of the Killing
form k.

(a) If [LL] C S, then L is solvable.

(b) If I C L is an ideal and [II] C S, then I is solvable.

Proof. (a) Apply the theorem to ad L C gl(L): Since ad [LL] = [ad Lad L], if
adz € [adLad L] we can assume z € [LL] C S. So for ady € L we have
Tr(adzady) = k(z,y) = 0. Hence ad L is solvable. But ad L = L/Z(L) and
Z(L) is solvable, so L is solvable.

(b) By Lemma 6.3, if Sy is the radical of the Killing form on I, INS C S;. Then
the assertion is obvious from (a). O

Now all the pieces are in place for the big theorem of this section:

Theorem 6.8. Let L be a typical Lie algebra. Then L is semisimple if and only if
its Killing form is nondegenerate.

Proof. S is an ideal and [SS] C S so by Corollary 6.7(b), S is solvable. Since L is
semisimple, this means S = 0.

Now assume S = 0 and let I be an abelian ideal of L. If x € I and y € L,
ad zad y maps L into I, and (ad x ad y)? maps L into [I1] = 0. Hence ad rad y is
nilpotent, so k(x,y) = Tr(ad xad y) = 0. Therefore I C S = 0. Now if J were any
nonzero solvable ideal of L, the last nonzero J(® would be an abelian ideal. This
is a contradiction, so L is nilpotent. ([l

We are now in a position to prove that any semisimple typical Lie algebra can be
written as the direct sum of simple Lie algebras (sometimes used as the definition
of semisimplicity), but first a simple lemma:

Lemma 6.9. If L is a typical Lie algebra and I is an ideal of L, let I+ = {x €
L|k(z,y) =0 for ally € I'}. Then I+ is an ideal and L = 1 ® I+ (I is called the
ideal perpendicular to I (in L)

Proof. It is a subspace of L because of the bilinearity of k. Now if x € I+, z € L
we want to show [2z] € I+, For y € I, note [yz] € I. Then by the associativity
of , k(y,[27]) = K([yz],x) = 0. Then since I N I+ is an ideal, the Killing form is
trivial when restricted (Lemma 6.3) so by Corollary 6.7(a), I N I+ is solvable and
hence 0.
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d

Theorem 6.10. (Decomposition of Semisimple Lie Algebras) Let L be a semisimple
typical Lie algebra. Then there exist ideals L1,..., Ly of L which are simple Lie
algebras such that L = Ly & --- ® Ly, and any ideal of L is a direct sum of some of
the L; (in particular the simple ideals of L are the L;).

Proof. Use induction on the dimension of L. If L is already simple, we are done. If
not let I be a proper ideal of L. Then (Lemma 6.9 above) we can write L = I &I+,
where I+ is also a (proper) ideal of L. Now any ideal of [ is also an ideal of L, so
that means I must be semisimple, and similarly I is semisimple. By induction, we
can write I as a direct sum of simple ideals, which are therefore also ideals of L, and
likewise for I+. This gives us a decomposition of L into a direct sum of simple ideals.

Now let I be a simple ideal of L, L = L1 ® Lo & - - @ Ly,. Then [IL] is an ideal of
I, and [IL] # 0 because Z(L) = 0. So [IL] =1I. Then I = [IL] = [IL1]®---®[IL,),
so all but one of the sums, say [IL;], equal zero. So I = [IL;], hence I C L; but
this means I = L; since L; is simple.

Finally, let I be any ideal of L. I is semisimple, so we can write I as a direct sum
of simple ideals, which are also simple ideals of L. But by the above paragraph,

each simple ideal of L is one of the L;.
O

Corollary 6.11. If L is semisimple, then L = [LL] and all ideals and homomorphic
images of L are semisimple.

Proof. Clear from Theorem 6.10. O

7. WEYL'S THEOREM

In this section we are concerned with representations ¢ : L — gl(V') of a semisim-
ple typical Lie algebra. First, remember that a form on L is a function from L x L
to F. We have the following helpful lemma:

Lemma 7.1. If L is a finite dimensional Lie algebra, 8 any nongenerate bilinear
form on L, and (z1,...,2y,) a basis of L, there is a uniquely determined dual basis
(Y1, -+, yn) relative to B such that B(x;,y;) = 0i;

Proof. Let L* denote the dual space of L. For z € L, define A\, € L* by A\, (y) =
B(x,y). Then by bilinearity, we have both that A, is actually in L* as asserted, and
that the map A : z +— A, is a linear map. Since [ is nondegenerate, A has kernel 0,
and since L is finite-dimensional this implies A is an isomorphism. Then if f; € L*
is the linear functional mapping z; to &;;, we must have y; = A~1(f;). O

Now let L be a Lie algebra over F, and ¢ : L — gl(V) be a representation of
L with V finite dimensional. If we have 3(z,y) = Tr(¢(x)¢(y)), [ is a symmetric
associative bilinear form- simply use the argument of proposition 5.4 for the Killing
form. Also, if F is typical, and ¢ is faithful (1-1), the radical S of § is isomorphi-
cic to ¢(S), and the argument from the previous section then implies S. solvable.
Therefore if L is semisimple, § is nondegenerate.
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Now pick a basis x1,...,x, of L, and a basis y1,...,y, which is dual to the z;
relative to 3 (as in the lemma). Write ¢y = >, #(x;)$(y;), and call it the Casimir
element of ¢. Its trace is Y, Tr(éd(x:)d(v:i)) = >, B(xi, yi) = n, where n is the
dimension of L.

Proposition 7.2. Ifx € L, L a typical Lie algebra, and ¢ : L — gl(V') is a faithful
representation. Then c, commutes with ¢(z).

Proof. Write [zx;] = > aijz;j and [vy;] = 37, bijy;. Then ap = 32, aiiB(xj, yp) =
Bllzzil,yk) = B(—[ziz],yx) = —B(zi, [xye]) = — 3, bk;B(xi,y;) = —byi (using
associativity of 3). Now in End(V) we have [z,yz] = [z, y]z + y[z, 2], therefore:

[B(x), c6(8)] = Y _[8(x), d(x:)dyi)] = D _[d(x), d(w)d(yi) + Z@b(ﬂci)[sﬁ(w), ¢ (yi)]

i %

We have [p(z), ¢(xi)] = 3_; ai;d(x;) and [p(x), ¢(yi)] = 32, bijd(y;). So:
[6(@), cs(B)] = D aisd(;)(y:) + D _bisé(z)o(y;) = 0

(2]
Since Qi = —bji.

O

Lemma 7.3. (Schur’s Lemma) L a Lie algebra over an algebraically closed field
F, V a finite dimensional vector space over F. ¢ : L — gl(V) an irreducible
representation. If T € gl(V') commutes with all ¢(x), T = X for some X € F.

Proof. Pick an eigenvalue A of T' (possible since V is finite dimensional and F' is an
ACF), and let T =T — M. Then if v € Ker T, x € L, since T commutes with ¢(z)
we have T(¢(z).v) = T(¢(x).v)=Ap(z).v = ¢(x). Tv—Ap(z).v = ¢(z).(Tv—Iv) = 0.

Hence ker T' is stable under action by L, it is nonzero since A is an eigenvalue of T,
and by irreducibility this implies ker T =V soT =T — Al = 0. [

Corollary 7.4. L, ¢ : L — gl(V), ¢y as in proposition 2%, V finite dimensional.
If ¢ is faithful and irreducible, ¢y = A\ where A= dim L/ dim V.

Proof. By Schur’s Lemma, cy = Al for some A, and we get the value of A\ using
Tr(cy) = dim L. O

Lemma 7.5. If L is a typical semisimple Lie algebra, ¢ : L — gl(V') is a repre-
sentation, and V is one dimensional, then L acts trivially on V' (for any x € L,
veV, ¢(x)v=0).

Proof. O
Now we proceed with the main theorem of this section:

Theorem 7.6. (Weyl’s Theorem) If L is a typical semisimple Lie algebra and ¢ :
L — gl(V) a is a finite dimensional representation, then ¢ is completely reducible.

Proof. Consult [1], page 28
O
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8. ABSTRACT JORDAN DECOMPOSITION

In this section we prove an analogue for Jordan decomposition (section 5) for an
arbitrary typical semisimple Lie algebra. The idea is: write x € L as x = x5 + x,,
where x4 is ad-semisimple and x,, is ad-nilpotent, and xs; and x, commute. First
we need a simple definition, motivated by the product rule for derivatives:

Definition 8.1. If L is a Lie algebra, a derivation of L is an element § € gl(L)
such that 6([a,d]) = [a,d(b)] +[d(a),b]. Denote by Der L the set of derivations of L.
It is easily checked (left to the reader) that Der L is a subalgebra of gl(L) (though
not necessarily a subring).

Lemma 8.2. L a typical Lie algebra, § € gl(L). If § = o + v is the Jordan
decomposition of § and § € Der L, then o,v € Der L.

Proof. Write L, = {z € L|(§ — a)*.z = 0 for some k (depending on x)}. Then L is
the direct some of the nonzero L,, and o acts on L, as scalar multiplication by a.
Suppose x € L, and y € L, By induction on n, we can show (6 — (a + b))™.[xy] =
S (0 —a)""".z)- ((6 —b)").y), hence for big enough n (6 — (a+b))".[zy] = 0.
This means [zy] € La4s, so o([zy]) = (a+b)([zy]) = [(az),y]+ [z, (by)] = [o(x), y]+
[z,0(y)]. Since L is a direct sum of the L, it follows that o € Der L, and therefore
so is v. (]

One more lemma is necessary before proceeding with out main theorem:
Lemma 8.3. If L is a typical, semisimple Lie algebra, then ad L = Der L.

Proof. Let M = adL, D = Der L. The first thing to notice is that M is
an ideal of D: If x € L then by the Jacobi identity adz([yz]) = [z[yz]] =
[[zy]z] + [y[zz]] = [ad z(y), 2] + [y, ad z(z)]. This implies M C D. Then if 6 € D,
[0, ad z](y) = 0([zy]) — ad z(d.y) = [0.2,y] + [z, d.y] — [2,6.y] = [0.7,y] = ad 6.z(y).

By Corollary 6.11, M and D are semisimple. So we can write D = M & M=+
(Lemma 6.9). Pick § € M*. Since M and M~ are both ideals, if z € L, [6, ad z] =
add.x € M+NM =0, so ad d.z = 0 for all z € L. But the kernel of ad is Z(L) = 0
(L being semisimple), so .z = 0 for all # € L, meaning § = 0. So: M+ = 0 and
we have D = M. (]

We are ready for the main theorem of this section:

Theorem 8.4. Let L be a semisimple typical Lie algebra, and x € L.

(a) There exist unique x5, x, € L with v = xs + T, x5 ad-semisimple, ©, ad-
nilpotent, [z, x,] = 0. (This is called the Abstract Jordan Decomposition

of x).

(b) If L is a subalgebra of gl(V') for a finite dimensional vector space V', the abstract
and usual Jordan decompositions coincide.

(c) Let ¢ : L — gl(V) be a finite dimensional representation of L, x € L. If
T = x5+ Xy is the abstract Jordan decomposition of v and ¢(x)s + ¢(x),, is the
normal Jordan decomposition of ¢(z), then ¢p(x)s = ¢(zs) and ¢(x)n = d(zn).
(Note that (b) is a special case of (c) when ¢ is the inclusion map).
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Proof. (a): If ada = (adz)s + (adx), is the Jordan decomposition of ad z,
since adz € Der L, by Lemma 8.2 we have (adz)s,(adz), € Der L. But
then by Lemma 8.3, (adx)s,(adz), € adL, hence (adz); = adzs for some
xs € L (which is consequently ad-semisimple) and similarly for (adz),. Then
ad [zs,z,] = [ad x5, ad 2,] = 0, and since ad is 1-1 this implies [xg, z,] = 0. Fi-
nally, if z = s+n were another abstract decomposition, by uniqueness of the normal
Jordan decomposition we have ad s = ad s, so x5 = s (similarly z,, = n).

(b): If W is a subspace of V stabilized by L, let Ly = {y € gl(V)|y stabilizes
W and Tr(y |w) = 0}. Since L = [LL] (Corollary 6.11), and Tr([zy]) = 0 for any
z,y € L, L s a subspace of each Ly,. Let L' be the intersection of all the Ly, with
N = Ngyv)(L). If z € L and = x4 + x,, is the normal Jordan decomposition of
x, we know x, and zs must both stabilize W for any W stabilized by L. As z,
is nilpotent, Tr(z, |w) = 0 so x, € Lw, so we must have 2, = x — 2, € Ly as
well. Furthermore, ad x = ad x5 + ad z,, is the Jordan decomposition of ad x in
ad gl(V) (Lemma 5.2), and ad z maps L into L so ad z,, ad x5 must map L into
L, (Proposition 5.1(b)) ie z,,zs € N. This means xg,x, € L’ for any z.

We now show L = L’. We know L acts on L’ via ad, and since L is semisimple
by Weyl’s theorem we can write L' = L + M where the sum is direct and M is a
subspace of L’ stabilized by L. But since L’ C N, adz(y) € L forx € L, y € L,
and this implies the action of L on M is trivial, ie for every y € M, xz € L, [zy] = 0.
Now let W be subspace of V' such that the action of L on W is irreducible. Schur’s
Lemma implies that any y € M acts on W as a scalar. But sincey € M C L' C Ly,
Tr(y lw)=0. So y acts on W as zero. But by Weyl’s Theorem, V can be written
as a direct sum of subspaces V; stabilized by L such that the action of L on V; is
irreducible. Then the action of y on each V; is zero, and so y = 0. This implies
M=0,s0 L=1L".

Now we have, for € L, z,,xs € L. But x4 (resp. x,) is semisimple (resp.
nilpotent) and therefore ad-semisimple (resp. ad-nilpotent), and [z, 2,,] = 0, so by
the uniqueness clause in (a) this must also be the abstract Jordan decomposition
of x.

(c): Write z = x5 + x,. L is spanned by eigenvectors of ad pxs (x5 being ad-
semisimple) and if y is an eigenvector of ady, x5 we have [¢(xs), d(y)] = ¢([zs,y]) =
p(ay) = ad(y), ie ¢(y) is an eigenvector of adg(r)d(ws). This means ¢(L) is
spanned by eigenvectors of ady(r) ¢(xs), and so ¢(x,) is ad-semisimple (in ¢(L)).
Similarly, if ady 2% =0, ady(r) ¢(zn)" = 0 so ¢(z,,) is ad-nilpotent. Since ¢(L) is
semisimple (Corollary 6.11), we have ¢(x) = ¢(zs) + ¢(xy,) is the abstract Jordan
decomposition of ¢(x) in ¢(L), hence by (b) also the normal Joradn decomposition
of ¢(x) in gl(V).

O
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Part 3. Construction of the Chevalley group
9. THE ALGEBRA sl(2, F)

Given a field F, sl(2, F) is the Lie algebra of 2-by-2 matrices with entries in F'
that have zero trace. This is a three dimensional vector space which has a standard

basis:
(01 (0 0Y,_(1 0
VLo o)Y% {10 “\lo -1

It is a straightforward matter to compute the bracket product of pairs of basis
vectors: [hx] = 2z, [hy] = —2y, [zy] = h.

Lemma 9.1. If F' is typical, s((2, F) is semisimple.

Proof. Theorem 6.8 says that sl(2, F) is semisimple if its Killing form is non-
degenerate. The Killing form is non-degenerate if the 3-by-3 matrix whose i, j
entry is k(x;, x;) (1 = x, x2 = h, x3 = y) has non-zero determinant. To compute
k(s xj), first we compute the matrices of the adjoint representations:

0 -2 0 2 0 0 0 0 0
adz=[ 0 0 1 adh=10 0 O ady=| -1 0 O
0 0 O 0 0 -2 0 2 0
From here it is straightforward to compute the matrix of x:
0 0 4
0 8 0
4 0 0
Which has determinant —128, hence x is non-degenerate. O

Now let F' be typical, and ¢ : s[(2, F)) — gl(V') be a finite dimensional represen-
tation of sl(2, F'). Since h is semisimple, ¢(h) is semisimple by Theorem ??, and we
can write V as a direct sum of eigenspaces: V) = {v € V|o(h).v = Av}, for A € F.
Whenever V) # 0, we say A is a weight of A in V' and we call V), a weight space.

We have the following elementary lemma:

Lemma 9.2. If v € V), then ¢(x).v € Vaia and ¢(y).v € Vi_s.

Proof.
o(h)-(p(x).v) = [p(h), d(x)].v + d(x).(d(h).v)
= ¢([hz]).v + ¢(z).(\v)
=2¢(z).v+ Ap(x).v
=2+ No(x).v
The proof for y is identical. O

We are now in position to prove the main result of this section: a classification
of irreducible representations of s((2, F'):
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Theorem 9.3. Let F be typical, and ¢ : sl(2, F) — gl(V) be an irreducible finite
dimensional representation. Then there exists a basis vg, vy, ...,V of V such that
the following formulas (which completely determine ¢) hold:

(a) ¢(h).v; = (m — 2)v;

(b) ¢(y).vi = (i + 1)vit1 (¢(y).vm = 0)

(¢) ¢(x).vi = (m =i+ vy ($(x).v0 = 0)

In particular, the weights of h in V are the integers m,m — 2,...,—(m — 2), —m,
and the weight spaces V; are all one-dimensional.

Proof. Since V is finite-dimensional, there exists a maximal weight of h in V', call
it A. Now pick a nonzero vy € Vy, and for i > 0 write v; = (1/i!)¢(y)*.vo. We prove
the following formulas:

(a)
(b)
()

(h)v, = ()\ — 2i)vi
(y)-vi = (i + vin
(ZZ?).’Uz' = (/\ — 1+ 1)’1},'_1 (Z > 0)
(a) follows from the above lemma. For (b), just use the definition of v;. For (c),
we make the following computation (i > 0):

¢
¢
¢

ig(z).vi = ¢(x).(o(y).vi-1)
= [¢(x), d(y)].vi—1 + (y).(d(z).vi-1)
o([zy]).vi-1 + o(y).(d(2).vi-1)
= ¢(h).vi—1 + ¢(y).(¢(x).vi-1)
Now we proceed by induction on i. Since A is maximal, ¢(z).vg € Vays = 0,

so by the above computation ¢(x).v1 = ¢(h).vg = Avg as desired (this is the base
case). Now for ¢ > 1 we have:

id(z).v; = p(h).vi—1 + d(y).(d(z).vi-1)
=A=20—-1)vica+ (A= (0= 1)+ 1)o(y).vi—2
A= 2+ 21+ (A — i+ 2)(i — )i
=i(A—i+1)v;

And dividing by i gives the desired result. What does this tell us? First of all,
the v; span a vector subspace of V' which is invariant under the action of s[(2, F),
and since ¢ is irreducible this means the v; span V. Since by formula (a) v; € Vy_o;
and V is the direct sum of weight spaces, the collection of nonzero v; are linearly
independent, so they form a basis (and therefore must be finite in number). Then
we can find the largest integer m with v, # 0, and it follows that vg, v1,...,vn,
must all be nonzero and therefore form a basis of V. We showed that ¢(x).v9 = 0,
and formula (b) tells us ¢(y).v, = (M + 1)vpmer = 0.

So all that is left to show is A = m. We use formula (¢): ¢(x).vpmp1 = (A—m)vp,.
But the left side is zero, hence the right side must be zero, but v,, # 0so A —m =
0. g
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Corollary 9.4. Let F be typical, and ¢ : sl(2, F) — gl(V) be an irreducible finite
dimensional representation. Then the eigenvalues of h on V' are all integers, and
dim V,, = dim V_,. If we decompose V into a direct sum of subspaces such that
the action on each subspace is irreducible (as in Weyl’s theorem), the number of
summands is dim Vo+ dim V7.

Proof. Use Weyl’s theorem to write V' as a direct sum of subspaces such that the
action on each subspace is irreducible. The previous theorem completely describes
the action of s[(2, F') on each of these subspaces, which makes the first assertion
clear. In addition, in each of these subspaces, either 0 is an eigenvalue or 1 is an
eigenvalue but not both, which makes the second assertion clear. (I

10. RoOoT SPACE DECOMPOSITION

Engel’s Theorem said that any finite dimensional Lie algebra consisting of ad-
nilpotent elements is itself nilpotent (and vise-versa). Now we discuss algebras
consisting of ad-semisimple elements:

Definition 10.1. If L is a finite-dimensional Lie algebra and T is a subalgebra of
L, T is toral if it consists of ad-semisimple elements.

We then have the following lemma:

Lemma 10.2. If T is a toral subalgebra of a finite-dimensional Lie algebra L over
an algebraically closed field, T is abelian

Proof. Pick x € T. Since adj z is semisimple (therefore diagonalizable), so is
adr z. Pick a nonzero eigenvector y of adr z, so [zry] = ay. We can find a basis
of T' which diagonalizes adr vy : y1,¥Y2,---,Yn, With eigenvalues oy, ..., a,. Then if
= [1y1+ -+ BnYn, we have (adr y)?(z) = a2B1y1 + - - + &2 Bnyn. On the other
hand, (adry)?(z) = [y[yz]] = [y(—ay)] = —alyy] = 0. By linear independence,
a?B; =0 for all 4, so o;3; = 0 for all i, so 0 = ady y(z) = [yr] = —ay. Thus a = 0.
Hence 0 is the only eigenvalue of adr x, so adrx =0 for all x € T'. O

We are in need of a standard lemma of linear algebra:

Lemma 10.3. (Simultaneous Diagonalization) Let W be a subspace of End(V),
V' a finite dimensional vector space over an algebraically closed field, consisting of
commuting semisimple elements. Then we can find a basis of V' that simultaneously
diagonalizes every endomorphism in L.

Proof. Work by induction on the dimension of W, dim W = 1 is obvious. If U is
a subspace of W of codimension 1, we can form a basis v1,...,v, of V that simul-
taneously diagonalizes U. Now if u € U, then u(v;) equals some scalar multiple
of v;, write u(v;) = a(u)v;. Then « is a function from U to F, and it is easy to
see that « is linear, that is a € U*, the dual space of U. Now for a € U*, let
Vo = {v € V]u(v) = a(u)v for all w € U}, and we can write V as a direct sum of
the nonzero V.

Now if v € V,, u € U and w € W—U, by commutativity of W we have u(w(v)) =
w(u(v)) = w(a(u)v) = a(u)(w(v)), hence w(v) € V,. Then by proposition 3.3,
w |y, is semisimple, so we can form a basis for V, that diagonalizes w. Repeating
this for each V,, we can construct a basis for V' that diagonalizes w, but then it also
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diagonalizes each u € U (since each element of V,, is an eigenvector of each u € U),
so it diagonalizes U + Fw = W. (]

Now for a typical semisimple Lie algebra L, pick a maximal toral subalge-
bra H. Since H is abelian, ad pH consists of semisimple endomorphisms of L
which commute. Following the above lemma, we can simultaneously diagonalize
the elements of ad pH. In particular, we can consider subalgebras of the form
L, = {z € L|[hz] = a(h)x for all h € H}, where o € H*, and note that we can
write L as a direct sum of the nonzero L. This is called the root space decom-
position or Cartan decomposition of L. The set of nonzero « € H* with L,
nonzero is ®, and the elements of ® are called roots of L relative to H.

Proposition 10.4. For all o, € H*, [LoLg) C Latg. If x € Ly, oo # 0, then
adx is nilpotent. If o, € H* and oo+ 3 # 0 then k(x,y) =0 for x € Lo, y € Lg.
(k the Killing form of L)

Proof. If [zy] is a generator of [L,Lg|, we have [hlzy]] = [[hz]y] + [z[hy]] =
a(h)[zy] + B(h)[ry] = (a + B)(h)[xy] (this is the Jacobi identity). As for the
second assertion, notice that L, is nonzero for only finitely many «, on the other
hand if x € L, and y € Lg the first assertion implies (ad z)"(y) € Lpa+p. Since
a # 0 and ch. F' =0, we can pick n big enough such that L,,4g will be 0 for any
b e d.

For the last assertion, find h € H such that («+ 3)(h) #0. Then if x € L, y €
Ls, we have s([h), y) = —([eh],y) = —a(z, [hg]), 50 a(b)(z,5) = —B(R)(x, ),
so (a+ B)(h)k(z,y) = 0. Thus k(z,y) = 0. O

Corollary 10.5. The restriction of the Killing form to Ly = Cpr(H) is non-
degenerate.

Proof. If © € Ly is orthogonal to all y € Ly (that is, if x(x,y) = 0), then by the
proposition z is orthogonal to every element of L, hence x is contained in the radical
of L. But since L is semisimple, theorem 5.10 says x is nondegenerate. d

Proposition 10.6. C(H) = H

Proof. We prove this in seven steps:

Step 1:Cr(H) contains the semisimple and nilpotent parts of its elements. If
x € Cp(H), ad z maps the subspace H into the subspace 0. Then if (ad z)s and
(ad x),, are the semisimple and nilpotent parts of ad x, by Proposition 5.1(b) they
both map H into 0. But by Theorem 8.4(c), (ad z)s = ad z,, hence z; € Cr(H)
and similarly for x,,.

Step 2: If x € CL(H) is ad-semisimple (in L), x € H. H + Fz is a subalgebra
of L (since z centralizes H) and since the sum of commuting semisimple elements
is semisimple, H + F'z is toral. By maximality of H, H = H + Fx so x € H.

Step 8: The restriction of k to H is nondegenerate. Suppose h € H and
k(h,x) = 0 for all x € H. Now pick y € Cr(H), y = ys + yn the abstract
Jordan decomposition, y,,ys € Cp(H) by step 1. Now ad h and ad y,, commute:
[ad h, ad y,] = ad [hy,] = 0, and since ad y,, is nilpotent, ad had y,, is nilpotent.
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So 0 =Tr(ad hady,) = k(h,y,). But by step 2, ys € H so k(h,ys) = 0. Hence
k(h,y) = 0 for all y € C(H), but the restriction of x to C(H) is nondegenerate
(Corollary 10.5) so h = 0.

Step 4: Cp(H) is nilpotent. Pick x = x,, + x5 € C,(H). Then by step 1 4, z,, €
Cr(H) and then by step 2 x5 € H, so ad¢, (g)zs = 0. So ade, gy * = ade, (7) Tn
which is nilpotent since adp x, is nilpotent. Then by Engel’s Theorem, Cp H is
nilpotent.

Step 5: HN[CL(H),CL(H)] = 0. If [zy] is a typical generator of [Cr(H),Cr(H)]
and z € H, rk([zy],z) = k(z,[yz]) = k(z,0) = 0. So k(z,z) = 0 for z €
[CL(H),CL(H)], z € H. Now pick h € [CL(H),CL(H)] N H. We have x(h,z) =0
for z € H, and by step 3 this implies h = 0.

Step 6: [CL(H),CL(H)] = 0. By Lemma 4.9, if [CL.(H ), Cr,(H)] is nonzero, since
Cp(H) is nilpotent (step 4), we can find z € Z(CL(H)) N [CL(H),CL(H)], z # 0.
By step 5, z is not in H, so by step 2 z is not ad-semisimple and hence has a nonzero
nilpotent part z,. Then since ad z maps Cr(H) into 0, (ad z),, = ad z, must also
map Cr(H) into 0, so z, € Z(Cr(H)). This implies for any = € CL(H), ad z,
commutes with ad z, so ad z, ad z is nilpotent, so 0 = Tr(ad z, ad ) = (2, ).
But this contracts the non-degeneracy of .

Step 7: Cp(H) = H. Otherwise CL(H) has a nonzero ad-nilpotent element z,
by steps 1 and 2. For any y € Cr(H), [adx, ady] = ad [zy] = 0 by step 6, so
ad z ad y is nilpotent and so 0 = T'r(ad z ad y) = «(x,y). But this contradicts the
non-degeneracy of &.

([

Now since the restriction of x to H is nondegenerate (step 3), the map A\ : H —
H* defined by A : « — X, where \;(y) = k(z,y) is injective and therefore (H
being finite-dimensional) bijective. Then for ¢ € H*, let t, = A~'(¢)). Then
K(ty, h) = ¢, (h) = 1(h). This property actually characterizes t,: ty is the unique
element of H such that for all h € H, k(ty, h) = (h). We can use this to define
a symmetric bilinear product in H*: (o, 8) = k(ta,ts). (note that this also equals
alts) and f(t.).)

11. PROPERTIES OF THE ROOT SPACE DECOMPOSITION
We are now in a position to introduce the connection to the Lie algebra s[(2, F'):

Proposition 11.1. (a) ® spans H*

(b) If « € @, © € L,, nonzero, there exists y € L_,, such that x(x,y) # 0.

(c) faed, —aed.

(d) Ifa € ®, x € Ly, y € L_q, then [zy] = k(x, y)ta.

(e) If « € @, then [Ly, L_,] is nonzero and spanned by t,.

(f) (a,a) #0 for a € ®.

(9) If « € ® and z, is a nonzero element of L, there exists yo € L_o such that
Ta, Yo, ha = (Zt—g) span a three dimensional subalgebra of L isomorphic to
sl(2,F). (via xy — T, Yo — Y, ho — h.

(h) ho = —h_gq.
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Proof. (a): If not, pick ¥ € H* not in the span of ®. Then there exists h e H*
such that h(y) = 1 but h(a) = 0 for o € ®. But by duality, there exists h € H
such that a(h) = 0 for all & € ® and ¥(h) = 1 (so h # 0). Now for x € L,
[hz] = a(h)z = 0, and for x € Ly, [ha] = 0. Since L is the direct sum of the L,
and Lo, h € Z(L) = 0 (since L is semisimple), which is a contradiction.

(b): Let a € @, and pick z € L,  # 0. Since the Killing form is nondegenerate
and L is the direct sum of the root spaces, there exists y € Lg for some 3 € H*
such that x(z,y) # 0. But by Proposition 10.4, if &+ 3 # 0 then x(x,y) = 0, hence
a+=0,and 8 = —a.

(c): If a € @, pick x € L, nonzero. By part (b), there exists y € L_, such that
k(z,y) # 0, hence y # 0 and so —a € P.

(d): Let « € @, x € Ly, y € L_,. Then for any h € H we have:

r(h, [zy]) = w([hz],y)
h)k(z,y)

(
(
(ta; )r(z, y)
(
(

K
«
K

K(K(z, y)ta, h)
k(h, k(x, ) o)

So k(h,[zy] — k(z,y)te) = 0 for all h € H. Then t, € H, and by Proposi-
tion 10.4 we have [zy] € Lo and by Proposition 10.6 Ly = Cr(H) = H. Hence
[zy] — k(z,y)to, € H, and by the nondegeneracy of the Killing form on H (step 3
of proposition 10.6) we have [xy] — k(z,y)ts = 0.

(e): In light of (d), we only need to show [L,L_,] # 0. Pick « € L, nonzero,
and using (b) pick y € L_, such that x(z,y) # 0. Then by (d), [zy] = k(z, y)ta,

so [zy] # 0.

(f) Suppose (a,a) = 0 for some « € ®. Recall that (a, @) = k(ta,ta) = a(ts).
Using (b) pick « € L, y € L_, such that k(z,y) # 0. Scaling = if necessary, we
can assume £(z,y) = 1. Then [zy] = to by (d), and [tax] = a(ts)x = 0, similarly
[tay] = 0, so z,y,t, span a subspace S of L. Now suppose 3 € ® and pick u € Lg.
Then by the Jacobi identity, adrp to([zu]) = [z[tau]] — [u[taz]] = B(te)[xu] and
similarly for y, which implies S acts on Lg via ad.

But then ad t, acts diagonally on Lg with a constant eigenvalue §(t,). However
adtq |p,= ad [vy] |L,= [ad x |L,, ad y |1,], implying ad t, |1, has trace 0. So we
must have ((t,) = 0 (F having characteristic 0). This holds for any g € ®. But
since ® spans H*, we must have t, = 0, contradicting the choice of .

(g) Given nonzero x,, € L, using (b) we can find y, € L_, such that f-z(a:a, Yo) 7

0. By part (f), scaling y, if necessary, we can choose yq, s0 K(Zqa, Ya) = (a R Using

straightforward computation, the reader can verify that [2,ya] = ha (using (d)),
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[hata] = alhe)re = 224 and [haya] = —a(ha)Ya —2ya (remember a(t,) = (a, @)).

(h) We have k(to + t—a,h) = a(h) —a(h) = 0 for all h € H, and by the
nondegeneracy of k we must have t, = —t_,. Then the assertion follows. [

Let us fix the definition of h, as stated in the previous proposition. Furthermore,
write Hy, = [LoL_o]. Now that we have a subalgebra isomorphic so s[(2, F'),we can
use the results of the previous section for the following proposition.

Proposition 11.2. (a) Ifa € ®, dim L, = 1. In particular, S = Lo+ L_o+ H,
(as vector spaces) is isomorphic to sl(2, F), and for nonzero x, € L, there
exists a unique Yo € L_o satisfying [ToYa] = o

(b) If « € @, the only scalar multiples of o which are roots are o and —a.

(c) If a, B € @, then B(ha) € Z and B — B(hy)a € ® (Z is really the isomorphic
copy of Z lying in F').

(d) Let o, € @, B # ta. Let r,q be the largest integers for which 8 —ra, f+ qa
are roots. Then B+ ia € @ for all —r <i < gq, and B(ha) =7 —q.

(e) If a,B,a + 3 € ® then [LoLg) = Layg.

(f) H is spanned by the h, (hence L is generated as a Lie algebra by the L)

Proof. (a), (b): Suppose a € ®, and let S, be the Lie algebra spanned by x4, Yo, Pa
as in the previous proposition, so S, is isomorphic to sl(2, F'). Consider the sub-
space M of L spanned by H and root spaces of the form L., for ¢ € F nonzero.
By Proposition 10.4, S, acts on M via ad. Now the weights of h, on M are the
integers 0 and ca(hy) = 2¢ where ca € .

Now (by duality) Ker « is a subspace of codimension 1 in H complementary to
Fhy. If t € Ker o, [try] = a(t)ze = 0, [tya] = —a(t)ye = 0 and [thy] = 0 so
S, acts trivially on Ker a. Also, S, acts on itself. But the elements which have
weight zero are exactly those in H, which is contained in Ker a® S,. Now consider
(by Weyl’s theorem) breaking M up into subspaces M; such that the action of S,
on M; is irreducible. If M; has 0 as a root, then either M; C Ker « (so S, acts
trivially on M;) or M; = S,. But by Theorem 9.3, each M; has only even weights
or only odd weights, this means the only even weights are 0,4+2. Therefore, 2«
(having weight 4) is not a root, so we have shown that twice a root is never a root.
But then 1 cannot be a weight either (otherwise both a/2 and « would be roots)
and so M = Ker a @ S,. This means L, must be spanned by z,, L_, by y,, and
Sq = Lo+ L_o+ H, as asserted. Also, the only multiples of  which are roots are
+a.

(¢), (d), (e): Now suppose 3 € ®, § # *a, and let K be the subspace of L
spanned by Lgyiq, where ¢ € Z and 8+ ia € ®. Then S, acts on K via ad. Since
B+ia # 0 for any i (by (b)), K is a direct sum of one-dimensional subspaces Lgiq
having distinct integral weights 3(ho)+2i. Then 8(hy) € Z (c). Furthermore, 0 and
1 cannot both be written in that form, meaning the action of S, on K is irreducible.
By Theorem 9.3, we conclude that each 3(h,) + 2 is a root between the maximum
B(ha) + 2g and minimum S(hy) — 2r, meaning 5+ ia € @ for all —r < i < ¢. Fur-
thermore, the highest and lowest roots are opposites: 5(hy) +2¢ = —(8(ha) — 27)
s0 B(ha) =7 —¢q. Then since ¢ > 0, 7 > B(hq) so f — B(he)a € ®. Lastly, if 5+ «
is a root then, since the action maps each weight space onto the adjacent weight
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spaces, the action maps Lg onto Lgi,. This establishes (e).

(f): It is enough to show that the t, span H. If not, there exists nonzero ¢ € H*
such that ¢(t,) = 0 for all & € ®. But ¢(tn) = a(ty), and since ® span H* this
implies ¢y, = 0, hence 1 = 0, a contradiction.

O

Proposition 11.3. Let Eg be the Q-subspace of H* spanned by ®, where H* (e,
Eq is rational linear combinations of ®). Then any basis in ® of H* (over F) is also
a basis of Eg over Q in particular the dimension of H* over F' is the same as the
dimension of Eg over Q. Furthermore, (o, §) = k(tq,tg) defines a nondegenerate,
symmetric, bilinear form on Eg which is positive definite: (A, X) > 0 for A # 0.

Proof. Pick a basis in ® of H*: a1, as,...,ax. To prove the first assertion, we need
to show that any root 8 € ® is a rational linear combination of the «;. Since the
«a; span H*, we have 3 = Ele c;a; where the ¢; € F. For 1 < j < k, consider the

equation (8, ;) = Zle ci(ei, o). Multiplying by 2/(«;, oj) we get:

6’% Z 2fai 0 cZ forall1<j <k
0‘37 ;) o1 ozmaj
Or: B(ha;) = Zle @;(ha,)ci. In view of Proposition 11.2(c), we have k equa-

tions with k& unknowns and integral (importantly, rational) coefficients. Now since
the a; form a basis on H* and the form is nondegenerate, the k& by k matrix
A;; = (a;, a5) is nonsingular, therefore the same holds for the coefficient matrix for
this system. Hence the system has a solution in Q, and that must be the unique
solution.

For the second assertion, pick hi,he € H. Since each of the L, are one-
dimensional, ad hy (resp. ho) is a diagonal matrix with one occurrence of «(h)
for each @ € ® (and the rest of the entries are 0). It follows that k(hy,h2) =
Tr(ad hyadhy) = > e a(h1)a(he). So in particular for any A € H*, (A, \) =
K(Eartx) = Y ges @(t2)? = D 4co(@, A)? This implies (A, A) > 0 unless A = 0. It
remains to show that (a,3) € Q for o, 8 € ®. Notice that (8,0) = 3ol 8)>
Dividing by (8. 8)° we get 1/(8,8) = 3 cq(a. B2/ (3, A2 = Yocp alhs)?/4, and
by Proposition 11.2(c) this means (3, 8) € Q. Then («, 8) = (8, B)a(hs)/2 is in Q
as well.

]

12. ROOT SYSTEMS

If L is a typical semisimple Lie algebra and H is a maximal toral subalgebra, we
showed in the previous section how to construct a vector space Eg C H* over Q
with a positive definite symmetric bilinear form. It is a simple manner to extend the
base field from Q to R to obtain a vector space E with a positive definite symmetric
bilinear form, F is then called a Euclidean space. Then ® is a subset of E which
spans E (although note that E cannot necessarily be regarded as a subspace of
H*). The results from the previous section inspire the following definition:

Definition 12.1. If F is a Euclidean space and ® C E, ® is called a root system
if:
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R1) @ is finite, spans E and does not contain 0.
R2) The only multiples of o € ® which lie in ® are +a.

(R1)
(R2)
(R3) fa,5€®, f— 220 e @
(R4)

(0)
R4) If o, B € @, 282 ¢ 7

7 ()

It is immediately clear from Propositions 11.1 and 11.2 that if (L, H) is a typical
semisimple Lie algebra/maximal toral subalgebra pair, ® C H* is the set of roots
and F is the Euclidean space described above, then ® is a root system of E.

While the definition of a root system is motivated by the work done on root space
decompositions, it is important to realize that the definition is purely geometric.
That is, we can talk all about root systems without even mentioning Lie algebras
once. This is what we plan to do for the rest of this section.

First we introduce some useful notation: Write (3, ) for 2(3, a)/(a, @), which
if o, € ® is in Z by (R4). Now write 0,(8) = 8 — (8, a)a. Then o, is a linear
isomorphism of F of order 2, which geometrically can be viewed as reflection over
the hyperplane perpendicular to a. If a, 8 € @, 0,(8) € @ by (R3).

Lemma 12.2. Ifa,f € ®, f # +a and (o, 8) >0, a — § € D.

Proof. We have (8,a) - (o, B) = 4% But the Cauchy-Schwartz inequal-
ity implies the fraction on the right is strictly less than 4 (strict since «, not
proportional), hence (3,a) and (a, 3 are two positive integers whose product is
less than 4. Therefore one of them must equal 1. If (5,a) = 1, then by (R3)
0a(B) =0 —{(B,0)a=0—a€ P, so by (Rl) a = € ®. Similarly, if (o, 8) = 1,
ogla) =a— 03 €. O

We know that ® spans E, so we can find a subset of ® which is a basis of E.
However, we are especially interested in a more special kind of subset of ®:

Definition 12.3. A subset A of ® is a base of ® if:
(B1) A is a basis of E, and
(B2) Each root 3 € ® can be written ) A koo which each k, is an integer,
and they are either all nonnegative or all nonpositive.

Unfortunately, it is not obvious that such a set even exists. This is our next
goal. First we prove a simple lemma:

Lemma 12.4. Given a Euclidean space E and monzero vectors vy,...,v, in E,
there exists w € E such that (w,v;) # 0 for all i.

Proof. Induct on n. If n =1, we can simply choose w = v;. If n > 1, by induction
pick wg such that (wo,v;) # 0 for 1 < i < n —1. If (wp,v,) # 0 we are done.
Otherwise, pick nonzero a € R not equal to (v;,v,)/(wo,v,) for 1 < i <n-—1
(possible since R has infinitely many elements). Then setting w = wy — avy,
(w,vy) = —a(vp,vy) # 0, and (w, v;) is nonzero by our choice of a. O

Now if v € FE satisfies (7, a) # 0 for all @« € @, call v regular. The lemma estab-
lishes the existence of regular elements of E. Now let ®T(v) = {a € ®|(y,a) > 0}
and ¢~ (7) = {a € ®|(y,a) < 0}. If v is regular, call « € & (v) decomposable
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if « = B + (o, where (1,82 € ®T(y). a € d*(v) is indecomposable otherwise.
Finally, let A(y) be the set of indecomposable roots. Then we have the following
theorem:

Theorem 12.5. A(v) is a base of ®, and any base of ® can be written as A(y)
for some regular element .

Proof. This is a proof in steps.

Step 1: If a, B € A(y), a« # 8, (o, 8) <0. If (o, 3) > 0, then § — « and o — 3
are roots (Lemma 12.2). At least one of them is in ®* (), suppose oo — 3. But then
a =0+ (a— ), so ais decomposable, and in the other case [ is decomposable.

So (e, B) <0.

Step 2: If K is any finite subset of E such that (v,k) > 0 for k € K and
(k1,k2) <0 for ki # ko in K, then K is a linearly independent set.

Suppose ), r;k; = 0, and separate the positive coefficients from the negative
coefficients to get Y s;k; = Y t;jk; = ¢, where each of the s;,t; > 0 and the k;’s
and k;’s are distinct elements of K. Then (g,e) = >, ; sitj(k;, k;j) < 0, meaning
e =0. Now 0 = (v,€) = ), si(7, ki) and since all the (v, k;) > 0 we know all the
s; = 0 (similarly, all ¢; = 0).

Step 3: Any element in ®* () can be written as a linear combination of elements
in A(y) where the coefficients are nonnegative integers

If not, pick @ € ®*(y) which cannot be written in this way such that (v, )
is minimal. Then « is not in A(y), so a = B + B2, 31,82 € ®T(v). Then
(v,a) = (v,61) + (7, 02), and both the (v,3;) are positive and hence less than
(7, ). This means each of the 3; can be written as a linear combination in the
desired way, hence so can «.

Step 4: A(y) is a base.

By steps 1 and 2, A(y) is linearly independent. Then if 3 € ®, if 8 € ®T(v)
we know ( can be written as a linear combination of elements in A(vy) with non-
negative integral coefficients (step 3). Then if 3 € &~ (), =8 € ®*(v) so B can
be written as a linear combination with nonpositive integral coefficients. Since 7 is
regular, ® = ®*(y) U P~ (), so this establishes property (B2). Then the fact that
A(7y) spans follows from the fact that ® is a spanning set.

Step 5: If A is a base, there exists v such that (y,a) > 0 for all « € A.

Let A = a1,...,a. Then for 1 < i < k, we can find nonzero u; such that
(cj,u;) = 0 for i # j: Just pick a vector orthogonal to the subspace spanned by the
o with j # 4. Then (a4, u;) # 0 (this would force u; = 0). Now let 6; = (o, u;)u;,
and v = >, 0;. Then (a;,7) = (o, ui) (v, ui) = % > 0.

Step 6: If A is a base, A = A(7y) for some 7.

Pick v such that (y,a) > 0 for all & € A (by step 5). Now if 8 € ¢, § =
> aca kaa where (by (B2)) the k, are all either nonnegative or nonpositive. In
the first case (v,3) > 0, in the second case (v,3) < 0. So + is regular. Then
A C ®T(y). Suppose a € A is decomposable: « = (31 + (2, each 3; € ®T(v).
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Then both (; can be written as a nonnegative integral linear combination of the
elements in A, so the sum of the coefficients in each combination is at least one.
That means « can be written as a nonnegative linear combination of the elements
in A with the sum of the coefficients at least 2 (but can also be written @ =1 - a,
which contradicts the linear independence of A. That means each element in A is
indecomposable, so A C A(y). But since each is a basis of the same vector space,
A= A(y).

O

Now we have some simple lemmas about bases that will help us out in the next
section:

Lemma 12.6. If A is a base of @, then (a,8) <0 for a # B in A, and o — (3 is
not a root.

Proof. a — 3 cannot be a root, as this violates (B2) (the coefficients are not all
nonnegative or all nonpositive). But by Lemma 12.2, if (a,3) > 0, since o # 3
(and obviously a # —3) we have oo — (3 is a root. O

We say an element in ® is positive (relative to a base A) if the coefficients (as
in (B2)) are all nonnegative, and negative otherwise. Note that if A = A(y), then
the positive elements are exactly ®T(v), and the negative elements &~ (7).

Lemma 12.7. If « is a positive root (relative to A) and o ¢ A, there exists f € A
such that a — 8 is a root (and o — 3 is necessarily positive).

Proof. By Theorem 12.5, A = A(~) for some v € E. Then (y,a) > 0. If (o, 3) <0
for all B € A, Step 2 of Theorem 12.5 would imply AU{a} is a linearly independent
set, which is a contradiction. So pick 8 € A with («, 8) > 0, Lemma 12.2 implies
a— B € ®. Then a — § is positive, otherwise § = (8 — a) + a would be a
decomposition of § would be a decomposition of 8 into a sum of positive roots. [

Corollary 12.8. Each 3 € ®% can be written in the form a3 + -+ + ag, each
a €€ A (not necessarily distinct), such that each partial sum oy +-- -+ is a Toot.

Proof. Use the lemma and induct on the sum of the coefficients of § when written
as a nonnegative integral linear combination of elements in A. ]

Here we introduce the fairly straightforward idea of a root system isomorphism:

Definition 12.9. ® and @’ (in E, E’ respectively) are said to be isomorphic if
there exists ¢ : E — FE’, a vector space isomorphism, such that (¢(3), ¢(«)) = (8, a)
for each pair of roots (3, a. ¢ is called a root system isomorphism.

The last major notion of root systems is the idea of reducibility:

Definition 12.10. A root system & is called irreducible if it cannot be partitioned
into the union of two proper subsets such that each root in one is orthogonal to
each root in the other.

A useful proposition follows:

Proposition 12.11. If A is a base of ®, ® is irreducible iff A cannot be partitioned
in the same way, ie into two proper subsets such that each root in one is orthogonal
to each root in the other.
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Proof. First suppose ® = &3 U®Ps is such a partition. Then A = (ANP;)U(AND,).
This is a valid partition unless either of those is empty. But if, say A N ®; = (,
then every root in A is orthogonal to every root in ®1, implying ®; = (.

Now suppose A = A; U A, is such a partition. Let ®; be the intersection
of ® with the span of A; and ®5 be the intersection of ® with the span of As,.
Then clearly every root in ®; is orthogonal to every root in ®s and both these
sets are nonempty, it remains to show that & = ®; U 5. Suppose not. Pick 5 €
& — (P, UPy), WLOG g is positive. By Corollary 12.8, write § = a; + g+ -+,
such that each partial sum is a root. WLOG, a1 € A;. Since § ¢ @, there exists
a first o; € Ag, callity. So s +ag+---+aj+v€ P, and o; € Ay for 1 <4 <.
Call this sum 9.

Now consider o~ (d). Since for 1 <1i < j, (ay,v) = 0 we have 0 (c;) = ;. Also
oy(7) = —7. So 0,(6) = a1 + - -- + a; — v is a root (R3). But since ~ is not equal
to any of the ay;, we have just written a root as a linear combination of roots in
A with some coefficients positive and some negative, contradicting (B2). Hence
® = P, U Py as desired. O

We end with a useful feature of irreducible root systems. First, call 3 € &
maximal if 3 is positive and for any positive root o, 8 4+ « is not a root.

Theorem 12.12. If ® is an irreducible root system, there exists a unique mazimal
T00%.

Proof. Existence of a maximal root is easy: simply start with a positive root a and
keep adding positive roots to get new roots. You will never repeat a root (since the
sum of positive roots can’t be zero) so eventually you will reach a root and not be
able to add a positive root. Then you will have a maximal root.

For uniqueness, let 3 be a maximal root, and write 8 =) A kaa. Let Ay be
the set of a with k, > 0, and As be the set of a with k, =0 (then A = A; UA,).
Then for @ € Ag, (8, ) <0 (Lemma 12.6) and since ® is irreducible o € Ay must
be nonorthogonal to some o’ € Aj, hence («,a’) < 0. This forces (o, 3) < 0, so
a+ 3 is a root (Lemma 12.2) which is a contradiction. Hence Ay is empty and all
ko > 0 for all . We also (8,«) >0 for all o € A.

Now let 3 be another maximal root. The same facts must be true of 3, and
there must be at least one o € A for which (a,3) > 0, hence (3,4') > 0. Then
(Lemma 12.2) 8 — 3 is a root. WLOG it is positive (otherwise use 3’ — (), but
then 8 = (8 — ') + ' which contradicts the maximality of 5'. O

13. ISOMORPHISM THEOREM

Suppose L is a typical semisimple Lie algebra, H a maximal toral subalgebra
and ® C H* the set of roots. Then we showed that we can consider ® as a subset
of a Euclidean space F, by first considering the rational span of ® in H* and then
extending the base field from Q to R. Then ® is a root system in FE.

One might ask whether, if two semisimple typical Lie algebra/maximal toral
subalgebra pairs yield isomorphic root systems, are the original Lie algebras/toral



30 ALEX ZORN
subalgebras isomorphic? The answer is, in fact, yes. That is the goal of this section.

For the rest of this section, all the terminology is as before: L is a typical semisim-
ple Lie algebra, H is a maximal toral subalgebra, ® the set of nonzero roots of L,
L=H+3, e La the root space decomposition. For o € H*, t,, € H is defined
such that for all h € H, k(to,h) = a(h). Then for a € &, we define h, = ((21'573),
where the inner product on H* is defined by (o, 8) = k(ta,t3). We showed that if
X € Lo # 0 there exists a unique y, € L_,, such that [z4ys] = ha.

Proposition 13.1. If A is a base of ®, L is generated (as a Lie algebra) by
arbitrary nonzero root vectors xo € Lo, Yo € L_q.-

Proof. Let (8 be an arbitrary positive root (relative to A). By Corollary 12.8, § can
be written as ay + --- + a5 where each partial sum is also a root and all a; € A.
We also know that if v,0 € ® and v+ 6 € ®, [L,Ls| = Ly4s (Proposition 11.2(e)).
Then by induction on s we see that Lg must lie in any subalgebra of L containing
each L, for a« € A. Similarly if 8 is negative, Lg lies in any subalgebra of L
containing each L_, (a € A). Finally, each [2,y,] is some nonzero multiple of h,,
and the h,, span H (Proposition 11.2(f)). This proves the proposition. O

This leads naturally into the following definition:

Definition 13.2. If A is a base of ®, 0 £ x4 € Ly, 0 # yo € L_, for a € A, and
[T, Ya)] = ha, we call the set {z,,yq|a € A} a standard set of generators for
L.

Now we can relate the notion of irreducible root systems to simple Lie algebras:

Proposition 13.3. If L is simple, ® is an irreducible root system.

Proof. Suppose ® = ®; N &5 is a partition of @ into nonempty orthogonal com-
ponents. Consider the subalgebra K of L generated by all the L, for o € ®;.
Then for § € ®g, (a + B,) # 0 and (o + 3,5) # 0 so o + B cannot be a root.
Hence [LoLg| = 0, so the Lg centralize K. Since Z(L) = 0, K cannot be all of L.
Furthermore, the L, for a € ®; must normalize K, and therefore all L, for o € ®,
and therefore all of L (Proposition 13.1). O

Now we state a useful theorem that allows us to restrict our attention to simple
Lie algebras:

Theorem 13.4. Let L be a semisimple typical Lie algebra with mazimal toral
subalgebra H and root system ®. If L=L1 ® Lo ® ---® L, is a the decomposition
of L into simple ideals, and H; = L; N H, then H; is a maximal toral subalgebra of
L; with (irreducible) root system ®;. Then the ®; can be thought of as subsets of ®
such that ® = &, U---U P, is the decomposition of ® into irreducible components.

Proof. Each H; is toral in L;. Suppose T were a larger toral algebra. Then since
any element in L; acts (via ad) trivially on any L; with j # 4, T is toral in L. But
then the direct sum of T" and the H; with j # i would be a toral subalgebra of L
containing H (since T centralizes each of the Hj}).
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Now if & € ®; (so a € H}) we can think of « € H* by simply saying a(H;) =0
for j # 4. Then « is clearly a root of L relative to H, and L, C L;. On the other
hand, if @ € ®, since [HL,] # 0 we must have [H;L,] # 0 for some i, and then
L, C L; so « |g, is a root of L. O

Theorem 13.5. Let L, L' be simple typical Lie algebras with respective mazimal
toral subalgebras H, H' and root systems ®, ®’. Suppose ¢ : & — @' is a root system
isomorphism. Furthermore, pick a base A C @, so A = ¢(A) C &’ is a base of
. For each a € A, choose arbitrary nonzero To,Ty(a) i La, Loy respectively.
Then there exists a unique isomorphism w : L — L’ such that w(hy) = hg(a) and

T(Ta) = T(a)-

Now we prove the isomorphism theorem, which essentially says that isomorphic
irreducible root systems arise from isomorphic Lie algebra/maximal toral subalge-
bra pairs:

Proof. Let @ € A and o = ¢(a) € A’. Then there exist unique y, € L_,,
Yor € L_qo such that [24Ya] = ha and [TaYar] = he But if such a 7 exists,
we would have [zo,7(ya)] = [7(2a), 7(Ya)] = T([2aya]) = 7(ha) = har, hence
T(Ya) = Yor- Then since these z,y, generate L and the value of 7 on these ele-
ments is completely determined, 7 is unique.

Now we proceed with existence. Consider L & L’ be the direct sum of L and
L', it is therefore a typical semisimple Lie algebra with unique simple ideals L, L'.
Let D be the subalgebra generated by the elements T, = (Zo, o), Ty = Yas Ya! )s
ha = (ha, har).

Now since L and L’ are simple, ® and ®' are irreducible and so have unique max-
imal roots 3, 4’ which must be mapped to each other by ¢. Choose x € Lg, 2’ € Lg
nonzero, and set T = (x,2’) € K. Let M be the subspace of L & L’ spanned by all
ady,, ady,, --- ad¥y,, (T) where a; € A (not necessarily distinct). Now consider
the L ”coordinate” of this expression: We have y,, € L_,, hence ady,, (z) €
Ls_,, (77). Continuing this, we see that ad ya, ad ya, - - ad Ya,, (z) € Lﬁ*Z- -

Repeating this logic for L/, we see the original expression lies in Lﬁfz.a- &)
LIﬁ—Z .- It follows that M N (Lg @ Lj) is only one dimensional (and so M is
not all of L & .

We now claim that the action of D on L @ L’ via ad stabilizes M. By definition,
ad 7, stabilizes M for a € A. For h, we proceed by induction on m in the
expression ad¥,, ad¥,, -+ ady, (). First note that ad ho () = 2z (this is the
case m = 0. Now for the case m > 0, write the expression as ad¥, (@) where by

induction ad h, (%) € M. Then:

ad ho ad g, (W) = [ha[J,,, 0]
h ]
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Which is clearly in M. Similarly for T,: ad T, (Z) = 0 since it is an element of
L.+p which is 0 by maximality of 3 (this is the case m = 0). Now for the case
m = 0 we write u as above. Then:

ad To ad Y, (W) = [Ta[Ya,, U]
= [Tl 7 + 7, 707
Now in the last expression, the term on the right is in M by induction. For
the term on the right, if o # «,, we have [Z47, | € La—a,,, but by (?7), since
a,m € A, @ — a, is not a root, so [T,7,, ] = 0. If a = a,,, then we get
[Za¥.] = ha, and we have already established that h, stabilizes M.

Then if D = L ® L', since D stabilizes M we have M is a proper nonzero ideal
of L ® L'. But by the simplicity of L and L’, the only such ideals are L and L', but
clearly M # L and M # L'.

Now consider the projections of D onto its first and second coordinates, m; and
9. The projections are Lie algebra homomorphisms, and onto since the x, and y,
generate L. Now let I = Ker 7y, ie elements in D whose second coordinate is 0.
Since 7 is onto, 71 () is an ideal of L. If 1 (I) is nonzero, by simplicity it equals
L, which means D contains all elements of the form (z,0) for z € L. But then D
contains (z4,0) for all &« € A, 80 T — (24,0) = (0,2/) € D. Similarly, (0,y.) € D,
and so (since these elements generate L) D contains all elements of the form (0, z)
with z € L. Then we have D = L @ L’ which we just showed could not be the
case. That means I = 0, so 7 is an isomorphism (similarly 7 is an isomorphism).

Now the isomorphism L — L’ obtained by D is exactly the isomorphism we want
to show exists. O

We end with a straightforward result using the isomorphism theorem:

Proposition 13.6. L, H, @, etc. as stated at the beginning of this section. Fiz a
base A of © and pick xo € Lo and yo € L_o with [ToYa] = ha for a € A. Then
there is an automorphism o of order 2 satisfying 0(zo) = —Ya, 0(Ya) = —Za,
o(h) = —h.

Proof. Let L; be a simple subalgebra of L with maximal toral subalgebra H; and
root system ®;. Then the map sending ®; to —P; is a root system isomorphism
inducing 7 : H; — H; which sends h to —h. Furthermore for each o with L, C L;,
we can say that x, is sent to —y,, then we have an automorphism o; : L; — L; by
Theorem 13.3. Then this allows us to define ¢ on all of L and it must satisfy the
desired properties. (I

14. CONSTRUCTION OF A CHEVALLEY GROUP

We are in the same boat as previous sections: L a semisimple Lie algebra, H a
maximal toral subalgebra, ® the root system, and all other notions as previously
established.

Proposition 14.1. Let o, € ® be linearly independent roots. Suppose r is the
greatest integer such that 8 —ra is a root, and q is the greatest integer with 3 + qa
a root (call B —ra, ..., B+ qa the a—string through 3. Then:
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(a’) <ﬂ70[> =Tr—q
(b) Ifa+p5€®, thenr+1:7q(a+£g+ﬁ).

Proof. (a): This is 11.2(d).
(b): Consult [1] (page 146). O

We have a simple lemma:

Lemma 14.2. Let o, 8 be linearly independent roots. Choose xo € Ly, Yo € L_q
for which [toYa] = ha and let xg € Lg be arbitrary. Then if B —ra,..., B+ qo is
the a—string through B, [yalrars]] = q(r + 1)zg.

Proof. If o+ 3 ¢ ® then ¢ = 0 and [x,x3] = 0 so both sides are 0. Otherwise we
can consider S, acting on Lg_,q @ -+ @ Lgtga. Then (using the notation as in
section 9) the highest weight is r + ¢ and xg is a nonzero multiple of v, so applying
xo followed by y, results in ¢(r + 1)zg. a

Now our task is to construct a Chevalley basis of L: A set {z,,a € &} U
{ha,a € A} where A is some base of ®, and whenever a,3,a + § € & with

[ZaZp] = Ca,6Tatps Cap = —C—a,—p-

Proposition 14.3. There exists a Chevalley basis.

Proof. Using Proposition 13.6, take the automorphism ¢ which sends L, to L_,
and acts on H by multiplication by —1. If z, € L,, write x_, = —o(z), which
is nonzero. Then k(zy,z—n) # 0 (proposition 11.1(b)). By scaling z,, if necessary,
we can make k(Zq,Z_o) = ﬁ Then [2,2_4] = hq (proposition 11.1(d)). For
each pair of roots {«, —a} we fix a pair z,,2_, satisfying this relation.

Now let o, B,a0+ 8 € @ so [zqx3] = cq,p for some co g € F. Applying o,
[—T—a,—T_g] = —Ca,pT_a—p. So this choice of xn,z_, satisty the conditions of
being a Chevalley basis. O

The important fact about a Chevalley basis is the following theorem:

Theorem 14.4. Let {z,,a € ® h,,a € A} be a Chevalley basis of L. Then the
structure constants lie in Z:

(a) [hahs) = 0

() [has] = (3, a)a

(c) [zpz_p] = hg is a linear combination of hy,a € A where the coefficients are
integers.

(d) a, B linearly independent roots, B—ra,. .., B+ qa the a—string through 3, then
[zazs] =0 if ¢ =0 or £(r + 1)xq4p otherwise.

Proof. (a) is clear, since H is abelian. (b) follows from the fact that 5(ha) = (8, a).

(¢c): For a € ®, consider o’ = (2‘2). Then:

av

(@, B)
(8, 8)

Also, for a € @, recall o, is an isometry, so:

[\

(0 =220 28— (0,
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v v v v v 2a 2/6
N T R
_ 2(047 <aaﬂ>ﬂ)
(@.0)
20p()

(05(e), 75())
= (05(a))"

This means that, if we let ¥ = {a”|a € P}, OV is a root system (called the
system dual to ®). We will show that if A is a base of &, A? is a base of ®¥. We
know A = A(7y) for some v, and (a,y) > 0 iff (a”,7) > 0, so consider A”(7), the
nondecomposable elements of ®¥ relative to gamma. We will show A? C AY(y),
and considering cardinalities AV = AY(«) is a base.

Suppose a € A, but a” is decomposable, ie a¥ = 87 + 3 where [} are positive.
So 3; are positive, and we have o = (g;:gl))ﬁl + ((ﬂj:gg)ﬁg. But then both 3; are
linear combinations of elements of A with nonnegative coefficients, meaning each
0; can only have a positive coefficient associated with «. But then each 3; is a
multiple of a, meaning #; = [f2 = «a. But this gives us a¥ = o’ + o, which is
absurd.

Now note that the linear map A : H* — H sending « to t, sends a’ to hg.
We have showed that if A is a base of &, AV is a base of ®", ie each 3V can be
written as an integral linear combination of elements o’ € AY. Applying A, we see
that each hg can be written as an integral linear combination of elements hq, o € A.

(d): If ¢ = 0 then a + ( is not a root and the result is clear. Otherwise, since
tats = ta + 15, we get:

5 203,,@
[Ca,pTa+8; CapT—a—p] = o phats = m(ta +1tp)
But the left side also equals —[[zq2g][x—ax_g]] = [za[rslr_gr_o]]|+[Ts2a[r_0z_s]]].

If the f—string through a is « — 7', ...,a + ¢, then we can use Lemma 14.2 to
compute this (note that replacing @ with —a, 8 with —(3 does not change q,q¢’,r,7’):

ql(r/ + 1)[:5041'704] + Q(r + 1)[$ﬁx*ﬁ}
20" +1),  2q(r+1)
= T YT Ee

Now we can compare the ¢g coefficients (since the ¢4, t3 are linearly independent)
and use Proposition 4.1(c) to get:

[zalzslz—pr_oll] + [rplralz—az_p]]

ci’ﬁ: Q((;—;)l)(a-i-&a—kﬂ) =(r+1)>

And the result follows. O
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We can now consider, for a semisimple Lie algebra L with Chevalley basis
{za,a € ®;hy,a € A}, the set L(Z), the integral span of the basis elements.
We have just showed that L(Z) is closed under the bracket product. We are on the
verge of being able to construct Chevalley groups. First a proposition:

Proposition 14.5. Let o € ®, m € Z*. Then (adxz,)™/m! leaves L(Z) invariant.

Proof. 1t is enough to consider the action on the elements of the Chevalley basis.
We have (adz,)(hg) = [zohg] = —{(a,B)zq € L(Z), and for m > 1 we have
(ad x)™/ml(hg) = 0. Also, adz4(zs) = 0. Now (adz4)(—a) = he € L(Z),
(ad 24)?/2(z_0) = 3[Taha] = —za € L(Z), and (ad z,)™/m!(z_s) = 0 for m >
2. Finally consider (adz,)™/m!(z3) where § is not +a. We know [zozg] =
+(r + 1), and the numbers which play the role of r for 3,8+ «,...,8+ (m — 1)«
are r,7 + 1,...,7 + (m — 1), if each of these are roots. Then (ad z,)™/m!(zg) =
iwzgﬂm = (m,,:r)xﬂ—&-ma € L(Z). If B+ ma is not a root, then the

m!
expression is just equal to zero. ([

Now, each x, being nilpotent, we can consider the endomorphisms exp ad x, =
1+ adzy = (ad 24)?/2! + - + (ad 2,)™/m! + - - -, which is a finite sum. (This
definition is based off the Taylor expansion for exp in the real numbers). It follows
that exp ad z, stabilizes L(Z). Also, it is a simple theorem from ring theory that
if u is nilpotent, 1 + u is invertible. Hence exp ad z,, is invertible, and so together
the exp ad z, generate a matrix group (relative to the Chevalley basis) that acts
on L(Z), hence has integral coefficients.

More generally, we can consider exp ad Tz, where T is an indeterminant, which
is an invertible matrix with coefficients in Z[T]. These matrices generate a matrix
group G, reducing the coefficients mod p and considering T' to be an element of
an arbitrary extension field K of F,, we get a matrix group G(K) over K. This is
called the Chevalley group (of adjoint type).

This concludes the work of this paper.
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