BROWNIAN MOTION

MAXWELL STOLARSKI

ABSTRACT. This paper introduces Brownian motion and covers several in-
variances of Brownian motion, some of which follow from the definition and
another which follows from the strong Markov property of Brownian motion.
We go on to show the nondifferentiability of Brownian motion, describe the
set of times linear Brownian motion hits zero, and describe the area of planar
Brownian motion.
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1. INTRODUCTION

In 1827, Robert Brown, for whom Brownian motion is named, observed the
movements of pollen grains suspended in water. Later, Einstein studied similar
movements and used his observations to provide important support for the atomic
theory of matter. The mathematical model used to describe this random movement
of a small particle suspended in a fluid is known as Brownian motion.

2. DEFINITION AND SIMPLE INVARIANCES

Definition 2.1. A real-valued stochastic process {B(t)|t > 0} is called a (linear)
Brownian motion with start in z € R if

i) B(0) = «x,

ii) the process has independent increments, i.e. for all times 0 < t; < t5 <
... < typ, the increments B(t,) — B(tn—1), B(tn—1) — B(tn—2),..., B(t2) — B(t1) are
independent random variables,

iii) for all ¢t > 0 and A > 0, B(t + h) — B(t) is a normally distributed random
variable with mean 0 and variance h,

iv) almost surely (i.e. with probability 1), the function ¢ — B(t) is continuous.
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If x =0 in i), then {B(t)|t > 0} is called a standard Brownian motion.
We can generalize this definition to higher dimensions.

Definition 2.2. Suppose By, ..., By are independent linear Brownian motions started
in 1, ..., x4, respectively. Then the stochastic process {B(¢)|t > 0} defined by

B(t) := (Bi(t), ..., Ba(t))"

is called a d-dimensional Brownian motion started in (zi,...,74)7. The d-
dimensional Brownian motion started at the origin is called standard Brownian
motion and two-dimensional Brownian motion is called planar Brownian motion.

It is a nontrivial issue that there exists a random process that satisfies the condi-
tions for Brownian motion without encountering a contradiction. We will omit the
proof that Brownian motion exists but note that Paul Lévy’s construction of Brow-
nian motion as the uniform limit of continuous functions can be found in Chapter
1 of Morters’ Brownian Motion [1].

There are several invariances of Brownian motion that will be of use in later
proofs. Clearly, Brownian motion is translation invariant, i.e. if {B(¢)[t > 0} is a
Brownian motion and x € R, then {B(¢) +z|t > 0} is also a Brownian motion. The
following theorem shows that Brownian motion is also time-shift invariant.

Theorem 2.3. (Markov Property) Suppose that { B(t)|t > 0} is a Brownian motion
started at x € R%. Let s > 0, then the process {B(t+s) — B(s)|t > 0} is a standard
Brownian motion independent of the process {B(t)|0 <t < s}.

Proof. Properties ii) and iii) follow from the cancellation of the B(s) terms and the
fact that {B(t)|¢t > 0} is a Brownian motion. Because the map ¢t — B(t+s)—B(s) is
the composition of (almost surely) continuous functions, the map ¢t — B(t+s)—B(s)
is continuous. Finally, {B(t+s) — B(s)|t > 0} is a standard Brownian motion since
B(0+s)—B(s)=0.

Recall that two stochastic processes {X (t)|t > 0} and {Y(¢)|t > 0} are said to
be independent if for any sets of times t1,to,...,t, > 0 and sy, Sa, ..., Sy, > 0 the
vectors (X (t1), ..., X (tn)) and (Y(s1), ..., Y (8, )) are independent. Let tq,...,¢, >0
and s > s1,...,8, > 0. Because Brownian motion has independent increments,
it follows that (B(t; + s) — B(s), ..., B(t, + s) — B(s)) and (B(s1),..., B(smm)) are
independent random vectors. (Il

Brownian motion is also scaling invariant, that is, if we "zoom in” or ”zoom
out” on a Brownian motion, it is still a Brownian motion. In this way, the paths
of Brownian motion are in some sense random fractals, as they have a nontrivial
geometric structure at all scales.

Lemma 2.4. (Scaling Invariance) Suppose {B(t)|t > 0} is a standard linear Brow-
nian Motion and let a > 0. Then the process {X (t)|t > 0} where X (t) := L+ B(a?t)
is also a standard Brownian Motion.

Proof. Clearly, X(0) = B(0) =0.
If0<t; <ty <..<ty, then 0 < a?t; < a’ty < ... < a’t,. By the definition of
Brownian motion,

B(a®t,) — B(a*t,_1), B(a*t,_1) — B(a®t,_3), ..., B(a*ty) — B(a’ty)
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are independent random variables. It then follows that
1 1 1 1 1 1
~B(a®t,) — =B(a*tp_1), —B(a®t,_1) — —B(a’t,,_s), ..., — B(a’ts) — —=B(a’t
a (a ) a (CL 1)7a (Cl 1) a (a’ 2)7 7a (CL 2) a (a 1)

are independent random variables, i.e. the stochastic process {X(¢)[0 < ¢} has
independent increments.

The fact that X (¢t + k) — X (¢) is normally distributed follows immediately from
the fact that B(a?t + a?h) — B(a?t) is normally distributed. Furthermore,

E[X(t+h) - X(t)] = ]E[éB(aQt +a*h) — %B(a%)}

- 2@[3(& +a?h) — B(a®)] =0

where the last equality follows from the definition of Brownian Motion. To show
that the variance equals h, observe that

Var(X(t+h) — X(t)) :Var(éB(aZt + a’h) — 2B(a2t))

1
zﬁVar(B(QQt + a’h) — B(a*t)

1
:;a2h = h.

Because the function ¢ — B(t) is almost surely continuous, the function ¢ —
X(t) = 1 B(a?t) is the composition of (almost surely) continuous functions and is
therefore almost surely continuous. ([l
Remark 2.5. The above theorem (with ¢ = —1) implies that standard Brownian
motion is symmetric about 0. In other words, if { B(¢)|t > 0} is a standard Brownian
motion and ¢ > 0, then B(¢) has the same distribution as —B(t).

3. STRONG MARKOV PROPERTY AND THE REFLECTION PRINCIPLE

Definition 3.1. A filtration on a probability space (Q2, F,P) is a family (F(¢)|¢ >
0) of o-algebras such that F(s) C F(t) C F for all s < t. A probability space
together with a filtration is called a filtered probability space. A stochastic
process {X (¢)|t > 0} defined on (2, F,P) is called adapted if, for any t > 0, X (t)
is measurable with respect to F(t).

Suppose we have a Brownian motion {B(¢)|t > 0} defined on some probability
space. We define the filtration (F°(t)[t > 0) by letting F°(¢) be the o-algebra
generated by the random variables {B(s)|0 < s < t}. Clearly, the Brownian motion
{B(t)|t > 0} is adapted to this filtration (F°(¢)[t > 0). Intuitively, the o-algebra
FO(t) contains all the information available from observing the Brownian motion
up to time ¢.

Furthermore, the Markov property of Brownian motion implies that the process
{B(t+ s) — B(s)|t > 0} is independent of F(s). In the next theorem, we improve
this statement of independence by showing that the process is independent of the
slightly larger o-algebra F*(t) := (,-, F°(s). Clearly, the family (F*(¢)[¢t > 0) is
also a filtration and F°(t) C F*(t) for any time ¢t > 0. Intuitively, the o-algebra
FT(t) contains all the information available from observing the Brownian motion
up to time ¢ plus the information available from an additional infinitesimal glance
beyond time t.
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Theorem 3.2. For every s > 0, the process {B(t+s) — B(s)|t > 0} is independent
of F*(s).

Proof. By continuity, B(t + s) — B(s) = limy, 00 B(Sn +t) — B(sy,) for a strictly
decreasing sequence s, N\, s. For any t1,...,t, > 0, the vector (B(t; + s) —
B(s),...; B(tm+5)—B(s)) = lim; o (B(t1+s5;) — B(sj), ..., B(tm+s;) — B(s;)). By
the Markov property of Brownian motion, (B(t1+s;)—B(s;), ..., B(tm+s;)—B(s;))
is independent of F*(s) for all j. Hence, (B(t1 +5) — B(s), ..., B(t;, + 8) — B(s)) is
independent of FT(s), which then implies that the process { B(t+ s) — B(s)|t > 0}
is independent of F*(s). O

With a filtration, we can also define stopping times, a certain type of random
time that will be essential to describe the strong Markov property of Brownian
motion.

Definition 3.3. A random variable 7" with values in [0, co] defined on a probability
space with filtration (F(t)|t > 0) is called a stopping time if {T' < t} € F(¢) for
every t > 0. It is called a strict stopping time if {T <t} € F(t) for every t > 0.

Intuitively, a random time 7' is a stopping time if, for any time ¢, we can decide
whether the event that 7' < ¢ occurs by knowing the process up to time ¢t. While it
is easy to show that a strict stopping time is always a stopping time, it is not always
the case that a stopping time is a strict stopping time. However, strict stopping
times will be equivalent to stopping times if we are defining stopping times with
respect to the filtration (F*(¢)|t > 0).

Theorem 3.4. Every stopping time T with respect to the filtration (FT(t)|t > 0)
is automatically a strict stopping time.

Proof. We first claim that (F*(t)|t > 0) is right continuous, i.e. (oo F (t+€) =
F7*(t). To see this note that

(7 (t+e= ﬁ ﬁ Fot + % + %) = FH(t).
n=1k=1

e>0

Because T is a stopping time, {T'<t+ 1} € F¥(t+ 1). Thus,

(T<t}= ﬁ{T<t+%}e ﬁ]—'*(w%):}*(t).

(]

Before continuing, we provide several examples of stopping times with respect
to the filtration (F*(¢)[t > 0):

Examples 3.5.

i) Every deterministic time ¢ > 0 is also a stopping time.

ii) Suppose G C R? is open. Then the first time the Brownian motion arrives in
G, ie. T =inf{t > 0|B(t) € G}, is a stopping time.

Proof.
{T<ty= |J {B(s)eG}eFr).

seQN(0,t)
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iii) If T,, /" T is an increasing sequence of stopping times, then 7T is also a
stopping time.

Proof.

o0

(T <t}=({Tn <t} € FF(1).

n=1

O

iv) Suppose H C R? is a closed set. Then T = inf{t > 0|B(t) € H} is a stopping
time.

Proof. Let G(n) := {z € RY there exists y € H with |z — y| < 1} so that
H =", G(n). Then T, := inf{t > 0|B(t) € G(n)} are stopping times which are
increasing to 7. ]

v) Let T be a stopping time. Define the stopping times 7}, by T;, := (m+1)27"
it m27™ <T < (m+1)27". In other words, we stop at the first time of the form
k27™. It is easy to see that T;, is a stopping time which we can use as a discrete
approximation to 7.

Definition 3.6. Let T be a stopping time. Define the o-algebra F*(T) := {A €
AIAN{T <t} € FH(¢t) for all t > 0}.

Intuitively, F*(T') can be viewed as the set of events that happen before the
stopping time 7. With this definition, we can now state and prove the strong
Markov property of Brownian motion, which says that a Brownian motion time-
shifted by a stopping time is also a Brownian motion and is independent of all the
events that happen before the stopping time.

Theorem 3.7. (Strong Markov Property) For every almost surely finite stopping
time T, the process {B(T +t) — B(T)|t > 0} is a standard Brownian motion
independent of F*(T).

Proof. Recall that T, := (m+ 1)27" it m2™ < T < (m + 1)27". We first show
our statement holds for the stopping times 7T, which discretely approximate T
from above. Define the random processes {By(t)|t > 0} and {B.(t)|t > 0} where
By(t) == B(t+ £) — B(£) and B.(t) := B(t + T,) — B(T,). Suppose that

2TL
E € F*(T,). Then for every event {B, € A}, we have
P({B. € A}NE)=> P({By € A}ynEN{T, =k2™"})
k=0

P({B), € AYP(E N {T, = k2™ "}),

E
I

0

using the fact that {By € A} is independent of EN{T,, = k27"} € F*(k2™") by
Theorem 3.2. Now, by the Markov property, P({Bj, € A}) = P({B € A}), where B
is a standard Brownian motion. Thus, we get

iP({Bk € ANP(EN{T, = k2~"}) = P({B € A}) iIP’(E N{T, = k27"})
k=0 k=0
= P({B € A})P(E).
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Taking E to be the entire probability space, we see that B, has the same distri-
butions as B. Hence, B, is a standard Brownian motion. It then follows that
P({B. € A} N E)=P({B € A})P(F) = P({B. € A})P(E), which shows that B, is
a Brownian motion and independent of E, hence of F1(T,,), as claimed.

It remains to generalize this to general stopping times T. As T, \, T, we have
that {B(s + T,,) — B(T})|s > 0} is a Brownian motion independent of F*(T,,) D
F*(T). Hence, the increments

B(s+t+T)—B(t+T)= lim B(s+t+1T,)—B(t+T,)

of the process {B(r +T) — B(T)|r > 0} are independent and normally distributed
with mean zero and variance s. As the process is clearly almost surely continuous,
it is a Brownian motion. Moreover, all increments B(s + t + T,,) — B(t + Ty)
are independent of F*(T'). Therefore, all increments B(s+t+7T) — B(t+T) =
lim, .o, B(s +t+T,) — B(t +T,) are independent of F*+(T). Thus, the process
{B(t+T)— B(T)|t > 0} is independent of F*(T). O

The first application of the strong Markov property comes in proving the reflec-
tion principle.
Theorem 3.8. (Reflection Principle) If T is a stopping time and {B(t)[t > 0}
is a standard Brownian motion, then the process {B*(t)[t > 0} (called Brownian
motion reflected at T') defined by

B*(t) = B(t)lyi<ry + (2B(T) — B())1{>1y
is also a standard Brownian motion.

Proof. If T is finite, the strong Markov property implies that both
{B(t+T)—B(T)|t >0} and {—(B(t+T)— B(T))|t > 0}

are Brownian motions independent of the beginning {B(t)|t € [0,7]}. Hence, the
concatenations of the process up to time T with each of the processes after time T’
have the same distributions, i.e. the processes defined by

B(t)li<r + (B(t+T) — B(T) + B(T))1;~1 and
Bt)ly<r + (=Bt +T)+ B(T) + B(T))li>r

have the same distributions. Because the first process is { B(¢)|t > 0} and the second
is {B*(¢)|t > 0}, it follows that B*(¢) is also a standard Brownian motion. O

Let M(t) = supy<s<; B(s) for a standard linear Brownian motion {B(t)|t > 0}.
The reflection principle allows us to describe the distributions of M (t). These
distributions will later be used to prove the law of large numbers for Brownian
motion.

Corollary 3.9. Ifa > 0, then P(M(t) > a) = 2P(B(t) > a).

Proof. Let T = inf{t > 0|B(t) = a} and let {B*(t)|t > 0} be a Brownian motion
reflected at T. Then, conditioning on the value of B(t), the event {M(¢) > a} is
the disjoint union of the events {B(t) > a, M (t) > a} = {B(t) > a} and {M(t) >
a,B(t) < a}. The latter event is equivalent to the event {B*(t) > a}. Since the
reflection principle implies that B*(t) has the same distribution as B(t), it follows
that P(M(t) > a) = 2P(B(t) > a). O
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4. TIME INVERSION

The reflection principle allows us to prove another invariance of Brownian mo-
tion. In this section we will show that, if {B(t)|t > 0} is a standard Brownian
motion, then the process {X(¢)|t > 0} defined by

_ [ tB(}) ift>0
X“)_{ 0 ift=0

is also a standard Brownian motion.

Definition 4.1. A random vector (Xi,...,X,,) is called a Gaussian random
vector if there exists an n X m matrix A and an n-dimensional vector b such
that X7 = AY +0b, where Y is an m—dimesional vector with independent standard
normal entries.

Definition 4.2. A stochastic process {Y (¢)|¢ > 0} is called a Gaussian process,
if for all t; < tg < ... < ¢, the vector (Y (¢1),Y (¢t2), ..., Y (¢,)) is a Gaussian random
vector.

Proposition 4.3. A Brownian motion {B(t)|t > 0} is a Gaussian process.

Proof. Let 0 <t <ty < ... < t,. It follows that

B(ty) B(ty) - B(0) B(0)
B(ts) 7 B(tz) — B(t1) + B(t1) — B(0) N B(0)
B(t,) (S0, B(ts) — B(ti 1) + B(t1) — B(0)) + B(0) B(0)
B(tlzl—_B(’)(O) B(O)
B(t2)—B(t1)
o I P e
B(tn)f'B(tn,l) BéO)

Vin—tn—1
where X is the lower left triangular matrix of all 1’s and Y is the diagonal matrix
with entries y;; = /T; — t;—1. Therefore, (B(t1),..., B(t,)) is a Gaussian random
vector, and it follows that {B(t)|t > 0} is a Gaussian process. O

If {B(t)|t > 0} is a standard Brownian motion and 0 < ¢; < to < ... < ty, it is
easy to see that E(B(t;)) = 0 and Cov(B(¢;), B(t;)) = min(t;, t;). Because Gauss-
ian random vectors are characterized by their expectation and covariance matrices,
if two Gaussian processes have the same expectation and covariance matrices for
all sets of times 0 < t1 < t3 < ... < t,, then those two Gaussian processes have the
same distributions. We will use this fact to prove that Brownian motion is invariant
under time inversion.

We now state without proof an elementary result in probability theory that will
be used now and in later proofs.

Lemma 4.4. (Borel-Cantelli Lemma) Let (E,) be a sequence of events on a prob-
ability space (Q, F,P). If > P(E,) < oo then P(limsup,, .. E,) = 0.

Before we prove that Brownian motion is invariant under time inversion, we will
need the following lemma to show continuity at time ¢t = 0.
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Lemma 4.5. (Law of Large Numbers) Almost surely, lim;_, oo @ =0.

B;”) = 0. Let € > 0 and consider

® P (B S ) It follows from the fact that 2% has a standard normal
n=1 n Vvn
distribution that

g]}»(Bfln ) ZP( ) 2%&e-<m2>/z

Because the last sum is finite, > o2 | P (M > e) < 00. The Borel-Cantelli Lemma

n=1

Proof. First, we will show that lim,, .

then implies that there exists N such that, for all n > N, fl ") < ¢ almost surely.
Since P (@ < —e) =P (—# > e) =P (@ > 6), it follows that, for suffi-
ciently large n, @ > —e almost surely. Therefore, lim,,_, o @ =0.

To extend the result to all nonnegative times ¢, it suffices to show that

1
li — B(t)— B =0.
msup (B0~ Bln)) =0
First, note that, for ¢ > 0, the reflection principle and the fact the B(1) has a
standard normal distribution imply that

11 2
) > — e .
Z P <0r£1tau<x1 B(t) > en) Z 2P(B en) < 2 Zl o 2

Again, the last sum is finite so the Borel-Cantelli Lemma implies that P(lim sup,,_, .,
(maxg<i<1 B(t)) > en) = 0. Because the distributions of maxp<;<; B(t) and
maxp<¢<nt+1 B(t) — B(n) are the same by time-shift invariance, it follows that
for sufficiently large n, %maantSnH B(t) — B(n) < e almost surely. Thus,
lim sup,,_, o, +(maxp<¢<p41 B(t) — B(n)) = 0. Since the distribution of B(t) is sym-
metric about 0, it follows that lim, ... £ (max,<;<n+1 |B(t) — B(n)|) = 0. Because
@ is bounded by (B(n) + max,<s<nt1 |B(s) — B(n)|) for n <t < n+1, the

squeeze theorem implies that lim;_, o M =0. (]

Theorem 4.6. (Time Inversion) Suppose {B(t)|t > 0} is a standard Brownian
Motion. Then the process {X (t)|t > 0} defined by

_ [ tB(}) ift>0
X(t)_{ 0 ift=0

is also a standard Brownian Motion.

Proof. By construction, X (0) = 0.

By Proposition 4.3, for all times t1,ts, ..., t,, the finite dimensional marginals
(B(t1), B(t2), ..., B(ty)) of Brownian motion are Gaussian random vectors and are
therefore characterized by the mean and covariance matrix. Thus, it suffices to
prove that for all times 1,3, ..., t,, the finite dimensional marginals (X (1), X (t2), ...,
X (ty)) are Gaussian random vectors with E[X (¢;)] = E[B(t;)] =0 forall 1 <i <n
and COV(X(ti), X(tj)) = COV(B(ti), B(tj)) = min(ti, tj).

Let t1,t2,...,t, > 0. Then
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X(t) t1B(3;) th 0 .. 0 B()
X)) | [ wBE) | [0 o oo || BE)
X(.tn) tnB.(%) 0 0 t;L B(%)

which is a Gaussian random vector by similar logic as in the proof of theorem 4.3.
The expectations E(X (t;)) = t;E(B(+)) equal zero. The covariances, for t > 0
and h > 0, are given by

Cov(X(t+h), X (t)) = (t + h)tCov (B (tih> , B C)) =t(t+ h)t%l =t.

Thus, for all times t1, ¢, ..., t,, the distributions of the finite dimensional marginals
(X (t1), X(t2),..., X (tn)) are the same as for (B(t1), B(tz), ..., B(t;)). This implies
that the process {X (¢)|[t > 0} has independent increments and that, for all ¢ > 0
and h > 0, the increments X (t+h)— X (t) are normally distributed with expectation
zero and variance h.

Clearly, the map t — X (t) is continuous away from 0. For continuity at ¢t = 0,
we use the law of large numbers and see that, almost surely,

0= lim 5) = limtB (1> = lim X (¢).
t t—0 t t—0

t—o0

Hence, the map ¢ — X (¢) is continuous for all ¢ > 0 almost surely. (I

5. NONDIFFERENTIABILITY OF BROWNIAN MOTION

Though Brownian motion is almost surely continuous, this section will show that
Brownian motion is almost surely differentiable nowhere. To give an indication as
to how Brownian motion is quite erratic, we present the following proposition:

Proposition 5.1. Almost surely, for all 0 < a < b < oo, Brownian motion is not
monotone on the interval [a,b].

Proof. Fix an interval [a,b]. Suppose that the Brownian motion {B(¢)[t > 0} is
monotone on [a, b]. Partition the interval [a, b] into n sub-intervals by picking times
a=a1 <ag<..<ay<apts =b. If Bis monotone on [a, b], then each increment
B(a;) — B(a;—1) must have the same sign. Because the increments are independent
and normally distributed, the event that all the increments B(a;) — B(a;—1) have
the same sign occurs with probability 2 - 27", Taking n — oo shows that [a,b] is
an interval of monotonicity with probability 0.

It follows that if we take the countable union over all the intervals [a,b] where
a and b are rational endpoints, we see that almost surely Brownian motion is not
monotone on any interval with rational endpoints. For any other interval [r, s], we
can find a sub-interval [a,b] C [r, s] where a and b are rational. Because monotonic-
ity on [r, s] implies monotonicity on [a, b], it follows that almost surely Brownian
motion is not monotone on any interval [a, b]. O

Now that we have an intuition as to how Brownian motion can be erratic, we
can begin showing that Brownian motion is almost surely nowhere differentiable.

The proof of the next lemma uses the definition of exchangeable events and the
Hewitt-Savage 0-1 law which we now recall. A proof of the Hewitt-Savage 0-1 law
may be found in Chapter 3 of Durrett’s Probability: Theory and Examples [2].
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Definition 5.2. Let (X,,) be a sequence of random variables on a probability space
(Q, F,P) and consider a set A of sequences such that {w € Q| X, (w) € A} € F.
The event {X;, X3, ... € A} is called exchangeable if

{X1,Xo,... € A} C {X,,, X5,,... € A}
for all finite permutations o : N — N. Here, finite permutations means that o is a

bijection with o, = n for all sufficiently large n.

Theorem 5.3. (Hewitt-Savage 0-1 law) If A is an exchangeable event for an in-
dependent, identically distributed sequence, then P(A) is 0 or 1.

Lemma 5.4. Almost surely,

B(n)

B(n)
lim sup = 400, and liminf = —00,

Proof. By Fatou’s lemma,
P{B(n) > cy/n infinitely often} > limsup P{B(n) > c\/n}.

n—oo

Using scaling invariance with a = ﬁ, we have limsup,,_, . P{B(n) > c¢y/n} =
P{B(1) > ¢} which is greater than 0 since B(1) has a standard normal distribution.
Let X,, = B(n) — B(n — 1) and note that the event

n
{B(n) > ¢y/n infinitely often} = ZXj > ¢y/n infinitely often
j=1
is an exchangeable event. It then follows from the Hewitt-Savage 0-1 law that,
almost surely, B(n) > c¢y/n infinitely often. Taking the intersection over all the
positive integers ¢ gives that limsup,,_, % = 400 and the second part of the
theorem follows by similar logic. (I

Definition 5.5. For a function f, we define the upper and lower right derivatives

nsy Y and D, f(t) := hzn\l(r]lf o

Theorem 5.6. Fizt > 0. Then, almost surely, Brownian motion is not differen-
tiable at t. Furthermore, D*B(t) = +00 and D.B(t) = —oc.

Proof. Given a standard Brownian motion {B(t)|t > 0} we construct another stan-
dard Brownian motion {X (¢)|t > 0} by time inversion as in Theorem 4.6. It then
follows that
X(L) -~ Xx(0 B
D*X(0) > limsup y > limsup v/nX (=) = limsup (n)

n—00 P n—00 n n—00 \/ﬁ

3=

which is infinite by lemma 5.4. By similar logic, D, X (0) = —oco. Hence, standard
Brownian motion is not differentiable at 0.

Now let t > 0 be arbitrary and let {B(t)|¢ > 0} be Brownian motion. It follows
from time-shift invariance that Y (s) := B(t+s) — B(t) defines a standard Brownian
motion. We just showed that standard Brownian motion is not differentiable at
s = 0, which implies that B is not differentiable at . (Il

Corollary 5.7. Let {B(t)|t > 0} be a standard linear Brownian motion. Then
inf{t > 0|B(t) = 0} = 0.
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Proof. By theorem 5.6, almost surely
Bt
D*B(0) = limsup B = 400
N0 t
which implies that there exist arbitrarily small ¢ > 0 such that B(t) > 0. Similarly,
D, B(0) = —oo implies that there exist arbitrarily small ¢ > 0 such that B(¢) < 0.
Let € > 0 and choose 0 < t*,t, < € such that B(t*) > 0 and B(t,) < 0. It then
follows from almost sure continuity of B that there exists some time ¢ > 0 between
t* and t, such that B(t) = 0. Thus, there exists 0 < ¢t < e such that B(t) = 0 for
any € > 0 and so inf{t > 0|B(t) = 0} = 0. O

Corollary 5.7, along with a simple application of translation invariance, shows
that almost surely for any e > 0 there exists 0 < ¢t < € such that the Brownian
motion hits its starting point at time t.

We have shown that for any time ¢ > 0, Brownian motion is not differentiable at
t almost surely. This statement is quite different from the claim that, almost surely,
Brownian motion is not differentiable for any time ¢ > 0. This claim, however, is
in fact true.

Theorem 5.8. Almost surely, Brownian motion is nowhere differentiable. Fur-
thermore, almost surely, for all timest > 0,

D*B(t) = +o0 or D, B(t) = —oc.

Proof. Suppose there is a time to € [0, 1] such that —oo < D, B(t) < D*B(t) < +o0.
Then

B(to+h) — B(t
limsup| (to + ) (0)|<oo
A0 h
It follows that we can find constants § > 0 and M’ such that for all 0 < h < ¢
| B(to + h) — B(to)|
h
Because Brownian motion is almost surely continuous, it is almost surely bounded
on [0,2]. Hence, there exists a constant M” such that for all 6 < h <1,
[B(to +h) — B(to)| _ |B(to + 1) — B(to)|
h - )
Taking M = max(M', M"), we have that
B(to+h) — B(t
sup | B(to + h) — B(to)|
he(0,1] h

< M.

< M"

<M.

It suffices to show that this event has probability zero for any M.
Fix M and suppose that supjcpg 1 M});B(t“)l < M. If ty is contained in
the binary interval [2:1, 2] for n > 2, then for all 1 < j < 2" — k the triangle

2n ) 2n
inequality implies that
k+j—1
+ ’B (;n > — Blto)

5(5) -2 (557 <[ (552) - oo
AL AL AL

<M2]+

< on
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Define the events

kot ktj—1 9 +1
Qn,k;:{B( +])—B<+‘7)‘§M‘7+ forj:1,2,3}

It then follows from the independence of the increments and scaling invariance

(With a= ﬁ) that, for 1 < k < 2™ — 3,

3 . . .
k+j kE+j-1 27 +1
ronn < I1# (o (552) -2 (M5 )| =55
j=1

§P<IB(1)I <m-t )

V2n

which is bounded above by (7M2~%)? since the normal density is bounded by %
Thus,

2" -3
P ( U an> < M(TM27 %)% = (TM)327 %
k=1

which is summable over all n € N. It then follows from the Borel-Cantelli lemma
that

Bt h) — B(t
P ( there is a tp € [0,1] with sup [B(to + ) (to)] <M
helo,1] h

2" -3
<P ( U Q,, ; for infinitely many n € N) =0,
k=1

where the inequality follows from the fact that the first event implies the second.
Taking the countable union over all M € N and intervals [i,7 + 1] with ¢ € N
completes the proof. O

6. THE ZERO SET OF BROWNIAN MOTION

In the previous section, we saw that standard linear Brownian motion hits 0 for
arbitrary small times ¢ > 0. In this section, we will show that the set of times that
any linear Brownian motion hits 0 is almost surely a closed set with no isolated
points and, hence, uncountable.

First, we show that, if we fix a point M, then standard Brownian motion almost
surely hits that point.

Lemma 6.1. Let {B(t)|t > 0} be a standard Brownian motion and fiz a constant
M. Define 7 :=inf{t > 0|B(t) = M}. Then 7 < oo almost surely.

Proof. If M = 0 then 7 = 0 for a standard Brownian motion. Now take the case
M < 0 and consider the event

> > = i >
{B(t) > M for all t > 0} Dl {OglgnB(t) > M}
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It follows from scaling invariance (with @ = —1) and corollary 3.9 that
o0
. N o . >
P <Ol {oglélnB(t) > M}) nh_)rrgo}P’ <0r§ntl£1nB(t) > M)

= lim P ( max B(t) < —M>

n— 00 0<t<n

=1-— lim IP’<maX B(t) >M)

n—oo 0<t<n
=1- 2n1Ln;oP(B(n) > —M)
1
=1-2- 3= 0.
Hence, almost surely 7 is finite in the case where M < 0. The case where M > 0
follows similarly. O

Remark 6.2. By taking the countable intersection over all M € N and applying
lemma 6.1, we see that Brownian motion gets arbitrarily far away from its starting
point.

Theorem 6.3. Let {B(t)[t > 0} be a linear Brownian motion and define
Zero := {t > 0|B(t) = 0}
to be the zero set. Then, almost surely, Zero is a closed set with no isolated points.

Proof. Clearly, with probability one, Zero is closed because Brownian motion is
continuous almost surely. To prove that no point of Zero is isolated we consider
the following construction: For each rational ¢ € [0, 00) consider the first zero after
q, i.e.,
74 = inf{t > q|B(t) = 0}.

Lemma 6.1 applied to the time-shifted Brownian motion {B(t + q) — B(q)|t > 0}
with M = —B(q) proves that 7, is an almost surely finite stopping time. Since
Zero is closed, the inf is almost surely a minimum, i.e. 7, € Zero. By the strong
Markov property for stopping time 7, and corollary 5.7, we have that, for each g,
almost surely 7, is not an isolated zero from the right. But, since there are only
countably many rationals, we conclude that almost surely, for all rationals ¢, 7, is
not an isolated zero from the right.

Our next task is to prove that the remaining points of Zero are not isolated
from the left. So we claim that any 0 < ¢t € Zero which is different from 7, for
all rationals ¢ is not an isolated point from the left. To see this take a sequence
Gn /' t, gn € Q. Clearly, g, < 7, <t andso 7, ,t. Since T, € Zero for all n

almost surely, ¢ is not isolated from the left. O

Since Zero is a closed set with no isolated points, the Baire Category theorem
will imply that Zero is uncountable.

Corollary 6.4. Zero is uncountable.

Proof. Consider Zero as a metric space with the metric inherited from R. Since
Zero is closed in R, Zero is a complete metric space. For any z € Zero, z is
not isolated which implies that the set {z} is nowhere dense. The Baire Category
theorem states that a non-empty complete metric space is not the countable union
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of nowhere dense sets. Because Zero is a complete metric space and Zero =
U.czerol12}, it follows from that Zero must be uncountable. O

7. THE AREA OF PLANAR BROWNIAN MOTION

In this the final section, we turn our attention to Brownian motion in two dimen-
sions and show that the area of the image of Brownian motion in two dimensions is
almost surely 0. This fact is nontrivial as there are continuous space-filling curves
such as Peano’s curve. Throughout the section we denote two dimensional Lebesgue
measure by L.

Lemma 7.1. If Ay, Ay C R? are Borel sets with positive area, then
Lo ({l‘ S RQ‘;CQ(A]_ N (A2 + J?)) > 0}) > 0.

Proof. Tt suffices to prove the lemma in the case where A; and A are bounded
since otherwise we could take bounded subsets with positive area. Using * to
denote convolution, Fubini’s theorem implies that

/lAl*l_A2(x)da:=/ / 1a, (W)lg,(w — z)dw dz
R? r2 JR?

_ /]R Lo, (w) (/R L, (w — x)dm) dw

= LQ(Al)EQ(AQ) > 0.

Thus, 14, * 1_4,(z) > 0 on a set of positive area. But
Lay + Lan(@) = [ L, 01 (o ~ )iy

_ / L, (1)1 4,2 (y)dy
= L2(A1 N (A + 1)),

proving the lemma. O

Theorem 7.2. Almost surely, L2(B[0,1]) = 0.

Proof. Let X = L5(BJ0,1]) denote the area of B[0,1]. First, we check that E(X) <
0o. Note that X > a only if the Brownian motion leaves the square centered at the

origin with sidelength @ Hence, using corollary 3.9

P(X > a) < 2P (max W(t)] > ?) — 4P (W(l) . \f) < 4ol

t€[0,1]

for a > 1, where {W(¢)|t > 0} is a standard linear Brownian motion. Hence,
E(X) = / P(X > a)da < 4/ e 8da +1 < co.
0 1

Note that B(3t) and v/3B(t) have the same distribution by scaling invariance, and
hence

E(L2(B[0,3])) = 3E(L2(B[0,1])) = 3E(X).
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Note that we have L2(B]0,3]) < Z?:o Lo(Bl[j,j + 1]) with equality if and only if
for 0 < i< j <2 we have Lo(B[i,i+ 1] N B[j,j + 1]) = 0. On the other hand, for
4 =0,1,2 the Markov property implies that IE([:Q(B[j,j + 1])) =E(X) and

BE(X) = E(L2(B[0,3])) < > E(L2(Blj,j +11)) = 3E(X),

whence, almost surely, the intersection of any two of the B[j,j + 1] has measure
zero. In particular, £5(B]0,1] N B[2,3]) = 0 almost surely.

Now we can use the Markov property to define two Brownian motions, {B1(¢)|t €
[0,1]} by B1(t) := B(¢) and {Ba(t)|t € [0,1]} by Ba(t) = B(t +2) — B(2) + B(1).
Both Brownian motions are independent of the random variable Y := B(2) — B(1)
by the Markov property. For x € R?, let R(x) denote the area of the set B1[0,1] N
(z 4+ Bz[0,1]), and note that {R(z)|z € R?} is independent of Y because B; and
Bs are independent of Y. Then

2
lz|

0= E(L2(B[0,1] N B[2,3))) = E(R(Y)) = % /]R T E(R(@))de,

where we are averaging with respect to the Gaussian distribution of B(2) — B(1).
Thus, R(z) = 0 almost surely for £s-almost all z, and hence
Lo({z € R*|R(x) > 0}) = 0, almost surely.

From lemma 7.1 we get that, almost surely, £2(B[0,1]) = 0 or £2(B][2,3]) = 0.
The observation that L£o(B[0,1]) and Lo(B[2,3]) are identically distributed and
independent completes the proof that L£4(B[0,1]) = 0 almost surely. O

A consequence of this theorem is that planar Brownian motion almost surely does
not hit singletons. Hence, unlike linear Brownian motion which hits 0 uncountably
many times, planar Brownian motion with starting point x # 0 almost surely never
hits 0.

Corollary 7.3. For any points x,y € R%, d > 2, we have P(y € B(0,1]) = 0.

Proof. Observe that, by projection onto the first two coordinates, it suffices to
prove this result for d = 2. Note that theorem 7.2 holds for Brownian motion with
arbitrary starting point y € R?. By Fubini’s theorem, for any fixed y € R?,

/ P,(z € B[0,1])dz = E, (£2(B[0,1])) = 0.
R2
Hence, for Lo-almost every point x, we have Py (z € B0, 1]) = 0. By symmetry of
Brownian motion,
P,(z € B[0,1]) = Py(z — y € B[0,1]) = Py(y — =z € B[0,1]) = P,(y € B[0,1]).

We infer that P, (y € BJ0,1]) = 0, for Lo-almost every point z. For any € > 0, we
thus have, almost surely, P (y € B[0,1]) = 0. Hence,

]P(y € B(Ov 1}) = h\r%P(y € B[G, 1]) = II\%PB(E)(y € B[Oa 1- d) = 07
where we have used the Markov property in the second step. (I
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