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1. Introduction

In a recent note [11] the author has given a highly condensed and largely
c::.,o:ﬁzna account of the basic notions in a theory whose aim is to bring
to light and exploit certain apparently far reaching analogies between group
theory and ergodic theory. Somewhat more motivation is contained on pages
om~|ou.a of [10], but the brief account given there is embedded in a description
of certain rather 8.2::8_ developments in the theory of infinite dimensional
group representations. Moreover, some essential conceptual improvements
in ,Eo theory were made between the times at which [10] and [11] were written
It is the purpose of this paper to give a leisurely account, with a minimum ow,
mathematical technicalities, of the considerations which led to the formulation
of the definitions and theorems in the first three sections of [11].

2. Subgroups and transitive actions
. Let G be a group and let H be a subgroup. Let S, = G/H be the set of all
right E oomﬁ.m. For each s=Hy in S, and each x € G let sx= Hyx. Then the
mapping taking s, y into sy is a mapping of S, x G into Sy which defines an
action of G on Sy in the sense that conditions (i) and (ii) below are satisfied
€ (sxy)x;=sx,x, for all x,, x, in G and all s in S, .

:_v.mmum for all s in S, where e is the identity of G.

This action is clearly transitive in the sense that for each pair s,, s, of
o_an:.ﬁm of m.: there exists an element x of G such that s, x = s,. mncim_o__“:w S
has no Invarnant subsets except the empty set and its complement. (An 5<m1m=_”
subset is a subset S* such that sx € S* whenev se S! and xe G.)

Conversely let s, x - sx define a transitive action of G on the set S and let H
be En.m:cmqo:v of all x with sx = 5. Then the mapping x — sx defines a Bmsvro:m
mapping of Q on S which is constant on each right coset. Thus it defines a one-
to-one mapping 0 of Sy, on S. Evidently 6 has the property that 6(sx) = 6(s) x
so that the actions of G on § and S, are equivalent in an obvious sense. ‘:E\m
every transitive G action is equivalent to one defined by a subgroup. One verifies
wmm__z that two subgroups define equivalent actions if and only if they are con-
Jugate .m:a :o.:oo that there is a natural one-to-one correspondence between the
transitive actions of a group G and the conjugacy classes of its subgroups. These
facts are of course elementary and well known. We review them in detail because
they play such a central role in motivating what is to follow.
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3. Measure theoretic actions and ergodicity

In the group actions that occur in analysis, the group G and the space §
come equipped with topologies and the mapping s, x—sx is continuous. We
shall be mainly interested in measure theoretic questions and accordingly find
it convenient to replace the topologies of S and G by their underlying Bore]
structures. By a Borel space we shall mean a set together with a distinguished
o field of subsets called its Borel sets. By a Borel mapping of the Borel space S,
into the Borel space S, we shall mean a mapping 6 such that 6~ '(E) is a Bore]
subset of S; whenever E is a Borel subset of S,. Two Borel spaces S, and S, will
be said to be isomorphicif there exists a one-to-one Borel mapping 6 of S, on S,
such that 7! is also a Borel mapping. Let G be a separable locally compact
group. By a Borel G space we shall mean a G space S which is also a Borel space
and in such a way that s, x> sx is a Borel function from S x G to S. When H
is a closed subgroup of G then the coset space Sy, is a topological space in a
natural way and hence isa Borel space. Since s, x — sx is continuous it is certainly
a Borel function and S}, is a transitive Borel G space. Moreover Sy, as a Borel
space is “standard” in the sense that it is isomorphic as a Borel space to a Borel
subset of a separable complete metric space. Conversely let S be any transitive
Borel G space where S is standard and G is separable and locally compact. It is
known ([8], p. 284) that for each se S the subgroup H, of all x with sx=s is
closed and that the mapping 0 of § 2 is a Borel isomorphism between Sy, and S.
Thus when G is a separable locally compact group we have the following
analogue of the result reviewed in §2: The possible transitive actions of G on
standard Borel spaces correspond one-to-one to the conjugacy classes of closed
subgroups of G.

Let S be a standard Borel G space where G is separable and locally compact
and let u be a measure defined in S; that is let u be a function from the Borel
subsets of S to the positive real numbers augmented by + co which is additive
on countable unions of disjoint sets and which is ¢ finite in the sense that Sisa
countable union of subsets S; such that u(S;) <oo. If y(Ex)=p(E) for all xe G
and all Borel subsets E of S we shall say that y is invariant. If u(Ex) = 0 whenever
x € G and u(E) = 0 we shall say that y is quasi invariant. Two measures with the
same sets of measure zero will be said to be in the same class, and a class of
measures (= measure class) will be said to be invariant if E— u(Ex) is in the
class whenever x is in G and p is in the class. It is clear that the class of a quasi
invariant measure is invariant and that every member of an invariant measure
class is quasi invariant. It is known ([6], p. 106) that S, = G/H admits a unique
invariant measure class whenever H is a closed subgroup of G but that Sy
admits an invariant measure only for rather special choices of H. One is also
lead naturally to invariant measure classes which do not need to contain in-
variant measures whenever S is a C, manifold and the mappings s—sx
preserve the differential structure. Thus, although classical ergodic theory is
chief concerned with those G spaces S which have an invariant measure, it
seems natural and is convenient to deal here with the more general situation in
which our G spaces have only an invariant measure class.
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Let G be as above and let C be an invariant measure class in the standard
Borel G space S. Suppose that the action is not transitive and that E is an in-
variant subset. Then S — E is also invariant and E and S — E will be independent
G spaces of which S is a direct sum in a natural way. If E is a Borel set they will
both the standard and if E (resp. S — E) is not of measure zero we obtain a non
trivial invariant measure class in it by taking any member #of C and then taking
the class of its restriction to E (resp. S — E). Thus if E is a Borel set and neither E
nor S — E has measure zero we obtain S, C as the direct sum of two invariant
subsystems. However, even when G is the additive group of the integers or of
the real line it is possible to choose S and C in such a way that

(1) Every measurable invariant subset of § is either of measure zero or the
complement of a set of measure zero

(2) Every invariant subset of S on which G acts transitively is of measure
Zero.

For example if G is the additive group of the integers we may choose S to be
the unit circle |z[=1in the complex plane, C to be the measure class of the
length measure and the action of G on S to be such that zn = ze®*2" where a is
an irrational number. Thus mere lack of transitivity does not ensure the possi-
bility of a direct sum decomposition — even if we ignore invariant sets of
measure zero. One is forced to replace transitivity as the basic notion by a more
inclusive and sophisticated one which is sometimes called ergodicity and some- -
times metric transitivity. We say that the action of G on S is ergodic (or metrically
transitive) with respect to C if condition (1) above holds. This condition holds in
particular when the action of G on § is transitive. It also holds when the action
is essentially transitive in the sense that there exists an invariant subset of
measure zero on whose complement G acts transitively. When conditions (1)
and (2) above both hold, that is when the action is ergodic but not essentially
transitive we shall say that the action is strictly ergodic.

4. The virtual subgroup point of view

Let G be a separable locally compact group. Since the ergodic actions of G
constitute a natural generalization of the transitive actions (§ 3) and since the
transitive actions correspond one-to-one in a natural way to the conjugacy
classes of closed subgroups of G (§ 2) it is natural to ask the following question.

(a) Is there a generalization of the notion of closed subgroup such that the
ergodic actions bear the same relationship to these generalized subgroups that
the transitive ones do to actual subgroups? We shall show in the sequel that such
a notion does exist and in further publications that a surprisingly large number
of the notions and theorems of group theory have analogues which apply to it.
We shall not only be able to define the notion of virtual subgroup of a genuine
group G but also the notion of “virtual group” in the abstract. Before doing
either of these things however we shall show that many of the developments
which the notion of virtual group make possible may be carried out without
actually defining virtual groups. The idea is this. Since a transitive action deter-
mines and is determined by a conjugacy class of closed subgroups we may hope
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