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Abstra ct. We consider systems of reactive Boussinesqequations in two dimen-
sional strips that are not aligned with gravit y's direction. We prove that for any
width of such strips and for arbitrary Rayleigh and Prandtl numbers, the systems
admit smooth, non-planar traveling wave solutions with the 
uid's velocity satisfying
no-slip boundary conditions.

1. Intr oduction

In this note we establishexistenceof non-planar traveling wave solutionsof reactive
Boussinesqsystemswith no-slip boundary conditions (the 
uid 
o w vanishesat the
boundary). Much of the analysisis similar to the no-stresscase[5], but thereareseveral
di�culties due to the no-slip boundary conditions that require new ideas. Theseare
explainedbelow.

Existence of non-planar traveling waves for reaction-di�usion equations in a pre-
scribed 
o w has been a subject of active study in the last decade{ we refer to [4]
and [16] for excellent overviews. When u is an imposed
o w of sheartype, then the
study of existenceand stabilit y of the multidimensional traveling wavesfor the single
temperature equation can be found, for example,in [6, 7, 12].

Recently, traveling waveshave beenalsoshown to exist in a reactive systemwith a
Boussinesq-type couplingbetweenthe temperature �eld and the 
uid 
o w [3, 5, 13, 14].
In non-dimensionalvariables,this systemhas the form

Tt + u � r T � � T = f (T)
1
�

(ut + u � r u) � � u + r p = T� ~g

div u = 0:

(1.1)

Here T is the temperature, u the 
uid velocity and p the pressure.The parameters�
and � are, respectively, the Rayleigh and Prandtl numbers, and ~g is the unit vector
in the direction of the gravit y force. The Lipschitz continuous nonlinearity f is of
ignition type, that is,

(1.2) f (T) = 0 on (�1 ; � 0] [ f 1g; f (T) > 0 on (� 0; 1); f (T) < 0 on (1; 1 );

wherethe ignition takesplaceat sometemperature T = � 0 2 (0; 1).
1
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The reactive Boussinesqsystem has been consideredin the referencesmentioned
above in a two-dimensionalstrip, with either periodic or no-stressboundaryconditions:
the normal component of the 
o w and the 
o w vorticit y vanishat the boundary. When
the strip is vertical (gravit y is alignedwith the strip's direction) it is not di�cult to see
[9] that non-planar fronts do not exist for small Rayleigh numbers but planar fronts
with u = 0 exist for all valuesof parameters. On the other hand, for large Rayleigh
numbers, the planar fronts becomeunstable: there is a bifurcation at somecritical � c

[13,14] sothat non-planar fronts exist for � closeto � c. It turns out that the situation
is quite di�erent when the domain is not vertical [3, 5]. In particular, it has been
observed in [3] that planar fronts cannot exist in a slanted strip and that a non-planar
traveling wave existsfor small � > 0. This result hasbeenextendedto all � > 0 in [5].

We consider(1.1) in an in�nite strip D � R2. The vector ~g = (g1; g2) representing
the gravit y direction is assumedto be non-parallel to the unboundeddirection of D.
By an elementary changeof variables,without lossof generality, we may restrict our
attention to the horizontal strip

(1.3) D = f (x; y); x 2 (�1 ; 1 ); y 2 [0; h]g

and assumethat

(1.4) g2 6= 0:

We imposefront-lik e boundary conditions for temperature and no-slip boundary con-
ditions for the 
o w:

Tx ! 0 asx ! �1 ; T ! 0 as x ! 1 ;
@T
@y

= 0 at y = 0; h;

u = 0 at y = 0; h; juj ! 0 as x ! �1 :
(1.5)

Notice that by the maximum principle there holds:

0 � T(x; y) � 1 for all (x; y) 2 D:

The main result of this note is the following:

Theorem 1.1. Assume that gravity satis�es (1.4) and the nonlinearity f satis�es
(1.2). Then there exists a smooth traveling front solution T(x � ct; �); u(x � ct; �)
of (1.1), (1.5) in the two-dimensionalstrip (1.3). In particular, this traveling wave
satis�es: the speed c > 0, the functions T; u 2 C2;� (D), p 2 C1;�

loc (D) (for some� > 0),
r T 2 L2(D), u 2 W 3;2(D) and the boundary conditions at in�nity are approached
uniformly in y 2 [0; h]:

lim
x!�1

jj u(x; �)jj L 1 ([0;h]) = lim
x!�1

jjr u(x; �)jj L 1 ([0;h]) = lim
x!�1

jjr T(x; �)jj L 1 ([0;h]) = 0:
(1.6)

(1.7) lim
x! + 1

jjT(x; �)jj L 1 ([0;h]) = lim
x!�1

jjT(x; �) � � � jj L 1 ([0;h]) = 0;
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for some� � 2 (0; � 0] [ f 1g. If, in addition, we have

(1.8) f (T) � [(T � � 0)+ ]2=h2 8T 2 [0; 1]

then � � = 1.

The paper is organizedas follows. In Section 2, following the method of [8], we
introducecompacti�ed versionsof the problem(1.1) on truncated domains(rectangles)
of increasinglengths 2a > 0, and prove that they have solutions that are uniformly
boundedin a. In particular, the constants in the elliptic regularity inequalitiesdepend
only on the local uniform properties of the embedding of the boundary of the domain
in the ambient spaceand they are independent of a. Theseand other uniform bounds
arecontained in Theorem2.1and areproved in Section3. The crucial estimatecanbe
found in Lemma 3.5 whoseproof is new and doesnot follow from the analysisin [5].
The di�cult y is due to the non-slip boundary conditions (seeRemark 3.6). In Section
4 we concludethe proof of Theorem 1.1 by obtaining the traveling wave solution as
the limit of a subsequenceof solutionsto the compacti�ed problemsasa ! + 1 . The
main novelty in this part of the argument is in the proof of Lemma4.5, which replaces
the analysisof the inner and outer solutions from [5].

Ac knowledgmen t. PC was supported by NSF grant DMS-0504213,LR was sup-
ported by an Alfred P. Sloanfellowship.

2. The compact domain pr oblem

In this section,following the approach of [5, 8], for each large a > 0 we considerthe
problem in a �nite rectangleRa = [� a;a] � [0; h] and obtain boundson the solutions
that are uniform in a. In order to avoid dealing with questionsof regularity at the
corners, the Navier-Stokes part of the problem (1.1) will be consideredon a larger
smooth convex domain Da, such that Ra � Da � Ra+1 (see�gure 1).

x

RR D

a-a a+1-a-1

aa a+1

Figure 1

The temperature T satis�es an approximate problem in the rectangleRa:

(2.1) � cTx + u � r T � � T = f (T) in Ra;
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with the boundary conditions from (1.5), replacingthe conditions at �1 by prescrib-
ing the temperature on the vertical boundary of Ra:

(2.2)
T(� a;y) = 1; T(a;y) = 0 for y 2 [0; h]
@T
@y

(x; 0) =
@T
@y

(x; h) = 0 for x 2 [� a;a]:

In order to formulate the problemfor u in the larger domainDa weextendthe function
T(x; y) from Ra to Da by the odd re
ection acrossthe vertical boundary of Ra:

(2.3) T(x; y) =
�

� T(� 2a � x; y) + 2T(� a;y) for x < � a
� T(2a � x; y) + 2T(a;y) for x > a:

Note that

(2.4) jjT jj C1;� (D a ) � 2jjT jj C1;� (Ra ) ; jjr T jj L 2(D a ) � 2jjr Tjj L 2(Ra ) :

The 
o w u satis�es the following problem in Da:

(2.5)
1
�

(� cux + u � r u) � � u + r p = T~� in Da;

div u = 0 in Da;

with the no-slip boundary conditions

(2.6) u = 0 on @Da:

We denotedby ~� the vector � ~g in (2.5).
Finally, we introducethe following normalization condition (see[6]):

(2.7) maxf T(x; y); x 2 [0; a]; y 2 [0; h]g = � 0:

Therefore,f (T) � 0 for x � 0 and thus the maximum principle implies that:

(2.8) maxf T(x; y); x 2 [0; a]; y 2 [0; h]g = maxf T(0; y); y 2 [0; h]g = � 0:

The 
o w equations (2.5)-(2.6) may be also written in terms of a non-linear el-
liptic system for two unknowns: the stream-function  1 such that u = curl  1 =
( 1;y ; �  1;x ), and the vorticit y function  2 = �  1:

(2.9)

�  1 �  2 = 0 in Da

�  2 =
�

� curl(T~� ) +
1
�

curl(� cux + u � r u)
�

in Da

 1 = 0; r  1 = 0 on @Da:

The aim of this section is to prove existenceof a regular solution to (2.1)-(2.2),
(2.5)-(2.7) and obtain uniform in a bounds for (c;u; T). More precisely, we have the
following result.
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Theorem 2.1. There exists a0 > 0 so that for all a > a0 the problem (2.1)-(2.2),
(2.5)-(2.7) has a solution c 2 R, u 2 C2;� (Da), T 2 C1;� (Ra), p 2 C1;� (Da). In
addition, we havethe following bounds:

(2.10) jcj + jjT jj C1;� (Ra ) + jjujj C2;� (D a ) + jjr Tjj L 2(Ra ) + jjujj W 3;2(D a ) +
Z

Ra

f (T) � C;

with a constant C which is independentof a > a0.

Proof. Wepostponethe proof of the uniform bound (2.10) to Section3. Assumingthat
the a priori bound (2.10) holds for any (smooth) solution of (2.1)-(2.2), (2.5)-(2.7), we
now prove the existencepart of Theorem2.1 by a degreeargument. In order to set-up
a �xed point problem we let c 2 R, u 2 C2;� (Da), T 2 C1;� (Ra) be given, and take the
homotopy parameter� 2 [0; 1]. We extend T to Da as in (2.3) and solve the following
systemof elliptic equationsfor the unknowns  1 and  2 with a given right side:

(2.11)

�  1 �  2 = 0 in Da

�  2 = �
�

� curl(T~� ) +
1
�

curl(� cux + u � r u)
�

in Da

 1 = 0; r  1 = 0 on @Da

and de�ne v = r ?  1. Having constructedv as above we let Z be the solution of the
linear problem

(2.12)

� cZx + � v � r Z � � Z = � f (T) in Ra

Z(� a;y) = 1; Z (a;y) = 0 for y 2 [0; h]
@Z
@y

(x; 0) =
@Z
@y

(x; h) = 0 for x 2 [� a;a]:

We now set the mapping:

(2.13) K (c;u; T; � ) = (c � � 0 + maxf T(x; y); x 2 [0; a]; y 2 [0; h]g; v; Z ):

By constructiona �xed point of K 1 := K (�; �; �; 1) is a solution of (2.1)-(2.2), (2.5)-(2.7).
The classicalregularity results in [10, 11] imply that the operator

K : R � C2;� (Da) � C1;� (Ra) � [0; 1] � ! R � C2;� (Da) � C1;� (Ra)

is well de�ned, continuousandcompact. If wenow calculatethe Leray-Schauderdegree
deg(Id � K (�; �; �; 0); BR(0); 0) and �nd it to be di�erent from 0 (for somesu�cien tly
largeradiusR) then, in view of the uniform bounds(2.10)and the homotopy invariance
of the Leray-Schauder degree,we concludethat K 1 must have a �xed point.

To this end,note that at � = 0 we may solve both (2.11) and (2.12) explicitly: v = 0
and the function Z is given by

Z(x; y) = � c(x) :=
e� cx � e� ca

eca � e� ca
:
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When c 6= 0 the function � c(x) satis�es

� c
xx + c� c

x = 0 in [� a;a]; � c(� a) = 1; � c(a) = 0:

Therefore,the last two components of the operator K (c;u; T; 0) do not depend either
on u or on T and K has then an explicit form:

K 0(c;u; T) := K (c;u; T; 0) = (c � � 0 + MT ; 0; Z );

where
MT = maxf T(x; y); x 2 [0; a]; y 2 [0; h]g:

As in [5], we note that K 0 is homotopic to the map

F (c;u; T) = (c � � 0 + max
x2 [0;a]

� c(x); 0; � c�
);

wherec� is the unique number such that

max
x2 [0;a]

� c�
(x) = � c�

(0) = � 0:

The a priori bound (2.10) implies that homotopy can be taken to be compact and
without �xed points on the boundaryof a su�cien tly largeball BR (0) in R� C2;� (Da) �
C1;� (Ra) with the radius R independent of a.

By the homotopy invarianceof the Leray-Schauderdegreeof compactperturbations
of identit y we concludethat

deg(Id � K 0; BR(0); 0) = deg(Id � F ; BR(0); 0) = 1;

as the degreeof the last map (Id � F )(c;u; T) = (� 0 � � c(0); u; T � � c�
) is the product

of degreesof each component, all three of them being equal to 1. Hencethe operator
K 1 has to have a �xed point and the existencepart of the proof of Theorem 2.1 is
complete.

3. A pr oof of the unif orm bound (2.10).

In this section we prove the a priori bound (2.10) in order to �nish the proof of
Theorem 2.1. Let K (c;u; T; � ) = (c;u; T), where K is de�ned as in (2.13). The
proof of (2.10) will be achieved through a sequenceof lemmasestimating norms of
the quantities T; u; c. The main point is as in [5]: from the reaction-di�usion equation
we deducean upper bound for kr Tk2

L 2 that is linear in the kukL 1 ; from the 
o w
equationwe deducean upper bound for kukL 1 that is sub-quadratic,kr Tk�

L 2 with an
exponent � 2 (0; 2). Thesetwo boundsallow us to closethe argument and show that
both quantities are bounded. The secondupper bound is moredi�cult to obtain than
in [5] becauseof the no-slip boundary conditions. Throughout the rest of the paper
we denoteby C any uniform constant, not depending on a;c;T; u.
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Lemma 3.1. We have:

(3.1) k 1kW 2;2 (D a ) � Ckr TkL 2(Ra ) :

Proof. By the standard elliptic estimates[11], we have

k 1kW 2;2(D a ) � C
�
jj  1jj L 2(D a ) + jj �  1jj L 2(D a )

�
:

Using Poincar�e's inequality on [0; h] we obtain:

jj  1jj L 2(D a ) � Cjjr  1jj L 2(D a ) :

As
jjr  1jj 2

L 2(D a ) � jj �  1jj L 2(D a ) � jj  1jj L 2(D a ) ;

we concludethat

(3.2) jj  1jj W 2;2(D a ) � Cjj �  1jj L 2(D a ) :

We multiply now the secondequation in (2.11) by  1 to obtain

(3.3)

�
�
�
�

Z

D a

�  2 �  1 +
� c
�

( 2)x  1 �
�
�

hu; r  2i �  1

�
�
�
� � jj  1jj L 2(D a ) � jjr T jj L 2(D a ) :

Furthermore, using the boundary conditions for  1 and �  1 =  2 we have
Z

D a

�  2 �  1 = �
Z

D a

r  2 � r  1 =
Z

D a

 2 � �  1 = jj �  1jj 2
L 2(D a ) ;

Z

D a

( 2)x  1 = �
Z

D a

(r  1)x � r  1 = �
1
2

Z

D a

(jr  1j2)x = 0;
Z

D a

hu; r  2i �  1 =
1
2

Z

D a

hr ? ( 2
1); r  2i =

1
2

Z

@D a

 2hr ? ( 2
1); ~ni = 0:

Therefore,(3.3) becomes

k�  1k2
L 2 (D a ) � k 1kL 2(D a ) � kr Tjj L 2(D a ) :

Finally, in view of (2.4) and (3.2) we seethat (3.1) follows.

We denoteby g 2 C0;� (Da) the right hand sideof the secondequation in (2.11):

(3.4) g = �
�

� curl(T~� ) +
1
�

curl(� cux + u � r u)
�

:

The following bound follows from a standard local a-priori estimate on the reg-
ular solutions of the Stokes problem, which can be found for example in [10]. For
completeness,we sketch a possibleproof.

Lemma 3.2. We have

(3.5) jj  1jj W 4;2(D a ) � C
�
jjgjj L 2(D a ) + jj  1jj L 2(D a )

�
:



8 PETER CONSTANTIN, MAR TA LEWICKA AND LENY A RYZHIK

Proof. The proof is based on the general regularity theory for elliptic systems[2].
Using the notation of this fundamental paper, the system(2.11) is described by the
matrix L, and the boundary conditions (after local 
attening of the boundary) are
given by the matrix operator B :

L =
�

� � 1
0 �

�
; B =

�
1 0
@z 0

�
;

where by z we denote the variable transversal to @Da. Theseoperators act on the
column vector ( 1;  2)t .

We assignthe weights t1 = 4, t2 = 2, s1 = � 2, s2 = 0, r1 = � 4, r 2 = 3. To obtain
the local a-priori internal and up to the boundary estimate:

(3.6) k 1kW t 1 ;2 � C [kgkW � s2;2 + k 1kL 2 + k 2kL 2 ] :

one needsto check the related analytic Lopatinsky-Shapiro condition. To this end,
considera single mode of the Fourier transform of the solution on the hyperplanes
parallel to the '
attened' boundary of Da. That is, for a �xed � 2 R n f 0g considera
solution of the form: ( 1;  2) = (eix�  1(z); eix�  2(z)). It satis�es the following system
of ODEs (in z � 0):

�j � j2 1(z) +  00
1 (z) =  2(t);  1(0) = 0

�j � j2 2(z) +  00
2 (z) = 0;  0

1(0) = 0:

It is easyto seethat the only boundedsolution ( 1(z);  2(z)) is  1;  2 = 0.
Consequently Theorems10.4 and 10.5 in [2] imply (3.6). Recalling that  2 = �  1

and using an interpolation inequality [11], the uniform global bound in (3.5) follows.

An upper bound for variousquantities in termsof kukL 1 is provided by the following
lemma.

Lemma 3.3. We have

(3.7) jcj + jjr Tjj 2
L 2(Ra ) +

Z

Ra

f (T) � C(1 + jjujj L 1 (D a )):

This estimate can be proved exactly as in [5] (seeLemmas2.2, 2.5 and 2.6 of this
reference),using the reaction-di�usion equation for T. In particular, it is here that
the normalization condition (2.7) is usedin order to obtain an upper bound for jcj in
(3.7), using the maximum principle and the sliding method. Then the bound for f (T)
follows immediately after integration of the 2.1 over Ra. The estimate for kr TkL 2 is
somewhatmore involved { we refer the readerto [5] for details.

We will alsoneedthe following elementary lemma:

Lemma 3.4. Let � ; � ; 
 � 0. Then,
(i) � � � + 
 � 1=2 implies � � � 2 + (1 + 
 )2,



TRA VELING WAVES IN 2D REA CTIVE BOUSSINESQ SYSTEM 9

(ii) � � 1 + � 5=4 + � � 1=4 implies � � C(1 + � 4=3), and the constant C does not
depend on � ; � .

Proof. In (i) it is enoughto consider� � � 2: In this casehowever, � � (1 + 
 )� 1=2

and the result follows.
In the samemanner, the condition in (ii) implies � � C for � � (2� )4=3.

Lemma 3.5. We havethe following uniform bound:

jjr Tjj L 2(Ra ) � C:

Proof. We start by estimating jj  1jj W 3;2(D a ) . Using an interpolation inequality [1] we
obtain

jj  1jj W 3;2(D a ) � Cjj  1jj
1=2
W 4;2(D a ) � jj  1jj

1=2
W 2;2(D a ) :

wherethe constant C doesnot depend on a. Thereforeby Lemma3.2 and Lemma3.1
we obtain, using the de�nition of the function g:

jj  1jj W 3;2(D a ) � C
�

jjr T jj L 2(D a ) +
�
c + jjujj L 1 (D a )

�
jj  1jj W 3;2(D a )

� 1=2
� jj  1jj 1=2

W 2;2(D a )

� C
�

jjr T jj 2
L 2(Ra ) +

�
1 + jjujj L 1 (D a )

�
jj  1jj W 3;2(D a ) jjr T jj L 2(Ra )

� 1=2

� C
�

jjr T jj L 2(Ra ) +
�
1 + jjujj L 1 (D a )

� 1=2
jjr T jj 1=2

L 2(Ra ) jj  1jj 1=2
W 3;2(D a )

�
;

wherewe usedcurl(u � r u) = u � r (curl u) and Lemma 3.3 to bound jcj.
Applying now Lemma 3.4 (i) with

� = jj  1jj W 3;2(D a ) , � = Cjjr Tjj L 2(Ra ) , 
 = C(1 + jjujj L 1 (D a ))1=2jjr T jj 1=2
L 2(Ra ) ,

we arrive at

(3.8) jj  1jj W 3;2(D a ) � C
�

1 + jjr Tjj 2
L 2(Ra ) + jjujj L 1 (D a ) jjr T jj L 2(Ra )

�
:

On the other hand, applying twice the interpolation inequality of Theorem 5.8 [1],
we obtain

(3.9) jjujj L 1 (D a ) � Cjjujj 1=2
W 1;4(D a ) jj ujj 1=2

L 4(D a ) � Cjjujj 1=4
W 2;2(D a ) jj ujj 3=4

W 1;2(D a ) :

Combining (3.8), (3.9) and recalling Lemma 3.1 we deduce

jjujj L 1 (D a ) � Cjj  1jj 1=4
W 3;2(D a ) jj  1jj

3=4
W 2;2(D a )

� C
�

1 + jjr Tjj 2
L 2(Ra ) + jjujj L 1 (D a ) jjr T jj L 2(Ra )

� 1=4
kr Tk3=4

L 2(Ra )

� C
�

1 + jjr Tjj 5=4
L 2(Ra ) + jjujj 1=4

L 1 (D a ) jjr T jj L 2(Ra )

�
:

We usenow Lemma 3.4 (ii) to arrive at

(3.10) jjujj L 1 (D a ) � C(1 + jjr Tjj 4=3
L 2(Ra )):
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By Lemma 3.3 this yields the desireduniform estimate on jjr Tjj L 2(Ra ) .

Note now that Lemma 3.5 and the estimate (3.10) imply that

jjujj L 1 (D a ) � C:

Other uniform bounds in (2.10) follow now from Lemma 3.3, Lemma 3.2, the bound
(3.8) and from standard elliptic estimatesfor T in Ra. Also, the samebound as in
Lemma3.2 holds if we replaceL 2 (and W 4;2) by Lp (W 4;p respectively) for any p � 2.
This endsthe proof of (2.10) and that of Theorem2.1.

Remark 3.6. In order to obtain uniform bounds on the quantities in (2.10), we
neededto prove that jjujj L 1 (D a ) � C. In the situation of [5], the stress-freeboundary
conditions imply that  2 = curl u is zeroon @Da. Multiplying the secondequation in
(2.11) by  2 one obtains then jjr  2jj L 2(D a ) � Cjjr Tjj L 2(Ra ) : This, in view of Lemma
3.3 implies jjujj L 1 (D a ) � Cjj  1jj W 3;2(D a ) � Cjjr Tjj L 2(Ra ) : In our situation, when  2 is
free on @Da, onecannot proceedin a similar manner. A simpler caseis when g does
not depend on u, which happens at the in�nite Prandtl number, 1=� = 0. In this
particular casethe calculationstowards Lemma 3.5 are much simpler.

4. Identifica tion of the limit and a pr oof of Theorem 1.1

For a proof of Theorem 1.1, we denote by ca; Ta; ua; pa a solution of (2.1)-(2.2),
(2.5)-(2.7). Note that by a bootstrap argument we alsohave

jjTajj C2;� (D a � 1 ) � C:

Thereforewemay choosea sequencean ! 1 such that cn := can convergesto somec 2
R and Tn := Tan , un := uan convergein C2;�

loc (D) to someT; u 2 C2;� (D). Also, pn :=
pan convergesin C1;�

loc (D) to somep 2 C1;�
loc (D). Obviously, c;T; u; p must satisfy (1.1)

and the correct boundary conditions at x = 0 and x = h in (1.5). The normalization
(2.7) and its consequence(2.8) imply that

maxf T(x; y); x � 0; y 2 [0; h]g = � 0:

Sincer T 2 L2(D) \ C1;� (D) and u 2 W 3;2(D) \ C2;� (D), we obtain (1.6). Note that
by (2.10), we alsohave a bound for the total reaction rate:

(4.1)
Z

D
f (T) < + 1 :

As in [5] (Lemma 3.2), we can prove the following lemma: we leave the minor
modi�cations to the reader.

Lemma 4.1. The propagation speed is positive: c > 0.

Next, we show that temperature approachesconstant limits at the two endsof the
domain.
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Lemma 4.2. There exist � � ; � + 2 [0; 1] suchthat

lim
x!�1

jjT(x; �) � � � jj L 1 ([0;h]) = 0:

Proof. We argueby contradiction. Assume,for example,that limn!1 T(xn ; yn ) = � 1

and let limn!1 T(~xn ; ~yn ) = � 2 with some� 1 6= � 2 and limn!1 xn = limn!1 ~xn = + 1 .
Integrating the �rst equation in (1.1) on Sn := [xn ; ~xn ] � [0; h] and using the boundary
conditions we obtain

� c
Z h

0
[T(~xn ; y) � T(xn ; y)] dy

= �
Z h

0
[(Tu1 � Tx )]( ~xn ; y) � (Tu1 � Tx )](xn ; y)] dy +

Z

Sn

f (T);

(4.2)

where u1 refers to the horizontal component of the velocity vector u. Note that by
(1.6) and (4.1), the right hand side in (4.2) convergesto 0 as n ! 1 . At the same
time, becauseof our assumptionson (xn ; yn) and (~xn ; ~yn), together with (1.6), the left
hand sideconvergesto � ch(� 2 � � 1). In view of Lemma 4.1 we concludethat � 1 = � 2.

Now, by (4.1), Lemma 4.2 implies that

f (� � ) = f (� + ) = 0:

As in [5] (Lemmas3.3 and 3.4, respectively), onealsohas the following two results:

Lemma 4.3. The temperature limits satisfy � � > � + .

Lemma 4.4. For every � > 0 there existsA suchthat for all su�ciently large n:

jr Tn (x; y)j � � 8(x; y) 2 [A; an ] � [0; h]:

We now deduce:

Lemma 4.5. For every � > 0 there existsA suchthat for all su�ciently large n:

jTn (x; y)j � � 8(x; y) 2 [A; an ] � [0; h]:

Proof. If the claim is not true then there is some� 0 > 0 and a sequenceAn converging
to + 1 such that:

(4.3) Tn (An ; yn) � � 0;

for someyn 2 [0; h] and possibly passingto a subsequencein Tn . Notice that by
Lemma 4.4 it must happen that

(4.4) lim
n! + 1

(an � An ) = + 1 :
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Now, de�ne � n (x; y) = Tn (x + An ; y) and � n(x; y) = un (x + An ; y) on domainsRan

and Dan \shifted" to the left by the distanceAn . Using the normalization (2.8), we
have on ~Rn = [0; an � An ] � [0; h]

� cn (� n )x + � n � r � n � �� n = 0:

Multiplying the last equation by � n and integrating over ~Rn we obtain

cn

Z

~Rn

@x j� n j2 �
Z

@~Rn

j� n j2� n � � + 2
Z

@~Rn

� n@� � n = 2
Z

~Rn

jr � n j2;

where� is the outward normal to @~Rn . Using the boundary conditions, this yields

(4.5)
Z h

0

h
(� 1

n � cn )j� n j2 � 2� n@x � n

i
(0; y) dy � 0

wherethe superscript in � 1
n refersto the horizontal component of the vector � n .

On the other hand, � n and � n obviously satisfy the sameuniform boundsasTn and
un in (2.10) and therefore they converge (uniformly on compact sets, together with
their derivatives) to some� and � de�ned by virtue of (4.4) on whole D. Moreover,
� is a solution of

(4.6) � c� x + � � r � � �� = 0

and it convergesto some� � as x ! �1 (the argument is as in the proof of Lemma
4.2). Integrating (4.6) on D and using boundary conditions we obtain

c(� � � � + ) = 0;

which by Lemma 4.1 implies � � = � + . Thus, by the maximum principle � must be
constant and, say, equal to � 0. Obviously, by (4.3), � 0 � � 0 > 0. Passingto the limit
in (4.5), we obtain

(4.7) j� 0j2
Z h

0
(� 1 � c)(0; y) dy � 0:

On the other hand, sincediv un = 0 and un = 0 on @Dan , we have
Rh

0 � 1
n(0; y) dy = 0

which implies that
Rh

0 � 1(0; y) dy = 0. Finally, (4.7) becomes

� hcj� 0j2 � 0;

which contradicts the positivit y of c in Lemma 4.1.

In view of Lemma 4.5 we obtain � + = 0, which by Lemma 4.2 proves (1.7). The
�nal statement, assertingthat (1.8) is a su�cien t condition for � � = 1 is obtained
exactly as in Lemma 3.7 of [5]. This completesthe proof of Theorem1.1.
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