Draft: August 19, 2009

A LOCAL-GLOBAL COMPATIBILITY CONJECTURE IN THE
p-ADIC LANGLANDS PROGRAMME FOR GL;/q

MATTHEW EMERTON

To John Coates, for his 60th birthday

CONTENTS
1. Introduction 1
2. Classical Langlands for GLy/q 9
3. The local p-adic Langlands conjecture for GLy/q, 14
4. Refinements and trianguline local Galois representations 20
5. Some invariants of admissible unitary GL2(Q),)-representations 29
6. The local correspondence for trianguline representations 44
7. Local-global compatibility 61
References 92

1. INTRODUCTION

1.1. The local-global compatibility conjecture. Fix a prime p, as well as a
finite extension E of Q,. If K? is an open subgroup of GL, (Zp) (referred to as a
“tame level”), then one can define a certain E-Banach space H Y(KP)g, equipped
with an action of Gg x GL2(Q,), by taking the inductive limit of the étale co-
homology with coefficients in E of the modular curves of arbitrary p-power level
and of tame level KP, and then completing with respect to the norm induced by
the Og-submodule of integral cohomology classes. Passing to the locally convex
inductive limit over all tame levels KP, we obtain a complete locally convex topo-
logical E-vector space H 1. equipped with a representation of Gg x GLa(Af) that
is (so to speak) “smooth in the prime-to-p-directions, but unitary Banach in the
p-adic direction”. (See Subsection 7.2 for the precise definitions of these various
topological vector spaces.) The object of this note is to explain a conjecture on the
multiplicities with which certain Gg-representations appear in H L. This conjecture
is in some sense the most optimistic possible, in light of what is already known, or
believed, to be true.

In order to state the conjecture, we must first admit the truth of a “local p-
adic Langlands conjecture for GLs”. The idea that such a conjecture should (or
even could) exist is due largely to Breuil, and has been extensively developed both
by him and others. In what follows, we will take as given the most optimistic
version of this conjecture, namely that to any continuous representation of Gg,
on a two dimensional F-vector space V there is associated in a natural manner an
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admissible unitary Banach space representation B(V') of GL2(Q,,) over E. Granting
the existence of this local correspondence, we may now state our conjecture.

1.1.1. Conjecture (Local-global compatibility). If V' is an arbitrary odd irreduc-
ible continuous two dimensional representation of Gg over E that is unramified

outside of a finite set of primes, then the space Homg, (V, ﬁ}g) (which is naturally
a GLa(Ay)-representation) decomposes as a restricted tensor product

Homg, (V, H) = B(Vip,) ® Q) m*(V),
tF#p

where B(V|p,) is the admissible unitary Banach space representation of GLa(Qy)
associated to V|p, wvia the local p-adic Langlands correspondence, while for each
prime £ # p, wp* (V') is the admissible smooth representation of GL2(Qg) associated
to V|p, via the modified classical local Langlands correspondence discussed in 2.1.1
below.

At least for those V that are attached to classical modular forms, this conjecture
is due to Breuil [13]. One of our goals will be to provide some justification for
extending his conjecture to more general V.

Of course, for Conjecture 1.1.1 to have a precise meaning, one has to make the
local p-adic Langlands correspondence precise. Thus a second goal of our paper is
to discuss various results and conjectures related to the local correspondence. So
far this correspondence has been specified for two dimensional Gg,-representations
that are trianguline in the sense of [27] (with some caveats in the case of reducible
representations). This is work primarily of Breuil and Colmez. In Section 6 we will
recall the definition of this trianguline correspondence in detail.

Currently, very little seems to have been proved regarding the existence of the
local correspondence for those two dimensional Gg,-representations V' that are not
trianguline.?

Nevertheless, it is possible to formulate a minimal set of requirements that the
local p-adic correspondence should satisfy, and we do this in Conjecture 3.3.1 below.
Our set of requirements is by no means definitive (and it certainly does not specify
the correspondence uniquely; cf. Remark 3.3.6 below). However, it does serve to
formalize some of the ideas and expectations about the relationship between p-adic
Galois representations and p-adic representations of GL3(Q)) that have appeared
in the literature in the last several years.® Of all the conditions that we incorporate
into our conjecture, perhaps the most novel is a condition (namely condition (8)
of Conjecture 3.3.1) that relates locally analytic Jacquet modules on the GL2(Q))
side (as defined in [32]) to a certain notion of refinement on the Gg, side (related

IThe representation 73 (V) coincides with the representation m,(V') attached to V|p, by the
classical local Langlands correspondence with respect to the Tate normalization, except in those
cases in which the latter representation is not generic (i.e. not infinite dimensional).

2Breuil and Strauch (in unpublished work) have proposed a candidate for B(V) in (at least
some of) those cases when V is potentially semi-stable but not trianguline. However, as far as I
am aware, little is known about their proposed B(V'). For example, it does not seem to be known
whether or not it is non-zero.

3A caveat: There is an important connection between the GQP and GL2(Qp) worlds, discovered
by Colmez, which we have not attempted to incorporate into our conjecture; see Remark 3.3.7
below.
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to the one introduced in [45] for crystalline representations, and also closely related
to the theory of two dimensional trianguline representations developed in [27]).

Having formulated Conjecture 3.3.1, we are immediately confronted with the
problem of proving that it is satisfied by the correspondence as it has been defined in
the trianguline case. A good part of the paper is devoted to discussing this problem
either directly or indirectly (although we do not solve it — see Subsection 6.6 for a
discussion of what parts of the problem remain open). We focus in particular on
describing the relationship between the trianguline correspondence and the theory
of Jacquet modules. For this we rely heavily on the constructions and results of
[27, 32, 35].

When Conjectures 1.1.1 and 3.3.1 are combined, they provide an appealing
framework within which to consider a number of important conjectures relating
p-adic Galois representations and modular forms. For example, we will prove the
following result.

1.1.2. Proposition. Assume that the local p-adic Langlands correspondence exists,
and satisfies Conjecture 3.3.1. Then Conjecture 1.1.1 has the following conse-
quences. (As usual we let V' denote an odd irreducible continuous two dimensional
representation of Gg over E.)

(1)2 The representation V|p, is potentially semi-stable with distinct Hodge-Tate
weights if and only if V is the twist by a power of the p-adic cyclotomic
character of a Galois representation attached to a classical cuspidal Hecke
eigenform of weight k > 2.

(2)2 The representation V|p, is trianguline if and only if V is a twist of a
Galois representation attached to a p-adic overconvergent cuspidal Hecke
eigenform of finite slope.

The 7 are to indicate that each assertion is contingent on Conjectures 1.1.1
and 3.3.1. The first statement is a conjecture of Fontaine and Mazur [37, Conj. 3c].
The second statement implies [41, Conj. 11.8], but is in fact stronger; it also implies
the equality X§ = Xy discussed in note (2) on p. 450 of that reference.

Proposition 1.1.2 is proved in Subsection 7.9 below. (More precisely, it is a
reformulation of parts (3)7 and (4)7 of Proposition 7.9.1.) The proof of (2)7 depends
on a result which may be of interest in its own right. If K? is a fixed tame level,
then applying the theory of locally analytic Jacquet modules to H L(KP)Eg one can
construct a certain coherent sheaf of algebras on the space T of characters of (Q; )2,
whose relative spectrum Spec A(K?) was shown in [33, §4.4] to contain the reduced
eigensurface of tame level KP. The question of whether or not this inclusion is
an equality was left open in that reference. Theorem 7.5.8 below shows that this
inclusion is (essentially) an equality. As the proof of this theorem is rather technical,
we only sketch it here. The details will appear elsewhere.

We now state some partial results in the direction of Conjecture 1.1.1 related to
the case when V' is an irreducible two dimensional Gg-representation associated to
an overconvergent p-adic eigenform of finite slope. (In this case V/ p, is trianguline —
see [41] and also Thm. 7.6.1 below. Thus B(V|p,) is defined, and Conjecture 1.1.1
has a precise meaning.) The following theorem incorporates results of Berger,
Breuil, and Colmez, as well as of the author.

1.1.3. Theorem. Let V' be an irreducible continuous Gg-representation attached to
an overconvergent eigenform f over E of finite slope. Assume furthermore that:
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(a) If V|p, is irreducible and potentially semi-stable (in which case f is nec-
essarily classical of weight k > 2, by [41, Thm. 6.6]) then it is Frobenius
semi-simple.

(b) If V|p, is reducible then it is potentially crystalline, and f is classical of
weight k > 2.

The following results then hold:

(1) If V|p, is indecomposable and f is classical then there is an isomorphism

&)’ (V) = Homgr,(q,) (B(Vip,), Home, (V, HY)).
L#p

(2) In general, if f has tame level KP, then there is a GL2(Q))-equivariant
embedding B(V|p,) — Homg, (V, Hi;)5".

The next theorem provides something of a converse to the previous one.

1.1.4. Theorem. Let V' be as in Conjecture 1.1.1, and suppose furthermore that
V' is not a twist of a representation having finite image. Let W be an irreducible
trianguline continuous two dimensional representation of Gq,. If there is a non-
zero continuous GLo(Qp)-equivariant map B(W) — HomGQ(V,I/i\'E), then V is a
twist of a representation attached to an overconvergent eigenform of finite slope,
and Vip, = W.

These theorems follow from the results proved in Subsection 7.10 below.

Let us close this introductory discussion by remarking that one could hope for
a still stronger conjecture than Conjecture 1.1.1, for while this conjecture predicts
the multiplicities with which all odd irreducible two dimensional Galois represen-
tations appear inside H L., it does not explain how they are “glued together” inside
H 1., By contrast, the classical Langlands correspondence provides a complete de-
scription of the parabolic cohomology of modular curves as a representation of
Gg x GLa(Af) (see Theorem 2.5.1 below). In a forthcoming paper we will formu-
late a strengthening of Conjecture 1.1.1 that gives an analogous description of H L
(or more precisely, of the localization of H L. at the maximal ideal in an appropri-
ate Hecke algebra corresponding to some fixed absolutely irreducible residual two
dimensional Gg-representation) as a Gg X GLa2(A¢)-module.

1.2. Contents and arrangement of the paper. In Section 2 we briefly recall the
classical Langlands correspondence for GLsy/q in both the local and global contexts.
Given that our ultimate subject is Conjecture 1.1.1, we put a particular emphasis on
the realization of the global correspondence in the cohomology of modular curves.

Sections 3, 4, 5, and 6 are devoted to discussing various aspects of the local
p-adic Langlands conjecture.

In Section 3, after presenting some initial motivation and recalling the notion
of admissible unitary Banach space representations of GL2(Q,), we present our
conjecture regarding the local p-adic Langlands correspondence (Conjecture 3.3.1).

In Section 4 we introduce the concept of a refinement of a two dimensional
G, -representation, and establish some basic properties on the existence and clas-
sification of refinements. (For this we rely heavily on the work of Colmez [27].) A
fundamental point is that a two dimensional Gg,-representation admits a refine-
ment if and only if it is trianguline. Furthermore, as we explain, the language of
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refinements gives a convenient way to express the classification (due to Colmez) of
two dimensional trianguline representations.

In Section 5 we recall what little is known about the classification of topologically
irreducible admissible unitary GL2(Q),)-representations. One basic technique for
studying such a representation B is to pass to the subspace B, of locally analytic
vectors, which is dense in B, and is a strongly admissible locally analytic GL2(Q,)-
representation. Unfortunately, not much is known about the classification of such
representations in general. However, one is much closer to having a classification
of those B for which either Bi., (the space of locally algebraic vectors in B) or
Jp(@,)(Ban) (the Jacquet module of B,, with respect to the Borel subgroup of
upper triangular matrices in GL2(Q,)) is non-zero, as we explain in some detail.
The discussion relies heavily on work of Colmez [26, 27] and of the author [32, 35].

As we remarked above, the local correspondence V' +— B(V) has been defined
for most trianguline two dimensional Gg,-representations V. More precisely, it
has been defined for irreducible trianguline V' by Breuil and Colmez [12, 26], and
for Frobenius semi-simple potentially crystalline reducible V' by Breuil and the
author [6, 14]. In Section 6 we recall the definition of the correspondence in these
various cases, and also discuss the expected structure of B(V) in the remaining
reducible cases. We discuss the extent to which this explicit correspondence is
known to satisfy the conditions of Conjecture 3.3.1. We also state a conjecture on
the structure of the space of locally analytic vectors B(V )., in B(V) (generalizing
a conjecture of Breuil in the potentially crystalline case).

With our discussion of the local p-adic Langlands conjecture completed, in Sec-
tion 7 we return to the subject of Conjecture 1.1.1. We begin by describing in
more detail the completions H H(KP)g and H L. introduced above. After an aside
on various notions and results related to systems of Hecke eigenvalues, we dis-
cuss the structure of (ﬁ}g)lalg, and of the Jacquet module JP(QP)(ﬁl(KP)Em).
In particular, we state and sketch the proof of Theorem 7.5.8, which establishes
the precise relationship between Jp(q,) (ﬁ Y(K?)g,an) and the eigensurface of tame
level KP. After another aside, in which we reformulate some of the results of [41]
in the language of refinements, we turn to our main topic: the local-global com-
patibility conjecture. We state the conjecture in various forms, and deduce some
of its consequences (perhaps the most interesting of which are the two stated in
Proposition 1.1.2). Finally, we state and prove some results (summarized in The-
orems 1.1.3 and 1.1.4 above) that provide some small amount of evidence for the
conjecture.

1.3. Notation, terminology, and conventions. We fix an algebraic closure Q of
Q, as well as an algebraic closure Q, of Q; for each prime ¢. We also fix embeddings
10 : Q — Q for each ¢, and an embedding 2o, : Q — C. As usual, we write
Gg = Gal(Q/Q) and Gg, := Gal(Q,/Q). The embedding 2, induces an embedding
Gg, — Gq for each ¢; we sometimes denote the image by D, (the decomposition
group at £).

For each prime ¢, the residue field of the integral closure of Z, in Q, is an algebraic
closure Fy of the finite field F,. There is a natural surjection Gg, — Gal(F,/F,),
with kernel equal to the inertia subgroup I;; the target of this surjection is procyclic,
topologically generated by the Frobenius Frob,. For each prime ¢ we let W, denote
the Weil group at ¢; i.e. the subgroup of G, consisting of elements which act on T,
via an integral power of Frobenius. We topologize W/ in the usual way, by declaring
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the inertia subgroup (endowed with the topology it inherits as a closed subgroup
of Gg,) to be open. The local Artin map induces an isomorphism Q; —— Weab,
which we normalize by identifying the uniformizer ¢ in Q, with a lift of Frob;l
(i.e. geometric Frobenius).

We let Z denote the profinite completion of Z, and as usual we write Ay :=
Q®yz Z for the ring of finite adeles over Q. More generally, if ¥ is any finite set of
primes then we write 7% to denote the prime-to-Y profinite completion of Z, and
A? := Q®zZ> to denote the prime-to-X finite adeles. If & = {¢} for a single prime

{, we write Z¢ .= 7% and Aff = A}é}. The embeddings Q — Ay and 7 — Ay

induce an isomorphism Qs x Z* — A%, and hence an isomorphism

M) Z* % Quo\A.

The global Artin map (which we normalize to be compatible with our choice of
normalization of the local Artin maps) induces an isomorphism

(2) Qs0\A} — G§".

As usual, we will use the isomorphisms (1) and (2) to identify characters ¢ of G’&b

with characters of Z*. If 1 is unramified outside of a finite set of primes 3, then
the corresponding character of Z* factors through the projection 7% — 7% / (22) X,
and thus we will regard 1 as a character of Z* /(Z¥)*. Let us point out that if ¢
is a character of G&b unramified outside of Y, if £ is a prime not in 3, and if 1y
denotes the restriction of 1 to Weab, identified with a character of Q,° via the local
Artin map, then we have the formula 1 (¢) = 1,(£=1) (where on the left hand side
¢ is regarded as an element of Z* /(Z¥)* and on the right hand side as an element
of Q).

The prime p will be fixed throughout the paper. We let | |: Q) — Q. denote
the p-adic absolute value, normalized by | p |= p~t. (We will occasionally use the
same notation to denote the ¢-adic absolute value on Q/, for some prime ¢ # p,
normalized so that | ¢ |= £=!. We will always make it clear when we are doing
this.) For any integer w, we write simply 2 to denote the character Q) — Q)
defined by z — z"%.

We let ¢ : Gg — Z, denote the p-adic cyclotomic character. We use the same
symbol ¢ to denote its restriction to Gg,. (It will be clear from the context whether
we are referring to the global or local character.) Global class field theory identifies
e with the character of Z* given by projection onto the pth factor: 7% — /o

We fix a finite extension E of @, contained in @p. We let Og denote the ring of
integers in F, w the uniformizer of Og, and F := Og/w the residue field of OF.

A continuous character n : W, — E* extends to a continuous character of
Gq, if and only if 7 is unitary, i.e. if and only if 1 takes values in Of. 1If this
extension exists, it is unique, and we denote it by the same symbol n. If « € E*|
we let ur(a) : Q) — E* denote the character that maps p to « and is trivial
on Z, . Regarded as a character of Wy, the character ur(a) is unramified (hence
the notation) and maps a geometric Frobenius element to «. This character is
unitary, and hence extends to a continuous FE-valued character of Gg,, precisely
when a € Oj. Assuming this condition holds, then according to the convention just
signalled, we use the same notation ur(«) to denote the extended character. The
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same convention allows us to regard the local cyclotomic character € as a unitary
character of Q. We then have the following useful formula: ¢ =| | z.

For any commutative ring R with 1 we let GLy(R) denote (as usual) the group
of invertible 2 x 2 matrices over R, let P(R) denote the subgroup of upper trian-
gular matrices, let P(R) denote the subgroup of lower triangular matrices, and let
T(R) := P(R) N P(R) denote the subgroup of diagonal matrices. There is a canon-
ical identification T(R) = (R*)? (given by identifying (8 3) with the ordered pair
of units (a,d)).

If B is an E-Banach space equipped with a continuous action of GL2(Q)), then
we let Biag (resp. Ban) denote the GL2(Q,)-subspace of locally algebraic (resp.
locally analytic) vectors in B (as defined in [31]; see also [51] in the case of locally
analytic vectors). Recall that the space B,, may be equipped in a natural way with
an inductive limit topology, making it a barrelled locally convex E-space equipped
with a locally analytic action of GL2(Qp). (See [31], but note that in that reference
B,y is denoted by Bj,.) The topology on B, is finer than the topology induced
on it as a subspace of B. In [51] another topology on B, is considered, which
realizes it as a closed subspace of the space of locally analytic B-valued functions
on GL2(Q,). When B is admissible unitary, which is the main case of interest to us,
these two topologies coincide [14, Rem. A.1.1], and [51, Thm. 7.1] shows that Ba,
is a strongly admissible locally analytic representation of GL2(Q,) (in the sense of
[49]), which is dense as a subset of B.

We let T denote the rigid analytic space over F that classifies the continuous
(equivalently, locally analytic) characters of T(Q,). For any finite extension E’ of
Qyp, the space T(E' ) of E’'-valued points of T is thus canonically identified with
the space of continuous characters T(Q,) — E’*. Via the canonical identification
T = (Q))? we may regard an element y € T(E) as an ordered pair (1, x2) of
characters x; : Q) — E*; we will then write x = x1 ® x2. We may equally well
identify the pair (x1,x2) with a representation Qf — T(E) = (E*)?, and hence
via local class field theory with a representation W, — T(E). In summary, we have
a natural identification f(E) = Homgont (W), T(E)).

We will have cause to consider several kinds of parabolically induced representa-

tions attached to characters y1 ® x2 € T(E) For any such character we may form

IndGL2(Qp)

the continuous induction ( X1 ®X2)Com and the locally analytic induction

P(Qyp)
(Indggg (()Qp) X1 ® Xg)an. Each is defined as a space of functions f : GL2(Q,) — E
satisfying the condition
(3) f(pg) = x1(a)x2(d)f(9)

for all g € GL2(Q,) and p = (“ 2) € P(Qp). The GL3(Qp)-action is via

right translation. For the continuous (resp. locally analytic) induction, the func-
tion f is required to be continuous (resp. locally analytic). Since the projection
GL3(Z,) — P(Q,)\GL2(Q,) is surjective, restricting functions to GLg(Z,) em-
beds the continuous (resp. locally analytic) induction as a closed subspace of the
space of continuous (resp. locally analytic) functions on GLg(Z,). Thus it is nat-
urally an admissible Banach space representation of GL2(Q),), in the sense of [50]
(resp. a strongly admissible locally analytic representation of GL2(Q,), in the sense
of [49]). The locally analytic induction is naturally identified (as a topological
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GL2(Qp)-representation) with the space of locally analytic vectors in the continu-
ous induction (as follows from [31, Prop. 3.5.11)).

If x1x5 ! has non-negative integral Hodge-Tate weight, then we may also form
IndS> (@)

P(Qp)
functions f satisfying condition (3), and such that (x5 Lo det)(g)f(g) is a locally
algebraic function on GL2(Q)). If x2 itself is of integral Hodge-Tate weight, then
the locally algebraic induction is naturally identified with the subspace of locally
algebraic vectors in the continuous induction. In general (i.e. if x5 is not of integral
Hodge-Tate weight), then it consists of the subspace of locally SLo-algebraic vectors
in the continuous induction. (Hopefully this slight inconsistency in our use of the
terminology “locally algebraic” will not cause confusion.)

Finally, if x; and 2 are smooth characters of T(Qy) for some prime ¢, with values
IndSh2 (@)
P(Qe)

smooth induction. (In the case when £ = p and x1 ® x2 € rI‘(E) with both x; and
x2 being smooth characters, smooth induction is a special case of locally algebraic
induction.)

If we are given a family m, of GL2(Qy) vector spaces indexed by the primes ¢
lying outside some finite set of primes 3, such that for almost all ¢ the representa-
tion 7y contains a non-zero GLg(Z)-invariant vector ey, unique up to multiplication
by a scalar, then we will denote by ®2€2 7y the restricted tensor product of the
representations m with respect to the vectors e, (as discussed in [40, §9], for ex-
ample, where the notation is ), 7¢.). The restricted tensor product is naturally a

the locally algebraic induction ( X1 ® X2)lalg’ defined to consist of those

in any field, then we will write ( X1 ®X2),,, to denote the corresponding

Gl (A?)—representation, which up to isomorphism is independent of the choice of
the €y.

We let 1 denote the trivial character (of any group; in any particular usage, the
group in question will be clear from the context).

If M is a Z,-module, or a sheaf of Z,-modules, and A is a Z,-algebra, then we
sometimes write My 1= A ®z, M.

We assume that the reader is familiar with the basic aspects of the p-adic Hodge
theory of Gg,-representations, including Hodge-Sen-Tate weights, the period rings
of Fontaine and the related conditions on a representation of being Hodge-Tate, de
Rham, (potentially) semi-stable, or (potentially) crystalline. We use the standard
notation for these period rings, and for the associated Dieudonné modules. (We
always form Dieudonné modules in the covariant sense — i.e. by tensoring with the
corresponding period ring and then passing to G, -invariants.) A useful survey of
this material is given in [4]. (We caution the reader that in this reference, Hodge-
Sen-Tate weights are referred to as generalized Hodge-Tate weights.)

1.4. Acknowledgments. It is a pleasure to thank Christophe Breuil for all the
conversation and correspondence in which he has explained various aspects of his
“p-adic Langlands philosophy” to me, as well as for his thoughtful remarks on
some earlier drafts of the present work. I would also like to thank Kevin Buzzard,
Frank Calegari, Gaetan Chenevier, Toby Gee, Michael Harris, Haruzo Hida, Mark
Kisin, Robert Pollack, Peter Schneider, and Eric Urban for helpful discussions and
remarks related to various aspects of this note.
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2. CLASSICAL LANGLANDS FOR GLy/q

In this section we briefly describe the classical Langlands correspondence for GL,
over Q.

2.1. The classical local Langlands correspondence. For any prime /¢, the lo-
cal Langlands correspondence for GL3(Qg) (whose existence was established by
Tunnell [61], building on earlier results of Jacquet-Langlands [40] and Langlands
[43]) establishes a certain bijection between the set of isomorphism classes of irre-
ducible admissible smooth representations of GLo(Qy) on @p—vector spaces, and the
set of isomorphism classes of two dimensional Frobenius semi-simple Weil-Deligne
representations WDy — GL2(Q,) over Q, (as defined in [29, §8] or [58, §4]).

In fact there are various choices of correspondence, depending on the desired
normalization. The so-called unitary correspondence is uniquely determined by the
requirement that the local L- and e-factors attached to a pair of corresponding iso-
morphism classes should coincide. However, in our discussion we will always employ
the so-called Tate normalization (as described in [29]). If o is a two dimensional
Frobenius semi-simple representation of WD, over @p, then we let my(c) denote
the irreducible admissible smooth representation of GL2(Qy) associated to o via
the Tate normalized local Langlands correspondence. One advantage of the Tate
normalization is that if the isomorphism class of the Weil-Deligne representation
o is in fact defined over a finite extension E of QQp, then the same is true of the
isomorphism class of the GLy(Qy)-representation (o).

For definiteness, we recall the definition of m,(0) in the case when o 2 x1 €D x2
for two characters x; of Q) = Wéab (the isomorphism being provided by the local
Artin reciprocity map). If x1x5 " #| |*' (where | | denotes the absolute value
character of Q;), then

me(o) == (Indgg&(?” X1 ® x2 | |)

sm’

while if x1x5 ' = | (resp. | |71), then my(0) := x1 o det (resp. x2 o det). (As we
recall in more detail below, in these latter two cases, the smooth induction of x; ®x2
is not irreducible.) The collection of representations of GL2(Qy) attached to such
o is known as the principal series. In particular, the collection of representations
me(0) attached to those o for which x; and ys are both unramified is known as
the unramified principal series. Its members can be characterized intrinsically as
those irreducible admissible smooth GL2(Qy)-representations that contain a non-
zero GLy(Zy)-fixed vector.

For later use, it will be convenient to recall some additional terminology used in

the classification of irreducible admissible smooth GLo(Qg)-representations. Note

that the parabolic induction (Indgggj;;@z ) 1®1) .., evidently contains the trivial char-

acter of GL2(Qy) as a subrepresentation. The quotient of (Indggj(;;;@’f) 1® l)sm by

this one dimensional subrepresentation is an irreducible representation of GL2(Qy)
called the Steinberg representation [19, §8], which we will denote by St. The twists
of St are known collectively as the special representations of GL2(Qy). They corre-
spond under the local Langlands correspondence to those Weil-Deligne representa-
tions that are reducible but not semi-simple.

The irreducible admissible smooth representations of GL2(Qg) that are neither
principal series nor special are called cuspidal. They are characterized intrinsically
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by the property that their matrix coefficients are compactly supported modulo the
centre of GL2(Qy). They correspond under the local Langlands correspondence to
the irreducible Weil-Deligne representations.

2.1.1. A modified local Langlands correspondence. In what follows we will need a
slightly modified version of the local Langlands correspondence. Recall that an
irreducible admissible smooth representation 7 of GL2(Qy) over @p is called generic
if 7 admits a Whittaker model, or equivalently, if it is infinite-dimensional (see
Thm. 2.14 of [40], together with the discussion on p. 62 of this reference). Otherwise
we say that 7 is non-generic. The only non-generic irreducible admissible smooth
representations are those of the form y o det, where x is a @; -valued character of
Q) [40, Prop. 2.7].

If 0 is a two dimensional Frobenius semi-simple representation of WD, for which
mi(o) is generic, then we define 7)*(0) := m¢(0). The only o for which m(o) is
non-generic are those of the form

—1
UN(XI | 0)’
0 X

where x is some character of Q; (uniquely determined by o), and | | denotes the
absolute value character of Q;; as we recalled above, the usual Tate normalized

local Langlands correspondence is defined on such o by my(0) := x o det. For such
GLa( Qe
Ind

P(Qe
indecomposable infinite dlmensmnal representation of GLa(Qy). It is a non-split

extension of the character x o det by the twist St @ x [19, §8].

o, we define 7}"(c) = ( x| 7t @x| ), which is a reducible but

2.1.2. From local Galois representations to GLo(Qy)-representations. We finish this
subsection by recalling the manner in which the local Langlands correspodence may
be used to attach admissible representations of the groups GL2(Qy) to two dimen-
sional Galois representations. Let V be a continuous two dimensional representa-
tion of G, defined over @p. If £ is a prime distinct from p, then we may attach a
Weil-Deligne representation

o(V): WD, — GL2(Q,)

to V via a recipe of Deligne [29, §8] (see also [58, Thm. 4.2.1]). We may further-
more Frobenius semi-simplify o (V) (see [29, 8.6]) to obtain a Frobenius semi-simple
Weil-Deligne representation ¢® (V). We then write mo(V) := m(0%(V)), and also
7 (V) == (0%(V)). If £ = p and V is furthermore potentially semi-stable, then
we may attach a Weil-Deligne representation

o(V): WD, — GL2(Q,)

to V via a recipe of Fontaine [36, §2.3.7]. (See also [59], which gives a succinct de-
scription of the construction for representations having coefficients in @p.) Again,
we may Frobenius semi-simplify to obtain a Frobenius semi-simple Weil-Deligne
representation o**(V), and we write m,(V) = m,(c*(V)), and also 7}(V) :=
m (0 (V).

If V is a two-dimensional continuous Gg,-representation over @p for which 7y (V)
is defined (i.e. V is arbitrary if £ # p, and V is potentially semi-stable if £ = p
then we say that V' is generic if m¢(V') is generic, or equivalently, if 7,(V) = 7j*(V
Otherwise, we will say that V is non-generic.

);
)-
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2.1.3. Remark. If V is defined over the finite extension I of Q,, then the isomor-
phism class of the Weil-Deligne representation o%(V) is defined over E, and thus
so is the isomorphism class of each of m,(V') and 7'(V') (since we have used the
Tate normalization for the local Langlands correspondence). It follows that each of
these representations may be defined over E. (See [20, Prop. 3.2] for the analogous
statement in the case of GL,, (F'), for any finite extension F' of Q;, and any n > 1.)

2.2. Representations of GLy(Af) attached to two dimensional global Ga-
lois representations. One may use the local Langlands correspondence to attach
representations of adelic groups to global Galois representations. Suppose that V' is
a two dimensional @p—vector space equipped with a continuous action of G that is
unramified away from a finite number of primes. For each prime ¢ distinct from p,
the local Langlands correspondence recalled in the preceding subsection gives rise
to an irreducible admissible smooth representation m,(V') := m,(V|p,) of GL2(Qy),
defined over @p. Since V' is unramified at almost all primes ¢, the representation
(V') lies in the unramified principal series for almost all £, and so we may form
the restricted tensor product

TP (V) = ®'7rg(V),

LFp

which is an irreducible admissible smooth representation of GL2(A%) defined over
Qp'

We also introduce notation for the modified version of this construction, in which
we use the modified local Langlands correspondence described in 2.1.1. Namely, we
define

T P(V) = ®'7T?I(V).
L#p
This is an admissible smooth GLy (A?)—representation.

If V|p, is furthermore potentially semi-stable, then we may form the irreducible
admissible smooth representation 7,(V) := 7,(V|p,) of GL2(Q,). We may then
define

(V) =mp(V)@a(V) = Q) m(V)
¢
(the restricted tensor product now running over all primes). This is an irreducible
admissible smooth representation of GLa(Af). (We could also define a modified
representation 7™ (1), but we will not have need of this.)

2.2.1. Remark. Remark 2.1.3 shows that if V' is defined over the finite extension
E of Qp, then so are 77(V), 7™ P(V), and (if V|p, is potentially semi-stable) 7 (V).

2.3. Galois representations attached to newforms. If f is a cuspidal newform
of weight £ > 1 and conductor N defined over @p, then associated to f is a two
dimensional irreducible continuous representation V; of the absolute Galois group
Gg (constructed by Shimura [54] when k = 2, by Deligne [28] when k& > 2, and
by Deligne-Serre [30] when k& = 1). This representation is characterized by the
following condition: it is unramified outside of the primes dividing Np, and for
each £t Np, the geometric Frobenius at ¢ has the characteristic polynomial

(4) X2 —ap X + x(0) 01
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here a, denotes the £th Hecke eigenvalue of f, and x : (Z/N)* — Q; denotes the
nebentypus character of f. As we now recall, one can formulate a more precise
relationship between the Galois representation V; and the newform f, which takes
into account the local properties of each of them at all primes (including those
dividing Np), in terms of their associated GL2(A f)-representations.

On the one hand, there is a natural action of the group GL2(Af) on the space of
cuspforms over @p of weight k and arbitrary level which makes the space of modular
forms an admissible smooth representation of GLa(Af). Under this action, the
newform f generates an irreducible representation 7(f).* On the other hand, Vi
is unramified away from a finite number of primes, and is known to be potentially
semi-stable at p, and so we may associate to V; an irreducible admissible smooth
representation 7(Vy) of GLa(A[) via the procedure of the preceding Subsection.

2.3.1. Theorem. There is a GLa(Af)-equivariant isomorphism w(f) — m(Vy).

This theorem expresses the compatibility of the local and global Langlands cor-
respondence. As already intimated, it provides a significant strengthening of the
formula (4) for the characteristic polynomials of Frobenius acting on Vy. (One re-
covers that formula from the isomorphism of the theorem by considering the action
just of those groups GL3(Qy) for £1 Np.)

Both the construction of the representations V; and the proof of Theorem 2.3.1
rely on an analysis of the étale cohomology of modular curves. We briefly recall
some of the details in the following subsections.

2.4. Cohomology of modular curves. If K, is an open subgroup of GLQ(Z)
(which we think of as a “level”), then we let Y'(K;) denote the open modular curve
over Q that classifies elliptic curves with a Ks-level structure (i.e. elliptic curves
E equipped with a K-orbit of isomorphisms (Q/Z)? — FEio, := lim E[n]). This

curve is a fine moduli space provided that the intersection SLo(Z) () Ky is torsion
free. Under this assumption on Ky, let pr denote the projection to Y (Ky) from
the universal elliptic curve over Y (Ky), and define V3 = R'pr,Z,. For any integer
k > 2, set Vi, := Sym" ?Vs; this is a free of rank k — 1 étale local system of
Zp-modules on Y (K7).

If K C Ky is an inclusion of levels, then there is an induced surjection Y (K%) —
Y (Ky) (“pass to the underlying K-level structure”), and the pullback under this
map of the local system Vj on the target is naturally isomorphic to the correspond-
ing local system Vj, on the source (which justifies our omission of the level K from
the notation for V).

There is a natural right action of GLy(Af) on the directed system of curves
Y (Ky), and the local systems (Vk)@p are equivariant with respect to this action.
This action, and the stated equivariance, are most easily seen on the level of complex
points. The Riemann surface of C-valued points of Y (Ky) is equal to

Y(K;)(C) := GL2(Q\(C ~ R x GLy(Af)) /K
(where GL2(Q) acts on C\ R via linear fractional transformations, and on GLa(A )

via left multiplication, while Ky acts trivially on C \R, and on GL2(Af) via right

4To be precise about our choice of normalization, if m,(f) denotes the unitary GL2(Ajf)-
representation attached to f, then n(f) := m,(f)® | |2=%)/2



LOCAL-GLOBAL COMPATIBILITY IN p-ADIC LANGLANDS FOR GLy/q 13

multiplication). For each integer k > 2 the pullback of Vj to Y (K)(C) is a local
system in the complex topology admitting the description

Viy (i) = GL2(Q)\ (C N\ R x GLa(Ay) x Sym* 72 /K
(where the double quotient is taken with respect to the action map
GL2(Q) x (C\R x GLy(Ay) x Sym*2Z2) x Ky — C~\R x GLa(A) x Sym"?Z2

defined via v x (7, g,v) x k — (y7,vgk, k;lv); here k, denotes the pth component of
the element k € K ). The right action of GL2(A ) on the complex curves Y (K)(C)
and on the sheaves (Vk/y(Kf)((c))@ is then defined via

(1,9) x g = (7,99)
and
(1,9,0) x g' = (799", (g,)"v)
for g’ € GL2(Ay) (where g;, denotes the pth component of g’). We refer to [42, §3]
for a detailed discussion of the GLy(A)-action on the curves Y (K ) and the local
systems (Vi)g over Q that underlies the action just described on the C-points.
D

For any integer n, and any choice of * € {0, c,par}, we let H denote étale
cohomology computed with respect to the support condition *: i.e. either no sup-
port condition, compact supports, or parabolic cohomology (that is, the image of

compactly supported cohomology in cohomology). Now fix an integer k& > 2, and
define

H, (Vi) = lim H, (Y (Ky) 5. Vi)
Ky
This space is equipped with a natural continuous action of Gg := Gal(Q/Q), and
hence so is the base-change Hj(Vk)@p. The right action of GL2(Ay) on the direct
system of curves Y (Ky), and the equivariance of the local systems (Vk)@p under
this action, induces a left action of GL2(Af) on H} (Vk)@p that commutes with the
Gg-action on this space.

2.5. Cohomological realization of the classical Langlands correspondence.
Let us fix a weight & > 2. Eichler-Shimura theory, which describes the space
H},. (Vi) (with its GLy(Aj)-action) in terms of the space of cuspforms of weight
k (see [42, §2] for an account in representation-theoretic language), shows that
H;M(vk)@p is semi-simple as a GLqa(A f)-representation, that its simple direct sum-
mands are precisely isomorphic to the representations 7(f) (as f runs over all cus-
pidal newforms of the given weight k), and that each representation 7 (f) appears
with multiplicity two in H;ar(Vk)@ . Thus we may write
P

H;ar(vk)@p - @Mf ®@p ﬂ—(f)7
f
where My = Homgp, a,)(7(f), Hyar (Vi) is a uniquely determined continuous two
dimensional representation of Gg over Q,,.

Since each multiplicity space My is a Galois subrepresentation of the étale coho-
mology of a curve with coefficients in the local system (Vk)@p of geometric origin,
it is unramified away from a finite number of primes, and is potentially semi-stable
at p. Thus we may define the GL2(A f)-representation m(My) using the procedure
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described in Subsection 2.1. The key result concerning the multiplicity spaces My
then states that for each f there is a GLo(A f)-equivariant isomorphism

(5) m(My) — m(f).

By considering the local factors of these two representations just at primes ¢4 Np,
one finds that My is a model for V}, the Galois representation associated to f.
(Indeed, this is the approach taken by Deligne to constructing the representation
V¢.) The isomorphism (5) then implies Theorem 2.3.1 (for f of weight k > 2). The
following theorem summarizes the situation.

2.5.1. Theorem. For any given k > 2, there is a Gg x GLa(Af)-equivariant iso-
morphism
HpoWi)g, — D Vi &g, n(Ve),
f
where f runs over all cuspidal newforms defined over @p of weight k.

The isomorphism (5) was established in general by Carayol [18] (for the local
factors at the primes ¢ # p) and Saito [47] (for the local factors at p), building on the
work of many people, including Eichler, Shimura, Igusa, Deligne, and Langlands.

Note that since V; is determined up to isomorphism by 7(V;) — m(f), we see
that the V¢ are non-isomorphic for distinct f. Combining the conjecture of Fontaine
and Mazur on geometric Galois representations [37, Conj. 1] and Langlands’ con-
jecture relating automorphic forms and motives [20], one expects that (for fixed k)
the representations Vy range over all irreducible continuous two dimensional p-adic
representations of Gg that are unramified outside of a finite number of primes, and
that are potentially semi-stable at p with Hodge-Tate weights (1 — k,0) (cf. [37,
Conj. 3c]). Thus Theorem 2.5.1 and the Fontaine-Mazur conjecture together imply
the following conjecture, on which Conjecture 1.1.1 is modelled.’

2.5.2. Conjecture. If V is an irreducible continuous Gg-representation over @p
that is semi-stable at p with Hodge-Tate weights (1—k,0) for some k > 2, and is un-
ramified outside of a finite set of primes, then the space Homg, (V, H},,(Vi)) (which
is naturally a GLo(Af)-representation) is isomorphic to the irreducible smooth

GL3(Ay)-representation w(V') defined in Subsection 2.2 above.

3. THE LOCAL p-ADIC LANGLANDS CONJECTURE FOR GLg/q,

In this section we recall some ideas of Breuil and others related to a possible
local p-adic Langlands conjecture.

3.1. Motivation. Let ¢ be a prime, and let V be a two dimensional continuous
representation of the decomposition group Gg, over @p. As was recalled in Subsec-
tion 2.1, applying either the recipe of Deligne if £ # p, or the recipe of Fontaine if
¢ = pand V is potentially semi-stable, we may attach a Frobenius semi-simple Weil-
Deligne representation o%(V) : WD, — GLQ(@p) to V, which in turn corresponds
via local Langlands to an admissible smooth representation 7¢(V'). The represen-
tation ¢%(V) is in turn determined up to isomorphism by (V') := m,(c%(V)).

In the case when ¢ # p, Deligne’s procedure for constructing (V) from V is
reversible, and so if the original representation V' was itself Frobenius semi-simple

5Note that in this conjecture we don’t explicitly require that V' should be odd, since this should
follow automatically from the other assumptions on V.
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(as is conjectured to be the case when V arises as the restriction to Gg, of a global
Galois representation attached to a cuspidal newform — this is a particular case of a
conjecture of Tate [57]) then since Wy is dense in Gg,, we see that V' is determined
by Vw,. Altogether, we see that if V' is Frobenius semi-simple, then it is determined
up to isomorphism by the associated GLo(Qy)-representation (V).

On the other hand, if £ = p and V is potentially semi-stable, then the con-
struction of o(V) from V involves passing to the potentially semi-stable Dieudonné
module of V' (which is an admissible filtered (¢, N, Gg,)-module), and then for-
getting the Hodge filtration. In general, one can equip a given (¢, N, Gg, )-module
with a filtration so as to make it an admissible filtered (¢, N, Gg,)-module in many
different ways. Thus in this case V is typically not determined by (V).

Breuil has conjectured that there should be a “local p-adic Langlands conjec-
ture”, which attaches to V' a certain representation B(V) of GL2(Q,) on a p-adic
Banach space. This representation B(V') should determine V' up to isomorphism.
Breuil originally limited his conjecture to the case when V' is potentially semi-stable;
however, in light of developments in the field (in particular, the results of Colmez
[27]), it seems reasonable to conjecture the existence of such a correspondence for
arbitrary continuous two dimensional representations of Gg,. Although there is so
far no precise formulation of the conjecture (even in the case when V' is potentially
semi-stable), one can formulate a list of at least some of the properties that it
should be required to satisfy. We will do this below, after first recalling some basic
definitions regarding Banach space representations of GLa(Q,).

3.2. Admissible unitary Banach representations of GLy(Q,). Let B be an
E-Banach space equipped with a continuous action of GL2(Q,).

3.2.1. Definition. We call B admissible unitary if there exists a norm that deter-
mines the topology of B, such that the unit ball L C B of with respect to this norm
is GL2(Q,)-invariant, and such that the induced GL2(Q,)-action on L/wlL is an
admissible smooth representation of GL3(Q,) over O /w. (Recall that w denotes
a uniformizer in Og.)

The notion of admissibility introduced here is due to Schneider and Teitelbaum
[50]. We refer the reader to that reference for a number of equivalent characteriza-
tions of admissibility.

3.2.2. Definition. Let B be an admissible unitary Banach space of GL2(Q,) and
let L be a choice of GLy(Q,)-invariant unit ball in B. If the admissible smooth
GL3(Q,)-representation L/wL is of finite length, then we let B denote the semi-
simplification of L/wL as a GL2(Q,)-representation. (Note that if the hypothesis
holds for one choice of L then it holds for any such choice, and the semi-simple ad-
missible smooth GLa2(Q,)-representation B is then well-defined up to isomorphism
independently of the choice of L.)

3.3. Statement of the conjecture. As we recalled above, in the classical local
Langlands correspondence, the matching between isomorphism classes of Frobenius
semi-simple two dimensional Weil-Deligne representations at p and isomorphism
classes of irreducible admissible smooth GL2(Q),) representations (with respect to
the unitary normalization) is uniquely determined by the requirement that the
local L- and e-factors attached to a pair of matched objects should coincide. No
such precise formulation of a local p-adic Langlands conjecture has yet been given.
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However, following the ideas of Breuil, a consensus seems to have emerged that a
statement of the following type should be true.

3.3.1. Conjecture. There is a local p-adic Langlands correspondence that associates
to each continuous two dimensional representation V of Gq, over E a corresponding
non-zero admissible unitary Banach space representation B(V) of GL2(Q,) over E,
well-defined up to GL2(Q))-equivariant topological isomorphism. This correspon-
dence satisfies the following properties:

(1)
(2)
3)

(4)
()

(6)

(7)

IfV and V' are continuous two dimensional representations of Gg, over E,
then V' and V' are isomorphic if and only B(V') and B(V') are GL2(Qp)-
equivariantly topologically isomorphic.

If V has determinant x, then B(V) has central character xe.

For any continuous character x : G, — E*, there is an isomorphism

B(V®x) — B(V)® (xodet)

(where on the right hand side we regard x as a character of Q via local
class field theory).

The association of B(V) to V is compatible with extending scalars to any
finite extension of E.

The representation B(V) satisfies the hypothesis of Definition 3.2.2, and
B(V) is associated to the semi-simplification V of the reduction mod w of
V wvia the local mod @ Langlands correspondence of [10, Déf. 1.1].°

If V is irreducible, then B(V') is topologically irreducible. In general, if V=
denotes the semi-simplification of V', then the representations B(V) and
B(V*®%) have isomorphic topological semi-simplifications.

The two dimensional representation V is potentially semi-stable, with dis-
tinct Hodge-Tate weights, if and only if the subspace B(V)iag of locally
algebraic vectors in B(V') is non-zero. Furthermore, if these conditions
hold, then (letting w1 < we denote the Hodge-Tate weights of V') the sub-
representation B(V )iag is isomorphic to the locally algebraic representation

(V) = m (V) ® (Sym™2~**"1E?) @ det™* T

(where 7' (V') is the admissible smooth representation of GL2(Qp) attached
to V wvia the modified classical local Langlands correspondence, as explained
in 2.1.2; note that by Remark 2.1.3 this representation is defined over E).
The set of refinements of V' is related to the structure of Jp(q,)(B(V)an) in
the following manner: for any character n ® ¥ € ’T(E) there is an equality
of dimensions

dim Ref"®¥ (V) = dim Exp” 1%l 17 (B(V)an).

Here Jp(q,) denotes the locally analytic Jacquet module functor of [32] (see

also Subsection 5.2 below), while Ref"™¥ (V') and Exp”l |®¥el = (B(V)an)
are both projective spaces over E, whose definitions can be found in Defini-
tions 4.1.7 and 5.2.3 below respectively.

The preceding conjecture merits several remarks.

6We normalize this mod @ correspondence so that it satisfies the analogue of condition (2)

above.
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3.3.2. Remark. Conditions (1), (2), (3), and (4) are standard requirements of any
Langlands-type conjecture. (The appearance of the factor € in condition (2) reflects
our particular choice of normalization.) By imposing condition (5), expressing
the compatibility of the conjectured correspondence with reduction modulo w, we
have incorporated one of Breuil’s original motivations for introducing a local p-adic
Langlands conjecture.

3.3.3. Remark. Condition (6) reflects one way in which the conjectured local p-
adic Langlands correspondence is quite different from the classical correspondence,
in that the representations B(V') will in some instances be topologically reducible.
In fact the analysis of the reducible case that we make in Section 6 below shows
that for any correspondence satisfying Conjecture 3.3.1, the representation B(V)
is irreducible (resp. indecomposable) if and only if V' is irreducible (resp. indecom-
posable).

3.3.4. Remark. Condition (7) relates the conjectural p-adic correspondence to the
classical Langlands correspondence. Note that for a potentially semi-stable repre-
sentation V with distinct Hodge-Tate weights, the locally algebraic representation
7p(V') encodes the Hodge-Tate weights of V, together with the Weil-Deligne repre-
sentation o (V) attached to V' by Fontaine’s recipe — or equivalently, the (¢, N, Gg,)-
module underlying Dy (V). 7 Breuil’s idea is that the Banach space B(V) (at least
when V is irreducible) should be regarded as a completion of 7,(V') with respect
to a certain GLqo(Q))-invariant norm (depending on V'), and that the extra data of
this norm should actually determine the Hodge filtration on Dy (V).

In some instances the representation 7,(V) admits only one non-zero unitary
completion up to isomorphism. If this is the case, and if Conjecture 3.3.1 holds,
then (taking into account the preceding discussion together with condition (1) of
Conjecture 3.3.1) we see that V would have to be uniquely determined by the
(¢, N,Gq,)-module that underlies Dy (V) (i.e. the Hodge filtration would have to
be uniquely determined, up to isomorphism, by the weak admissibility condition).
This latter condition holds precisely when V is irreducible and potentially crys-
talline and o(V') is abelian (equivalently, 7,(V) is principal series), and indeed for
such V, Breuil has conjectured that 7,(V) does admit a unique non-zero unitary
completion (up to isomorphism); see Conjecture 5.1.5 below. (This conjecture has
been proved by Berger and Breuil [8] for Frobenius semi-simple V', as we recall in
Theorem 5.1.6 below.)

If m,(V) is special or cuspidal then V' is not determined by the (¢, N,Gq,)-
module underlying D,s(V), and so Conjecture 3.3.1 implies that 7,(V) should
admit a whole family of admissible unitary completions, corresponding to the dif-
ferent possible ways of putting a Hodge filtration on the (¢, N, Gg,)-module un-
derlying Dyt (V') so as to make it a weakly admissible filtered (¢, N, Gg,)-module.
Such a family has been constructed in the case when m,(V') is special, i.e. when
V' is potentially semi-stable but not potentially crystalline. (See Theorem 5.1.13
below.)

"Note that, in contrast to the f-adic setting, no information is lost about the y-action on
Dyt (V) in the process of Frobenius semi-simplifying when one passes from V' to 7, (V). Indeed,
in those cases when (V') contains two copies of the same character, the weak admissibility of
Dyt (V') implies that the p-action on Dpst (V') is necessarily not semi-simple; cf. the proof of [23,
Thm. 3.1].
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3.3.5. Remark. As the discussions of Sections 5 and 6 below will make clear,
Condition (8) is an analogue in the p-adic setting of the requirement in the classical
Langlands correspondence that reducible Weil-Deligne representations be matched
with subrepresentations of parabolically induced representations of GL2(Qp).

3.3.6. Remark. The conditions of Conjecture 3.3.1 are not enough to uniquely
specify the local p-adic correspondence. As we have explained in Remark 3.3.4,
these conditions imply that if V' is potentially semi-stable and m,(V') is special
or cuspidal, then 7,(V) should admit a family of admissible unitary completions
corresponding to the various potentially semi-stable representations V' for which
7p(V'") = 7,(V). However, there is no specification in our conjecture of the partic-
ular way that the representations V' and the completions of 7, (V') (assuming that
they do exist) should be matched.

Nevertheless, we expect that there will be a “natural” way to match each of the
representations V' under consideration with a certain specific completion of 7, (V).
(For example, in the case when m,(V) is special, the various representations V' are
classified by their L-invariants, and Breuil has defined a family of completions of
7p(V') that also depend on a parameter £ — see [12] and also 5.1.7 below.) One
would like to find a condition (or conditions) to add to Conjecture 3.3.1 that would
uniquely determine the correspondence (analogous to the condition on L-factors
and e-factors in the classical correspondence). Recent work of Colmez suggests one
possible such condition (see the following remark).

3.3.7. Remark. When V is irreducible and trianguline the correspondence V —
B(V) has been specified — “by hand”, as it were — by Breuil and Colmez [12, 27].
It has also been specified for most reducible potentially crystalline V' by Breuil and
the author [6, 14]. We will recall the definitions of the representations B(V') in the
cases where they have been defined in Section 6 below, and also consider the extent
to which this explicit correspondence satisfies the conditions of Conjecture 3.3.1.

When V is irreducible, trianguline, and not potentially crystalline, Colmez has
shown that there is in fact an intrinsic relationship between V and the represen-
tation B(V) that is associated to V; namely, one can recover B(V) as a P(Q,)-
representation directly from the overconvergent (¢, I')-module DT(V') attached to V.
Building on Colmez’s methods, Berger and Breuil have done the same for those V
that are crystalline and Frobenius semi-simple. It seems likely that some suit-
able formulation of this relationship between V' and B(V) will be a key condition
in the ultimate statement of the local p-adic correspondence. However, we have
not wanted to try to predict the general form that this relationship should take,
and for this reason have not incorporated Colmez’s results into the statement of
Conjecture 3.3.1.

3.3.8. Remark. One point emphasized by Breuil in his initial postulation of a local
p-adic correspondence is that the structure of the GL2(Q,)-representation on the
space of locally analytic vectors B(V )., should reflect the p-adic Hodge theory of
the Galois representation V' (see [12, §1.3]). This requirement does not appear to
have been formalized as of yet, and so we have not incorporated it as one of the
conditions in Conjecture 3.3.1. However, in Subsection 6.7 we will give a conjectural
description of the space B(V )., in the case when V is trianguline. Comparing this
conjecture with the work of Colmez, Berger, and Breuil discussed in the preceding
remark, which relates B(V) to D'(V), suggests that there may be an analogous
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relationship between B(V)an and D,ig (V) (see [3, 27] for a definition of the latter
object). Establishing such a relationship could be one approach to formalizing
Breuil’s proposed link between B(V)an and the p-adic Hodge theory of V.

I should note, though, that there is one condition relating B(V )., to the p-adic
Hodge theory of V' that can be formulated precisely. Namely, it should be the
case that B(V )., admits a generalized infinitesimal character, and this character
(suitably normalized) should match with the Hodge-Sen-Tate weights of V. (I
would like to thank Michael Harris for pointing this out to me.) Our conjecture on
the structure of B(V),, for trianguline V' is compatible with this requirement.

3.3.9. Remark. As in the classical case, one test of the correctness of the proposed
local correspondence will be its compatibility with the global situation. Thus there
is an interplay between the local Conjecture 3.3.1 and the local-global compatibility
Conjecture 1.1.1. The various results proved in Subsections 7.8, 7.9, and 7.10
below in the direction of Conjecture 1.1.1 may all be regarded as evidence for the
correctness of the formulation of the local conjecture.

3.3.10. Remark. In this remark we discuss the possible “surjectivity” of the local
p-adic correspondence. We begin with the following definition (which extends to
the characteristic zero situation terminology introduced in [2, §7] by Barthel and
Livné for mod w representations of GL2(Q,)).

3.3.11. Definition. Let B be a topologically irreducible admissible unitary repre-
sentation of GL2(Q,) over E. We say that B is ordinary if it is a subquotient of

(Indg(]gj?”) X1 ® X2)cont for some pair of unitary F-valued characters y; and xs

of Q. Otherwise, we say that B is supersingular.

The ordinary representations are precisely the ones appearing in the list of Corol-
lary 5.3.6 below, together with those of the form 7 o det for unitary characters n
of Q, (as follows from Proposition 5.3.4 below).

Condition (8) of Conjecture 3.3.1, when combined with the results of Subsec-
tion 4.4 and with Proposition 5.2.1 and Lemma 5.3.3 (2) below, implies that if V
is irreducible then B(V) is supersingular. This observation naturally suggests the
following question.

3.3.12. Question. If B is a supersingular topologically irreducible admissible uni-
tary GL2(Q))-representation, then is B isomorphic to a representation of the form
B(V) for some irreducible continuous two dimensional Gg,-representation V?

Given the current state of our knowledge, it seems reasonable to hope that this
question has an affirmative answer. Certainly, a large number of the conjectures
that we make in Sections 5 and 6 below are premised on the expectation that various
known phenomena in the context of Gg,-representations will be mirrored by corre-
sponding phenomena in the context of admissible unitary GL2(Q),)-representations.

Finally, we note that the preceding discussion shows that the ordinary represen-
tations are never of the form B(V') for an irreducible Gg,-representation V. In fact
we will see in the discussion of Section 6 that they appear as constituents of the
representations B(V) attached to reducible V. This parallels the case of the local
mod w Langlands correspondence defined in [10, Déf. 1.1].
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4. REFINEMENTS AND TRIANGULINE LOCAL (GALOIS REPRESENTATIONS

In this section we first introduce a notion of refinement of a continuous two
dimensional representation V' of Gg, that generalizes the one introduced by Mazur
for crystalline representations in [45]. This notion is closely related to that of
trianguline representations: indeed, one can define the trianguline continuous two
dimensional representation of Gg, to be those that admit a refinement. We next
classify the possible refinements of a trianguline two dimensional representation,
before finally discussing the classification (due to Colmez [27]) of trianguline two
dimensional representations themselves.

4.1. Refinements. Let V' be a continuous two dimensional representation of G,
over I.

4.1.1. Definition. A refinement of V' is a triple R = (1, «, r), where:

(1) n is a continuous character Gg, — E* such that V ® ™! has at least one
Hodge-Sen-Tate weight equal to 0;

(2) a € EX;

(3) ris a non-zero Gg,-equivariant E-linear map V¥ ®1n — (E ®q, BZ

Crys)ap:a .

Note that if (1, a, 7) is a refinement of V', then in particular (E®q, By,)¥=* # 0,
and so a € Og \ {0}. Note also that we may regard the morphism r as a non-zero
element of DF_(V @n~1)e=.

crys

4.1.2. Definition. We say that a pair of refinements R = (n,a,r) and R’ =
(n',a/,7") of V are equivalent if there exists 8 € O and 0 # = € (E®z, W (F,))?="?
such that " = z - 7 (and hence such that 7’ = nur(3=!) and o/ = af3).

Recall that T(E) = (E*)? (regarded as the diagonal torus of GLy(E)).
4.1.3. Definition. If R = (n,a,7) is a refinement of V, we define the associated

~

abelian Weil group representation to be the map o(R) : W;b — Q) — T(E)
defined via the pair of characters (nur(a), (det V)n~tur(a)™1).

By construction the determinant of o(R) coincides with the restriction to W;b
of the determinant of V. Also, o(R) depends only on R up to equivalence. In fact
we have the following more precise result.

4.1.4. Lemma. Suppose that V is not of the form n@n for some continuous E-
valued charactern of Gg,. If R and R’ are two refinements of V, then o(R) = o(R’)
if and only if R and R’ are equivalent.

Proof. We have already observed that o(R) = o(R’) if R and R’ are equivalent.
We now prove the converse. Write R = (n,a,r) and R’ = (1, &/, ). By definition,
o(R) = o(R’) if and only if nur(a) = n'ur(a’). If the latter holds, then (since n and
7' are Galois characters, and hence unitary) we see that §:= o'/a € OF. Fix 0 #
r € (E®g, W (F,))?=P. Replacing R by the equivalent refinement (nur(3~!), a3,z
r), we see that we may assume that n = 7’ and @ = /. If r and 7’ are not
linearly dependent over E, then we find that Dj‘rys(V(X)n_l)“":O‘ is two dimensional,
and thus that V @ n~! is a crystalline representation such that Derys(V ® n~t) =
D;‘;ys(V ®@ n~1)?=. It follows directly that V ® 5! is isomorphic to the direct
sum of two copies of some crystalline E-valued character of Gg,, and thus that V' is
isomorphic to the direct sum of two copies of some continuous character of Gg,. [
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The exceptional case of the preceding lemma is easily analyzed by hand:

4.1.5. Lemma. IfV = n@n for some continuous representation n : Gg, — E*,
then any equivalence class of refinements of V' contains a unique refinement of the
form (n,1,7) where r is a non-zero homomorphism V@n=t = EQQE — E =
(E ®q, Biy)?~". Conversely, any such r gives rise to a refinement (1,1,7) of V.
Thus the equivalence classes of refinements of V. are indexed by the points of P1(E).

Proof. If (n/,a,r") is a refinement of V, then n'n~! has Hodge-Sen-Tate weight
zero, and also admits an embedding into F ®q, Berys- Thus it must be unramified.
Thus (n',a/,r") is equivalent to a refinement of the form (7,1, r), which is then
clearly unique in its equivalence class. The remainder of the lemma is clear. (I

4.1.6. Definition. We say that a continuous two dimensional Gg,-representation
V' is trianguline if it admits at least one refinement.

The notion of a trianguline Gg,-representation (of arbitrary finite dimension)
was introduced by Colmez in [27, Déf. 5.1] (cf. [27, Prop. 5.3] for a proof of the
equivalence between the definition given here in the two dimensional case and the
definition given by Colmez).

4.1.7. Definition. Let V be a continuous two dimensional representation of G,
over E.

(1) Let Ref(V) denote the set of equivalence classes of refinements.

(2) For any 0 € Homgont (Wp, T(E)), set Ret? (V) := {[R] € Ref(V) | o(R) =
o}. (Here [R] denotes an equivalence class of refinements, with representa-
tive R.)

If we fix o, then Ref? (V) is either empty or a point, except in the exceptional
case V. = n@n considered in Lemma 4.1.5, in which case Ref"®" (V) = PY(E).
Thus we regard Ref? (V') as a projective space over E of dimension —1, 0, or 1.

4.1.8. Twisting refinements. Let ¢ : Gg, — E* be a continuous character. If
R = (n,,r) is a refinement of V, then R ® ¢ := (n ® ¥, a, ) is a refinement of
V ® 1. The passage from R to R ® 1 evidently induces a bijection between the
set of (equivalence classes of) refinements of V' and of V ® . In particular, V is
trianguline if and only if V' ® v is. The formation of Weil group representations is
clearly compatible with twisting: i.e. o(R® ¢) = 0(R) ® 1.

4.2. Classifying refinements: the non-potentially semi-stable case. We be-
gin by recalling the following proposition, due to Colmez.

4.2.1. Proposition. Let V be a two dimensional continuous representation of Gq,
over E, and suppose that n1 and 12 are two continuous characters of Gg, over E
such that Depys(V ® nl_l) and Derys(V @ 7]2_1) are both mon-zero. If the weights of
m and ng do not differ by an integer, then V is the direct sum of two continuous
characters.

Proof. This a restatement of [27, Prop. 5.10]. O

The following corollary of the preceding proposition will provide the key to clas-
sifying the possible refinements of two dimensional G, -representations.
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4.2.2. Corollary. IfV is a trianguline two dimensional continuous representation
of Gq, over E that is not a twist of a representation of Hodge-Tate type, and does
not split as the direct sum of two continuous characters of Gq,, then V' admits a
unique equivalence class of refinements.

Proof. Since V is trianguline, it admits a refinement R = (1, «,r). Replacing V
by V ® n7!, we may assume that V has a Hodge-Sen-Tate weight of zero, but is
not Hodge-Tate, and that n = 1, so that r is a non-zero Gg,-equivariant morphism
r: VY — (E ®q, Bhy)?~ If (0,w) are the Hodge-Sen-Tate weights of V, then
since V' is not Hodge-Tate, either w =0 or w ¢ Z.

Now suppose that R’ = (n/,a’,r’) is another refinement of V. Since V has
Hodge-Sen-Tate weights (0,w), we see that the weight of 1’ is either 0 or w. As
(1,a,7) and (,a’,r") are each refinements of V, we also see that Degys(V) and
Derys(V @ (n')~1) are both non-zero. Recalling that w is either zero or non-integral,
and that by assumption V' does not split as the direct sum of two characters, we
infer from Proposition 4.2.1 that 7’ must in fact be of weight zero.

If we choose 0 # z € (E ®q, Bji)“% =1"""then -+ induces a Gq,-equivariant
map VV — E ®q, Biy. Thus both r and z - induce elements of Dqr(V). Since
V is assumed to not be Hodge-Tate, it is in particular not de Rham, and thus z -’
must be a scalar multiple of r. Consequently 7’ must be a crystalline character
of weight zero, which is to say, an unramified character. Thus we see that R’ is
equivalent to R. O

4.2.3. Definition. We say that a refinement R = (n,«,r) of V is ultracritical if
the composite 7 : V¥ @ n — (E Qq, Biys)¥~" C E®q, B& 4, C,, vanishes. (The

crys crys
terminology is motivated by a comparison of these refinements with the “critical”
refinements introduced in Definition 4.4.7 below; see in particular Definition 4.5.2

and Lemma 4.5.3.)

Clearly the property of being ultracritical depends only on the equivalence class
of the refinement R. If R is ultracritical, then VV ® n is necessarily Hodge-Tate,
with weights (0,w) for some w > 0. One may then define another refinement
R(—w):=(mn-e ", ap~™,t=" -r) of V (here t has its usual meaning as an element
of £ ®q, Bctys), whose associated Weil group representation is defined via the
characters (nur(a)z=%, det(V)n~tur(a)~12v).

4.2.4. Proposition. If V is Hodge-Tate and trianguline, but not potentially semi-
stable, then V' admits a unique ultracritical refinement R, and any refinement of V'
is equivalent either to R or to R(—w).

Proof. Since V is assumed to be Hodge-Tate but not potentially semi-stable, its
Hodge-Sen-Tate weights are distinct integers, say wy < wy. If R = (n,a,r) is any
refinement of V, then since V ® n~! has zero as a Hodge-Sen-Tate weight, we see
that n is Hodge-Tate of weight either w; or ws, hence potentially semi-stable, and
thus V ®@n~1! is also Hodge-Tate but not potentially semi-stable — and so also not de
Rham [3]. Thus Dgr(V ® n~!) is at most one dimensional over E. The argument
of [41, Thm. 6.9] shows that in fact Dar(V ®@n~!) is precisely one dimensional over
E, and is supported in filtration degree either 0 (if 7 is of weight wy) or wy — wy
(if n is of weight wsy). In particular, if Depys(V ® n71) is non-zero, then it is one
dimensional, and supported in filtration degree either 0 or wy —w;. Furthermore, if
n and n’ are two characters of weights w, w’ € {wy,ws}, and if Dgpys(V @n~1) £0,
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then Deyys(V @ n7/~1) # 0 if and only if n'n~! is crystalline, and hence the product
of an unramified character and %' —*.

Altogether, we see that if V' is trianguline, then for each w; (i = 1,2) we may
find a character n; of weight w;, uniquely determined up to multiplication by an
unramified character, such that D ((V @ n;” ') is non-zero (and hence one dimen-
sional over F), and is supported in filtration degree 0 (respectively wo —wy) if i =1
(resp. i = 2), and such that 1o = e¥2~%19);. Thus if we let «; denote the eigenvalue
of ¢ on Djrys(V ® 7);1)7 and let r; denote a non-zero element of this space, then we
obtain refinements R; := (1;, ;,7;) of V such that any refinement of V' is equivalent
to one of the R;. Note that Ry is ultracritical, and that R; = Rao(—(w2 — w1)).

This proves the lemma. ([

4.3. Classifying refinements: the potentially semi-stable case. We now con-
sider the case of potentially semi-stable representations.

4.3.1. Proposition. If V' is a potentially semi-stable continuous two dimensional
representation of Gq, over E, then V is trianguline if and only if the Weil-Deligne
representation o(V) contains a one dimensional subrepresentation that can be de-
fined over E. IfV is furthermore indecomposable, then the refinements of V are in
bijection with such one dimensional Weil-Deligne subrepresentations of o(V).

Proof. Replacing V' by a twist if necessary, we may assume that V' has Hodge-Tate
weights 0 and w < 0. Thus if R = (9, a, ) is any refinement of V', the Hodge-Tate
weight of 7 is either 0 or w. Suppose that w < 0, and that the Hodge-Tate weight of
1 equals w. Then the Hodge-Tate weights of V'V ®n are w and 0, and the existence
of the non-zero homomorphism r : V¥ ® n — (E ®q, Berys)™ shows that VY @ is
an extension of a character of Hodge-Tate weight 0 by a character of Hodge-Tate
weight w. Since VV ® n is potentially semi-stable by assumption, this extension
must split, and thus V¥ ® n, and so also V itself, must be a direct sum of two
characters. In this case o(V) is also a direct sum of two characters, each definable
over E, and V is certainly trianguline. (See Proposition 4.4.5 for a detailed analysis
of this case.)

Thus we may suppose for the rest of the proof that V' is indecomposable, in which
case if R = (n, a,r) is any refinement of V', the character 7 is of Hodge-Tate weight
zero. The homomorphism 7 then corresponds to a non-zero element of Deyys(V ®
n~1)¥=%, or equivalently, a non-zero element of ¢(V)Wr="11(2).N=0_ Conversely,
any such non-zero element gives rise to a refinement (since our assumption that V'
is indecomposable with Hodge-Tate weights w < 0 implies that

Dys(V @0~ 1)#7% = Derys(V @ 771)#7

for any 1 of Hodge-Tate weight zero and any eigenvalue «). The proposition follows.
O

4.3.2. Remark. If V is potentially semi-stable, but not potentially crystalline, and
indecomposable, then from the proposition we see that V is trianguline, and that
V' admits a unique refinement R, up to equivalence. If w; < wsy are the Hodge-Tate
weights of V, then the reader can easily compute that o(R) = (n,n| |71 zw1—%2)
for some character 1 of Q.

4.3.3. Remark. If V is potentially crystalline, trianguline, and indecomposable,
then V' admits two equivalence classes of refinements if V' is Frobenius semi-simple,
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and one equivalence class otherwise. Let w; < wy be the Hodge-Tate weights
of V. In the Frobenius semi-simple case, if Ry and Ry are two inequivalent re-
finements of V, and if o(Ry) = (n,%), then the reader can easily check that
o(Rg) = (227" nz¥1=%2), If V is not Frobenius semi-simple, and if R is a
refinement of V, then o(R) = (n,nz"*~*2) for some character n of Q.

4.4. Classifying refinements: the reducible case.

44.1. Lemma. Let R = (n,a,r) be a refinement of V. Consider the following
conditions:

(1) One has a € OF;

(2) For some (equivalently, any) refinement R’ = (n',a’,r'") equivalent to R,
one has o/ € Of;

(3) The equivalence class of R contains a refinement of the form R = (n/,1,7'),
which is then necessarily unique up to scaling ' by an element of E*;

(4) The image of v is one dimensional, and R is not ultracritical;

(5) For some (equivalently, any) refinement R’ = (n',a’,r’) equivalent to R,
the image of ' is one dimensional, and R’ is not ultracritical;

(6) V is reducible.

Then (1) <= (2) <= (3) <= (4) = (5) = (0).

Proof. It is clear from the definitions that items (1), (2), and (3) are equivalent,
and also that items (4) and (5) are equivalent. Since (E ®q, Bf,.)?~' = E is one
dimensional, we see that (3) implies (5). Also, if the image of r is one dimensional,
then V' must be reducible, and so (5) implies (6). This image is then a crystalline
character of Gg, which embeds into (E ®q, Bfy)?~", and so is of non-negative
Hodge-Tate weight. If R is not ultracritical, then it must in fact be of Hodge-Tate
weight zero, and hence unramified. Thus o € OF, and we see that (4) implies (1).

O

4.4.2. Definition. We say that a refinement R = (1, «,r) of V is ordinary if it
satisfies the equivalent conditions (1), (2), (3), (4), and (5) of the preceding lemma.

The preceding lemma shows that any refinement equivalent to an ordinary re-
finement of V is also ordinary, and that V' admits an ordinary refinement only if V'
is reducible. More precisely:

4.4.3. Lemma. If R is an ordinary refinement of V, and if o(R) = (n,) is the
associated Weil group representation, then each of 7 and v is a unitary character
of Q) (and thus extends uniquely to a continuous character of Gq, ), and V' is an
extension of ¥ by n.

Proof. Consider the unique refinement of the form (7, 1,r) in the equivalence class
of R. The map r then realizes E (with trivial Galois action) as a quotient of
VV ®n, and thus 1 embeds as a one dimensional subrepresentation of V. Since
¥ = det(V)n~! by definition, the lemma follows. O

We now prove a series of results that completely classify the refinements of
reducible two dimensional continuous representations V' of Gg,. We begin with the
case when V is reducible but indecomposable.

4.4.4. Proposition. If V may be written as a non-split extension

0—-n—-V—-9v—-0,
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where n and v are two continuous characters of Gq,, then V admits a unique
equivalence class of ordinary refinements (and so in particular is trianguline). Fur-
thermore, if we we let w denote the weight of Ym~", then:

(1) If w € Z (so that V is not of Hodge-Tate type up to twist), then V ad-
mits just one equivalence class of refinements, namely the class of ordinary
refinements;

(2) Ifw € Zso (so that V is of Hodge-Tate type, but not potentially semi-stable,
up to a twist), then V admits two equivalence classes of refinements, namely
the class of ordinary refinements, and the class of ultracritical refinements;

(3) If w € Zg (so that V is potentially semi-stable up to a twist), then:

(a) If V is furthermore potentially crystalline up to a twist, then V
admits two equivalence classes of refinements, namely the class of ordinary
refinements, and one class of non-ordinary refinements;

(b) If V is not potentially crystalline up to a twist, then V admits
a unique equivalence class of refinements, namely the ordinary equivalence
class;

(4) Ifw =0 (so that either V is unramified and Frobenius non-semi-simple, up
to a twist, or else V is not of Hodge-Tate type up to a twist), then V' admits
a unique equivalence class of refinements, namely the ordinary equivalence
class.

Proof. The fact that V admits a unique equivalence class of ordinary refinements
follows immediately from Lemma 4.4.3 and our assumption on V, and claims (1)
and (2) are direct consequences of Propositions 4.2.2 and 4.2.4 respectively.

To prove claim (3), we may replace V' by a twist if necessary, and so assume that
V' is potentially semi-stable. The claim then follows from Proposition 4.3.1.

The non-Hodge-Tate case of claim (4) again follows from Proposition 4.2.2. Fi-
nally, if V is a twist of an unramified but non-semi-simple representation, then,
replacing V' by a twist, if necessary, we may assume that in fact V' is an unrami-
fied non-split extension 0 — n — V — n — 0. (The two characters appearing in
V' are necessarily equal, since V' is unramified but non-split.) Now suppose that
R = (1/,a,r) is a refinement of V. Since V has both Hodge-Tate weights equal to
zero, the same must be true of 7'. Similarly, since 7 is a crystalline character, the
same must be true of 7’. Thus 7’ is in fact unramified, and so we may replace R
by an equivalent refinement R’ of the form R’ = (1,a/,7’). The map r’ is a Gq,-

equivariant non-zero homomorphism VY — (E ®q, BCJ;ys)“":a/. Since V' (and so
VV) is not semi-simple, the map r cannot be an embedding. Thus R’ is necessarily

an ordinary refinement of V', as claimed. O
‘We now consider the case when V is the direct sum of distinct characters.

4.4.5. Proposition. Suppose that V = n1 @ na for a pair of distinct characters n; #
n2 of Gg,. Then 'V admits exactly two equivalence classes of ordinary refinements.
Furthermore:

(1) If the Hodge-Sen-Tate weight of nm;l is either zero or nmon-integral, then
V' admits exactly two equivalence classes of refinements, namely the two
ordinary equivalence classes;

(2) If the Hodge-Sen-Tate weight of 771772_1 is a non-zero integer, then V admits
three equivalence classes of refinements, namely the two ordinary equiva-
lence classes and a unique equivalence class of ultracritical refinements.
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Proof. Lemma 4.4.3 shows that V admits exactly two equivalence classes of ordinary
refinements. Suppose now that R = (n,«,r) is a non-ordinary refinement of V.
Then r is a non-zero Gg,-equivariant morphism r : VY @ n = P @yt —
(E ®q, B;ys)¢:a. Since 11 # 72, we see that » must vanish on one of the direct
summands in its source (and on exactly one, since it is non-zero). Since R is non-
ordinary, Lemma 4.4.1 (4) implies that it must be ultracritical. In particular n;n; *
must be of non-zero integral Hodge-Sen-Tate weight. Interchanging n; and 7 if
necessary, we may in fact assume that nen; ! has Hodge-Tate weight w > 0. We
now show (under this assumption) that 71 @72 does in fact admit an ultracritical
refinement, and that this refinement is unique up to equivalence.

If (1, a, 7) is an ultracritical refinement, then we see that nm; " (resp. nn; ') must
be of weight w (resp. weight 0), and that r must induce an embedding nn; g
E ®q, By (and vanish on 7ny ). Thus 7 is a character with the property that
nmy 1is crystalline of weight w. Clearly such an 7 exists, and any two differ by
multiplication by an unramified character. Thus we can construct an ultracritical
refinement of 7, @ 12, and any two such are equivalent. (I

4.4.6. Remark. If V is the direct sum of two copies of the same character of Gq,,
then the refinements of V' are classified by Lemma 4.1.5.

We conclude this section by introducing some terminology.

4.4.7. Definition. If V is a reducible two dimensional continuous representation of
Gq, over I, then we say that a refinement R of V' is critical if it is not ordinary.
(The terminology “critical” is used in analogy with the terminology “critical slope”
as it is employed in the theory of modular forms.®)

Any refinement equivalent to a critical refinement is again critical. The preceding
results show that a reducible representation V' admits at most one equivalence class
of critical refinements. In order for V to admit such a class, V' should be Hodge-
Tate with distinct Hodge-Tate weights up to a twist, and either not potentially
semi-stable up to a twist, or else potentially crystalline up to a twist.

4.5. The classification of trianguline representations. Colmez has classified
the trianguline representations [27, Thm. 0.5]. We will recall his result here, but
will rephrase it in the language of refinements. Note that if R is any refinement of a
trianguline two dimensional representation V', and if we write o(R) = (7, ), then
Ny is unitary, while | n(p) |< 1 (and hence in fact | n(p) |< 1 unless both 7 and
are unitary). The cited result of Colmez implies in particular that any continuous
representation o € Homeon, (W, T(E)) satisfying these conditions is of the form
o(R) for some refinement R of some trianguline two dimensional representation
V. Furthermore, it allows us to classify the representations V' that give rise to a
particular o.
We begin with some definitions.

4.5.1. Definition. Let Homgont (W, T(E))+ denote the set of maps o = (n,¢) €
Homeont (W, T(E)) such that e is unitary and | n(p) |< 1.

8A classical finite slope p-stablized Hecke eigenform of weight k > 2 over @p is said to be of
critical slope if its slope is equal to k — 1 (its largest possible value). Any such form is the “evil
twin” of an ordinary p-stabilized eigenform; see for example the discussion of [14, §4.1], as well as
the proof of Theorem 7.6.1 (3) below.
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4.5.2. Definition. (1) We say that o = (1,9) € Homeont(Wp, T(E))+ is uni-
tary if n and v are unitary.

(2) We say that 0 = (1,v) € Homeont (W, T(E))4 is critical if mp~! is of
integral Hodge-Tate weight w > 0, and if o(—w) := (nz=",¥z") again lies
in Homeons(Wp, T(E))+, and is furthermore unitary.

(3) We say that o = (1,9) € Homeont (W, T(E))+ is ultracritical if nyp—! is of
integral Hodge-Tate weight w > 0, and if o(—w) := (nz~%,1¥2z") again lies
in Homeont (Wp, T(E))+, and is not unitary.

This terminology is almost compatible with the corresponding terminology for
refinements.

4.5.3. Lemma. Let V be a trianguline continuous two dimensional representation
of G, over E, and R a refinement of V.
(1) o(R) is ultracritical if and only if V' is irreducible and R is ultracritical;
(2) o(R) is critical if and only if V' is reducible and R is a critical refinement

of V.
Proof. The reader can check this by going through the classification of all possible
refinements given in the preceding sections. O

4.5.4. Theorem. Let 0 = (n,¢) € Homeons(Wp, T(E))+, and suppose that o is
neither unitary nor critical. Then there is a trianguline two dimensional continuous
representation V' of Gq, over E admitting a refinement R such that o(R) = o, and
any such V is irreducible. Furthermore:

(1) If np=1 is not of the form ez™ for some n > 0, then V is unique up to
isomorphism.

(2) If p=t = ez™ for some n > 0, then the set of isomorphism classes of
such V' can be indexed by the elements L € PY(E) in such a way that, if
L € E, then the members of the corresponding isomorphism class are twists
of a semi-stable representation of Hodge-Tate weights (0,—1 — n) with L-
invariant equal to L, while if L = oo, then the members of the corresponding
isomorphism class are twists of a non-generic crystalline representation of
Hodge-Tate weights (0,—1 —n).

Proof. The results of Subsection 4.4 show that the Weil group representation at-
tached to any refinement of a reducible representation is either unitary or critical.
Thus if V' exists it must be irreducible. Suppose first that ¢ is not ultracritical. Fix
L = oo if o does not satisfy the condition of (2); otherwise let £ be any element of
PY(E). The pair s = (0, L) is then an element of the space Sy, considered in [27],
and the corresponding G, -representation V (s) (see [27, p. 5]) admits a refinement
R with o(R) = o (see the proof of [27, Prop. 5.3]). Conversely, it follows from [27,
Prop. 5.3] that if V' admits a refinement R with o(R) = o, then V' 2 V(s) for some
s € Siyr lying over o. This proves the theorem for non-ultracritical o.

If o is ultracritical, then applying the theorem to o(—w) we obtain a represen-
tation V' admitting a refinement R such that o(R) = o(—w). It follows that V
is Hodge-Tate up to twist, but not potentially semi-stable up to twist, and thus
by Proposition 4.2.4 we see that V admits an ultracritical refinement R’ such that
o(R’) = 0. This completes the proof of the theorem in general. O

The case when o = (1, %) € Homeont (Wp, T(E))+ is either unitary or critical is
straightforward. When o is unitary, regarding n and 1) as Galois characters, we have
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seen that the direct sum V = n@ ¢ admits a refinement R such that o(R) = o.
If o is critical, and w is the weight of 7¢)~!, then we have seen that nz=* @ ¢z®
admits a critical (in fact ultracritical) refinement R such that o(R) = o.

The following results describe the possible indecomposable V' admitting such a
refinement R for which o(R) = 0. (Note that Lemmas 4.4.1 and 4.5.3 imply that
any such V is reducible.)

4.5.5. Proposition. If o = (n,¢) is a unitary element of Homeont(W,, T(E)) 4,
then there exists an indecomposable trianguline two dimensional continuous repre-
sentation V' of Gq, over E admitting a refinement R such that o(R) = o. Further-
more:

(1) If pp=t # 1,¢, then V is unique up to isomorphism.

(2) If b= = ¢, then the set of isomorphism classes of such V can be indexed
by the elements L € PY(E) in such a way that, if L € E, then the members
of the corresponding isomorphism class are twists of a semi-stable represen-
tation of Hodge-Tate weights (0, —1) with L-invariant equal to L, while if
L = oo, then the members of the corresponding isomorphism class are twists
of a non-generic crystalline representation of Hodge-Tate weights (0,—1).

(3) If n = 1, then the set of isomorphism classes of such V' can be indexed by
the elements of P1(E). There is a unique (up to isomorphism) such V that
is Hodge-Tate up to twist, which is then in fact crystalline (indeed, even
unramified) up to twist.

Proof. There is an isomorphism Exté@ﬁ (¥,n) — HY(Gg,,nv~") (where Ext' is
computed in the category of continuous Gg,-representations, and H ! indicates
continuous Galois cohomology). Using Tate local duality and the local Euler char-
acteristic formula (for example) one finds that H'(Gg,,n¢ ") is one-dimensional
unless ny~! = 1 or ¢; in these latter two cases it is two-dimensional. It follows that
in the situation of (1), any two non-trivial extensions of ¢ by 7 are isomorphic as
G, -representations. This proves (1).

The elements of H 1(G@p,5), and hence the corresponding extensions of 1 by ¢,
are easily computed via Kummer theory. We recall the results of this well-known
computation: one finds that any extension of 1 by ¢ is semi-stable, and that the
non-trivial extensions are classified (up to isomorphism as G, -representations) by
their L-invariants (with £ = oo corresponding to the unique isomorphism class of
crystalline extensions). This proves (2).

The element of H'! (Gq,,1), and hence the corresponding extensions of 1 by itself,
are easily computed via local class field theory. Since this computation is also well-
known, we again content ourselves with recalling the outcome: one finds that (up
to isomorphism as Gg,-representations) there is a unique non-trivial extension of
1 by itself which is Hodge-Tate, namely the non-trivial unramified extension. This
proves (3). O

4.5.6. Proposition. If o = (n,%) is a critical element of Homeon,(W,, T(E))+,
then there exists exactly two isomorphism classes of indecomposable trianguline two
dimensional continuous representations V of Gg, over E admitting a refinement R
such that o(R) = 0. There is a unique such isomorphism class of V. whose members
are furthermore potentially semi-stable up to a twist (and the members of this class
are then in fact potentially crystalline, up to a twist).
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Proof. Applying Proposition 4.5.5 to ¢’ := (2%, nz~"), we may find V that is
potentially crystalline up to a twist and admits a critical refinement R with o(R) =
o. Furthermore we see that V' is unique up to isomorphism. (Note that when ¢
falls into case (2) of that result, only the representation corresponding to £ = oo
admits a critical refinement.)

Applying Proposition 4.5.5 to o(—w) := (nz=%,42z") yields a representation V'
that admits an ultracritical refinement R with o(R) = 0. Again we see that V
is unique up to isomorphism among the indecomposable representations admitting
such a refinement that are not potentially semi-stable up to a twist. (I

4.5.7. Terminology. We say that a trianguline two dimensional continuous Gg,-
representation “admits an L-invariant” if and only if it is a twist of either a semi-
stable, but non-crystalline, representation, or of an indecomposable non-generic
crystalline representation.

The trianguline representations that admit an L-invariant are precisely the rep-
resentations that are classified by Theorem 4.5.4 (2) and Proposition 4.5.5 (2).

5. SOME INVARIANTS OF ADMISSIBLE UNITARY GL2(Qp)-REPRESENTATIONS

The problem of classifying topologically irreducible admissible unitary GL2(Q))-
representations seems currently unapproachable in general, but there are two sit-
uations in which we can make some progress: namely if the admissible unitary
representation B being classified satisfies one of the following conditions:

(6) The subspace B of locally algebraic vectors in B is non-zero;

(7) The Jacquet module Jp(q,)(Ban) is non-zero.

In this section we discuss some results and conjectures towards the classification of
topologically irreducible admissible unitary representations satisfying one of these
conditions.

We first discuss the problem of classifying such representations B satisfying (6).
The non-trivial results in this case are due to Colmez [26] and Berger and Breuil
[8], and all progress has been motivated by Breuil’s initial postulation of the local
p-adic Langlands correspondence in the potentially semi-stable case [12]. After a
brief review of some properties of the Jacquet module functor Jp(q,), we then turn
to the problem of classifying those B satisfying (7). In addition to the theory of the
Jacquet module, our discussion relies heavily on the results of Colmez describing
the universal unitary completions of certain locally analytic induced representations
[27].

While the two problems that we discuss are in principle independent of one an-
other, since B can satisfy either one of conditions (6) or (7) without satisfying the
other, all the results obtained so far related to the classification of representations
satisfying (6) apply only to representations that also satisfy (7). Nevertheless, even
in the cases where no progress has been made, the local p-adic Langlands correspon-
dence suggests the form that the classification should take. (See Conjecture 5.1.19
below.) On the other hand, the representations that satisfy (7) but not (6) can
be completely classified, a result that can also be viewed as a manifestation of the
local p-adic Langlands correspondence. (See Remark 5.3.13.)
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5.1. Admissible unitary representations of GL2(Q,) containing locally al-
gebraic vectors. Suppose that B is a topologically irreducible admissible unitary
GL2(Qp)-representation over E for which Biaig # 0. Then there exists an irreducible
admissible smooth representation U of GLy(Q,) over E, an irreducible algebraic
representation W of GL2(Q),) over E, and a GL2(Q))-equivariant embedding

m:=U®gW — B.

In particular, 7 (when regarded as a topological GL2(Q)) representation by be-
ing equipped with is finest locally convex topology) admits a non-zero universal
unitary completion 7 (in the sense of [34]), and 7 maps continuously and GL3(Q,)-
equivariantly into B with dense image (since B is topologically irreducible).

5.1.1. Question. In the above situation, is the map 7T — B necessarily surjective?

It seems reasonable to hope that the answer to this question is “yes”. (For exam-
ple, this is the case if 7 is admissible. ® Proposition 5.1.10 below gives an example
where this is again the case, although 7 is not admissible.) Assuming that this is
so, we see that B is a topologically irreducible admissible quotient of 7, and that
the problem of classifying those B for which Bias # 0 reduces to the following two
problems: (a) classify those irreducible admissible locally algebraic representations
7 of GL2(Q,) for which 7 # 0; (b) for such 7, classify the topologically irreducible
admissible quotients of 7. Problem (a) is close to being solved in its entirety, and
substantial progress has been made on problem (b). In order to discuss the situ-
ation in more detail, as above we write 71 = U ® g W where U is an irreducible
smooth representation of GL2(Q),) and W is an irreducible algebraic representa-
tion of GL2(Q,). We may then write W = (Sym"?~"'~'E?) ® det™»*! for some
uniquely determined integers w; < ws.

We first note the following lemma.

5.1.2. Lemma. If B is a finite dimensional irreducible unitary representation of
SL2(Qp) then B is the trivial representation of SLa(Q)).

Proof. Any finite dimensional continuous representation of SL2(Q),) is necessarily
locally analytic [52, LG §5.9, Thm. 2], and hence is locally algebraic, since it is finite
dimensional. It follows from [31, Prop. 4.2.8] that we may factor B as a tensor prod-
uct B = U ® W where U is a finite dimensional irreducible smooth representation
of SL3(Q,) and W is an irreducible algebraic representation of SLa(Q,). It is well-
known that U is then necessarily trivial (see for example [40, Prop. 2.7]), and thus
we see that the irreducible algebraic representation W admits an SLg(Q))-invariant
norm. But this implies that W is also trivial, whence the lemma. (]

This lemma has the following immediate corollary.

9This is a consequence of the following result: Theorem. If ¢ : U — V is a G-equivariant
continuous morphism between two Banach space representations over E of the compact p-adic
locally analytic group G, and if U is admissible, then ¢ has closed image. This is well-known if V'
is assumed to be admissible (cf. [31, Prop. 6.2.9]) but in fact holds true without that assumption,
as Breuil observed in the course of proving [12, Prop. 4.4.4 (v)]. Here is a sketch of the proof:
Replacing V' with the closure of the image of ¢, we may assume that ¢ has dense image, so
that the topological dual map ¢’ : V/ — U’ is injective. Since U’ is finitely generated over
E[[G]] := E Qo, Ogl[[G]] (by our assumption that U is admissible), the same is true of V’,
since Og[[G]], and hence E[[G]], is Noetherian [44, V.2.2.4]. Thus V is also admissible (cf. [31,
Def. 6.2.1]), and so ¢ has closed image, as claimed.
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5.1.3. Corollary. The only finite dimensional irreducible unitary representations
of GL2(Qp) are the characters x o det (where x is a unitary character of Q).

From this corollary we see that in the above discussion we may restrict our
attention to the case when 7 (or equivalently U) is infinite dimensional. Thus we
assume this from now on. We also assume that 7 has a unitary central character,
since this is one obvious necessary condition for 7 to be non-zero.

5.1.4. The principal series case. Suppose that U is principal series (and infinite

dimensional), so that we may write U = (Indg(LQi?”) X1 ® X2)sm With x1x5 ' #

1,| |72. The assumption that U has unitary central character corresponds to the
condition
8) | xa(p)x2(p)p F2 | = 1.

In this case, the theory of Jacquet modules provides an additional necessary con-
dition for 7 to be non-zero, namely

(9) | p2x1(p) |+ [ P* T xa(p) | < 1

(see Lemma 5.2.4 below).
The following conjecture is due to Breuil. (See Remark 3.3.4 for motivation.)

5.1.5. Conjecture. If conditions (8) and (9) hold then T is non-zero, and is a
topologically irreducible admissible unitary GL2(Qp)-representation.

In particular, in this case we expect that the only topologically irreducible ad-
missible unitary quotient of 7 is 7 itself.

5.1.6. Theorem. Conjecture 5.1.5 is true provided that x1 # x2 | |7

Proof. We may describe 7 as the locally algebraic induction

GL2(Qp)
Indﬁ( )
where the isomorphism is provided by the theory of intertwining operators. If
either | p“2x1(p) | = 1 or | p*2*1xa(p) | = 1, then 7 is equal to the locally algebraic
induction of a unitary character, in which case it is straightforward to check that
7 is equal to the corresponding continuous induction, and that this continuous
induction is topologically irreducible and admissible unitary. (See [14, Prop. 2.2.1],
and also the first paragraph of the proof of Proposition 5.3.4 below.) On the other
hand, if neither of these conditions hold, and if y; # x2 | |~!, then the claim of
the theorem follows from the main result of [8]. O

w1+1) ~ (IndGLz(Qp)

o~ —1_wa+1
lalg — ﬁ(QP) X286 2

= ( X122 @ Xx22 ® X162 )lalgs

5.1.7. The special case. Let us suppose now that U is special, say U = x o det @St
for some character x. The condition that 7 have a unitary central character then
becomes

(10) | x(p)plrtee D2 | = 1,
5.1.8. Theorem. Suppose that condition (10) holds.

(1) If furthermore W is one dimensional (i.e. wy = w1 +1), then T is non-zero,
topologically irreducible, and admissible unitary.

(2) If W is not one dimensional (i.e. wy > wy + 1) then T is non-zero, is not
topologically irreducible, and is not admissible unitary.
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Proof. In case (1) we see that 7 is the twist of St by a unitary character, and the
claim of the theorem follows from the particular case m = St, which is proved in
[12, Lem. 4.5.1].

In case (2), the fact that 7 is non-zero is due to Teitelbaum [60] (resp. Grosse-
Klonne [38]) when W is odd (resp. even) dimensional. The fact that 7 is not
admissible is proved in [12, Prop. 4.6.5]. The fact that 7 is not topologically irre-
ducible follows from the explicit construction of the series of non-zero topologically
irreducible admissible unitary quotients described below. ([

In the situation of case (2) of the preceding Theorem, Breuil has described a
specific series of quotients of 7, depending on a parameter £ € P*(E), which he
conjectured, and Colmez has proved, to be non-zero, topologically irreducible, and
admissible unitary. We briefly recall their construction.

First note that it is no loss of generality to replace 7 by a unitary twist (since
twisting by a unitary character commutes with passage to the universal unitary
completion). Thus we may assume that wy = 0, and so write w = wy; < —1. In the
cases when w is even we furthermore extend E' if necessary so that \/p € E. Then,
further twisting 7 if necessary, we may reduce to the case

7= St® | det |(1F)/2 ®(Sym717wE2)v.

Given L € P(E), choose (u,v) € E?\ {(0,0)} so that u/v = L, and define the
two dimensional representation o (L) of P(Q,) via

(% 5)) = ((1) “°fdp<d>1+“°gp(d>>,

where ord, denotes the p-adic valuation (normalized so that ord,(p) = 1) and
log, denotes the Iwasawa p-adic logarithm (so log,(p) = 0). Note that up to
isomorphism, o(£) depends only on the value of u/v = L.

Let x., denote the character

Yuw ::| |(1+w)/2 ® | |(—1+w)/2 JWe :‘ ‘(1+w)/2 ® | |(1+u1)/2 Z1+w
of P(Q,), and consider the locally analytic induction
GL
(11) (Indﬁ((;f)@?’ (L) ® Xuw),, -

Since o(L) is an extension of the trivial character of P(Q,) by itself, we see that (11)
sits in a short exact sequence

(12)
GL2(Qp) | |(14w)/2 (1+w)/2 14w GL2(Qp)
0 — (Indg 2% | | ®| | 2TY) = (Idg g 70 (L) @ Xu),,,
. 2| (B | 07 50, o,
The representation (Indg(i;(()@p) | [1Fw)/2 g | |(Hw)/2 glHw) contains
P
(13) | det |(1+9)/2 @ (Sym 1w E?)"

as a subrepresentation. Following [12], we define
Y1 —-w, L) =
prt(| det [19)/2 @ (Sym™ '~ E2)7)/ | det |1F%)/2 @ (Sym ™' T E?)”
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(i.e the quotient by the copy of (13) sitting in the first term of (12) of the preimage
under the projection pr of the copy of (13) sitting in the third term); then X(1—w), £)
is a locally analytic representation of GL2(Q)) that sits in an exact sequence
(14)

0 — (IndGLz(Qp) ‘ |(1+w)/2 ® | |(1+w 1+w) / | det |(1+w)/2 ®(Symw—1E2)V

- 3(1 —w, L) —| det |1+9)/2 @ (Sym™1 v E2)" - 0.

(Our notation follows that of [12], possibly up to a unitary twist.) Since (L) is a
non-split extension of the trivial character by itself, one easily sees that the exact
sequence containing X(1 — w, £) is also non-split.

The representation (1 — w, £) has the topological Jordan-Hdolder series

(15) 0Cm=5St® | det [1T%)/2 @(Sym~ 1~ E?)"
(I dGLz(Qp) | |(1+w)/2 ® | |(1+w)/2 1+w) lg/ | det |(1+w)/2 ®(Sym_1_wE2)v

P(Qp)
GL2(Qp w w w w —1—w \
(I dp((;( )| ‘1+ )/2®| |(1+ )/2 1+ )an/|det |(1+ )/2 ®(Sym 1 EQ)
C3(1—-w,L),

related to which we have the following easy lemma.

5.1.9. Lemma. Fach of the inclusions after the first in (15) is non-split, and has
a cokernel whose universal unitary completion vanishes.

Proof. That the second inclusion is non-split is standard. Its cokernel is isomorphic
to

GL2(Qp) (1+w)/2 jw (1+w)/2
(Indﬁ(Qp) | | ®| | z)

whose universal unitary completion vanishes by Proposition 5.2.1 and Lemma 5.2.4
below.

We observed above that the short exact sequence (14) is non-split, which im-
plies that the third inclusion is non-split. Its cokernel is isomorphic to | |(1+®)/2

an’

®(Sym_1_wE2)v, which is finite dimensional but not a character (since w < —1),
and so has vanishing universal unitary completion by Corollary 5.1.3. (]

It follows from the preceding lemma that the maps of universal unitary comple-
tions induced by the second and third inclusions have dense image. In fact we have
the following less elementary proposition.

5.1.10. Proposition. The second inclusion of (15) induces an isomorphism of uni-
versal unitary completions, while the third inclusion induces a surjection of univer-
sal unitary completions.

Proof. The first claim follows from [34, Prop. 2.5]. (See also Proposition 5.3.8
below.) The third claim is proved in [13, Cor. 3.3.4] in the case £ # co. In the case
when £ = o0, it is easily checked (see the remarks below). O

5.1.11. Definition. For each L € PY(E), let B(1 — w, L) denote the universal
unitary completion of L(1 —w, L).

The preceding proposition shows that B(1 — w, £) is a quotient of 7.
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5.1.12. Remark. The completion B(1 — w, L) may be described explicitly as a
suitable quotient of a certain space of functions on Q, of class c(-1-w)/2: gee [13,
Cor. 3.3.4] for the case L # co.

5.1.13. Theorem. Each of the GL2(Q,)-representations B(1 — w, L) is non-zero,
topologically irreducible, and admissible unitary. Furthermore, the representations
corresponding to distinct values of L are non-isomorphic.

Proof. In the case when L # oo, the statement of the theorem is due to Colmez
[26]. In the case when £ = oo, it follows from the results of Berger and Breuil [8],
taking into account the isomorphism (16) below. (]

Thus the spaces B(1 —w, L) yield a series of topologically irreducible admissible
unitary quotients of 7 indexed by the elements £ € P!(E). This suggests the
following question.

5.1.14. Question. Do the spaces B(1 — w, L) (for £ € P*(E)) exhaust the topo-
logically irreducible admissible unitary quotients of 77

One can at least say that no other such quotients have been described in the
literature to date.

5.1.15. Remark. The case when £ = oo is a little different from the case when £

is finite, since the representation o(c0) is smooth. In fact, one can check that there

is an isomorphism

(16) S(1 —w,00) =5 (IndSH2 @) | |(F1hw)/2 @ || BHw)/2 j14w)
P(Qp)

an’

Thus in this case the space of locally algebraic vectors in (1 —w, 00) is larger than
m; namely one has an isomorphism

(IndS}Lg(Qp) | |—1 ® ‘ l) ® ‘ det |(1+w)/2 ®(Sym—1—wE2)\/
P(Qp) sm

5.1.16. Remark. In the case when w is odd and > —p, Breuil and Mézard have
constructed a certain torsion free sheaf of Og-modules on the p-adic upper half
plane whose space of global sections is the unit ball in the topological dual of
B(1 — w, L) [15]. They have used this description of B(1 —w, L) to compute the
mod w representation B(1 — w, £).

~

— 2(1 —w, Oo)lalg~

5.1.17. The cuspidal case. We now assume that m = U ® W with U irreducible
and cuspidal and W irreducible algebraic. We continue to suppose that the central
character of 7 is unitary. In this context we have the following easy proposition.

5.1.18. Proposition. The universal unitary completion 7 is non-zero, and is not
admissible.

Proof. The non-vanishing of 7 follows directly from the fact that the matrix coeffi-
cients of U are compactly supported modulo the centre (together with the assump-
tion that the central character of 7 is unitary); see [34, Prop. 1.18]. It is then easily
checked (by using the construction of U as a compact induction, for example) that
in fact 7 is not admissible. |

In this case nothing general seems to be known about the possible topologically
irreducible admissible unitary quotients of 7. One can use global considerations
to show that m does admit some non-zero admissible unitary completions, which
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one presumes (but cannot prove as of yet) are topologically irreducible quotients
of 7. (See Remark 7.7.16 below, and recall that we expect Question 5.1.1 to have
a positive answer in general.)

Motivated by the local p-adic Langlands conjecture, Breuil has made the follow-
ing conjecture (cf. Remark 3.3.4 above and Remark 6.1.9 below).

5.1.19. Conjecture. The universal unitary completion T admits a family of non-
zero, mutually non-isomorphic, topologically irreducible, admissible unitary quo-
tients, indezed by the elements of P1(E).

An optimist might guess that in fact this conjectural series of quotients exhausts
all topologically irreducible, admissible unitary quotients of 7.

5.2. Jacquet modules. Recall that if U is any topological FE-vector space of
compact type equipped with a locally analytic GLo(Q,)-representation, then the
Jacquet module Jp(q,)(U) is a certain locally analytic representation of T(Q)) over
E functorially associated to U [32]. We do not recall the definition here (see the
discussion following [32, Prop. 0.3]), but do recall that Jp(g,) is additive and left
exact. In the remainder of this subsection we describe the additional properties of
the functor Jp(q,) that we will require.
The following result describes the Jacquet modules of induced representations.

5.2.1. Proposition. Fix xy; ® x2 € T(Qp).

(1) If x1x5 " is of integral Hodge-Tate weight w > 0, and if x1x5 "+ # 2% | |~*
then

oy (52 1 @ xahatg) = (| 1@z | 17 Pl @ xaz ™).

(2) If x1x5* is of integral Hodge Tate weight w > 0, and if x1x5 = = 2% | |~

then Jp(Qp)((Indf( () X1 ® Xg)lalg) is a non-split extension of the char-
acter x1 | | ®@x2 | |71= x22% @ x127V by itself.
3) If X1X2_1 is of integral Hodge-Tate weight w > 0 then the inclusion

GL2(Qp) (Qp)
(Indﬁ((;p) X1 & X2)lalg (Indﬁ(é ) X1 ® Xz)an

induces an isomorphism

GL Qp ~ Qp
Ir(q,) ((Indﬁ(&f) "x1 ® x2)tate) = () ((Indp((;() " X1 ® X2)an).

(4) If X1X2—1 s not of non-negative integral Hodge-Tate weight then

Jp P(Q, ((Indﬁ((@ ) X1 ®X2)an) = X1 ‘ | X2 | ‘

Proof. Claims (1) and (2) follow from [32, Prop. 4.3.6] and the well-known structure
of the Jacquet modules of smooth induced representations of GL2(Q,) (cf. [19, Lem.
7.1.1 (a)]). The proofs of claims (3) and (4) (in a much more general context) will
appear in [35] (and are in any case straightforward computations working from the
definition of Jp(@p)). ([l

The following corollary is an immediate consequence of the preceding proposi-
tion.
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5.2.2. Corollary. For every x1 ® x2 € rI‘(E) there is an embedding of T(E)-
representations

— GL
X1 | | ®X2 | | ' JP(QP) ((Indﬁ(éf)@p) X1 ®X2)an)7

uniquely determined up to multiplication by a non-zero scalar.

5.2.3. Definition. Fix a compact type locally analytic GL2(Q,)-representation U
defined over E.
(1) Define Exp(U) to be the set of one dimensional T(Q),)-invariant subspaces
of Jp(@p) (U) R
(2) For any line L € Exp(U), write x(L) € T(E) to denote the character via
which T(Q,) acts on L.
(3) For any character x € T(E), write ExpX(U) := {L € Exp(U) | x(L) = x}.

If we fix a character y € '_AF(E), then ExpX(U) has the structure of a projective
space (possibly of infinite dimension, or possibly of dimension —1, i.e. empty),
namely it is the projectivization of the y-eigenspace Jr)f(Q )(U ) in Jp(q,)(U). Thus

p

Exp(U) is a disjoint union of projective spaces, indexed by the characters x € rf‘(E)
Recall the identification r/[\‘(E) = Homeoni (Wp, T(E)) discussed in Subsection 1.3.
We let T(E), denote the subset of T(E) that corresponds to Homeont (Wp, T(E))+
(as defined in Definition 4.5.1) under this identification, and we will use this iden-
tification to apply the terminology of Definition 4.5.2 to elements of 'T(E)+
The following result imposes a limitation on the exponents that can appear in
Jp(q,)(U) in the cases of interest to us.

5.2.4. Lemma. If B is an E-Banach space equipped with a unitary representation
of GL2(Qp) for which B,y is of compact type, and if J;f(@p)(Ban) # 0 for some

character x = x1 ® x2 € T(E), then x1 | |"' @x2| | € T(E)4.
Proof. This is a consequence of [32, Lem. 4.4.2]. O
The following theorem provides a kind of converse to Corollary 5.2.2.

5.2.5. Theorem. Let B be an E-Banach space equipped with a unitary represen-
tation of GL2(Qp) for which Bay is of compact type, let L € Exp(Ban), and write
X(L) = x1 ® x2. Suppose furthermore that the character x1 | |7' ®x2 | |7 is
neither critical nor ultracritical in the sense of Definition 4.5.2. Then there is a
continuous GLa(Q),)-equivariant map

(17) (Indg(%(;:?p)m | ' @xa | 1), — B

uniquely determined up to multiplication by a non-zero scalar, so that the inclusion
L C Jp(q,)(Ban) is obtained by applying the functor Jp(q,) to (17) and composing
the resulting map with the inclusion

QL2 (Q, _
X1 ® X2 C Jp(Qp)((IndF(Q?s? )X1 | 7' ®x2 | [)an)

provided by Corollary 5.2.2.

Proof. As in [34, §2], we identify (Indg(%(;(()@‘”) x1| 7t ®@xe | |)am with a space of
P

locally analytic E-valued functions on Q, satisfying a certain regularity condition

at infinity. We let (Indg(]&f?‘”) il 7P @xe | )(Qp)sm (resp. (Indg(]“&?p) xil |7
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@x2 | 1)(Qp)an) denote the closed P(Q,)-invariant (resp. (gly, P(Q,))-invariant)
IndgLQ(Qp)
P(Qp)
locally analytic) functions that are compactly supported on Q,. (Here gl, denotes

the Lie algebra of GLa(Q,).) If x1x5 * is furthermore of integral Hodge-Tate weight

GL3(Q, _
w > 0, then we let (Indﬁ(éf)Q "l 7! exe | ) (Qp)1alg denote the (gly, P(Qy))-

invariant subspace of (Indg(lg(?p)
P
that are locally polynomial of degree < w.

(LQ?(?”)Xl | 7" @x2 | 1)(Qp)an induces a natural

subspace of ( x1| |7t ®@xe | |)am consisting of locally constant (resp.

xi| |7 exe | |)(Qp)an consisting of functions

The action of gl, on (Indg
(gly, P(Qp))-equivariant map

(18) Ugly @up (ndo= %) i | |71 @xa | [)(Qp)em

P(Qp)
GL ; —
— (Indﬁ(&(;@p))ﬁ | | L' ®x2 | |)(Qp)an

(where p denotes the Lie algebra of P(Q,) and Uy indicates the universal enveloping
algebra of the Lie algebra r), which is an isomorphism if y; x5 is not of non-negative
integral Hodge-Tate weight, and which induces a surjection

GL2(Q, _
(19)  Ugly ®up (Indg 2 xa | |71 @xa | )(Qp)em

(@p)
GL —
= (Indg 2P | 17 @xe | 1)@

if x1x5 ! is of non-negative integral Hodge-Tate weight.
The defining adjointness property of Jp,) [32, Thm. 3.5.6] yields a natural
isomorphism

GL2(Qp _
(20)  Homggy, p(g,) (Uah ®up (Indp, 27 xa | 17" @x2 | 1)(Qp)ems Ban)

— Homr(g,)(x1 ® X2, Jp(@,)(Ban))-

If xaxs 1is not of non-negative integral Hodge-Tate weight, then upon combining
the isomorphism (18) with [14, Prop. 2.1.4] (which is a special case of the main
result of [35]) we find that passing to Jacquet modules yields an isomorphism

GL2(Q, _
(21)  Homga gy (ndpig ' xa | 17" @xa | 1)y Bon)

— Homr(g,)(x1 ® X2, Jp(q,)(Ban))

proving the theorem in this case.

If x1x; ' is of non-negative integral Hodge-Tate weight, then by assumption
x1| |7 ®x2 | | e is neither critical nor ultacritical. Taking this together with
the fact that B is unitary, it follows from [32, Thm. 4.4.5] that the canonical lift
to Ban of any element in Jp(q,)(Ban) (see [32, 0.9]) is locally SLp-algebraic. It
follows directly from this, and from the construction of the map (20), that any map
in the source of (20) necessarily factors through the surjection (19), yielding an
isomorphism

GL _
(22)  Homgi, p(g,) ((Indp 2 ™ xa | |7 @xz | 1)(Qp)atg: Ban)

— Homr(g,)(x1 ® X2, Jp(q,) (Ban))-
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The same argument that proves [34, Prop. 2.5] (which is a variation of the classical
argument of Amice-Vélu [1] and Vishik [62], and relies again on the fact that x; | |~*
®x2 | | €71 is neither critical nor ultacritical) shows that the restriction map

QL2(Q, _
Homgr, g, (Indg T xa | 17 @xa | ), Ban)

GL2(Qp _
— Homgt, p(g,) (Indg 2 xa | |7 @xz | 1)(Qo)ag: Ban)

is an isomorphism. Composing this isomorphism with the isomorphism (22), we
find that in this case passing to Jacquet modules again yields an isomorphism (21).
This completes the proof of the theorem. O

The following supplement to Theorem 5.2.5 treats the case when Exp(B(V)an)
contains a line L such that (L) is critical or ultracritical.

5.2.6. Proposition. Let B be an E-Banach space equipped with a unitary represen-
tation of GL2(Qy) for which Bay, is of compact type, let L € Exp(Bay), and write
X(L) = x1 ® x2. Suppose that X1X2_1 is of integral Hodge-Tate weight w > 0.

(1) If x1 | |7t ®x2 | | &7t is critical, then either there exists L' € Exp(Ban)
such that x(L") equals one of x12 1" @x221 7% orxa | | 2%®@x1 | |71 27,
or else x1 = x2 and B contains a copy of the one dimensional GL2(Q,)-
invariant representation x1 o det.

(2) If xa | |7t ®@x2| |7t is ultracritical, then

dim Exp¥' %2 (B(V)a) < dimExp®  "®5 " (B(V),,).
In particular, there exists L' € Exp(Ban) such that x(L') equals x127 17" ®

X22’1+w-
Proof. We suppose that we are in either case (1) or case (2), that is, that x; | |7}
®x2 | | €' is either critical or ultracritical. We will use the terminology and

results recalled in the proof of the preceding theorem. Let v € B, be the canonical
lift of a non-zero element in L. Suppose first that v is locally SLsy-algebraic. Then
under the adjunction isomorphism (20), the inclusion

(23) L — Jp(@p)(Ban)

arises from a (gly, P(Q,))-equivariant map
CL2(Q, _
(Indge2 ™ x| 17" @xz | [)(@p)ratg = Ban-
One can show without difficulty that the restriction map

GL2(Qp) -1
HomGLg(Qp))((Indﬁ(Q?p) " x1 | | ®X2 | |)1alg7Ban)

GL2(Qp —
- Hom(B[Q’P(Qp))((Indﬁ(éi) )Xl | ‘ ! ®X2 ‘ |)(Qp)lalgaBan)

is an isomorphism (for any character y; ® x2 such that x1x5 1is of integral Hodge-
Tate weight, and any continuous GL2(Q,)-Banach space representation B; this is
a variant of [14, Lem. A.2.4]). Thus the map (23) is obtained by applying Jp(q,)
to a non-zero continuous GL2(Q),)-equivariant map

(24) (5P x| 17" @xe | 1), = Ban:

If this map is injective, then it induces an injection on Jacquet modules, and Propo-
sition 5.2.1 now shows that we obtain a copy of the character xo | | z2*®x1 | |7F 27%
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w

in Jp(q,)(B), and so Lemma 5.2.4 implies that x22" ® x12~
B

, and hence also
Y22" ® x12~ "1, lies in T(E)4. Since x; | ®x2 | | €7t is assumed to be
either critical or ultracritical, so that x12 % 1 ®@x22%(=x1 | |71 271" ®@x2 | |
we—l x2z% is uni-
is critical. Hence we are necessarily in

e~ 1214%) also lies in in T(E),, we conclude that in fact x;2~
tary, and thus that y; | |7 @x2 | | &7t
case (1).

The source of (24) is irreducible (and consequently this map is necessarily injec-
tive) unless x1x5 ' | |7'=| |*! 2®. Again using the fact that x; | |7' ®x2 | |
el = x1 | |7! ®x227 ! is either critical or ultracritical, we see that the source
of (24) is irreducible unless w = 0 and x1 = x2. Thus if (24) is not injective, then
X1 = X2 and (24) must factor through the quotient yx; o det of its source, yielding
a copy of this one dimensional GL2(Q,)-representation inside B. Clearly x1 must
then be unitary, and so we must again be in case (1). This completes our discussion
in the case when v is locally SLy-algebraic.

Suppose now that the canonical lift v of a non-zero element of L is not locally

SLy-algebraic. If X_ := (? 8) € gly, then [32, Prop. 4.4.4] shows that (X_)**v

1w 14w
is the canonical lift of a non-zero element of Jff(lé ) #X227 7 (B,yn). In particular,
P

this completes the proof of case (1). Since in case (2) no element of Jé(lg’:f has
a locally SLo-algebraic canonical lift (as we have seen above), we see that the

action of (X_)!*% on canonical lifts in fact induces an injection Jég&’;z(Ban) —

Jg(léi;iw@bmz“w (Ban)- This yields the claimed inequality in case (2), and completes
P
the proof of the proposition. O

5.3. Admissible unitary representations of GL3(Q,) with non-zero Jacquet
modules. In this subsection we consider the classification of those topologically
irreducible admissible unitary GL2(Q,)-representations B for which Jp(q,)(Ban) #
0. We begin with the following proposition.

5.3.1. Proposition. If B is an admissible unitary GL2(Qp)-representation such
that Jp(q,)(Ban) # 0, then we may find a finite extension E' of E such that

Exp(E’' ®g Ban) # 0 (or equivalently, there is a character x € T(E') such that
Jg(Qp)(E’ ®E Ban) #0).

Proof. Since B is admissible unitary, the locally analytic representation B,y is
admissible, and so Jp(g,)(Ban) is an essentially admissible T(Qj)-representation

[32, Thm. 0.5], corresponding to a rigid analytic coherent sheaf F on T (as explained
in [31, §6.4] — the global sections of F are naturally dual to Jp(q,)(Ban)). Since
Jp(@,)(Ban) # 0, the coherent sheaf F is non-zero, and so has a non-empty support.

If y € T‘(E’) (for some finite extension E’ of E) is a point in the support of F, then
the fibre F,, # 0. This fibre is naturally dual to Jlif(@p)(E' ®g Ban), and so we find
that this latter space is also non-zero. (I

In light of the preceding result, we restrict our attention from now on to topo-
logically irreducible admissible unitary B such that Exp(Ba,) # 0. From Theo-
rem 5.2.5 we see that the first step in classifying such B will be to describe the
universal unitary completions of locally analytic induced representations.

We consider first the induction of a unitary character, and begin by introducing
some additional notation.
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5.3.2. Definition. Let St denote the universal unitary completion of the Steinberg
representation St.

5.3.3. Lemma. (1) The Banach space St, with its natural GLy (Qyp)-action, is
topologically irreducible and admissible unitary.
(2) The inclusion St C St induces an isomorphism

| 1@ |7'= Jp(g,) (St) == Jp(q,)(Stan)-

Proof. Part (1) was already observed in Theorem 5.1.8 (1). To prove claim (2),
begin with the short exact sequence

GL2(Qp)

0—1— (Indﬁ((@p) P l®l)sm — St — 0.

Passing to universal unitary completions yields the short exact sequence of admis-
sible unitary representations

GL2(Qp) JQ
(25) 0—1— (Indﬁ(ép)p l®l)cont—>8t_>0
(cf. the proof of the following proposition). Passing to locally analytic vectors
(which is an exact functor on admissible unitary representations [51, Thm. 7.1])
yields the short exact sequence

GL2(Qp) Q
0—1— (Indﬁ(ép) P l@l)an — Stan — 0.

Passing to Jacquet modules (and taking into account Proposition 5.2.1) yields an
exact sequence of T(Q,)-representations

0-1-1P1 18] "= Jeg,)(Stan)-

Although Jp(q,) is not a right exact functor in general, it is not difficult to check
that in this case the preceding exact sequence is exact on the right as well, proving
claim (2). O

The next proposition gives a precise description of the universal unitary comple-
tion of the locally analytic induction of a unitary character.

5.3.4. Proposition. Let x = x1 ® x2 € T(E) be a unitary character.

(1) The continuous injection
GL2(Qp) GL2(Qp)
(Indg 5" X1 @ x2),,,, = (Indg o5 x1 ® x2)
identifies the latter representation with the universal unitary completion of
the former.

2) The GL2(Q,)-representation IndSh2(@) X1 ® X2 s admissible unitary.
P P(Qp) cont

(3) If x1 # x2 then (Indg(LQ?(?") X1 ® Xz)cont 1s topologically irreducible.

(4) If x1 = x2 then (Indg(]g(()@p) X1 ® X2)cont sits in a non-split exact sequence
p

cont

— X1 Odet®§c—>0.

cont

0 — x1odet — (Indgg&?‘?) X1® Xz)

Proof. Claim (1) follows directly from the fact that the character x is unitary; it
is a straightforward generalization of the standard fact in p-adic analysis that the
space of locally analytic E-valued functions on P!'(Q,) is dense in the space of
continuous E-valued functions with respect to the sup norm (which is the special
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case of claim (1) when x is the trivial character). We note that when y; @ x5 ' is of
non-negative integral Hodge-Tate weight, the same reasoning (locally polynomial

functions are dense in continuous functions) shows that (Indg(L(S (@) X1 ®X2)C0nt may
p

be regarded as the universal unitary completion of the locally algebraic induction

GL2(Qp)
(Indﬁ(gp) X1 ® X2)1alg‘

It was already observed in Subsection 1.3 that the continuous induction is ad-
missible. This proves claim (2).

Suppose now that x1 # x2. If x1 ® X2_1 is of non-negative integral Hodge-Tate
weight then claim (3) is proved in [14, Prop. 2.2.1]. If not, then the same proof
works, but is even simpler, since (Indg(lg(()@p) X1® X2)an is topologically irreducible.
If x1 = x2, then claim (4) results from Zicwisting the short exact sequence (25) by
X1 = X2- O

5.3.5. Remark. Parts (2), (3), and (4) of this proposition have also been observed
by Schneider and Teitelbaum.

5.3.6. Corollary. If B is a topologically irreducible admissible unitary Banach space
representation of GL2(Qp) such that ExpXtl @l 7B, ) £ 0 for some unitary
character x1 ® x2 € T(E) then either:

~ GL .
(1) B (Indg 20 1 @ x2) o (i X1 # X2)5 0
(2) B-"5 x1 ®St (if x1 = Xx2)-

Proof. Tt follows from Theorem 5.2.5 and Proposition 5.3.4 (1) that there is a non-
zero continuous GL3(Q,)-equivariant map

GL2(Qp)
(Indﬁ(Qi,) X1 ® Xz)cont — B.

Since the source and target of this map are admissible unitary (the source by
Proposition 5.3.4 (2) and the target by assumption), we see that it has closed
image [31, Prop. 6.2.9], and hence is surjective. The Corollary then follows from
Proposition 5.3.4 (3) and (4). O

The next result, which treats the universal unitary completions of the locally
analytic inductions of non-unitary characters, lies significantly deeper than Propo-
sition 5.3.4.

5.3.7. Theorem. Let x = x1 ® x2 € T(E)Jr be such that the following conditions
hold:

(1) x1 ® x2 is not unitary;
(2) The ratio Xle_l does not have non-negative integral Hodge-Tate weight.
L2(Qp)

(Qp)
topologically irreducible, admissible unitary GLo(Q))-representation.

Then the universal unitary completion of (Indg X1 ® XQ)an 18 a mon-zero,

Proof. Arguing as in the proof of [8, Thm. 4.3.1] (cf. the proof of [14, Thm. 2.2.2]),
one sees that the universal unitary completion in question may be identified with
the space B(s) of [27], taking s to be the character x1 ® x2¢. The theorem is thus
a restatement of [27, Thm. 0.12]. O
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5.3.8. Proposition. Let x1 ® x2 € rT‘(E)+ be such that x1x2_1 is of integral Hodge-
Tate weight w > 0. If x1 ® x2e~ ! is neither critical nor ultracritical, then the
. . GL2(Q,) GL2(Qp) . . .
inclusion (IndP(Q )" X1 ®X2>lalg (Ind (0, )p X1 ®x2) induces an isomorphism
on universal unitary completions.

Proof. This is proved in [34, Prop. 2.5], and independently in [8]. (Although the
case x1X5 2" =| |72 is not explicitly considered in [34], the proof as written
applies to it perfectly well.) O

5.3.9. Remark. If X1X2—1 = z% for some w > 0 then the surjection
G G
(Indg P X1 ® X2)1a1g (Ind ?2(?1)) X1® X2)1a1g/X1 ® (SymeQ)

P(Qp)
induces an isomorphism on universal unitary completions, since Corollary 5.1.3
implies that the universal unitary completion of | |~%/2 ®(Syme2)v vanishes.

5.3.10. Definition. If x; ® x2 € T(E), is such that x; ® x2e~! is neither unitary,

critical, nor ultracritical, then we write B(x1 ® x2) to denote the universal unitary
completion of (IndG(Lz(;@p) X1®X2),,-

5.3.11. Remark. In the context of the preceding definition, if we write r :=
ord,(x1(p)), then the completion B(x1 ® x2) may be described explicitly as a suit-
able quotient of a certain space of functions on Q, of class C". (See [13, §3.3] and
[8, Thm. 4.3.1]; as we remarked in the proof of Theorem 5.3.7, the second cited
result extends to apply to any of the completions B(x1 ® x2) under consideration.)

5.3.12. Remark. If, in the context of the preceding definition, the character x1 ®x2
satisfies condition (2) of Theorem 5.3.7, then that theorem shows that B(x1 ® x2)
is topologically irreducible and admissible unitary. Suppose on the other hand
that X1X2—1 is of integral Hodge-Tate weight w > 0. If Xlxglz’“’ is furthermore
#1,| |71, ] |72, then Proposition 5.3.8 shows that B(x1®x2) may be identified with

the unitary universal completion of (Indg(LQf(()Qp)
D

of a representation to which Theorem 5.1.6 applies. Thus that Theorem shows that
in this case B(x1 ® x2) is again topologically irreducible and admissible unitary. (If
Conjecture 5.1.5 holds in full generality, then we see that the same is true without
the requirement that x1x5 '2~% #| |7'.) If x1x3 "2~ % =| |72, then Remark 5.1.15
shows that B(x1 ® x2) is a unitary twist of B(2 —w, 00), and so by Theorem 5.1.13
is also topologically irreducible and admissible unitary. Finally, if x1x5 ‘2~ = 1
(in which case necessarily w > 0, since x1 ® X2 is non-unitary by assumption) then
Theorem 5.1.8, Proposition 5.3.8 and Remark 5.3.9 together show that B(x1 ® x2)
is neither topologically irreducible nor admissible unitary.

X1 ®X2)lalg7 which is a unitary twist

5.3.13. Remark. For characters x; ® x2 € ’T(E)Jr such that y; ® x2e~ ! is neither
unitary, critical, nor ultracritical, we have seen that the representation B(x1 ® x2)
is (or should be) admissible unitary and topologically irreducible precisely when
X1®X2e ! corresponds to a unique trianguline two dimensional Gq,-representation
with respect to the classification scheme of Theorem 4.5.4. This can be viewed as
evidence in favour of a “p-adic local Langlands philosophy”.

5.3.14. Corollary. Let B be a topologically irreducible admissible unitary Banach
-1

space representation of GL2(Q,) such that ExpXt! 1®@x2] | (Ban) # 0 for some

character x1 ® x2 € T(E) satisfying the following conditions:
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(1) x1 ® x2e~ ! is neither unitary, critical, nor ultracritical;
(2) x1x3 27 #1L,| |7" for any integer w > 0.

Then B is isomorphic to B(x1 ® x2).

Proof. Note that by Lemma 5.2.4 we have y; ® x2 € T‘(E)Jr The result now
follows by an argument similar to that used to prove Corollary 5.3.6, applying
Remark 5.3.12 in place of Proposition 5.3.4. O

If Conjecture 5.1.5 were known to be true in full generality then the preced-
ing corollary would hold with condition (2) replaced by the weaker condition that
X1X2—1 # 2% for any w > 0.

5.3.15. Remark. Suppose that B is a topologically irreducible admissible unitary
Banach space representation of GL2(Q,) that is not one dimensional (and hence
is infinite dimensional by Corollary 5.1.3) such that ExpXt| x| ™ (Ban) # 0 for
a character y; ® x2 € T‘(E)+ for which y; ® y2e7! is critical (resp. ultracritical).
Part (1) (resp. part (2)) of Proposition 5.2.6 then shows that there is also a unitary
character (resp. a character satisfying the conditions of Theorem 5.3.7) 11 ® 19 €
T(E) for which Exp?'®¥2(B,,) # 0; the representation B is then classified by
Corollary 5.3.6 (resp. Corollary 5.3.14).

5.3.16. Lemma. Ifx;®x2e" ! € T(E)+ is neither unitary, critical, nor ultracritical,
if xax3 ' is of integral Hodge-Tate weight w > 0, and if x1x5 2" #1,| |72, then
there is an GLa(Q))-equivariant topological isomorphism B(x1 ® x2) = B(x2 | |71
x| |2,

Proof. Proposition 5.3.8 shows that B(x1 ® x2) (resp. B(x2 | |7' 2%, x1| | 27%))
may be identified with the universal unitary completion of (Indgg&fgp) X1 ® X2)

(resp. (Indggj(;:)@p)xg | 7t 2@ x1 | | z‘“’)lalg). The theory of intertwining

lalg

operators for smooth parabolic induction yields an isomorphism between these two
locally algebraic inductions. (I

We close this section by considering one more universal unitary completion, this
time in a critical case.
5.3.17. Definition. Let B(2,00) denote the universal unitary completion of the

. . GL2(Qp) -1
smooth induction (Indﬁ((@p) P e | |)

(The notation will be explained in Subsection 6.5 below.)

sm’

5.3.18. Lemma. If B is a Banach space equipped with o unitary GL2(Q))-action,

. L S GL2(Qp) | -1
then any continuous GL2(Q))-equivariant injection (Indﬁ(Qp) Itel ), — B

extends uniquely to a continuous GL2(Q))-invariant injection B(2,00) — B.

Proof. By the very definition of the universal unitary completion, any continuous

GL2(Q
Ind_= 27
P,
to a continuous GL2(Q))-invariant map ¢ : B(2,00) — B. Taking £ = oo in the
discussion of Subsection 6.5 below shows that the representation B(2,00) sits in a
non-split short exact sequence

0 — St — B(2,00) — 1 — 0.

GL2(Qp)-equivariant map ¢ : ( ) | "' ® | |)Sm — B extends uniquely
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Since St is topologically irreducible, by Lemma 5.3.3 (1), we see that if é is not
injective, then its restriction to St vanishes. But this implies that the restriction of

¢ to the subrepresentation St of (Indg(]g(?”) | ' ® | |)Sm vanishes, and so ¢ is

not injective either. O

6. THE LOCAL CORRESPONDENCE FOR TRIANGULINE REPRESENTATIONS

In this section we will describe the explicit correspondence V' +— B(V) in the
trianguline case that was discussed in the introduction and in Remark 3.3.7. We
will see that in fact the conditions of Conjecture 3.3.1 serve to almost entirely de-
termine this correspondence. For example, among the irreducible trianguline V,
the representations that are potentially semi-stable, but not potentially crystalline,
up to a twist, are the only ones for which B(V') is not completly determined by
Conjecture 3.3.1. (This reflects the fact that these are the only irreducible trian-
guline representations whose classification requires Hodge-theoretic, in addition to
Weil-Deligne, invariants; cf. Remark 3.3.4 and Theorem 4.5.4.)

For reducible V the situation is more complicated. If V' is the direct sum of two
characters then we can specify a corresponding GL2(Q,,)-representation B(V'), and
this representation is completely determined by Conjeture 3.3.1. However if V' is
indecomposable then we are not able to specify a candidate for B(V') in general
(although we can predict what structure it should have), due mainly to our lack of
knowledge about the structure of extensions in the category of admissible unitary
representations.

Although the case of reducible V may seem somewhat marginal in relation to
the problem of constructing the local p-adic correspondence in general, we have
found it useful to study this case carefully for two reasons: firstly, the analysis in
this case illustrates how the conditions of Conjecture 3.3.1 can be used to narrow
down the possibilities for the associated GL2(Q,)-representation B(V). Secondly,
the extensions that one expects to find on the level of Banach spaces in the case of
reducible indecomposable V' provide a model for the extensions that are conjectured
to appear after passing to the subspace of locally analytic vectors in the case of
irreducible V' (as we explain in Subsection 6.7 below).

I would like to close this introductory passage by mentioning that the discussion
of Subsection 6.5 below has been strongly influenced by remarks and suggestions
of Breuil.

6.1. V is irreducible. If V is an irreducible continuous two dimensional trian-
guline representation of Gq,, and if R is a refinement of V, then R is neither
ordinary nor critical. Furthermore, we may and do choose R so that it is not ul-
tracritical. Write o(R) = (n,%). According to condition (8) of Conjecture 3.3.1,
the admissible unitary GL2(Q,)-representation associated to B(V') should satisfy
Exp"l |®vel ‘71(B(V)an) # (. Suppose first that ny~=t #| | 2% for any w > 1.
Assuming that Conjecture 5.1.5 holds if necessary, we see that it follows from
Corollary 5.3.14 that B(V) must be isomorphic to B(n ® 1¢). This motivates us
to make the following definitions.

6.1.1. Definition. If R is a non-ultracritical refinement of an irreducible trianguline
representation, then we define B(R) := B(n ® ¢).
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Note that the definition of B(R) depends only on R up to equivalence (since this
is true of o(R)).

6.1.2. Definition. Let V be an irreducible continuous two dimensional trianguline
G, -representation admitting a non-ultracritical refinement R such that, writing
a(R) = (n,), we have np =1 #| |2 for any w > 1. Then we define B(V) := B(R).

6.1.3. Remark. If V admits two inequivalent refinements R; and R both sat-
isfying the conditions of the preceding definition, then V is necessarily a twist
of a Frobenius semi-simple potentially crystalline representation, and if we write
o(R1) = (n,¢), and let w > 0 denote the Hodge-Tate weight of ny~1, then
o(R2) = (z*,nz"") (see Remark 4.3.3). Lemma 5.3.16 yields an isomorphism
B(Ry) = B(Rs), and so we see that B(V) is well-defined, independent of the choice
of R.

6.1.4. Remark. If in the context of Definition 6.1.2 the representation V' is poten-
tially semi-stable, then 7¢)~1 has Hodge-Tate weight w > 0 (since V is irreducible).
Thus Proposition 5.3.8 shows that B(V') can also be defined as the universal unitary
completion of the locally algebraic representation 7, (V). (See Conjecture 3.3.1 (7)
for the definition of 7,(V").) Thus the definition of B(V') given here coincides with
that given by Breuil in [12, §1.3] (perhaps up to a unitary twist, reflecting a differ-
ence between our choice of normalization of the correspondence and his).

6.1.5. Remark. If in the context of Definition 6.1.2 the representation V is not
potentially semi-stable up to a twist, so that 71 ~! is not of positive integral Hodge-
Tate weight, then the definition of B(V') given here coincides with that given by
Colmez [27] (again up to a possible unitary twist, reflecting a difference in normal-
izations). As was noted in the proof of Theorem 5.3.7, the proof of this follows the
same lines as the proof of [8, Thm. 4.3.1].

The only irreducible trianguline V' that do not admit a refinement satisfying the
conditions of Definition 6.1.2 are those that are twists of semi-stable non-crystalline
representations. If V' is of this form, then adjoining \/p to E if necessary in the
case when we — w; is even, and replacing V' by a suitable twist (and taking into
account Conjecture 3.3.1 (3) and (4)) we may assume that V' is semi-stable with
Hodge-Tate weights w < —1 and 0, and that the eigenvalues of ¢ on Dy (V') are
equal to p(~1=®)/2 and p(1=)/2 The representation V then admits a refinement
R that is unique up to equivalence, and o(R) = (| |(FTw)/2 | |(1+w)/2 wy,
Proposition 5.3.8 and Remark 5.3.9 show that B(R) may be identified with the
universal unitary completion of 7,(V) = Ste | |(1+w)/2 ®(Sym_1_wE2)v. The
representation 7, determines Dy (V') as a (¢, N)-module, but it does not determine
the Hodge filtration on Dg (V). This filtration depends on an additional param-
eter £ € E (the L-invariant of F — in defining which we follow the convention
of [26, 0.2]) that measures the relative position of the Hodge filtration on Dg (V)
and the filtration induced by the kernel of N. The semi-stable representation V'
is thus classified by the locally algebraic representation 7,(V') together with the
invariant L.

6.1.6. Definition. If V is as in the preceding discussion, with L-invariant equal to
L, then we define B(V') to be the corresponding quotient B(1 — w, £) of B(R), as
defined in Definition 5.1.11.
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6.1.7. Remark. If V is a twist of a non-generic crystalline representation, then
adjoining ,/p to E if necessary in the case when wy — w; is even, and replacing V'
by a suitable twist, we may assume that V' is crystalline with Hodge-Tate weights
w < —1 and 0, and that the eigenvalues of ¢ on De,ys(V') are equal to p(=1=w)/2 and
p1=®)/2 The representation V admits two equivalence classes of refinements. We
may choose representatives R and R’ so that o(R) = (| |(1Tw)/2 | |(=1+w)/2 ) and
o(R) = (| |(Z1Hw)/2]| |A+w)/2 ;w) Definition 6.1.2 applies to V, and stipulates
that B(V) := B(R'). On the other hand, Remark 5.1.15 shows that B(V) is also
isomorphic to the quotient B(1 — w,c0) of B(R). Thus we may treat all the cases
in which V admits an L-invariant in a uniform fashion.

6.1.8. Remark. If V is any irreducible trianguline representation admitting a re-
finement R with o(R) = (n,v¢), and if we write r := ord,(n(p)), then B(V) may
be described explicitly as a suitable quotient of a certain space of functions on Q,
of class C"; cf. Remarks 5.1.12 and 5.3.11. The proofs of the results of Colmez
and of Berger and Breuil recalled in Remark 3.3.7, and in Theorems 5.1.6, 5.1.13,
and 5.3.7, rely heavily on this explicit description of B(V).

6.1.9. Remark. Let V be a potentially semi-stable continuous two dimensional
Gq,-representation for which m,(V) is cuspidal. (Equivalently, V' is potentially
crystalline, but becomes crystalline only over a non-abelian extension of V.) Al-
though V' is not trianguline, this case is quite similar to the case in which 7, (V)
is special. As in that case, V is not uniquely determined by the associated lo-
cally algebraic representation 7,(V'). Indeed, while this representation determines
the (¢, Gq,)-module underlying Dycrys(V), as well as the Hodge numbers of the
filtration on Dperys(V), there is a P!(FE) worth of possible choices for the Hodge
filtration itself on Dggr (V). This provides the motivation for Conjecture 5.1.19:
one hopes to find a series of topologically irreducible admissible unitary quotients
of the universal unitary completion of 7, (V) parameterized by the same set P!(E),
and then to define B(V) to be that quotient of 7 indexed by the point of P(E)
corresponding to the Hodge filtration on Dgr (V).

6.2. V is the direct sum of two characters. Suppose that V. = n@ ¢ for
two continuous E-valued characters n and ¢ of Gg,. If n # 1, then V admits
two inequivalent ordinary refinements R; and Ry such that o(R;) = (n,v) and
o(R2) = (¢, 1), and so Conjecture 3.3.1 (8) stipulates that we have an embedding

(26) nl level [TP@Pe] 1one| [T'= T (B(V)an)-

If 7 = 1, then Lemma 4.1.5 shows that we have Ref?®" (V) = P!(E). Thus Con-
jecture 3.3.1 (8) stipulates that

-1

Exp? 127 17 (B(V).0) = PL(E).

Thus we must again have an embedding of the form (26). Theorem 5.2.5 and
Proposition 5.3.4 (1) show that the embedding (26) must be induced by a continuous
GL2(Qp)-equivariant morphism

(27) (md5ie ™ n @ ve) ., P (Indpe v @ ne)

6.2.1. Lemma. Suppose that mp~1 # e*L. If B(V) satisfies conditions (5) and (8)
of Conjecture 3.3.1, then (27) is necessarily an isomorphism.

— B(V).

cont
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Proof. The reduction modulo w of V is equal to 7@ ¢ (the sum of the reductions
modulo w of the characters 1 and ¢). Under the modulo w local Langlands corre-
spondence, this representation is matched with the semi-simplification of the direct

sum
(ndg g " @ ve).,, D mdp g v e ).,

This direct sum is also the reduction modulo @ of the source of (27). Thus Conjec-
ture 3.3.1 (5) implies that the reductions modulo w of the source and target of (27)
have isomorphic semi-simplifications.

Since 7y~ # 1 the two direct summands in the source of (27) are irreducible,
and so (27) must be an embedding. The observation of the preceding paragraph
implies that it is in fact an isomorphism. O

We now consider the case when n¢p~! = e*!. Interchanging 1 and 1 if necessary,
we may assume that in fact ny~! = e.

6.2.2. Lemma. Ifny~! = ¢, and if B(V) satisfies conditions (3), (5), (7), and (8)
of Conjecture 3.3.1, then there is an isomorphism

nodet®B(2,00) @(Indsgg(?p) e ®ne)

Proof. Twisting V by n~! (and taking into account Conjecture 3.3.1 (3)), we see
that we may in fact assume that 7 = 1, so that V = 1@ e~!. Conjecture 3.3.1 (7)
then stipulates that we should have an isomorphism

GL2 » ~
(28) (ndg 2 T @] 1) = BV tate:

=L B(V).

cont

As a consequence we find that St is a subrepresentation of B(V'), and so (27) cannot
be an isomorphism. Also, by Lemma 5.3.18, the isomorphism (28) induces a closed
embedding

(29) B(2,00) — B(V).

Since (27) is not an isomorphism, Proposition 5.3.4 (3) and (4) show that (27)
factors through an embedding

GL3(Q,) —
(30) St@P(mdg e we)
Considering reductions modulo @ as in the proof of the preceding lemma, we see
that the cokernel of this embedding must be one dimensional. Thus the copy of St
appearing in B(V') by virtue of the embedding (29) must coincide with the copy
of St appearing in B(V) by virtue of the embedding (30), and we see that B(V) is
isomorphic to the direct sum of the sources of these two embeddings, amalgamated

along their common subrepresentation St. The lemma follows. (]

~ B(V).

cont

In light of the preceding results, we make the following definition.
6.2.3. Definition. (1) ¥V =n@ v and g~ # ! then we define

B(V) = (ndg 20 n @ ve).,,, P (Ind5 3T v @ ne)

(2) ¥V =7+ and np~! = £ then we define

- GL2(Qp) , _—1
B(V) .7nodet®B(2,oo)@(IndP(Q ) e ® ne)
Note that this definition is an obvious extension of the one given in [14] in the

case when n and ¢ are Hodge-Tate.

cont’

cont’
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6.3. V is reducible and indecomposable — first case. Write V' as a non-split
extension

(31) 0—=n—V—-v¢-0,

and suppose that nip~! # e*1. Combining Definition 6.2.3 (1) with condition (6)
of Conjecture 3.3.1 we see the topological Jordan-Holder factors B(V') should be

GL2(Qyp) GL2(Qyp)
(Indp(Q ) P 77®1/16)60m and (IndP(Q ) Plab ®7]€) cont* (Note that both of these repre-

sentations are topologically irreducible, by Proposition 5.3.4 (3).) Since V' admits
an ordinary refinement R such that o(R) = (1, 1)), condition (8) of Conjecture 3.3.1

requires that Exp”l [®¥¢l = (B(V)an) # 0, and thus by Theorem 5.2.5 and Propo-
sition 5.3.4 (1) there should be an embedding
(ndg 2 n @ ), = B(V).

Altogether we see that if B(V) is to satisfy the conditions of Conjecture 3.3.1 then
it must sit in a non-split short exact sequence
(82) 0~ (mdg2 ™ n@ye),, —BV) = (dge v o), — 0.
(This sequence must be non-split, by condition (1) of Conjecture 3.3.1, since by
assumption V' is not the direct sum of 7 and 1).)

The preceding considerations, together with Proposition 4.5.5, motivate the fol-
lowing conjecture.

6.3.1. Conjecture. Letn and v be a pair of unitary characters of Q.

(1) If mp=t # 1,e*! then the space of extensions
1 GL2(Qp) GL2(Qp)
Ext ((IndP(Q ) 1/) ® 776) cont’ ( ndP(Q ) ne wg)cont)’
computed in the category of admissible unitary GLo(Q,)-representations
over E, is one dimensional.
2) For any unitary character n of QX, the spaces of extensions
n p
1 GL2(Qp) GL2(Qp)
Ext'((Indg (6 ) 1@ NE) oo (Indp (2 2 NONE) ont):

computed in the category of admissible unitary GL2(Q,)-representations
over E that have central character n’e, is two dimensional.

6.3.2. Remark. In case (1) of the preceding conjecture, any element of the Ext!
under consideration will automatically have central character nye, since the rep-

resentations (Indgg‘é(()@p ne ws)cont and (IndS(L(;(QP) Y @ 1e) cone 1€ topologically

irreducible and non-isomorphic. Thus there is not need to explicitly impose the
condition that the extensions under consideration admit a central character.

If the preceding conjecture is correct, then for a non-split extension (31) with
7 and ¢ satisfying the condition of Conjecture 6.3.1 (1) we would define B(V) to
be any non-zero element of the corresponding Ext! (any two such elements being
topologically isomorphic as GL2(Q))-representations, by the conjecture). If on the
other hand 1 = ¢, then set of isomorphism classes of Gg,-representations that sit
in a non-split extension (31) is parameterized by the points of P!(E), and we expect
to be able to define the correspondence V +— B(V') so as to match these various iso-
morphism classes with the corresponding P!(E)-worth of topological isomorphism
classes of non-zero elements of the Ext' considered in Conjecture 6.3.1 (2).
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If V is potentially crystalline and generic, up to a twist, and if n # ¢ (which
puts us in case (1) of Conjecture 6.3.1), then Breuil has constructed an extension of

the desired type by taking the universal unitary completion of (Indg(LQf (()Qp) Pz’ Q@
¥

naz_“’)an (where w > 0 is the Hodge-Tate weight of ni~1) [6, 14]. (Note that the
character ¥z* ® nz~" is critical.) Anticipating that Conjecture 6.3.1 (1) is correct,
we follow these references in making the following definition.

6.3.3. Definition. If 0 - n — V — ¢ — 0 is a non-split extension that is po-
tentially crystalline and generic, up to a twist, and if furthermore n # 1, then we

define B(V) to be the universal unitary completion of (Indg(L(S (()Qp) Pz¥ R n&z_w)an.
P

6.4. V is reducible and indecomposable — second case. Suppose that V is a
non-split extension of the form 0 — e™! — V — 1 — 0. Twisting V by ¢~! (and
taking into account Conjecture 3.3.1 (3)), we may assume that V is in fact of the
form

(33) 0—-e !V —-1-0.
The representation V' is then unique up to isomorphism, and is Hodge-Tate but not
potentially semi-stable. Definition 6.2.3 (2) and Conjecture 3.3.1 (6) show that the

topological Jordan-Hdlder factors of B(V') should be St, 1, and (Indggg(?p) el

£) cont BY Conjecture 3.3.1 (7) we should have B(V )iz = 0, and thus neither 1 nor

~

St can be subobjects of B(V'). Consequently there must be an inclusion

GL2(Qp) —
(34) (Indﬁ(ép)f’ e'we) — B(V).

By Conjecture 3.3.1 (8), together with Proposition 4.4.4 (2), we expect that

Jp,) (BV)aw) =| e 0| [T P lol

If we let B denote the cokernel of (34), then the topological Jordan-Holder factors

of B must be St and 1, and (taking into account Proposition 5.2.1 (4) and the fact
that Jp(q,) is left exact) there is an injection

11— JP(QP)(Ban>°

These facts and Proposition 5.2.6 (or better, its proof) together imply that B

contains a copy either of 1 or else of (Indg(lg(?”) | 7P @ | |),,. In the latter

case we deduce from Lemma 5.3.18 and our knowledge of the topological Jordan-
Holder factors of B that B is isomorphic to B(2,00). One can show that there are

cont

no non-trivial extensions of 1 by (Indng(Qp) cel®e and so since 1 is not a

P(Qp) )Cont7
subrepresentation of B(V'), we conclude that 1 cannot be a subrepresentation of
B either. Thus indeed we must have B = B(2,00), and so B(V) must sit in a
non-split short exact sequence

GL —
(35) 0— (ndg e @e)

— B(V) — B(2,00) — 0.
This suggests the following conjecture.
6.4.1. Conjecture. The space of extensions

Ext!(B(2, 00), (Indgggf)@”) el ®e)

cont ) ’
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computed in the category of admissible unitary GL2(Q))-representations over E, is
one dimensional.

6.4.2. Remark. As there are no non-zero continuous GL2(Q))-equivariant homo-
GL2(Qp) _—1

hisms <)o (Indpg,) " < <)
consideration necessarily has trivial central character.

morphisms from B(2, c0) to (Ind any element of the Ext! under

cont’

If this conjecture were true, we would then define B(V) to be the extension
whose existence it predicts.

6.5. V is reducible and indecomposable — third case. Suppose now that V
is a non-split extension of the form 0 — n — V — ne~! — 0. Twisting V by n~!
(and recalling condition (3) of Conjecture 3.3.1), we see that it suffices to consider
non-split extensions of the form

(36) 0—-1—-V et

Such an extension is either semi-stable (but not crystalline), and classified by the
value of its L-invariant, or else is non-generic crystalline (and uniquely determined
up to isomorphism) — the case £ = oo. As in the preceding case, Definition 6.2.3 (2)
together with condition (6) of Conjecture 3.3.1 shows that the topological Jordan-

Holder factors of B(V') should be St, 1, and (Indg(lg(?p) D)

In the case when £ = oo, so that V is non-generic crystalline, Conjecture 3.3.1 (7)
together with Lemma 5.3.18 shows that there must be an injection B(2,00) —
B(V), and thus that B(V) must be a non-split extension
(37) 0 — B(2,00) — B(V) — (Indg(]&f?p) el@e)
(Non-split because of Conjecture 3.3.1 (1) and the fact that V' is not the direct sum
of 1 and 1)

cont’

cont”

GL2(Qp

) -1 :
s, | | ® ) o 88

6.5.1. Lemma. The universal unitary completion of (Ind

a non-split extension of the form (37).
Proof. The natural injection

(Indng(Qp) | ‘71 ® | |) - (Indng(@p) | |71 ® | |)

P(Qp) sm (@) an
induces an injection of B(2,00) into this completion We leave it to the reader to
identify the cokernel as (Indgg&?") el®e) .. O

6.5.2. Conjecture. The space of extensions

Extl((Indg(I&E?p) el ®e)

computed in the category of admissible unitary GL2(Q))-representations over E, is
one dimensional.

B(2,00)),

cont’

6.5.3. Remark. Since there no non-zero continuous GL2(Q,)-equivariant homo-

morphisms from (Indgég}f?”) g1 ®5)

consideration necessarily has trivial central character.

to B(2,00), any element of the Ext' under

cont

Presuming that the conjecture is correct, we follow [14, Rem. 2.3.1] in making
the following definition.
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6.5.4. Definition. If V' is the non-split crystalline extension of the form (36) then
we define B(V) to be the universal unitary completion of (IndGL2 (@) el ).,

Now suppose that V is a semi-stable, non-crystalline, extension of the form (36).
In this case Conjecture 3.3.1 (7) requires us to have an isomorphism B(V )iaig =, St.
Thus we have must have an injection St — B(V), whose cokernel has 1 and
(Indgggigp) e '®e)_ ., as topological Jordan-Holder factors. For such V a candi-

date for B(V') has not yet been specified in the literature. However, we will state
a conjecture regarding its structure.

We begin by following [12], and constructing a family of non-split extensions
of the trivial character by St depending on a parameter £ € P1(E). Recall the
representation o (L) of P(Q,) constructed in 5.1.7 above. This is evidently a unitary
representation of P(Q,) which extends the trivial character of P(Q,) by itself, and so

the continuous induction (IndG(L2(()Q”) (L)) ot 15 an admissible unitary GLa(Qp)-

representation, which sits in a short exact sequence

(38) 0— (nds>@101)

P(Qp) ont (IndGLZ(QP) U(E))cont

P(Qp)
GL2(Qp)
(I dg (6 ) 1 ®l)cont

— 0.

Recall that the trivial character 1 of GL2(Q,) is a subrepresentation of the continu-

ous induction (Indg(]&f?”) 1®1) wont- Following [12], we define B(2,£) = pr~'(1)/1

(i.e the quotient by the copy of 1 sitting in the first term of (38) of the preimage
under the projection pr of the copy of 1 sitting in the third term); then B(2, L) is
an admissible unitary representation of GL2(Q,) that sits in an exact sequence

0—St— B(2,£)—1—0.

(The notation follows that used in [12].) Since o(L£) is a non-split extension of
the trivial character by itself, one easily sees that the exact sequence containing
B(2, L) is also non-split. In the case £ = oo, the reader can check that B(2,00)
is topologically isomorphic to the representation defined by Definition 5.3.17 above
(which explains our choice of notation in that definition).

We also remark that if £ # oo, then the evident inclusion St — B(2, £)1a1¢ is an
isomorphism (since the function log,, which intervenes in the definition of o(£), is
not locally algebraic).

For any extension of the form (36) we then expect the representation B(V') to
sit in a non-split short exact sequence of admissible unitary representations

(39) 0— B(2,L) — B(V) — (IndS(L(S(?‘“) el ®e)

where £ is the L-invariant of V. Nothing is known about the existence or classi-
fication of such extensions except in the case of £ = co, where such an extension
is constructed in Lemma 6.5.1 above. Nevertheless, we might hope that the ob-
vious generalization of Conjecture 6.5.2, with oo replaced by an arbitrary element
L € PY(E), holds.

We close this section with the following Lemma, which bears on the question of
whether the representation B(V), if it were to be defined as an extension of the
form (39), would satisfy conditions (7) and (8) of Conjecture 3.3.1.

— 0,

cont



52 MATTHEW EMERTON

6.5.5. Lemma. If L € E then the evident inclusion St — B(2, L) induces isomor-
phisms St = B(27£)lalg and | ‘ ® | ‘_12 JP(QP)(S'E) AN JP(QP)(B(Q,E)M]).

Proof. Both assertions are easily checked by the reader, taking into account the
truth of the analogous assertions for St in place of B(2,L) as well as the fact that
the function log, (which intervenes in the definition of o(£), and thus of B(2, L))
is not locally algebraic. O

6.6. Compatibility with Conjecture 3.3.1. If V is a continuous two dimen-
sional trianguline representation of Gg, over E, then the discussion of the preced-
ing subsections yields a precise definition of B(V) provided V satisfies one of the
following (mutually exclusive) conditions:

(1) V is irreducible (Definitions 6.1.2 and 6.1.6);

(2) V is a direct sum of two characters (Definition 6.2.3);

(3) V is reducible, indecomposable, and is a twist of a Frobenius semi-simple
potentially crystalline representation (Definitions 6.3.3 and 6.5.4).

In the remainder of this subsection we discuss the extent to which this explicitly
defined correspondence in the trianguline case satisfies the conditions of Conjec-
ture 3.3.1. We first note that conditions (2) through (8) of that conjecture refer
only to properties of B(V') for some particular V', while condition (1) involves com-
paring the representations B(V') for all V. Thus in any verification of condition (1),
we will have limit the scope of that statement to those V' for which B(V') has actu-
ally been defined. We also note that conditions (2), (3), and (4) are built into the
construction of the correspondence in the trianguline case, and so there is no need
to discuss them further.

We consider first the reducible case. To avoid irritating circumlocutions, we will
assume that the correspondence V' — B(V') has actually been constructed for all
reducible V' (i.e. that the various extensions whose existence has been conjectured
in Subsections 6.2 through 6.5 have been actually shown to exist). In those cases
when B(V) has actually been constructed (i.e. if V' is a direct sum of two characters,
or is Frobenius semi-simple potentially crystalline up to a twist), our remarks will
apply unconditionally; in the remaining case, they will apply as soon as B(V') has
been constructed, provided that it is an extension of the form conjectured above.

It is clear from the constructions that if V and W are two reducible continu-
ous two dimensional Gg,-representations then B(V') is topologically isomorphic to
B(W) as a GL2(Qp)-representation if and only if V and W are isomorphic Gg,-
representations. (In the case when V and W both admit an L-invariant, use the
fact that the representations B(2, L) are non-isomorphic for distinct values of L,
since this is true of the representations o (L) that are used in their construction.)
Condition (5) is satisfied in this case (essentially by the definition of B(V) and of
the mod w correspondence), as are the remaining conditions (6) (by construction),
(7) (by a direct computation of locally algebraic vectors), and (8) (by a direct
computation of Jacquet modules).

We now turn to the case of irreducible V.

6.6.1. Theorem. (1) If V is an irreducible trianguline two dimensional con-
tinuous Gq,-representation, and if V is not a twist of a potentially crys-
talline Frobenius non-semi-simple representation, then B(V) is infinite di-
mensional and topologically irreducible, and satisfies Schur’s lemma: any
GL2(Qp)-equivariant continuous endomorphism of B(V') is scalar.
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(2) If V and W are trianguline two dimensional continuous representations of
Gq,. each satisfying the condition of part (1), then B(V') is topologically
isomorphic to B(W) as a GL2(Q))-representation if and only if V and W
are isomorphic as Gq, -representations.

Proof. Given the definition of B(V) in the various cases, it follows from Theo-
rems 5.1.6, 5.1.13, and 5.3.7 that B(V) is non-zero and topologically irreducible.
Note that since B(V) is a non-zero quotient of the universal unitary completion of
an irreducible infinite dimensional locally analytic representation, it must in fact
be infinite dimensional. The claim regarding Schur’s lemma is [8, Prop. 3.4.5].
(Actually, this reference only treats the case of Frobenius semi-simple potentially
crystalline V', but the argument applies equally well to the situations considered in
[26, 27].) This proves part (1), while part (2) is a restatement of [27, Thm. 0.11]. O

Part (1) of the preceding result verifies condition (6) of Conjecture 3.3.1 for
those representations to which it applies. Part (2) shows that the correspondence
V +— B(V) distinguishes non-isomorphic irreducible trianguline representations
that satisfy the condition of part (1).

6.6.2. Remark. It is expected that an appropriate variation of the methods used in
the proof of the preceding result should apply to establish the remaining unproved
cases of Conjecture 5.1.5. If this expectation were to be realized, then part (1) of
the preceding theorem would apply without exception to all irreducible trianguline
two dimensional representations. These same methods are similarly expected to
allow one to extend part (2) to cover the outstanding cases. (This is implicit in the
statement of [27, Thm. 0.11]; cf. [27, Rem. 0.13].)

We also note the following lemma. Note that it does not require that V satisfy
the conditions of part (1) of the preceding theorem.

6.6.3. Lemma. Let V' be an irreducible trianguline representation, let R be a non-
ultracritical refinement of V', and write o(R) = (n,v). Let B be an E-Banach space
equipped with an admissible unitary GL2(Qy)-action. If B(V) — B is a non-zero

Z1
continuous GLa(Q,)-equivariant morphism, then ng((@l?wal | (Ban) # 0.

Proof. Let w denote the Hodge-Sen-Tate weight of 71 ~1e~!. We begin by defining
a locally analytic GL2(Q,)-representation U attached to the pair (n,), namely

GL2(Qp) . )
(Indﬁ((zp) n®e), if w g Zso;
if we Zsp and mp~let £ 2w

U= (IndGLz(Qp) ne ¢6)1alg
1 o det ®St ® (SymeQ)vif w € Zsg and mp el = 2w,

P(Qp)

(Since V is irreducible, the character n®e~"! is not unitary, and so falls into exactly

one of the three cases.) In each case we see from the definition of B(V') that there is
a continuous injection U — B(V') with dense image, while Proposition 5.2.1 shows
that there is an inclusion

(40) nl [ @ve| |7'C o, (U).

Except in the case when w € Zx¢ and nyp~'e™! =| |72 2%, the representation U

is furthermore topologically irreducible. Thus the non-zero map B(V) — B induces
an injection U — B,,, and hence passing to Jacquet modules yields an injection
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Jp,)(U) — Jp(q,)(Ban). Composing this injection with the inclusion (40) gives
the lemma.

Suppose finally that we are in the exceptional case where ny~te=! =| |72 2%
and that the map U — B,, is not an injection. It then induces an injection of the
finite dimensional quotient (n | |) o det ®(Syme2)v of U into B,,. However the
Jacquet module of this quotient is precisely n | | ®ye | |7! . Thus the lemma
follows in this case also. U

i

In light of Remark 6.6.2, for the remainder of this subsection we will write as if
Theorem 6.6.1 (or equivalently Conjecture 5.1.5) held true in full generality. The
cautious reader may add the necessary caveats.

6.6.4. Lemma. LetV be an irreducible trianguline representation and let x1 ® x2 €
T(E)+ satisfy one of the following conditions:

(1) x1| [T*@x2]| |7t is unitary;
(2) xal "t @xa| |e7t is critical.

Then ExpX*®X2(B(V)an) = 0.

Proof. Let R be a non-ultracritical refinement of V, and write o(R) = (n,v). Since
V is irreducible, n®1) is neither unitary, critical, nor ultracritical (by Lemma 4.5.3).
By construction, together with Theorem 6.6.1, the representation B(V') is a non-

zero quotient of the universal unitary completion of (Indg(LQf(?” ) n® 11)6)8”1. Taking
¥

into account the isomorphism (21) established in the course of the proof of Theo-

rem 5.2.5, we see that JgI(QL?d’EI ‘71(B(V)an) # 0.

Theorem 6.6.1 (1) shows that B(V') is topologically irreducible and infinite di-
mensional, and thus it cannot contain any one dimensional subrepresentations.
Proposition 5.2.6 thus implies that if ExpX'®X2(B(V),,) # 0 for a character x; ®x2
satisfying condition (2), then there is also a character x| ®x} satisfying condition (1)
for which ExpX1®X2 (B(V)an) # 0. Thus we may assume that y; ® x2 satisfies con-
dition (1). Corollary 5.3.6 then implies that B(V') may be identified with one of the
representations appearing in the statement of that corollary. But one checks (again
using Proposition 5.2.1) that none of these contains a copy of n | | ®pe | |7t in its
Jacquet module (since n ® v is neither unitary nor critical). This contradicts the
conclusion of the first paragraph, and the lemma follows. ([

The preceding lemma, when combined with the computation of the Jacquet mod-
ules of the representations B(V') attached to reducible V', implies that if V' is re-
ducible and W is irreducible trianguline, then B(V') and B(W) are not isomorphic.
Combined with Theorem 6.6.1 (2), it shows that the correspondence V — B(V) for
trianguline representations satisfies Conjecture 3.3.1 (1), if one restricts the range
of that condition to trianguline representations.

It remains to discuss conditions (5), (7), and (8) in the case of irreducible trian-
guline V. Condition (5) has been verified by Berger [5] (improving on earlier results
of various authors [7, 9, 10, 15]). We now turn to condition (7). Write B(V )exp.lalg
to denote the expected subspace of locally algebraic vectors in B(V'), according
to Conjecture 3.3.1; that is B(V)explale = 0 if V is not potentially semi-stable
with distinct Hodge-Tate weights, and B(V)exp.ialg = 7p(V) if V is potentially
semi-stable with distinct Hodge-Tate weights. It is clear from the construction of
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B(V), and the fact that it is non-zero (by Theorem 6.6.1), that there is an injec-
tion B(V)exp.lalg C B(V)ialg. However it doesn’t seem to be known whether or
not this inclusion is an equality. For example, if U (resp. W) is a special or cus-
pidal irreducible admissible smooth representation (resp. an irreducible algebraic
representation) of GL2(Q,), and if the central characters of 7 := U ® W and of
B(V) coincide, then it doesn’t seem possible to rule out the existence of an injec-
tion m — B(V )1al; whose image is not contained in B(V )exp.lalg, sinice the possible
admissible unitary completions of 7 have not been clasified. (If V' is the restriction
to Gg, of the global Galois representation attached to a finite slope overconvergent
eigenform, then we can rule out this possibility, and thus verify condition (7) for
such V' — see Remark 7.10.6 below.)

Our knowledge regarding condition (8) is similarly partial. Namely, we have the
following result.

6.6.5. Proposition. Let V' be a trianguline irreducible two dimensional continuous
Go,-representation, and n @y € T(E)4.

(1) If n® v is not ultracritical, and if mp~" is not of the form ez™ for some
n > 0, then

dim Ref"™" (V) = dim Exp"l 1©¥¢!
(2) If pp=t = ez™ for some n > 0, then

(B(V)an)-

dim Ref"®% (V) < dim Exp” 1%l 17 (B(V)an),
with equality if BW )exp.ialg = B(W)ialg for all twists W of V.
(3) If n ® 4 is ultracritical, then
dim Ref"®" (V) > dim Exp”l  1®¥¢!

|71

(B(V)an)-

Proof. If n®1) is unitary or critical then Ref"®¥ (V') = () by Lemmas 4.4.1 and 4.5.3,

while Exp”l 1! |871(V) = () by Lemma 6.6.4. Thus we may suppose that n ® 1)
is neither unitary nor critical.
We begin by establishing the inequality

(41) dim Ref"®? (V) < dim Exp” 1<l 17 (B(V)an)

for all non-ultracritical characters n®1 (assumed to be neither unitary nor critical).
First note that if Ref"7®¥ (V') is empty, then this inequality is trivially satisfied. Thus
we may as well suppose that there exists a a non-ultracritical refinement R of V
such that o(R) = n ® ©. Lemma 6.6.3, applied to the identity map from B(V) to
itself, then shows that the right-hand side of (41) is non-negative. Thus (41) holds
in all cases.

Now suppose that 1 ® ¢ satisfies the conditions of (1). It then follows from
Remark 5.3.12 that B(n®e) is topologically irreducible and admissible unitary. By
Theorem 4.5.4 there exits a unique (up to isomorphism) irreducible trianguline two
dimensional representation W of G, such that Ref"®¥ (W) # 0; then by definition
B(W) = B(n®e). If V.and W are not isomorphic then by construction of W we
have Ref"®¥ (V) = . Also Theorem 6.6.1 (2) shows that B(V') and B(W) are not

isomorphic, and so by Corollary 5.3.14 we see that Exp”l 1©¥¢| ‘71(B(V)an) = 0.
Thus the equality of (1) holds in this case. Suppose on the other hand that V and

W are isomorphic. Then we must show that dim Exp”l €% ‘_1(B(V)an) = 0.
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This follows from Theorem 5.2.5 and the fact that B(V') satisfies Schur’s lemma.
This completes the proof of (1).

Suppose next that giy~! = ez" for some n > 0. The inequality of (2) is then a
special case of (41). Write 7 := 1 ® St ® (Sym™E?)V. Twisting both V and (n, )
appropriately, we may assume that 7 is of integral Hodge-Tate weight, and thus
that 7 is locally algebraic. We then have

dimExp” 1#¥<l 17 (B(V),n) = dim Homgy, q,)(B(n © ¢¢), B(V)) — 1
= dim HOIIlGL2((Q))p)(TI'7 B(V)) —1=dim HomGLg(Qp)(ﬂ—7 B(V)lalg) — 1,

the first and second equality following from Theorem 5.2.5 and the fact that B(n®
1e) is the universal unitary completion of 7, and the third from the fact that 7
is a locally algebraic representation. If we assume that B(V )i has the structure
predicted by Conjecture 3.3.1 (7), then one easily checks that dim Ref?®¥ (V) =
dim Homgr, (q,) (7, B(V )ialg) — 1. (Both sides of the equation equal 0.) This gives
equality in (2).

Finally, let us assume that n ® v is ultracritical, and let w > 0 denote the
Hodge-Tate weight of ni~!. Proposition 5.2.6 yields an inequality

(42)  dimExp” 1®¥ I7(B(V)a) < dimExp?l 177 @vel 1712
On the other hand, we have an equality
dim Ref"®% (V) = dim Ref”* "~ ©¥*" (V)

(as follows from Proposition 4.2.4 and the fact that both dimensions are necessarily
—1if V' is not Hodge-Tate up to twist, or is potentially semi-stable up to twist).
Thus (3) follows from (1), applied to nz~" ® ¥z™. O

(B(V)an)-

If V' is the restriction to Gg, of the Gg-representation attached to a finite slope
overconvergent eigenform, then we will show in Remark 7.10.6 below that in fact
B(V) does satisty condition (8).

Note that our inability to prove an equality rather than an inequality in general
in part (2) of this result is again due to our lack of knowledge of the possible
admissible unitary completions of representations of the form Special ® algebraic.
One way to bypass this difficulty, and to establish conditions (7) and (8) completely
for the representations B(V) under consideration, would be to have an explicit
description of B(V )an (which would then allow us to calculate both Jp(q,)(B(V )an)
and B(V )ialg). In the following subsection we will present a conjectural description
of B(V)an of the desired type.

6.7. Conjectures on locally analytic vectors. In this subsection we describe
the expected structure of the locally analytic GL2(Qp)-representation B(V'),, asso-
ciated to any trianguline continuous two dimensional representation V' of Gg, over
E. We consider various cases in turn.

6.7.1. V is irreducible, and does not admit an L-invariant. According to Defini-
tion 6.1.2, in this case B(V) is defined to be B(R) for an appropriately chosen
refinement R of V. (Any refinement that is not ultracritical will do.) Thus, if we
write o(R) = (n,1), then B(V) is equal to the universal unitary completion of the
locally analytic induction

GL2(Qp)
(43) (Indﬁ(Qp) "0 @ e)

an’
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and so there is a natural morphism

GL2(Qp)
(44) (IndP(Q o ® wa)an — B(V)an,

whose image is dense in B(V') by construction.
6.7.2. Lemma. The map (44) is injective (provided that B(V) is non-zero).

Proof. If mp~" is not of positive integral Hodge-Tate weight, then the locally ana-
lytic induction (43) is topologically irreducible, and the lemma immediately follows.
If instead nyp~! is of Hodge-Tate weight w, for some integer w > 0, then (43) con-
tains the locally algebraic induction

GL
(45) (Ind P(Q 2() n & ,(/JE) lalg

as its unique non-zero proper submodule. Since V is irreducible, R is not an
ordinary refinement. Also, R is not ultracritical by assumption. It follows from
Lemma 4.5.3 that 1 >| n(p) |>| p [, and thus by Proposition 5.3.8 we see that the
locally algebraic induction (45) is itself dense in B(V'). Thus the lemma follows in
this case also. ]

As we have noted in the preceding subsection, it is known in almost all cases
that B(V) is indeed non-zero.

6.7.3. Conjecture. The cokernel of (44) is isomorphic to (IndG(L2 Q) PR ns)an,

and thus the space of locally analytic vectors B(V )an sits in a short exact sequence
of locally analytic GLo(Q,)-representations

(46) 0 — (IndS™2%) ) @ ye)

GL2(Qy)
B (G) — B(V)an — (S gy @ pe) - 0.

P(Qp)

6.7.4. Lemma. Any extension of the form (46) is necessarily non-split.

Proof. If the extension (46) were to split, then the locally analytic induction

(47) (In dS*(L” @)y @ne)

would admit an embedding into the unitary representation B(V'). On the other
hand, since the pair of characters (n,v) arises from a non-ordinary refinement
(non-ordinary because V' is assumed irreducible), we see that | n(p) |< 1, and thus
that | ¥(p) |> 1. A consideration of Jacquet modules (more precisely, Lemma 5.2.4)
shows that (47) does not admits a GLy(Q,)-invariant norm. Thus the extension
under consideration must be non-split, as claimed. (I

Since we are in the case when V' does not admit an L-invariant, the trianguline
representation V' is completely determined by R, and so we expect that the exten-
sion appearing in Conjecture 6.7.3 should not depend on any additional invariant.
This suggests that, up to isomorphism, there is a unique non-trivial extension of

(I dGLz Qp w®775) by (Indg(lg(?p) 77®1/J€) ., 11 the category of locally analytic rep-
P

resentatlons of GL2(Q,). (Reasoning analogous to that presented in Remark 6.3.2
shows that any such extension would necessarily admit a central character.)
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6.7.5. Justification for and elaboration on Conjecture 6.7.3. Some justification for
this conjecture arises by comparison with the reducible case; see [6, Cor 7.2.6]
and 6.7.10 below. In Proposition 7.6.5 below, we will show in the case when V
arises from a twist of a finite slope overconvergent eigenform that is non-classical,
but of integral weight (so that V' is Hodge-Tate, but not potentially semi-stable, up
to twist, by [41, Thm. 6.6]), that the space B(V )., does contain as a subrepresen-

tation an extension of the locally algebraic representation (Indg(Lé (@) P ® 775)

by (IndS(L(S (()@” n® ws) an- Lhis provides some evidence for the conjecture.

Consider now the case when V is potentially crystalline and generic (so that it
satisfies our assumption of not admitting an L-invariant) and also Frobenius semi-

lalg

simple. In this case it is known that B(V'),, contains an extension of (IndGL2 (@) ()

ne),, by (IndS(L(S (?’J n®e), , as we now recall.

It will be harmless to replace V' by a twist (since this just replaces B(V') by the
same twist), and so we may and do assume that V' is in fact potentially crystalline
with Hodge-Tate weights 0 and w, for some integer w < 0. Since V is Frobenius
semi-simple, it admits a unique (up to equivalence) pair of inequivalent refinements
Ry and Ry. If we write o(R1) = (1, ), then o(Rg) = (¢z~*,nz"). Considering (44)
with R taken to be R; and R in turn, we obtain maps

(48) (Indg P @ ve),, = B(V)an
and
(49) (I dS(L(S (()Qp) ’l/}Ziw ® nzwg) an B(V)an’

which are injective by Lemma 6.7.2 (since B(V') is non-zero by Theorem 6.6.1 (1)),
and which coincide (up to multiplication by a non-zero scalar) on the common
locally algebraic subrepresentation of their sources

(IndGLZ(QP n® we)lalg (IndGLQ(Qp) Yz~ ®@nzve

P(Qp) P(Qp) >lalg

(the isomorphism being provided by the theory of intertwining operators for smooth
principal series). Thus we obtain an injection

(50)  (Imdg ey ve) . P ndg Gy @ nate) | = B(V)an,

where é indicates that we form the amalgamated sum of the two summands over
their common locally algebraic subrepresentation. Since the quotient

(In 482 (@) v nz"e) am/(Inchz(Q‘”) Yz " ®@nzte)

P(Qp) P(Qp) lalg

L2 Qp
P(Qyp

of (Indg(L(S ()Qp) ¢®ne) by (IndS(LQ?(@p n®w€) an- Thus in this case Conjecture 6.7.3

is equivalent to conjecturing that (50) is an isomorphism. The author learnt this
case of Conjecture 6.7.3 from Breuil. (See [8, Conj. 5.4.4].)

is isomorphic to (IndG w®775) , we see that the source of (50) is an extension
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6.7.6. V is irreducible, and admits an L-invariant. As in 5.1.7, we replace V by a
twist, extending F if necessary, so that V has Hodge-Tate weights 0 and w, and so
that B(V) is equal to the universal unitary completion of ¥(1 —w, £).

It follows directly from Lemma 5.1.9 that the tautological map

(51) (1 —w,L) — B(V)an

is an injection. We then make the following conjecture, which is the natural ana-

logue of Conjecture 6.7.3 in the present context.

6.7.7. Conjecture. The cokernel of (51) is isomorphic to (Indggg(?p) | |(=14w)/2
P

20| |Btw)/2 z)an, and thus the space of locally analytic vectors B(V)an sits in a

short exact sequence of locally analytic GLo(Q,)-representations

(52)

0= 31— w,£) = BV )an — (Indg 2| [CH/2 2 | GH0/25) 0,

6.7.8. Lemma. Any extension of the form (46) is necessarily non-split.

Proof. This follows by the same argument as used in the proof of Lemma 6.7.4. O

6.7.9. V is reducible. The description of B(V)ay, in this case is straightforward, if
we assume that B(V') has the structure conjectured in Subsections 6.2 through 6.5,
using the following two facts: the space of locally analytic vectors in a continuous

induction (Indﬁ( 6 (()Qp ) X1® XQ)Cont coincides with the corresponding locally analytic

induction (Indf(é(()@”) X1 ® Xg)an; passing to locally analytic vectors is an exact

functor [51, Thm. 7.1].
IfV =n@ and gy~ # e*!, so that B(V) is as defined in Definition 6.2.3 (1),
then we will have
GLy(Q, GL Qp
B(V)an = (Indg 2 Y@ we), @ (Imdg 2%y @ne)
If V=nne!, so that B(V) is as defined in Deﬁmtlon 6.2.3 (2), then we will
have

GL2(Qp)
B(V)an = nodet ®B(2,00)an @(Indﬁ((@;;@ nel ® nE) 0

As is discussed below, for any value of £ € P1(E), the space n o det @ B(2, L)y is
an extension of 1 o det by 7 o det ®SAtan.

If V is a non-split extension 0 — 7 — V — 1 — 0, and np~! # &, so that
B(V) is a non-split extension of the form (32), then B(V),, is an extension of the
form (46) which is itself necessarily non-split (since B(V') may be recovered from
B(V)an by passing to universal unitary completions).

Finally, if V is an extension of the form 0 — n — V — ne~! — 0, so that B(V)
is a non-split extension

0 —nodet®B(2,L) — B(V) — nodet ®(Ind§(lg(?”) e ®€)eont — 0,
where 7 o det ® B(2, L) sits in the non-split short exact sequence

0 — nodet @St = (Indﬁ((;(;@”) n@n), /nodet —nodet®B(2,L) — nodet — 0

whose isomorphism class is classified by the L-invariant of V (in P!(E)), then
B(V)an and n o det ®B(2, L)y sit in extensions

0 = 50 det B(2, L)an — BV )an — (28 ne™ @ ne)an — 0,
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and
0 — nodet ®§can = (Indg(]g(;@p) ne n)an/n o det
P
—nodet®B(2,L)an — nodet — 0,

both of which are non-split (for the same reason as in the previous case, namely that
B(V) (resp. nodet ®B(2, L)) can be recovered from B(V )y, (resp. nodet @ B(2, L) an)
by passing to universal unitary completions).

6.7.10. Additional remarks. In the case when V is indecomposable (but possibly
reducible) and does not admit an L-invariant, we have seen that B(V),, should
always be a non-split extension of the form (46). When V is not of Hodge-Tate
type, or is of Hodge-Tate type but the two Hodge-Tate weights of V' coincide, so
that neither 7 ® e nor 1 ® ne is of non-negative integral Hodge-Tate weight, both
the locally analytic inductions appearing in (46) are topologically irreducible [49,
Thm. 6.1], and so there is (conjecturally) no further “internal structure” in B(V)ay.
However, if V' is Hodge-Tate up to twist, with distinct weights, then either

GL2(QP)
(53) (Indﬁ( o) N® V) g
or

GL
(54) (Indﬁ( Qﬁ;?“ Y @ne),,

contains a locally algebraic subrepresentation, and so B(V)., has (conjecturally)
topological length three. Set w # 0 to be the Hodge-Tate weight of ny—!.

In the case when w < 0, so that V is furthermore potentially crystalline up to
twist, it is (53) that contains a locally algebraic representation, and in 6.7.5 we
saw that (when V is irreducible) B(V ),y should be the amalgamated sum of two
locally analytic inductions over their common locally algebraic subrepresentation.
In the case when V is reducible, so that B(V) is defined by Definition 6.3.3, one
can compute directly that B(V),, has this same structure [6, Cor. 7.2.6]. The
lattice of closed subrepresentations of B(V)a, thus (conjecturally) has the following
structure:

B(V)an
GLa(Qp) GL2@p)  wo ) —w
(Indﬂ@p) wene) (Indﬁ(@w 2 @z Ve)
[ ) [ )
CLy©p)  wo ) —w GLa(Qp)
(Indﬁ(ap) nzt @z g)an (Indﬁ(Qp) 7’Z@m)an
[ )
GL(@p)
(Indﬁ(@p) n®ws)lalg
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(where the labels indicate the corresponding topological Jordan-Holder factors).

In the case when w > 0, so that V is not potentially crystalline up to twist, it
is (54) that contains a locally algebraic subrepresentation. Thus the extension (46)
contains a submodule W which is an extension

0= (Indg 2y @ ve),,, = W — (Indg 2 6 @ e,y = 0,

which must also be non-split. (When V is irreducible, this follows by the same
argument that proves lemma 6.7.4. When V is reducible, so that ¥ ® ne is unitary,
we see that if this extension were split, then the same would be true of (46) itself,
by Proposition 5.3.8.) The lattice of closed subrepresentations of B(V),, thus
(conjecturally) has the following structure:

B(V)an

GL2(Qp) —w w
(Indﬁ((@p) Yz ®nz E)

an

(IndE’Lz(@p) 1/)®7]€)

P(Qp) lalg

GL2(Qp)
(Indﬁ(@p) n®we)

an

0

(where again we have labelled the various topological Jordan-Holder factors). We
will see in Subsection 7.6 below (see Proposition 7.6.5 and its proof) that in the
case when V arises from an overconvergent eigenform of finite slope, the appear-
ance of the locally algebraic representation in the middle of the composition series,
rather than at the bottom, corresponds to the existence of the operator #* on
overconvergent forms of weight 1 — w.

7. LOCAL-GLOBAL COMPATIBILITY

The goal of this section is to discuss in some detail Conjecture 1.1.1 of the
introduction.

7.1. p-adic GL2(Af)-representations associated to p-adic representations
of Gg. Suppose that V is a two dimensional continuous representation of Gg de-
fined over E, which is unramified away from a finite number of primes. As in Sub-
section 2.2, we may attach the admissible smooth GLQ(A’})—representation TP (V)
to V', which by Remark 2.2.1 is defined over E.

Assuming that the local p-adic Langlands correspondence predicted by Conjec-
ture 3.3.1 exists, we may also associate to V|p, the admissible unitary Banach space
representation B(V|p, ) of GL2(Q,) over E.
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7.1.1. Definition. Write [I(V') := B(V|p,) ® 7™ ?(V), equipped with the induc-
tive tensor product topology (in the sense of [48, §17]).

The locally convex E-space II(V) is equipped with an action of GLa(Af) =
GL2(Q,) x GLQ(A?) which makes it an admissible continuous representation of this
group (in the sense of [31, Def. 7.2.1]).

7.1.2. Remark. We remark for future reference that if V' = V; for some classical
cuspidal newform f, then 7P (V) = #™ P(V); equivalently, the local representations
me(V) = me(f) are all generic [40, p. 354]. Thus for such V' we may also write
(V) = B(V|p,)®g 7 (V). Since the formation of II(V') is compatible with twisting
in an evident sense, the same remark hold for those V' that are twists of V.

Among all the admissible continuous representations of GL2(Af) one would like
to single out those representations of the form II(V') as being “automorphic”. Ide-
ally, one would have an a priori definition of what it means for an admissible con-
tinuous GLqo(A f)-representation to be automorphic (perhaps in terms of a space
of “p-adic automorphic forms” equipped with an admissible continuous GLa(Af)-
action), and then one could phrase a global p-adic Langlands conjecture to the
effect that these are precisely the representations of the form II(V'). Unfortunately,
no such a priori definition is known as of yet; more precisely, one does not actually
have a candidate for the space of p-adic automorphic forms for GLy over Q. How-
ever, in the discussion that follows we will present a workable substitute for this
space, which one hopes should detect those II(V') for which V' is an odd irreducible
representation.

7.2. Completed cohomology of modular curves. We recall some construc-
tions from [33]. To begin with, fix a compact open subgroup K? of GLy (ip); we
refer to K? as the “tame level”. Fix a finite extension E of QQ, with ring of in-
tegers Op. For A = Og, Op/w*® (for some s > 0), or E, write H}(KP)4 =
lim H, (Y (K?K)) /5»A), where the inductive limit is taken over all open subgroups

Kp

of GLy(Zy), the cohomology is étale cohomology, and * = () or ¢ (i.e. we are consid-
ering either cohomology with unrestricted supports or cohomology with compact
supports.)

7.2.1. Lemma. The Og-module H!(KP)e,, is torsion free and p-adically separated.

Proof. That H(KP)o, is torsion free is clear, since this is true of the étale co-
homology with coefficients in Og of any curve over an algebraically closed field.
The claim of separatedness follows from the fact that the map [33, (4.3.4)] is an
isomorphism.

There is a natural inclusion H}(K?)p, C H!(KP)g. Since H}(KP)p, spans
H!(KP)g as an E-vector space, Lemma 7.2.1 shows that we may put a norm
on HI(KP)g — the so-called gauge of H}(K?)o, — whose unit ball is equal to
Hi(Kp)OE'

7.2.2. Definition. Define I;Ti (KP)g to be the p-adic Banach space obtained by
completing H!(KP)p with respect to the gauge of H!(K?)p,. We let H(K?)o,
denote the unit ball of H L(KP)g; it is naturally identified with the p-adic completion
of HY(KP)o,,.
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7.2.3. Lemma. For any s > 0, there is a natural isomorphism
HY (K)o, /@ = lim Hi(Y (K, K?), O /w°)
Kp

(where K, runs over the directed set of all compact open subgroups of GL2(Q))).

Proof. This follows from the isomorphism H} (KP)o, — HY(KP)o, discussed in
33, §4.1]. O

The following corollary results immediately from the preceding lemma, and the
definition of H}(K?)o,.

7.2.4. Corollary. There is a natural isomorphism

H} (K)o, — limlim H!(Y (K, K?), O /="*).
s Kp
There is a natural action of GL3(Q,) on H}(KP)g, induced by the right action
of GL2(Qp) on the tower of modular curves Y (K,K?) (for varying K, and fixed
KP). This action preserves H}(K?)p,, and thus extends to an action of GL2(Q,)
on H!(KP)g which preserves H}(KP)o,,.

7.2.5. Lemma. The GL2(Q,)-action on HY(KP)g equips this Banach space with
an admissible unitary representation of GL2(Qp).

Proof. This is a special case of [33, Thm. 2.2.11]. O

7.2.6. Definition. If ¥ is a fixed finite set of primes, we write T (or T(X) if we
wish to emphasize ) to denote the polynomial algebra Og[{T}, S¢}egs).

Let X(KP) denote the set of primes at which KP? is ramified, together with p.
For any finite set of primes ¥ containing ¥(K?), the usual action of T := T(X) on
H}(KP)g via Hecke operators commutes with the GLa(Q),)-action and preserves
the lattice H!(KP?)o,, and so extends to a continuous action of T on H}(KP)g
that commutes with the GL2(Q))-action and preserves HYKP)o,.

If K C K} is an inclusion of tame levels, then the injection H}(K)p —
H}(K?)p induced by pulling back cohomology classes is GL2(Q,)-equivariant, and
induces a closed GL2(Q,)-equivariant embedding

(55) HNED) g — HY(K?)p.

(See [33, Prop. 2.2.13].) If ¥ is any finite set of primes containing X (K¥), then this
embedding is also T(X)-equivariant.

7.2.7. Definition. Define
A} p o= tim 2 (K7)
KP
(the inductive limit being taken over all tame levels K?), endowed with the inductive
limit GL3(Q,)-action, and with the locally convex inductive limit topology.

There is a smooth action of GL2(A%) on I/ﬂE commuting with the GL2(Q))-
action, induced by the action of GLg (A’}) on the tower of modular curves Y (Ky).
(See [33, Thm. 2.2.16] for more details.) This action is compatible with the action
of the Hecke algebras T(X(KP)) on the various spaces HY(KP?)g, in a manner that
the following lemma makes precise.
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7.2.8. Lemma. If K? is any tame level, then the natural injection of ﬁi(K”)E
into HiE induces an isomorphism of continuous GL2(Q))-representations

A (K7)p = (AL )K",
Furthermore, this isomorphism intertwines the action of Ty (resp. Sp) on the source

with the action of the double coset KP (é (1)) K? (resp. K? (é 2) KP?) on the

target, for each prime £ # p that is unramified in KP.

Proof. The first claim follows from [33, Thm. 2.2.16 (ii)]. For the second claim, see
the formulas of [33, Prop. 4.4.2]. O

7.2.9. The Gg-action on ﬁiE Each of the spaces H!(KP)g is also equipped with
a continuous action of Gg that preserves H} (KP)eo,, and so extends to a continuous
action of Gg on HY(KP)g that preserves H(KP)o,. This action commutes with
the actions of GL2(Q,) and T, and is compatible with the embeddings (55). It is
unramified outside of X(K?). Passing to the inductive limit, we obtain a continuous
action of Gg on ﬁjE, commuting with the GL2(Q,) and GLQ(A?)—actions.

7.2.10. Forgetting supports. Forgetting supports induces Gg x GLz (A f)-equivariant
morphisms

(56) H} o, — Hp,

and

(57) H, p — Hi

that are furthermore surjective. Indeed, for each tame level KP, the maps
(58) H(K?)os — H'(K)o,,

and

(59) HU(K?)p — H'(K")g

are surjective. (See [33, Prop. 4.3.9] and its proof).

7.2.11. Completions of H°. We close this subsection with a brief discussion of the
spaces H Y(KP)g and H Y., which are defined in a completely analogous fashion to
ﬁl(Kp)E and ﬁ}g (replacing the superscript 1 by 0 at each point). The space
HO(KP)g is equipped with commuting actions of Go x GL2(Q,) and T(X(KP)),
while H %, is equipped with an action of Gg x GL2(Af). The cup product defines a
pairing ﬁ% ® ﬁjE — ﬁjE for x = () or ¢ [33, Prop. 2.2.21].

Unlike the completions of H', these completions of H° can be described very
explicitly. Namely, there is an isomorphism

(60) HY =5 C(Q50\A}, B),

where the target of the isomorphism is the space of functions that are continuous
in the p-adic variable, and smooth in the prime-to-p-adic variables. We may de-
scribe the Gg x GL2(Af)-action on H 9 concretely in terms of this isomorphism:
global class field theory yields an isomorphism G&b = Q>0\A;, and Ggq acts on
C(Q=0\A7, E) via the composite of this isomorphism with the action of Q>O\A}<
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by translation; the group GL2(Ay) act on C(@>0\A; , E) via the composite of the
determinant map det : GLa(Ay) — A¥ with the action of Af by translation.

7.3. Systems of Hecke eigenvalues. We will recall some basic terminology and
facts related to systems of Hecke eigenvalues. Fix a finite set of primes ¥ containing
p, and write T := T(X) as above.

7.3.1. Definition. If A is an Og-algebra, then a system of Hecke eigenvalues defined
over A (and outside of ) is a homomorphism of Og-algebras A : T — A.

If X is a system of Hecke eigenvalues defined over A, and if M is a T-module,

then we write (A ®o, M)/\ to denote the subspace of A ®p, M on which T acts
through the character .

7.3.2. Definition. Let A be an Og-algebra, and let V' be a free A-module of rank
two equipped with a Gg-representation that is unramified outside 3. We then define
a system of Hecke eigenvalues over A via the formula: A\(7;) = trace(Frob, ' | V),
A(€Sg) = det(Frob, ' | V), for all £ ¢ ¥. We refer to A as the system of Hecke
eigenvalues associated to V.

Recall that F denotes the residue field Og/w.

7.3.3. Remark. As is well-known, if A is a finite extension of either F or F, and if
the representation V' is continuous, then V is determined up to semi-simplification
by A (by the Cebotarev density and Brauer-Nesbitt theorems).

7.3.4. Definition. If A is a system of Hecke eigenvalues (outside of ¥) defined over
an Og-algebra A, and if ¢ : 7% — A% is a character, unramified outside of X,
then we define A ® ¢ (the twist of A by 1) to be the system of Hecke eigenvalues
Tg — ’(/)(f))\(Tg), Sg — 2/}([)2)\(55) (fOI‘ I Q E)

Note that if A is the system of Hecke eigenvalues attached to a two dimensional
Go-representation V, then A ® ¢ is the system of eigenvalues attached to the twist
V ® 1 (where we identify ¢ with a character of Gg via global class field theory).

7.3.5. Definition. Let A be one of the fields E or F, and let A denote its algebraic
closure. We say that a system of Hecke eigenvalues A defined over a finite extension
of A is Eisenstein if there is a pair of continuous characters 1, s : 7% — ZX,
unramified outside of ¥, such that A is the system of Hecke eigenvalues attached to
11 €D ¥, regarded as a Gg-representation via global class field theory. (Concretely,
this amounts to requiring that A(Ty) = 11(£) + ¥2(€) and A(€Sp) = 11 (€)1h2(£) for
all primes ¢ ¢ X.)

7.3.6. Remark. Remark 7.3.3 shows that the system of Hecke eigenvalues associ-
ated to a continuous two dimensional Gg,-representation V' defined over a finite
extension of E (resp. F) is Eisenstein if and only if V' becomes reducible over a
finite extension of F (resp. F).

7.3.7. Definition. We say that a p-torsion free T-module M is Eisenstein if any
system of Hecke eigenvalues A defined over a finite extension E’ of E in Q, for
which (B ®0, M) # 0 is Eisenstein.

There is a simple criterion for a T-module to be Eisenstein.
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7.3.8. Lemma. Suppose that M is p-adically separated p-torsion free T-module with
the following property: there is a pair of commuting representations Vi, Uy : Z* —
Aut(M), each unramified outside 3 and continuous when Aut(M) is endowed with
the weak topology (i.e. the topology of pointwise convergence), such that for all¢ ¢ ¥
we have Ty acts on M via W1(£) + Uo(¢) and £Sy acts on M via ¥1(£)Po(L). Then
M s Eisenstein.

Proof. This is essentially what is shown in the proof of [14, Cor. 3.1.3]. We recall
the argument. Suppose that A is a system of Hecke eigenvalues defined over a
finite extension E’ of E for which (B’ ®¢, M)* # 0. We again write ¥;(¢) to
denote the extension of scalars of ¥;(¢) to each of O ®o, M and E' ®0, M
(i = 1,2). The formulas for the action of Ty and Sy in terms of the automorphisms
U,;(¢) show that these automorphisms commute with the action of T, and thus
that (E' ®0, M)* is stable under the action of the W;(¢). Furthermore, on this
space we have A(Ty) = U1(¢) + Uo(¢) and A(£S;) = ¥1(£)Py({) for all £ & X.
In particular, multiplication by A(Ty) and A(Sy) preserves the non-zero p-adically
separated module (O ®p, M), and so A\ must take values in Op.

Replacing E by E' and M by (O ®0, M)*, we may assume that E’ = E, that
M is a non-zero T-module, and that X is an Og-valued system of Hecke eigenvalues
such that T acts on M through A\. We then find that for each ¢ = 1,2, we have
W;(0)% — MN(Ty)W;(£) + A(£S¢) = 0. Replacing E by the compositum of its (finitely
many) quadratic extensions, we may assume that each of these quadratics splits
over E. Choose {1,...,¢, € Z that topologically generate ZX/(zE)X. Since M
is non-zero, and since the automorphisms ¥;(¢;) commute among themselves, we
may find a non-zero element m of M such that each ¥,(¢;) acts via a scalar on m,
and so deduce (since ¥; and ¥y are weakly continuous) that there exist continuous
characters 1,15 : 2% /(Z%)* — OF such that ¥;({)m = ¢;()m (i = 1,2). We
conclude that A(Ty) = 11 (£) + ¢2(€) and A(£Sy) = ¢¥1(€)Y2(£), and thus that A is
Eisenstein. (]

For example, one can use this criterion to show that for any tame level KP
unramified outside ¥, the kernel of the map (57) is an Eisenstein T-module. (See
Lem. 3.1.2 and Cor. 3.1.3 of [14].)

7.3.9. Definition. If K” is a tame level unramified outside of ¥, then we write
T.(K?) to denote the weak closure of the image of T in End(H!(K?)g). (Of
course here End denotes continuous endomorphisms.)

We can give a more concrete description of 'E‘*(Kp). For any compact open
subgroup K, of GL2(Q,), and any integer s > 0, write ']NT*(KPK”)S to denote the
image of T in End (H} (Y (K,K?), Og/w*)). Since H} (Y (K,K?), O /w*) is a finite
Og-module, we see that TNT*(KPK”)S is a finite Og-algebra. Corollary 7.2.4 gives a
topological isomorphism

(61) T.(Kp) — lim ’F]I‘*(Kpr)s-

s, Kp
The surjection (59) induces a continuous homomorphism
(62) Te(K?) — T(KP),

which has dense image by construction.
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7.3.10. Lemma. The map (62) is an isomorphism of reduced, compact topological
Og-algebras.

Proof. The isomorphism (61) shows that both the source and target of (62) are
profinite, and so compact. Since this map is continuous with dense image, it must be
surjective. If we fix the level K,K?, and write T, (KpK?) = hm'ﬂ‘ (KPK,)s, then

ﬁ‘*(KpK ) is naturally identified with the image of T in End(Hl(Y(Kpr), Op)).
This image is well-known to be reduced. Thus, rewriting (61) in the form

T.(K,) — lim T.(K,KP"),
Kp
we obtain a description of the algebra T. (KP) as the projective limit of a projective

system of reduced rings. This shows that T, (K?) is reduced.
Let Mg C H(KP)g denote the kernel of (59), and write

I =T (K?)(Hom(H}(K")p, Mg), J =T.(K")( \Hom(H"(K")g, Mg)

(where Hom denotes continuous homomorphisms.) Clearly I is the kernel of (62),
while J2 = 0. We claim that I = J, i.e. that any element of T.(KP) that annihilates
ﬁl(Kp) also annihilates J/W\E It will follow that I? = 0, and thus that I = 0, since
(as we have just shown) T.(KP) is reduced.

Let &is denote the set of pairs of characters ¥,vs : 7% — Q, , unramified
outside of X, associated to the various classical Eisenstein series of weight 2 and
tame level K. For each (¢1,12) € &is, there is a continuous homomorphism Ay, 4, :
TNTC(K P) — Q, uniquely determined by the fact that its composite with the natural
map T — T. (KP) is equal to the system of Hecke eigenvalues associated to 11 € vs.
(This is just the homomorphism describing the Hecke action on the Eisenstein series
attached to (11, 12); cf. Remark 7.3.14 below.) If I, ., denotes the kernel of Ay, 4,

then the annihilator of Mg in T c(KP) is equal to [y, y,)egis Lvr,v2- (This follows

for example from the explicit descrlptlon of M, g given in [14].) Thus we must show
that if ¢ € T.(KP) annihilates H'(KP)g, then t € Ly, 4, for all (¢1,1). This is
clear, however, since the classical cohomology space H'(KP)g contains a class with

annihilator equal to Iy, ., (since the system of eigenvalues Ay, 4, appears in the
cokernel of the map H}(K?)p — H'(KP)g). O

7.3.11. Definition. Let A be a finite field extension of F (resp. of F). We say that
a system of Hecke eigenvalues A defined over A is promodular (resp. modular) if

it can be written as the composite of the natural map T — T(K?) with a contin-

uous homomorphism A : T(KP) — A, for some tame level K? that is unramified
outside X.

7.3.12. Remark. Lemma 7.3.10 shows that replacing ﬁ‘(Kp) with WTC(KP) in the
preceding definition would yield an equivalent notion.

7.3.13. Lemma. Let A be a system of eigenvalues defined over a finite extension
E' of E. If (HY{(KP)g/)* # 0, then X is promodular.

Proof. Since T has dense image in T(K?), we see that any element of T(K?) acts
on the vectors of (H'(K,)g/)* through a scalar. Since T(KP) acts on H? (Kp) g via
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continuous operators, the resulting homomorphism X : 'ﬁ‘(Kp) — E’ is continuous.

Since A is obtained as the composite of the natural map T — ﬁ‘(Kp) with A, we see
that A is promodular. O

7.3.14. Remark. If f is a Hecke eigenform of weight £ > 2 and tame level KP?,
either cuspidal or an Eisenstein series, then the system of Hecke eigenvalues A
attached to f is promodular. If f is of weight 2, then this follows directly from the
preceding lemma and Eichler-Shimura theory, which shows that (H'(K?)g/)* # 0.
If £ > 2, then (H'(KP?)g/)» = 0. Nevertheless, Theorem 7.4.2 below shows that
(ﬁ}g,)/\ # 0, and so the preceding lemma still applies. Any weight 1 eigenform
also gives rise to a promodular system of Hecke eigenvalues: taking its product
with the members of a sequence of positive weight Eisenstein series that converges
p-adically to the constant g-expansion 1, we obtain a sequence of modular forms of
weights > 2 whose members are eigenforms modulo increasingly large powers of p
that converges (on the level of g-expansions) to f.

7.3.15. Definition. Let A be a finite extension of E (resp. of F), and let V be
a continuous two dimensional Gg,-representation defined over A and unramified
outside of 3. We say that V is promodular (resp. modular) if its associated system
of Hecke eigenvalues is promodular (resp. modular).

If V is given, but the set of primes X is not specified, we will say that V is
promodular (or modular) if it is so with respect to some set of primes ¥ containing
p together with all the ramified primes of V.

7.3.16. Remark. Let V be an absolutely irreducible continuous two dimensional
Go-representation over F. Then V is modular in the above sense if and only if it is
modular in the usual sense of being obtained as the reduction mod w of the Galois
representation attached to some newform. Furthermore, let X be the deformation
space associated to V (parameterizing deformations of V to Gq-representations
over Artinian local Og-algebras with residue field equal to F), which is a formal
scheme over O, and let X' be its rigid analytic generic fibre. Let X™°9 denote the
rigid analytic Zariski closure in X’ of the set of points arising from deformations of
V attached to classical modular forms of weight > 2 and level unramified outside
of ¥. One can check that a lift of V to a representation V over a finite extension A
of E is promodular in the above sense if and only if it corresponds to an A-valued
point of xmed,

7.3.17. Proposition. Let A be a finite field extension of E (resp. of F). If X :
T — A is a promodular (resp. modular) system of Hecke eigenvalues, then there is
a continuous two dimensional Galois representation V' defined over A, unramified
outside of 3, and such that X\ is the system of Hecke eigenvalues associated to V.
Any such V is necessarily odd.

Proof. This result is well-known, but we recall the proof. Denote by X the homo-
morphism T(K?) — A associated to A (for an appropriate choice of tame level K?).
In the case when A is an extension of I, the isomorphism (61) shows that X\ factors
through T(K,KP); — A for some sufficiently small K. Thus (by the Deligne-Serre
lemma [30, Lem. 6.11]) A can be regarded as the reduction mod w of the system of
Hecke eigenvalues attached to some weight 2 newform f, and we take V' to be the
reduction mod w of V. (Note that V' is odd, since V is.)
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Now suppose that A is an extension of E. For each newform (either cuspidal
or Eisenstein) f of weight 2 and tame level K?, Remark 7.3.14 shows that there
is a homomorphism T(K?) — @p describing the action of the Hecke operators on

f. Let I denote its kernel. Since H(K?)p is dense in H(K?)p, Eichler-Shimura
theory show that

(63) (=0
f

(the intersection running over all f). Attached to each f is an odd continu-
ous two dimensional representation V; of Gg, unramified outside of X, and de-
fined over (T/If)[1/p]. (When f is the Eisenstein series associated to a pair
of characters (¢1,%2), set V; = ¢ @12.) Taking the product of all these, we
obtain an odd continuous representation V' of Gg into GLQ(Hf(TNT(Kp)/If)[l/p])
that is unramified outside ¥. From (63) we see that the natural (diagonal) map
T(KP) — Hf('f(Kp)/If)[l/p] realizes T(K?) as a subalgebra of the product. Since
the traces on V' of elements of Gg lie in T(K P), one sees that the continuous pseudo-
representation attached to V actually takes values in T(K?) (or in T(K?) @0, E, if
p = 2); cf. the formulas of [24, p. 71]. Specializing this pseudo-representation with
respect to the homomorphism A yields a continuous pseudo-representation of Gg
over A that is unramified outside ¥. This continuous pseudo-representation then
underlies a continuous two dimensional odd Gg-representation, unramified outside
>, which is our desired representation V.

Note that (in either case) if W is any other representation associated to the same
system of Hecke eigenvalues A then V' and W have isomorphic semi-simplifications
(by Remark 7.3.3), and thus W is also odd. O

7.3.18. Remark. In the context of the preceding proposition, it follows from Re-
marks 7.3.3 and 7.3.6 that if X\ is not Eisenstein then V is uniquely determined up
to isomorphism, and is absolutely irreducible.

7.3.19. Lemma. IfV is a promodular continuous two dimensional representation
of Gg over E, and if ¢ : Go — E* is a continuous character, then V ® ¢ is again
promodular.

Proof. Choose the tame level K? so that the system of Hecke eigenvalues A attached
to V arises from a continuous homomorphism X : T(K?) — E; further shrink K?
if necessary so that v, regarded as a character of Q>0\A; by global class field
theory, is trivial on det(K?). Thinking of ¢ as an element of C(Qso\AT, E), let
¢y denote the cohomology class in H Y that corresponds to ¢ under the isomor-
phism (60). Cupping with ¢, induces an automorphism of ITL} (KP)g, which inter-
twines the Hecke operator Ty (resp. S¢) with the operator 1 (¢)T} (resp. 1(£)?Sy) for
any ¢ € X(KP). Thus the automorphsm Ty — (0)Ty, Sy — (£)?S, of T(Z(KP))
induces a corresponding continuous automorphism of 'E‘(K P). Composing X with

this automorphism yields a continuous homomorphism N , whose restriction to
T(X(KP)) is immediately seen to coincide with A ® 9. Thus A ® ¥, and so also
V ® 1, is promodular. [

7.4. Locally algebraic vectors in f[i - We will give an explicit description of

the space (H! p) Inlg"
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7.4.1. Definition. Let F(1) denote a one dimensional vector space over E on
which Gg x GL2(Ay) acts through the character ¢ ® (¢ o det). For any n € Z let
E(n) = E(1)®™.

Recall the definition of H(Vy) (for k > 2) from Subsection 2.5.

7.4.2. Theorem. For x = () or ¢ there is a natural Gg x GLa(Ay)-equivariant
isomorphism

@ Hi(vk)E RE (Symk72E2)v XRE E(n) AN (ﬁi,E)
k>2,n€Z

lalg”

(Here Gg x GLa(Af) acts on (Symk*QEQ)v through its quotient GL2(Q,), and the
subscript “lalg” indicates the subspace of locally GL2(Q),)-algebraic vectors.)

Proof. This follows from the isomorphism of [33, (4.3.4)], once one notes that

{(Sym*2E?)” @ det™}y>onez

is a complete set of isomorphism class representatives of the irreducible algebraic
representations of GL2(Qp). O

If f is a cuspidal newform of some weight k defined over E then the two di-
mensional Gg-representation V; may also be defined over E, as may the associated
GL2(Af)-representation 7(Vy) (see Remark 2.2.1). From Theorem 2.5.1 we see that
there is a Gg x GL2(Af)-equivariant embedding

Vi @p(Vy) = Hi(Vi)p,

for x = ) or c. (We are justified in taking either value of *, since the Manin-
Drinfeld theorem provides a Gg x GL2(Af)-equivariant splitting of the surjection
H!(Vi)p — H}. (Vi)e.)

7.4.3. Corollary. If f is a cuspidal newform of weight k defined over E, then for
either value of * (i.e. O or c) there is a Gg x GLa(A)-equivariant embedding

Vf RF 7T(Vf) RF (Symk_QEQ)v — ﬁi,E
(Here Gg x GLa(Ay) acts on (Symk_ZEQ)v through the projection onto GL2(Q)).)
Proof. This follows from the preceding remarks together with Theorem 7.4.2. O

7.5. The Jacquet module of H'(KP)p. Fix a tame level KP. As we recalled
in the proof of Proposition 5.3.1, since ﬁl(KT’)E is admissible unitary, its Jacquet
module Jp(q,) (ITI Y(KP)g,an) is an essentially admissible T(Q,)-representation, and
so corresponds to a coherent sheaf £(KP) on the rigid analyic space T. (Recall
that the global sections of £(K?) are naturally identified with the topological dual
to Jp@,) (H (KP)pan).) Write $ := 2(K?). The action of T(Z) on H'(K?)g
induces an action of T(X) on Jp(@p)(ﬁl(Kp)E)an), and hence on E(KP). We let
A(KP) denote the coherent sheaf of commutative algebras over T generated by the
image of T(X) in the sheaf of endomorphisms of £(K?), and let Spec A(KP) denote
its relative spectrum over T. Thus Spec A(KP) is a rigid analytic space over E,
equipped with a closed immersion

Spec A(KP) — T x Spec(E @0, T(X)),
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whose composite with the projection onto the factor T is a finite morphism. We
denote a typical point of (Spec A(Kp)) (Qp) by (x1®xz2,A), where x1 ®@x2 € T(Q,),
and \: T(X) — Q,.
7.5.1. Definition. Let W denote the rigid analytic space parameterizing the con-
tinuous characters of Z (i.e. “weight space”, in the usual terminology).

There is a natural action of W on T x Spec(E ®0,, T()) via twisting, given on
the level of @p—valued points by the formula

P X (X1 ®x2,A) = (1% @ X290, A @)
(where we extend 1 to a character of Q, by setting ¢)(p) = 1). The closed subspaces
Spec A(KP) of T x Spec(E ®o,, T(X)) are invariant under twisting [33, Prop. 4.4.6].
The following results show that there are Gg-representations attached to the
points of Spec A(KP), and that these representations appear in ﬁl(Kp)E.

7.5.2. Proposition. If z = (x1 ® x2,A) is a @p—valued point of Spec A(KP) (recall
that x is then in fact an E'-valued point for some finite extension E' of E), then
the system of Hecke eigenvalues X is promodular.

Proof. The existence of = shows that JI’DC(I&>§2 ((ﬁl(Kp)E/);\n) # 0. In particular,
(ﬁl(Kp)Er);\n # 0, and so Lemma 7.3.13 shows that A is promodular. O

7.5.3. Proposition. Let (x1 ® x2,A) be a point of (Spec A(Kp))(E) for which
x1| |7t ®@x2 | | et is neither critical nor ultracritical and \ is non-Eisenstein.
Let V' be the Gg-representation over E associated to X (by the previous Proposition
together with Proposition 7.3.17).

(1) If x1 | |7* ®x2 | | is unitary then there is a non-zero Gg x GLa(Q))-
equivariant continuous map

G —
Ve (ndg 2 | [ exa | )

(2) Ifxa| |7 ®@x2 | | is not unitary then there is a non-zero Gg x GLa(Q,)-
equivariant continuous map

VeBhal [Ttexa| [)— H (K?)p.

(Recall from Definition 5.3.10 that B(x1 | |7* ®x2 | |) denotes the uni-

versal unitary completion of (Indg(%@j?”) xil Thexal 1),,-)

— HY(KP)},.

cont

Proof. The assumption that (x1 ® x2,A) lies in (Spec A(K?))(E) implies that the
(a priori finite dimensional) Gg-representation Jg(lgp? ((f[l (KP)E)an)” is non-zero,
and so by the Eichler-Shimura relations (and the irreducibility of V') contains a copy
of V. Theorem 5.2.5 thus shows that there is a non-zero Gg x GL2(Q))-equivariant
map

GL2(Qp - 7
Ve (Ind?(é‘f;@ )Xl ‘ | ! X2 | |)an - Hl(Kp)%

The proposition follows (taking into account Proposition 5.3.4 (1) in case (1)). O

The injection H'(K?)1y — H*(KP)ay induces a corresponding continuous injec-
tion on Jacquet modules. If we take into account the isomorphism of Theorem 7.4.2
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and the compatibility of the formation of Jacquet modules with countable direct
sums [32, Lem. 3.4.7 (iv)], we may write this injection in the form

64 D e, (H' V) @p (Sym* B @p E(n))
k>2,n€Z

— Je@,) (H'(K?) 5 an)-

If we fix a value of k and n, then the injection H'(Vy)X" ®@p (Sym*2E?)Y g
E(n) — (ﬁl(Kp)E)an is a closed embedding [31, Prop. 6.3.6] (the source being
equipped with its finest convex topology), and so induces a closed embedding on
Jacquet modules. Passing to the associated coherent sheaves on ’i we obtain a
surjection of coherent sheaves of T(X)-modules E(K?) — &, (where we let &
denote the coherent sheaf associated to Jp(qg,)(H'(Vi)X" g (Sym*2E?)Y @p
E(n))) Thus if we let Ay, denote the coherent algebra of endomorphisms of & ,,
induced by T(X), we obtain a closed embedding Spec Ay ,, — Spec A(KP). Taking
the union over all k > 2,n € Z, we find that (64) induces an injective morphism of
rigid analytic spaces over T

(65) H Spec Ay, — Spec A(KP),

k>2,n€Z
which induces a closed embedding when restricted to each term of the disjoint union
in the source.

7.5.4. Lemma. For any fized value of k and n, the sheaf Ay, is reduced, and has
discrete support on T.

Proof. Recall that the locally analytic Jacquet module functor is compatible with
the classical Jacquet module functor [32, Prop. 4.3.6], and that the classical Jacquet
module of an admissible smooth representation of GL2(Qj) is an admissible smooth
representation of T(Q,), which corresponds to a sheaf with discrete support on
T. Since H L(V)E" is an admissible smooth GLs(Q,)-representation, we conclude
that &, and so also Ag ., has discrete support. Since the action of T(X) on
H'(V;)K" is semi-simple (as one sees from Eichler-Shimura theory), the sheaf Ay, ,,
is furthermore reduced. U

7.5.5. Definition. We say that a point of (Spec A(K?))(Q,) is classical if it is in
the image of the map on Q,-points induced by (65).

7.5.6. Definition. We denote by E(K P) the rigid analytic Zariski closure of the set
of classical points in (Spec A(Kp))red (or equivalently, in T x Spec(E ®o, T(X))).
We refer to D(KP) as the “cigensurface” of tame level K?.

7.5.7. Remark. Since the source of (65) is reduced (Lemma 7.5.4), we may also
define D(KP) as the “scheme-theoretic image” (so to speak) of that map.

For a fixed pair (k,n) the space Spec Ay, is invariant under twisting by lo-
cally constant characters in W, while twisting by €™ induces an isomorphism
Spec Ay — Spec Ak, m+n- Thus we see that l~)(Kp) is invariant under twist-
ing by characters of integral Hodge-Tate weight in W. Since these characters are
Zariski dense in W, we see that E(K P) is invariant under the twisting action of W.
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The discussion of [33, §4.4] shows that in fact D(KP) factors as a product

(66) D(KP) = D(K?) x W
where D(KP) denotes the reduced eigencurve parameterizing finite slope overcon-
vergent p-adic eigenforms of tame level KP. (This justifies our designation of lN)(K P)
as an eigensurface.) This factorization is W-equivariant, with respect to the twist-
ing action by W on the source, and the action of VW by multiplication on itself on
the target.

Let us describe the isomorphism (66) more precisely. Suppose that f is a finite
slope overconvergent T(X)[U,]-eigenform of tame level K? and integral weight k.
Let a € @p denote Up,-eigenvalue of f, let x denote the nebentypus of f (so that

X : Z* — @; is a locally constant character unramified outside of ¥ (K?)), and
let A: T(X) — @p denote the system of Hecke eigenvalues attached to f. Let
cr € D(K?)(Q,) be the point attached to f (so that ¢; depends only on a and A —

but note that A encodes x), and fix some 1 € W(Q,,). Under the isomorphism (66),
the point (cy, 1) € (D(KP) x W)(Q,,) corresponds to the point

(ur(a) | | gp@ur(a) x| |71 ¥ Fy, A@y) € D(KP)(@,) C (Spec A(KP))(Q,).

Here x, denotes the local component of x at p, thinking of x as a character of A;
via the isomorphism (1) of Subsection 1.3, and as above we extend 1 to a character

of @: by setting ¢ (p) = 1; thus the first coordinate
ur(a) | [ @ur(@) Iy, | [T e MY

of this point makes sense as an element of ’T, as it should. (See the discussion of
[33, §4.4], and in particular the formulas in the statement of [33, Prop. 4.4.2].)

We also note that under (66) the classical points in E(Kp)(@p) lying in the
image of (Spec Ay,)(Q,) under the map (65) correspond to the points (cs,v) €
(D(K?)xW)(Q,) for which f is a finite slope p-stabilized classical Hecke eigenform
of weight k, and 1 is a character of integral Hodge-Tate weight n. (Thus the
discreteness assertion of Lemma 7.5.4 is simply a rephrasing of the fact that the
collection of classical eigenforms of finite slope and fixed weight k& gives rise to a
discrete set of points on the eigencurve.)

The following result clarifies the relationship between the spaces E(K”) and
(Spec A(K p))re 4+ In its statement we employ the following notational convention:
if ¢, and 9, are a pair of continuous characters Gg — E, we write ¢ @12 to denote
the system of Hecke eigenvalues attached to the Gg-representation 11 € 1.

7.5.8. Theorem. The image of the closed embedding

(67) D(KP) — (Spec A(K?)) .

is a union of connected components of the target, and its complement decomposes
as the disjoint union of a collection of one dimensional irreducible connected com-
ponents. Furthermore, the system of Hecke eigenvalues attached to any point in
this complement is Fisenstein.

Proof. We begin by recalling some of the known result about the structure of the
spaces D(KP) and (Spec A(Kp))red. It is known that the eigencurve D(KP) is
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equidimensional of dimension one [16], and thus D(K?) is equidimensional of di-
mension two. On the other hand, it follows from [33, Prop. 2.3] that the spaces
(Spec A(KP ))re 4 are at most two dimensional. Since they are invariant under twist-
ing, each irreducible component is of thus of dimension either one or two. Further-
more, the one dimensional irreducible components (if any exist) are also connected
components, since they consist of single WW-orbits under twisting. The non-critical
slope criterion for classicality [33, Prop. 2.3.6] shows that any two dimensional com-

ponent of (Spec A(KP ))re 4 contains a Zariski dense set of classical points, and thus

is in fact a component of D(KP). If we write C to denote the complement of the
image of the closed embedding (67), then the preceding discussion shows that C
consists of a union of connected components of (Spec A(KP )) each consisting of
a single W-orbit, and containing no classical points.

We now recall some notation and constructions from the proof of [33, Thm. 2.1.5].
That argument, specialized to our particular case, yields the existence of a length
two complex S0 — S of admissible Banach K -representations (for some suffi-
ciently small compact open subgroup K, of GLQ( »)) whose cohomology groups
are naturally isomorphic to H°(K?)g and H'(KP)g respectively, and such that
Si = — C(Kp,E)" as a K, -representation for some r; > 0 (1 =0,1). (Actually,
that proposition discuss certain spaces H' rather than the completions Hi un-

red’

der discussion here. However, in our situation the spaces H and H* coincide —
see [33, §4.1].) Passing to locally analytic vectors (which we remind the reader
is an exact functor [51, Thm. 7.1]) yields a complex S2, of locally analytic K-
representations, with cohomology groups isomorphic to (fI *(KP) E)an’ and such

that ¢

an

— ¢™(K,, E)". Taking topological duals we obtain a complex of fi-
nite rank free D*" (K, E)-modules (S2.)’, with cohomology groups isomorphic to
(ﬁ *(KP) E,an)/- (Here D*"(K,, E) denotes the nuclear Fréchet algebra of locally
analytic E-valued distributions on K,.)

Imagine for a moment that H O(Kp) E,an vanished. We would then have a short
exact sequence

0— (H'(E")p.an) — (S5.) = (S2.) — 0
of D**(KP E)-modules in which the second and third terms are free. It would
follow that (ﬁl (Kp)E,an)l is a direct summand of a free D**(K?, E)-module, and
a variant of [32, Prop. 4.2.36] would show that the support of £(KP) in T, and
hence also Spec A(KP), is equidimensional of dimension two. The discussion of the
first paragraph would then show that (67) is an isomorphism.

Now of course H Y(KP)g.an # 0. However, it is Eisenstein. So, heuristically, if
we localize away from the Eisenstein systems of Hecke eigenvalues, we may proceed
as if fIO(Kp)Eyan were zero, and so conclude that any component containing a
point (Spec A(K p))re 4 associated to a non-Eisenstein system of Hecke eigenvalues
is equidimensional of dimension two, yielding the theorem. The details of the
argument will appear in a future publication of the author. O

7.5.9. Remark. It was proved in [14, Prop. 5.3.2] that the embedding (67) induces
a bijection on ordinary points.

7.6. Refinements and the eigensurface. The following result is essentially a
reformulation of [41, Thm., p. 375].
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7.6.1. Theorem. Let V' be an odd irreducible continuous two dimensional repre-
sentation of Gg over E, unramified outside of a finite set of primes. Let KP be a
tame level such that X(KP) contains all the primes of ramification of V', and let
A: T(X(K?)) — E denote the system of Hecke eigenvalues attached to V.

(1) The following are equivalent:

(a) There is a Galois character ¢ : Gg — E*, unramified outside of
p, such that the twist V ® 1 is the Galois representation attached to an
overconvergent modular form of finite slope and of tame level KP defined
over E. N

(b) There is a character x1 ® x2 € T(E) such that (x1 ® X2, ) lies in
D(KP)(E).

(2) Furthermore, for any character x1 ® x2 satisfying condition (1)(b), there
is a refinement R of V|p, such that o(R) = (x1 | [T',x2 | |&e™"). (In
particular, V|p, s trianguline. )

(3) If V|p, is indecomposable, then the converse to (2) holds: If V' satisfies the
equivalent conditions of (1), then for any refinement R of V|p,, writing

o(R) = (n,%), the point (n| | @pe | |71, \) lies in E(Kp)(@p).

Proof. The equivalence of the two conditions of (1) follows directly from the de-
scription (66) of D(K?). Clearly the assertion of (2) is invariant under twisting.
Thus we may assume that x1 ® x2 = ur(a) | | ® ur(a)™'e | [7! detVp,, and
that V is the Galois representation attached to an overconvergent eigenform f with
Up-eigenvalue . It then follows from [41, Thm., p. 375] that V admits a refinement
R such that o(R) = (ur(e),ur(e) ' det V|p, ). This proves (2).

We turn to proving (3). Thus V) D, is assumed to be indecomposable, and so
Propositions 4.2.2 and 4.4.4 (4) show that V admits a unique equivalence class
of refinements unless V|p  is a twist of a Hodge-Tate representation with distinct
Hodge-Tate weights. Thus, taking into account (1)(b), and applying a twist if
necessary, we see that we may assume that V is attached to an overconvergent
eigenform f of integral weight k # 1. Since V|p, is assumed to be indecomposable,
it follows from [41, Thm. 6.6] that f is classical if and only if V|p is potentially
semi-stable. Let us consider this case first. Since f is classical, we may and do
assume that it is the p-stabilization of a newform.

If V|p, is not potentially crystalline, or is potentially crystalline but not Frobe-
nius semi-simple, then it admits a unique equivalence class of refinements, and so
there is nothing to prove. If V|p is potentially crystalline and Frobenius semi-
simple, then it has two equivalence classes of refinements. The point on l~)(K P)
given by f corresponds to one of these equivalence classes, and we must find a
second point lying over V' that corresponds to the other. If V|p is in fact crys-
talline, then f is the p-stabilization of a newform of prime-to-p level. If fdenotes
the p-stabilized twin of f, then f gives the sought-after second point. If V|p  is
not crystalline, then f is itself a newform, whose nebentypus w is non-trivial at p.
Let w, be the p-part of w. If we take fto be the newform associated to the twist
[ ®w, L then f is p-stabilized and has finite slope, and gives rise to a point on

D(KP) with system of Hecke eigenvalues A®@w. Twisting that point by w=* € W(E)
gives the second point lying over V. (See [14, §4.1] for a representation theoretic
point of view on this discussion.)
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Now suppose that V|p  is Hodge-Tate but not potentially semi-stable. If k > 1,
then let g be an overconvergent eigenform of weight 2 — k such that #*~'g = f.
(Such a g exists by [21, 22].) If k < 1, then let g = §'~* f. Let x denote the point in
D(KP)(E) corresponding to f, and let y denote the point in D(KP)(E) obtained by
twisting the point corresponding to g by the character e!=%. Then V is the Galois
representation attached to both z and y, and we have found two distinct points
of E(Kp)(E) giving rise to V', which by (2) must account for the two equivalence
classes of refinements of V. This completes the proof of (3). O

7.6.2. Conjecture. Part (3) of the preceding theorem continues to hold in the case
when V|p, is the direct sum of two characters.

7.6.3. Remark. The preceding conjecture can be proved in many cases. Suppose
that V satisfies the equivalent conditions of part (1) of the preceding theorem, and
also that V|p = n for two characters n and ¢. If n = 1 then o(R) = (n,7)
for every refinement of V' and there is nothing to prove. Thus we may also assume
that 1 and v are distinct. There are then two cases to consider, namely the two
cases of Proposition 4.4.5.

In the first case, V|p, admits just its two equivalence classes of ordinary re-
finements. Part (2) of the preceding theorem then shows that the overconvergent
eigenform f to whose twist V' is attached must be ordinary. Twisting and relabelling
if necessary, we may assume that V' is attached to f, that n is unramified, and that
n(p) is the Up-eigenvalue of f. Thus the point of D(K?) given by f corresponds
to the ordinary refinement R; of V|p  for which o(R;) = (n,%). Let 1o denote
the restriction 1/)‘257 regarded as a character of Gg unramified outside of p. To
prove (3), we must show that there is a (necessarily ordinary) overconvergent form
g with Up-eigenvalue equal to 1(p), and with associated Galois representation equal
to V @y " (The point of ﬁ(K”) obtained by twisting the point corresponding to
g by 1 will then have V as associated Galois representation, and will correspond
to the refinement Ry for which o(R2) = (¢,7).) If the mod w representation V'
attached to V satisfies the necessary hypothesis, then results identifying ordinary
universal deformation rings with ordinary Hecke algebras (such as the one stated in
[17, §1]) will provide the required form g, and thus verify part (3) of the preceding
theorem in this case.

Now suppose that we are in case (2) of Proposition 4.4.5, so that V' is potentially
crystalline, with distinct Hodge-Tate weights, up to a twist. Since V has three
equivalence classes of refinements, we must construct three points on D(KP) that
give rise to V. Twisting V if necessary, we may thus assume that V is potentially
crystalline, and is attached to an overconvergent eigenform f of integral weight
k+#1. Ifk <1, then V®eF~1 is attached to ' ~F f, which is of weight 2 — k. Thus
we may assume that in fact f is of weight & > 1. The Fontaine-Mazur conjecture [37]
implies that in fact f should be classical. If this is so, then the argument that proves
[14, Thm. 1.1.2] in the split case provides the necessary three points. Essentially,
we have two classical points, namely an ordinary form f and an associated slope
k—1 form f (just as in the proof of classical case of the preceding theorem) as well
as a weight 2 — k ordinary form g such that §*~1g = f (The existence of g is a
consequence of the fact that V|p  is split [14, Thm. 1.1.3].) The results of Skinner
and Wiles [55, 56] show that in fact the Fontaine-Mazur conjecture for V is true
provided that 7 and 9 have distinct reductions modulo w. (The reader should bear
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in mind that V is assumed to arise from an overconvergent eigenform, so that the
residual modularity hypothesis of [56] holds for V'.) Thus under this hypothesis (3)
is also true. (Note that (3) is actually equivalent to the Fontaine-Mazur conjecture
for V: if (3) holds, then we see that some twist of V' must arise from an ordinary
form of weight k& > 1, which is necessarily classical.)

7.6.4. Remark. Consider the projection
pr: D(K?)(Q,) — (Spec E @0, T(2))(@,)

which maps a point to its associated system of Hecke eigenvalues. If A is a non-
Eisenstein system of Hecke eigenvalues lying in the image, corresponding to the
irreducible Gg-representation V, then we see from the preceding discussion that
the fibre pr=!(\) consists of one, two, or (admitting Conjecture 7.6.2) three points,
depending on whether V|p  satisfies condition (1), (2), or (3) of the following list:
(1) Either
(a) V|p, is indecomposable, and is not Hodge-Tate up to a twist.
(b) V|p, is indecomposable, and is potentially semi-stable, but not
potentially crystalline and Frobenius semi-simple, up to twist.
(c) V\p, is the direct sum of two copies of the same character.
(2) Either
(a) V|p, is indecomposable, and is Hodge-Tate, but not potentially
semi-stable, up to a twist.
(b) V|p, is indecomposable, and is potentially crystalline and Frobe-
nius semi-simple up to a twist.
(c) V|p, is a direct sum of two characters, but is not Hodge-Tate up
to a twist.
(3) V|p, is a direct sum of two distinct characters, and is Hodge-Tate up to a
twist.

Recall that if one restricts the projection pr to the eigencurve D(KP) then the
behaviour is simpler: the preimage of a non-Eisenstein system of eigenvalues will
have either one or two points. Furthermore the second case occurs precisely when
the corresponding Galois representation V' is Frobenius semi-simple and crystalline,
and thus attached to a newform of prime-to-p conductor (with the proviso that we
admit Conjecture 7.6.2, or equivalently, the Fontaine-Mazur conjecture, in the case
when V|p_ is a direct sum of distinct characters whose reductions mod @ coincide;
this is the exceptional case of [41, Thm. 6.6]).

We now state a result that gives some evidence for Conjecture 6.7.3 (cf. the
discussions of 6.7.5 and 6.7.10). Suppose that V is an irreducible continuous two
dimensional Gg,-representation that is trianguline and Hodge-Tate, but not poten-
tially semi-stable, up to a twist. Suppose furthermore that V' is (the restriction to
Gq, of) the Galois representation attached to a point of D(KP?)(E). Let R be the
non-ultracritical refinement of V, and write o(R) = (n,v).

7.6.5. Proposition. With the preceding hypotheses and notation, the locally ana-
lytic GL2(Qy)-representation B(V)an contains a subrepresentation W that sits in
a short exact sequence

0 (Indg(Lé:;@P) n@pe) — W - (Indggng?zv) b @ ey — O-
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Proof. Let R’ denote the ultracritical refinement of V', so that o(R') = (nz=%,12"),
where w < 0 is the Hodge-Tate weight of ni~1. If A denotes the system of Hecke
eigenvalues attached to the overconvergent eigenform giving rise to V', then Theo-
rem 7.6.1 (3) (applied to R’) shows that the point (nz=% | | ®y2z%e| |71, A) lies in
~ —w w -1  ~

D(K?)(E) C (Spec A.(K?))(E). Tn particular Jié | 19V U (HL(KP) p 0n) #
0. Let u € Iflg(Kp)Eyan denote the canonical lift (in the sense of [32, 0.9]) of a non-
zero element of this space, and let U denote the closed GL2(Qj)-subrepresentation
of HX(KP)g generated by u. As was observed in the proof of Proposition 5.2.6,

the element (X_)""u € H L(KP)g,an is the canonical lift of a non-zero element of

JQI(QL?WI I~ (}AIcl(Kp)E) Since (X_)"%u € U, it is in fact the canonical lift of a

non-zero element of J]T(Q G)M)sl ™ (U) By Theorem 5.2.5 there is thus a non-zero

GL2(Q
IndZ 2"
nab \M%q,)
H}(KP)g), this extends to a non-zero map

(68) B(n®ye) — U.

map ( )77 ® ws)an — U. Since U is unitary (being a closed subspace of

(Recall that B(n®e) denotes the universal unitary completion of (IndgLQ(Q”) n®

P(Qp)
Ve) )

Since B(n ® ve) is topologically irreducible and admissible (by Theorem 5.3.7)
the map (68) must be a closed embedding. Let % denote the image of u in the
cokernel of this embedding. Since (X_)~*u = 0, we see that if @ is non-zero, then
it generates a copy of

GL —w w ~ GL
(Indﬁ(ép) nz" Y ® Yz 6)1a1g = (Indﬁ((;p) PR ne)lalg

(the isomorphism being supplied by an intertwiner on the smooth factors of these
irreducible locally algebraic representations). However Lemma 5.2.4 shows that
this locally algebraic representation cannot be contained in a unitary GL2(Q,)-
representation. Thus necessarily @ = 0, and so (68) is an isomorphism. If W denotes
the closed GL2(Q),)-subrepresentation generated by w in Uy, C (ﬁcl (Kp)E)a][17 then
W has the extension structure stipulated in the statement of the proposition (since
the closed subrepresentation of U,, generated by (X_)"%u is precisely a copy of

(Indg(lg (()Q") n@Pe) an)- The proposition follows, once we recall that B(V) = B(n®

1e) by definition. O

7.7. Mapping Galois representations into }AIi g- Throughout this subsection
V' will denote an irreducible continuous two dimensional representation of Gg over
E. We let V denote the semi-simplification of the reduction modulo @ of (some
Go-invariant lattice in) V. (The resulting semi-simple Gg-representation over F is
independent of the choice of lattice.)

7.7.1. Definition. If x € ¢, (), then we write M, (V) := Homg, (V, }AIjE)

Note that M, (V) is a GLa(A)-invariant closed subspace of the admissible con-
tinuous GLy(A f)-representation VY ®p H ,} 1, and so is again an admissible contin-
uous GLga(Af)-representation [31, Prop. 7.2.2]. The following lemma states some
basic properties of M, (V).
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7.7.2. Lemma. (1) The natural evaluation map V Qg M(V) — ﬁiE is a

Go x GLa(Af)-equivariant embedding.

(2) If ¢ is any continuous character ¢ : Gg — E*, then there is a GL2(Q))-
equivariant topological isomorphism M(V ® ¥), — M.(V) ® (¢ o det)
(where on the right hand side we regard v as a character of A; via global
class field theory).

(3) The formation of M.(V) is compatible with extension of scalars to finite
extensions of E.

Proof. The evaluation map is tautologically Gg x GL2(A¢)-equivariant, and is an
injection since V is irreducible (and thus absolutely irreducible, being odd). The
proof of (2) is similar to the proof of Lemma 7.3.19. As in that proof, let ¢, denote
the cohomology class in H 0, that corresponds to 1 under the isomorphism (60).
Then Gg acts on ¢y, through the character ¢, while GLa(Ay) acts on ¢y through o
det. Cupping with ¢, thus induces the claimed isomorphism of (2) (with the inverse
isomorphism being provided by cupping with c,-1). Claim (3) is immediate. O

7.7.3. Lemma. If M, (V)(KP) # 0 (for+ =0 orc) and V is absolutely irreducible'®
then V is modular.

Proof. If V appears in ﬁi (KP)g for some tame level K?, then Lemma 7.2.3 shows
that V appears in H!(Y (K,KP?),F) for some sufficiently small compact open sub-
group K, of GL2(Q,). The space M := Homg, (V, Hi(Y(Kpr)7F)) is naturally
a T := T(X(KP))-module. Furthermore, the T-action on this space factors through
its quotient T(K,KP?); (as defined in Subsection 7.3). Since M is finite dimensional
over F, we must have that (F'®@p M)* # 0 for some finite extension F’ of F and some
system of Hecke eigenvalues A defined over F’. The system A is necessarily modu-
lar, since it is in fact a system of eigenvalues of ']T“(KPK P);. Since V is absolutely
irreducible, the natural evaluation map V ®p (F' @y M)* — HL(Y (K,KP),F’) is
injective, and the Eichler-Shimura relations then imply that A coincides with the
system of eigenvalues associated to V. Thus V is modular, as claimed. ]

7.7.4. Corollary. If M.(V) # 0, if V is absolutely irreducible, and if p # 2, then
V is odd.

Proof. The preceding proposition shows that V is modular, and thus odd. Since
p # 2, we may conclude that V is odd. (]

The following result gives some control over the action of GL2(A%) on M.(V).
7.7.5. Lemma. If K? is a tame level for which M, (V)X" # 0, then V is unramified
outside of B(KP).

Proof. To say that M, (V)X” £ 0 is to say that there is a Gg-equivariant embedding
V — H!(KP)g. The lemma thus follows from the fact that the Gg-action on
H!(KP)g is unramified away from S(KP). O

7.7.6. Corollary. If M.(V) # 0 then V is unramified at all but finitely many

primes.

10We will see in Proposition 7.7.13 below that under this assumption the spaces M, (V) for
either choice of * coincide; in particular, if one is non-zero, so is the other.
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Proof. If M, (V) # 0, then M, (V)X" # 0 for some tame level KP. The claim thus
follows from the preceding lemma. (Il

If KP is a tame level, and ¥ := X(KP), then the Hecke algebra T(X) acts naturally
on M, (V)K"

7.7.7. Proposition. Suppose that we are in the situation of Lemma 7.7.5, and
that furthermore V' is not a twist of a representation with finite image. Let X :
T(X(K?)) — E denote the system of Hecke eigenvalues attached to V' (which is de-
fined, since V' is unramified outside of $(KP)). Then T(X(KP)) acts on M, (V)K"
through the character .

Proof. The following lemma shows that our hypothesis on V' is equivalent to re-
quiring that the projective representation associated to V has infinite image. The
proposition thus follows from the (proof of) [14, Prop. 3.2.3]. O

7.7.8. Lemma. The following conditions on a continuous two dimensional Galois
representation V' defined over Q, are equivalent:

(1) The projective representation attached to V has finite image;
(2) V is a twist of a representation with finite image.

Proof. The claimed equivalence follows from the discussion of [53, §6]. Indeed, if
the projective image of V' is finite, then [53, Cor., p. 227] shows that we may find
a continuous two dimensional representation W of Gg, over @p which has finite
image, and whose associated projective representation coincides with that of V.
The discussion of [53, p. 226] then shows that V' is a twist of W. O

Proposition 7.7.7 has the following corollary.

7.7.9. Corollary. If M.(V) # 0 for x = () or ¢ and if V is not a twist of a
representation with finite image,'* then V is promodular (and in particular, is odd).

Proof. Tf M. (V') # 0 then M, (V)X" # 0 for some tame level K?. If A denotes the
systeonf Hecke eigenvalues attached to V', then the preceding proposition shows
that (H(KP)g)* # 0. It follows from Lemma 7.3.13 that X is promodular. d

7.7.10. Remark. Presumably any irreducible two dimensional Galois representa-
tion V over E for which M, (V) # 0 (for * = §) or ¢) is promodular, and so also
odd. In fact these two conditions on V are conjecturally equivalent (assuming al-
ways that M, (V) # 0). Indeed, suppose that V' is odd and that M, (V) # 0. We
know that V' is promodular unless it is a twist of a representation with finite image.
By Lemmas 7.7.2 (2) and 7.3.19, we may assume that V' does in fact have finite im-
age. The Artin conjecture, together with standard converse theorems, then implies
that V' = V; for some modular form f of weight 1. (This is the so-called Strong
Artin conjecture, which is actually a conjecture of Langlands.) Thus Remark 7.3.14
shows that V is promodular.

The surjection (57) induces a GLa(Af)-equivariant continuous map

(69) M (V) = M(V).

HyWe will see in Proposition 7.7.13 below that under this assumption the spaces M, (V) for
either choice of * coincide; in particular, if one is non-zero, so is the other.
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7.7.11. Conjecture. The map (69) is a GLa(Ay)-equivariant topological isomor-
phism.

This conjecture was originally formulated by Breuil in the case when V' = V; for
a modular form f of weight > 2. It has been proved in that case by Breuil and the
author (see Proposition 7.7.13 (2) below).

7.7.12. Remark. Since the Galois action on the kernel of (57) is abelian, it follows
directly that (69) is injective; the difficulty is to show that it is surjective. Note
that (69) is an isomorphism if and only if the induced map M. (V)5" — M(V)K”
is an isomorphism for each tame level KP.

The following proposition establishes Conjecture 7.7.11 in many cases. Part (1)
is due to Breuil; part (2) to Breuil and the author [14, Prop. 3.2.4].

7.7.13. Proposition. Conjecture 7.7.11 is true provided V satisfies either one of
the following two conditions:

(1) V is absolutely irreducible.

(2) V is not a twist of a representation with finite image.

Proof. In case (1), it follows from Lemma 7.7.3 that V is modular. Let A : T(X) — F
denote the corresponding system of eigenvalues, let m denote the kernel of A, and
let subscript m denote localization at m. It is clear that the injection

Homgy, (V, H(K?)pm) — Homg, (V, HL(KP) ) = M. (V)

is in fact an isomorphism (cf. the proof of Lemma 7.7.3). Also, since V is absolutely
irreducible, and since the kernel M of (59) is Eisenstein [14, Cor. 3.1.3], we see that
the natural map ﬁcl (KP)gm — Ht (K?)g m is an isomorphism. This proves (1).

Case (2) is proved in [14]. We present a variant on that proof here. Let A :
']~T(K P) — Op denote the (promodular) system of Hecke eigenvalues attached to V.
It follows from Proposition 7.7.7 that

M.(V) = Homg, (V, (H}(K?)E)™).
We claim that the natural map
-~ A P A

(70) (H:(K")p)" — (H'(KP)E)
is an isomorphism.

If Mo, denotes the kernel of (58), then (70) sits in the short exact sequence of
T(K?)-modules

0— M - (f]cl(Kp)E))\ — (ﬁl(Kp)E)A
— lim Ext' (T(K?) /I, Mo, /7*)®0, E,

where I denotes the kernel of X\, and the Ext's are computed in the category of
T(K?)-modules. On the one hand, the final term in this sequence is annihilated by
I. On the other hand, since ]/W\OE satisfies the conditions of Lemma 7.3.8, by [14,
Lem. 3.1.2], the same is also true of this term, and so that lemma implies that this
term is Eisenstein. Since A is not Eisenstein, this term must vanish. The term M
must also vanish, since M is Eisenstein. This shows that (70) is an isomorphism,
as required. [
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The following result describes the structure of the space M. (V)i of locally
GL2(Q,)-algebraic vectors in M, (V).

7.7.14. Proposition. The space M, (V )z is non-zero (for either choice of * €
{0,c}) if and only if V is the twist by a power of € of the representation associated
to a classical newform f over E of weight k > 2.

If these equivalent conditions hold (so that in particular V|p, is potentially semi-
stable with distinct Hodge-Tate weights, and the locally algebraic representation
7p(Vip,) is defined — see Conjecture 3.3.1 (7)) then the following additional results
also hold:

(1) There is a canonical GLa(A%)-equivariant isomorphism
(71) WP(V) L> HomGL2(Qp)(%p(V|Dp)7M(V)),
which induces a GLa(Af)-equivariant isomorphism
(72) T(Vip,) x 7 (V) = M(V )1ag.-
(2) For any 0 # £ € wP(V), regarded as an element of
HomGL2(Qp) (%p(V‘Dp)’M(V))

via the isomorphism of (1), the closure of &(7,(V|p,)) in M(V) is an

admissible unitary GLo(Qp)-representation which is independent of &, up

to a canonical isomorphism. Denote this completion of 7,(V|p,) by 7,(V).
(3) There is a canonical closed GLa(A ¢)-equivariant embedding

(73) (V) @p 7(V) — M(V),

whose image coincides with the closure in M(V) of M(V )ialg-

(4) The isomorphism (71) induces a canonical GLa(Ay)-equivariant isomor-
phism 7P (V) — Homgr, (q,)(Tp(V), M(V)) (where Hom denotes contin-
uous homomorphisms).

Proof. There is a natural isomorphism M, (V )iy — Homg, (V, ﬁIi)EJalg). The
first claim of the theorem thus follows from Theorems 7.4.2 and 2.5.1, once we
recall that the kernel of the natural map H}(Vk)p — H},,(Vk)E (resp. the cokernel
of the natural map HJ, (Vk)p — H'(Vi)g) contains no absolutely irreducible two
dimensional Galois representations, for any k > 2.

Suppose for the remainder of the proof that in fact V = Vy ® €™ for some
newform f of weight k& > 2 and some integer n. The isomorphism (72) then follows
directly from the same theorems as were cited above. Since 7,(V|p,) is a locally
algebraic representation of GL2(Q,), the inclusion M(V)iae C M(V) induces an
isomorphism

HOrﬂGL2 (Qp) (%p(V‘Dp), M(V)lalg) L HOIHGL2 (Qp) (%p(V|D,,)a M(V))

Combined with (72), this yields the isomorphism (71).
The isomorphism (71) in turn induces a GL2(Qp)-equivariant embedding

%,(Vin,) — Homgp g (v (V), M(V).

Since 7P (V) is irreducible, and so in particular finitely generated, we see that the
target of this embedding is an admissible unitary GL2(Q,)-representation. Thus if
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7p(V') denotes the closure of the image of this embedding, we see that 7,(V) is an
admissible unitary completion of 7,(V Dp). The natural evaluation map

Homar,(as) (7 (V), M(V)) ©5 77(V) — M(V)

is tautologically GL2(A f)-equivariant, and is injective, since 7P(V') is absolutely
irreducible. Thus it restricts to a GLa(Af)-equivariant injection (73), which must
in fact be a closed embedding, by [31, Prop. 7.2.2 (iii)]. Its image is the closure
of M(V)jalg, as follows from the explicit description of M (V)jag provided by (72).
This proves part (3).

If 0 # ¢ € 7P(V), then the closure of &(7,(V|p,)) coincides with the image of
7p(V) ® € under (73). Since that map is an injection, we see that this closure is
canonically identified with 7,(V'). This gives (2).

Finally, we have the series of maps

(V) — Homgy,g,) (Fp(V), M(V))
— HomGLQ(Qp) (%p(V‘Dp)v M(V)) L) WP(V),

where the first map is the injection induced by the embedding (73), the sec-
ond map is induced by restriction, which is also an injection (since the inclusion
7p(Vip,) — Tp(V) has dense image), and the third map is the isomorphism (71).
By construction, the composite of these maps is the identity, and so each must be
an isomorphism. This gives (4). O

7.7.15. Remark. If f is any classical cuspidal newform f over E of weight k > 2,
then 7,(Vy) is conjectured to be topologically irreducible. Indeed, when Viip,
is irreducible, it is conjectured to coincide with B(Vy|p, ), the admissible unitary
GL2(Q,)-Banach space representation attached to Vy p, via Conjecture 3.3.1 (see
Conjecture 7.8.1 below). This is known when Vy|p is trianguline and Frobenius
semi-simple (using the definition of B(Vy|p,) given in Subsection 6.1); see Theo-
rem 7.10.1 below. On the other hand, if V|p_ is reducible, then 7, (V) coincides with
the universal unitary completion of 7,(Vp,) (since this universal unitary completion
is admissible unitary and topologically irreducible, by Lemma 5.3.3 and Proposi-
tion 5.3.4). Thus in this case we find that 7,(V') is a topologically irreducible closed
subrepresentation of the reducible representation B(Vy|p, ) (at least in those cases
when a definition of B(Vy|p,) has been given in Section 6.)

7.7.16. Remark. Let 7 be a locally algebraic representation of GL2(Q),) of the form
Ti=U® (Symk_2E2)V, where U is an absolutely irreducible admissible smooth
representation of GL2(Q,). The preceding proposition shows that if 7 can be
realized as 7,(Vy|p,) for some cuspidal newform f of weight k, then 7 has a non-
zero universal unitary completion, and in fact admits a non-zero admissible unitary
completion, namely 7, (V}). If we suppose that U is cuspidal and that 7 has unitary
central character, then we can always realize 7 in the form 7,(Vy|p, ) (at least after
making a twist and replacing F with a finite extension); thus we have verified the
remarks made following the proof of Proposition 5.1.18.

Our final result of this subsection provides a characterization of the represen-
tations V' attached to points of the eigensurface D(KP) in terms of the structure

of M(V)E”.



84 MATTHEW EMERTON

7.7.17. Proposition. For any tame level KP, the set of exponents

Exp(M(V)E")

an

is non-empty if and only if V is a twist of a representation associated to a finite
slope overconvergent eigenform of tame level KP defined over E.

Proof. If M(V)%” vanishes, there is nothing to prove. Thus we may as well assume
that this space is non-zero, and thus (by Lemma 7.7.5) that V is unramified outside
Y(KP). Write T := T(X(KP?)), and A denote the system of Hecke eigenvalues
associated to V. R

Suppose first that Jg(lggg (M(V)ET) # 0 for some 1 ® x2 € T(E). This is
then a non-trivial finite dimensional E-vector space equipped with an action of T.
Lemma 7.7.2 (1) yields a Gg-equivariant T-linear injection
(74) V@ g (ML) = Jigy (H(K)p).
Since the source of (74) is non-trivial and finite dimensional, the Eichler-Shimura
relations show that it contains a T-eigenvector with system of eigenvalues A. Con-
sequently, we find that Jég&’;z (ﬁl (K?)3) # 0, and thus that the point (x1 ® X2, A)

lies in (Spec A(K?))(E), and hence in D(KP)(E) (by Theorem 7.5.8, since A is
not Eisenstein). Thus V is a twist of a Gg-representation attached to a finite
slope overconvergent eigenform of tame level KP defined over E. Conversely,
if V is such a twist, then Proposition 7.5.3 (or better, its proof) shows that
Exp(M(V)5) # 0. O

7.8. The local-global compatibility conjecture. If V is an irreducible contin-
uous representation of Gg over F, unramified outside of a finite number of primes,
then as in the preceding subsection we will let V' denote the semi-simplification of
the reduction modulo w of (some Gg-invariant lattice in) V.

We now restate Conjecture 1.1.1.

7.8.1. Conjecture. If V is an odd irreducible continuous representation of Gg
over E, unramified outside of a finite number of primes, then there is a GLa(Ay)-
equivariant topological isomorphism

MV)=II(V)
(where II(V') is the admissible continuous GLqa(A ¢)-representation associated to V
via Definition 7.1.1).

7.8.2. Remark. In light of Remark 7.7.10 and Conjecture 7.7.11, we have restricted
our attention to odd Galois representations and to the multiplicity space M(V).

We also state the following conjecture, which is well-posed independent of any
assumption about the existence of a local p-adic correspondence defined on all Gg, -
representations.

7.8.3. Conjecture. If V is an odd irreducible continuous representation of Gg

over E, then there is an admissible unitary GLo(Q,)-representation IL,(V) such

that M(V) = IL,(V) @ #™P (V). Furthermore, the association of I1,(V) to V
satisfies the following properties:

(1) If V and V' are two odd irreducible continuous two dimensional representa-

tions of Gq over E, then V|p, = V"Dp as Gq,-representations if and only

if there is a GL2(Qp)-equivariant topological isomorphism IL,(V') = IL,(V").
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(2) The representation I1,(V') has central character corresponding to the local
Galois character (det V)‘Gst via local class field theory.

(3) The representation IL,(V') satisfies the hypothesis of Definition 8.2.2, and
ﬁp(V) is associated to the semi-simplification ofV|Dp with respect to the
local mod w Langlands correspondence of [10].

(4) If V|p, is irreducible then I1,(V) is topologically irreducible.

(5) The representation V|p, is potentially semi-stable, with distinct Hodge- Tate
weights, if and only if the subspace I1,(V )iag of locally algebraic vectors of
IT,(V) is non-zero. Furthermore, if these conditions hold, then the sub-
space I, (V )1ag coincides with the locally algebraic representation 7,(V|p,)
attached to V|p, as defined in condition (7) of Conjecture 3.3.1.

(6) For any character n ® v € ’T(E) there is an equality of dimensions
dim Ref"®¥ (V) = dim Exp” 1®¥el 1" (11, (V) ).

(7) If Vip, is trianguline, then there is a GL2(Qy)-equivariant topological iso-
morphism 11,(V) = B(V|p,), where B(V|p,) is the admissible unitary
GL2(Qy)-representation attached to V|p, by the discussion of Section 6.2

7.8.4. Remark. Lemma 7.7.2 shows that the formation of IT,(V') would necessarily
be compatible with twisting, and with change of scalars.

7.8.5. Remark. As follows from the discussion of the preceding sections, condi-
tion (7) is by no means independent of the preceding conditions. For example,
if V|p, is irreducible and trianguline, and is either not potentially semi-stable up
to a twist, or else is potentially crystalline and Frobenius semi-simple up to a
twist, then conditions (4) and (6) imply that IT,(V) = B(V|p,). Similarly, if V|p,
is the direct sum of two characters, then conditions (3), (5), and (6) imply that
0,(V) = B(Vip,)-

7.8.6. Remark. If V = V; for some classical newform f of weight £ > 2, then
Proposition 7.7.14 shows that II,(V), if it exists, must contain 7,(V'). If further-
more V| p, is irreducible (equivalently, if f is not a twist of a form that is ordinary

at p), then condition (4) of the conjecture implies that IT,(V') should equal 7, (V),
or equivalently, that M(V )1ag should be dense in M(V).

The following result provides some evidence for Conjecture 7.8.3 at the primes
away from p.

7.8.7. Proposition. If V is not a twist of a representation of finite image, then

for any tame level KP, the inclusion M(V)E" € M(V), together with the action
of GLQ(A?(KP)) on M(V), induces a natural GLQ(A?(KP))-equivariant map

(75) (R (V) & MV)E — M(V)

(g (KP)

(where GLQ(A?(KP)) acts through its action on the first factor). If V is furthermore
absolutely irreducible, then (75) is an embedding.

12For those reducible indecomposable V\Dp for which B(V\DP) has not yet been defined, we
understand this statement to mean just that II,(V) is an extension of the form conjectured in
Subsections 6.4 and 6.5 above.



86 MATTHEW EMERTON

Proof. Write ¥ := B(KP). If M(V)X” vanishes then there is nothing to prove, so
we may assume that M(V)X" # 0. Lemma 7.7.5 then shows that V is unramified
outside Y. Thus, letting A denote the system of Hecke eigenvalues attached to V,
we have that

m N GL2(A%)
(76) % ’ Ty (V) = (C — IndGLg(Zé) l) s
2

(Here ¢ — Ind denotes the compactly supported induction, and the subscript A in-
dicates that we take the maximal quotient on which T(X) acts through A.) The
induced representation appearing in (76) is universal for maps to unramified rep-
resentations of GLg (A?) on which T(X) acts via A; more precisely, for any smooth

GL, (A?)—representation W over E, there is a natural isomorphism

GLQ(A?) 1)sm A W) - (WGLz(ZE)))\'

HomGLz(A?) ((c — IndGM@Z) 1

We write K? as the product of its ramified and unramified parts K% x GLo (Z*), and
then apply this isomorphism with W taken to be M(V)Kg. Since Proposition 7.7.7
shows that the Hecke algebra T(X) acts on the non-zero space M(V)%X” through A,
we obtain the map (75).

Suppose now that V is absolutely irreducible. For any fixed value of ¢, either
7 (V) = me(V) is irreducible, or else 7}* (V') is the non-split extension of a char-
acter of GL2(Qg) by an irreducible (special) representation. Thus if (75) is not
an injection, we find that M(V)X” contains a one dimensional GLq(Qy)-invariant
subspace for some ¢ ¢ 3. If we denote this one dimensional subspace by L, then
Lemma 7.7.2 (1) gives a Gg X GL2(Qg)-equivariant embedding V®g L — ﬁl(Kp)E.
If we let L denote the reduction mod w of L, then reducing this embedding mod w
(and taking into account Lemma 7.2.3) yields a Gg x GL2(Qy)-invariant embedding

(77) V 5 L — lim H'(V (K, K7), F).

Kp
Thus for some sufficiently small compact open subgroup K, of GL2(Q,) we see
that H'(Y (K,KP?),F) contains a copy of V which is invariant under GLa(Qy).
This contradicts Thara’s lemma [39] (see also the proof of Theorem 4.1 in [46]).

(We require the hypothesis that V is absolutely irreducible because Thara’s lemma
is a statement about the cohomology of closed modular curves.) (I

7.9. Consequences of the local-global compatibility conjecture. The fol-
lowing result makes explicit some of the consequences of the preceding conjecture.
(The ? are to indicate that each assertion is dependent on Conjecture 7.8.3.)

7.9.1. Proposition. Conjecture 7.8.3 has the following consequences. (As usual we
let V denote an odd irreducible continuous two dimensional representation of Gg
over E.)

(1)2 If N is the tame conductor of V, then V appears as a Gg-subrepresentation
of HY(K?(N))g. (Here KL(N) :={g € GLy(Z?) | g= (; ;) mod N1.)

(2)? V is pro-modular.

(3)2 The representation Vip, of Gq, is potentially semi-stable with distinct
Hodge-Tate weights if and only if V is a twist by a power of € of the Galois
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representation attached to a classical cuspidal Hecke eigenform of weight
k> 2.

(4)2 The representation V|p  of Gq, is trianguline if and only if V' is a twist of
a Galois representation attached to a p-adic overconvergent cuspidal Hecke
eigenform of finite slope.

Proof. If V has tame conductor N, then 7?(V)5T(N) -£ (0. Thus the conjecture
implies that M(V)5T(N) =£ 0, giving (1)7. If ¥ denotes the set of primes dividing
Np, and if A denotes the system of eigenvalues attached to V', then T(X) acts
on ™ P?(V)KT(N) through A. The conjecture thus implies that (M(V)Kf(N))/\ #
0, and so (2); follows from Lemma 7.3.13. Part (3); follows immediately from
condition (5) of the conjecture together with Proposition 7.7.14, while part (4);
follows from condition (6) of the conjecture together with Proposition 7.7.17. O

7.9.2. Remark. Note that part (1)7 of the preceding proposition provides a strong
converse to Lemma 7.7.5.

7.9.3. Remark. Part (2), is in many cases a theorem of Bockle. Indeed, he has
shown in a large number of cases for which V is absolutely irreducible that the
modular points are Zariski dense in the deformation space of V, and thus that V'
is necessarily promodular [11].

7.9.4. Remark. As we remarked in the introduction, part (3)- is a consequence
of the Fontaine-Mazur conjecture [37, Conj. 3c|], while part (4); is related to a
conjecture of Kisin [41, Conj. 11.8].

7.9.5. Remark. The converse to (2); above seems quite plausible: namely, if one
assumes that V' is promodular, it seems reasonable to expect that M(V) # 0.
When combined with the results of Bockle mentioned in Remark 7.9.3, this provides
a strong source of motivation for Conjecture 7.8.3.

7.9.6. Remark. If we combine (1), with the proof of (4),, we obtain the following
result: if V' is an irreducible Gg-representation attached to a finite slope overcon-
vergent eigenform of some tame level, and if NV is the tame conductor of V| then V
is in fact attached to a finite slope overconvergent eigenform of tame level N (giving
a kind of theory of newforms for finite slope overconvergent eigenforms). Can one
prove this unconditionally? Note that in many cases when V is absolutely irre-
ducible, the work of Bockle mentioned in Remark 7.9.3 identifies the localization of
T(KY(N)) at the maximal ideal corresponding to V with the universal deformation
ring of V. Thus one can conclude in these cases that V is attached to a p-adic
modular form of tame level N, and the problem is to show that this p-adic modular
form can be taken to be overconvergent. If V|p  is reducible then one can do this,
since the ordinary part of T(KT(NN)) becomes identified with the ordinary universal
deformation ring (under appropriate assumptions on V — see [17, §1] for example).

7.10. Some partial results. Recall from Theorem 7.6.1 that if V' is a twist of the
Galois representation attached to an overconvergent cuspidal Hecke eigenform of
finite slope, then V|p  is trianguline, so that we may define B(V|p,) (at least for
most such V|p ) according to the discussion of Subsection 6.

The next two results are in the direction of part (7) of Conjecture 7.8.3. Note
though that they only apply to Galois representations V' that are assumed to be
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attached to finite slope overconvergent eigenforms (up to a twist), and so do not
shed any light on part (4). of Proposition 7.9.1.

The first theorem deals with the case when V actually arises (up to a twist)
from a classical newform (which by [41, Thm. 6.6] is essentially equivalent to as-
suming that V|p  is potentially semi-stable up to a twist). In the case of V satis-
fying condition (a) of the theorem, it strengthens a part of [13, Thm. 1.1.2] (this
strengthening being made possible by virtue of the results of [8, 26]). For V sat-
isfying condition (b), it is essentially a restatement of [14, Thm. 1.1.2 (i)]. (To
facilitate the comparison with Conjecture 7.8.3, we recall from Remark 7.1.2 that
7P (V) = 7™ P(V) in the context of the theorem.)

7.10.1. Theorem. Let V be a twist of the Galois representation attached to a classi-
cal cuspidal Hecke eigenform of finite slope and weight k > 2. Assume furthermore
that the following conditions hold:

(a) If V\p, is irreducible, then one (equivalently every) potentially semi-stable
twist of V|p, is Frobenius semi-simple.

(b) If V\p, is reducible, then it is indecomposable, and is potentially crystalline
up to a twist.

Then there is a GLq (A?)-equivam’ant isomorphism
WP(V) — HomGLQ(Qp) (B(V‘Dp), M(V)) .

Furthermore, all the non-zero morphisms in the target of this isomorphism are
injective.

Proof. Replacing V' by an appropriate twist, and appealing to Lemma 7.7.2 (2),
we see that it is no loss of generality to assume that V is attached to a classical
newform f of weight k > 2, and that either V|p is irreducible and Frobenius semi-
simple, or else is reducible, indecomposable, and potentially crystalline. Let 7, (V)
denote the completion of 7,(V|p,) attached to V' by Proposition 7.7.14.

Suppose first that V|p, is irreducible. We will show that B(V|p, ) = 7,(V'). The
claimed isomorphism will then follow from Proposition 7.7.14 (4).

If V|p, is potentially crystalline, then B (V) p,) is equal to the universal unitary
completion of 7,(V|p,) (cf. Remark 6.1.4), and is topologically irreducible (The-
orem 5.1.6), and so we are done. If V/ p, is not potentially crystalline, then the
main result of [13] gives a non-zero homomorphism B(1—w, £)®n — 7,(V), where
1 — w is the weight of f, n is a character, and £ is an (a priori unknown) element
of E. By construction the image of this map contains 7,(V|p,), and so is dense
in 7,(V). Since B(1l — w, £) is admissible unitary and topologically irreducible
(Theorem 5.1.13) this map must be an isomorphism. In particular, 7,(V') is also
topologically irreducible. As Colmez explained to me, it then follows from [26] that
L must in fact equal the L-invariant of V|p , and thus that B(V|p,) = 7, (V).

Colmez’s argument is as follows: Let u]jf denote the Mazur-Tate-Teitelbaum
distributions defining the p-adic £-function attached to f. Essentially by definition
these distributions may be regarded as elements of the topological dual to the
universal unitary completion B of 7,(V). As is explained in [13, §5] (see also
[34, §5]) it follows from the construction of ujﬂf via modular symbols that they in
fact lie in the topological dual of the quotient 7,(V) of B. On the other hand,
Kato’s approach to defining p-adic L-functions, via the method of “Coleman power
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series” and explicit reciprocity laws, when reinterpreted in the language of (¢, T)-
modules (as in [25]) and combined with the main result of [26], shows that these
same distributions ,u? also lie in the topological dual of the quotient B(V|p,) of B.
Since both B(V|p,) and 7,(V') are topologically irreducible quotients of B, we see
that they must be quotients by the same closed subrepresentation, and thus that
7o(V) = B(V)p,).

Consider now the case when V|p_ is reducible, but indecomposable. Recall from
Remark 7.7.15 that 7,(V') is a closed subrepresentation of B(V|p,). It follows from
[14, Thm. 1.1.2 (ii)] that any non-zero element of HomGL2(QP)(B(V‘Dp),M(V))
must be injective, and thus that restricting homomorphisms yields an injection

(78) HomGLg(Qp) (B(V‘Dp)7 M(V)) — HomGLz(@p) (%p(V), M(V)) = WP(V)

(the isomorphism being provided by Proposition 7.7.14 (4)). Since 7P(V) is an
irreducible GL2(A%)-representation, and since [14, Thm. 1.1.2 (i)] shows that the
source is non-zero, we see that (78) is in fact an isomorphism. Thus in this case we
again obtain the desired isomorphism. a

7.10.2. Remark. Suppose in the context of the preceding theorem that V|p, is
the direct sum of two characters, say V|p, = n@ . Since V is associated to
a classical cuspform, all of the local factors of the representation of GLa(Ayf) as-
sociated to V' are generic [40, p. 354], and so in particular n~! # e*!. Thus

— (IngSt2(@) GL2(Qy)
B(Vip,) := (Indg o ' n@ ), B(ndg s ' & @ne) - If we label the sum-

mands 7 and 1 in such a way that ny~! has Hodge-Tate weight k — 1, then the
first of these summands is the universal unitary completion of 7,(V|p,). One thus
has isomorphisms of smooth GLq (Afc)—representations

(79) HOmGLQ(Qp) ((Iﬂdg(lgf”) 1 @ YE)conts M(V))
— Homgy, g, (7 (Vip, ), M(V)) — m,

(the first isomorphism following from the universal property of the universal unitary
completion, and the second from Theorem 7.4.2). Part (7) of Conjecture 7.8.3
implies that there should be a similar isomorphism of GLo (A’})—representations

?

G ~
HomGLz(Qp) ((Indﬁ(I?Q?:)Qp) Y ® ng)cont, M(V)) — Tp.

It follows from [14, Thm. 1.1.2 (i)] that the source of this conjectural isomorphism
is non-zero (and in fact that it has a non-zero space of KP-invariants, if K? denotes
the tame level of the newform f giving rise to V). However neither that result
nor its proof seems to extend in any immediate way to determine the structure of

Homg, @ )((IndgLQ(Qp) Y ® N )cont, M(V)) as a GLy(Af)-representation.
P (Qp) f

The next result deals with the case when V is attached to a non-classical finite
slope overconvergent eigenform.

7.10.3. Theorem. If V is a twist of a Galois representation attached to a non-
classical overconvergent eigenform of finite slope and tame level K*, and if V|p  is

irreducible, then there is a GLa(Qy)-equivariant embedding B(V|p,) — M(V)E”,
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Proof. If R is a non-ultracritical refinement of V|p _, then Theorem 7.6.1 and Propo-
sition 7.5.3 together yield a map B(R) — M(V)X”. Since V|p, is irreducible, and
since the eigenform to which it is associated (up to a twist) is not classical, we infer
from [41, Thm. 6.6] that V|p  is not potentially semi-stable up to a twist. Thus
B(V|p,) := B(R), and the theorem follows. O

7.10.4. Remark. The various restrictions on the structure of V|p  in the state-
ments of the preceding two theorems are not actually so serious. For example, if
Conjecture 5.1.5 were to be proved in full generality, then we could eliminate con-
dition (a) from the statement of Theorem 7.10.1. In any case, it is conjectured that
V|p, is always Frobenius semi-simple when V' is the Galois representation attached
to a classical newform.

Let us now consider the case when V|p is reducible, but does not satisfy con-
dition (b) of Theorem 7.10.1. If V|p  is indecomposable, and if the conjectured
extensions of Subsections 6.4 and 6.5 were constructed, so that B (V‘ Dp) could be
defined, then an argument analogous to that of [14, §5.6] would provide an em-
bedding B(V|p,) C M(V) (at least if V|p  is an extension of distinct characters).
(Note that in the case when V admits an L-invariant, one would build on the main
result of [13], which provides an embedding of the appropriate twist of B(2, L) into

Suppose on the other hand that V|p is split. If V' is attached to a classical
form of weight £ > 2, then (as was implicitly recalled in Remark 7.10.2 above)
it follows from [14, Thm. 1.1.2 (i)] that the analogue of Theorem 7.10.3 holds
for V. If instead V is attached either to a form of weight 1 or to a non-classical
form, then the method of proof of [14, Thm. 1.1.2 (i)] will extend to establish an
analogue of Theorem 7.10.3 for V provided that one can prove the existence of
p-adic companion forms in these contexts. (Essentially, one is given an ordinary
eigenform corresponding to one equivalence class of ordinary refinements, and one
has to construct an ordinary eigenform that corresponds to the other equivalence
class of ordinary refinements.) The isomorphism between the ordinary deformation
ring and the ordinary Hecke ring attached to V provided by [17, §1] (for example)
will establish the existence of such a companion form, provided that V satisfies the
necessary hypotheses for that result to apply (and so Theorem 7.10.3 does extend
to cover these cases).

7.10.5. Remark. In contrast to the cases considered in Theorem 7.10.1, in The-
orem 7.10.3 we do not have any control over the multiplicity with which B(V|p, )
appears in M(V). (As was noted in Remark 7.9.6, it seems that one doesn’t even
know for which tame levels K? one has M(V)K" #0.)

7.10.6. Remark. The preceding results, combined with Proposition 7.7.14, show
that if V' is the Gg-representation attached to a finite slope overconvergent eigen-
form for which V|p is irreducible, and is not a twist of a potentially semi-stable
Frobenius non-semi-simple representation, then the representation B(V/ Dp) satisfies
condition (7) of Conjecture 3.3.1. It follows that B(V|p, ) also satisfies condition (8)
of that conjecture (cf. Proposition 6.6.5, and note that Proposition 7.6.5 allows us
to replace the inequality in part (3) of that result by equality for the representations
under consideration).
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The final result of our paper gives a kind of converse to the preceding theorems.
It includes as a special case a part of [13, Thm. 1.1.2].

7.10.7. Theorem. Assume that V is not a twist of a representation having finite
image, and let W be a trianguline continuous two dimensional representation of
Gq, for which B(W) has been defined (i.e. W satisfies one of the three conditions
stated at the beginning of Subsection 6.6).

(1) If there exists a non-zero continuous GL2(Qy)-equivariant map B(W) —
M(V), then V is a twist of a representation attached to an overconvergent
eigenform of finite slope, and there is an isomorphism (V|p )% = W,

(2) If V|p, is indecomposable, if W is not the direct sum of two copies of the
same character, and if the map of (1) is furthermore an embedding, then
V|Dp = W.

Proof. Suppose that we are given a non-zero map B(W) — M(V'). Our assumption
on V, together with Proposition 7.7.7, shows that T(2X(K?)) acts on M(V') through
the system of eigenvalues A associated to V. Thus there is induced a non-zero map

(80) B(W) — H'(KP)}.
Suppose first that W is irreducible, and let R be a non-ultracritical refinement
of W. If we write o(R) = (n,v), then Lemma 6.6.3 shows that

—1 ~
(s1) TS T I (KP)y ) #0.

Thus (n | | @e | |71, A) lies in (Spec A(KP))(E), and hence in D(K?)(E) (by
Theorem 7.5.8, since A is non-Eisenstein). In particular we see that V' is attached
to a twist of a finite slope overconvergent eigenform. Theorem 7.6.1 (2) then shows
that there is a refinement R’ of V|p such that o(R’) = (n,v). Thus Theorem 4.5.4
implies that V|p, and W are isomorphic, unless nY~le™! = 2% for some w > 0,
in which case V|p, and W each admit an L-invariant. In this case we can apply
the argument of Colmez given in the proof of Theorem 7.10.1. Namely, after twist-
ing each of V and W, we may assume that V|p  is semi-stable, and thus (by [41,
Thm. 6.6]) that V is attached to a classical newform f. The Mazur-Tate-Teitelbaum
distributions ujﬂf, which are naturally distributions on B(R), are then seen to in-
duce distributions on both B(V|p,) and B(W). Since these are both topologically
irreducible quotients of B(R), they must coincide, and so again V|p, = W. (If
the L-invariants of V|p,  and W are finite, then we could instead appeal to [13,
Thm. 1.1.2].)

We summarize the case when W is reducible, leaving the reader to fill in the
details. As we observed in Subsection 6.6, the representation B(W) satisfies condi-
tion (8) of Conjecture 3.3.1. Thus if the map (80) is injective, then condition (81)
holds for every refinement R of W, and hence (again applying Theorem 7.6.1 (2))
we find that Ref”(W) # 0 for some o € Homgons (W), T(E)) implies that also
Ref?(V|p,) # 0. If we assume furthermore that V|p  is indecomposable, and that
W is not the direct sum of two copies of the same character, then, given our other
restrictions on W, and recalling Propositions 4.5.5 and 4.5.6 and Lemmas 4.4.1
and 4.4.3, we conclude that indeed V|p, = W.

Suppose now that (80) is not necessarily injective. Writing W as an extension
of 1 by n (and interchanging ¢ and 7 if necessary in the case when W is split),
and taking into account the definition of B(W), we may then assume that either
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(a) the map (80) induces an injection (Ind?{&p?”) n® e, .. — M(V), (b) the
map (80) induces an injection (Indg(]g;gp)w ®@ne) o — MWV, () nv~t =g,
and (80) induces an injection 7 o det ® B(2,00) — M(V), or (d) W = qp~! = ¢,
and (80) induces an injection nodet = (nodet ®B(2,00))/(n o det ®§t) - M(V).
In cases (a) and (c) (resp. (b)), a consideration of Jacquet modules shows that V|p,
admits a refinement R such that o(R) = (n,%) (resp. o(R) = (¢,n)). This implies
that V' is reducible, and that (V|p,)** = W*. In case (d), M(V) would contain
the one dimensional representation 1 o det of GL2(Q),), which is impossible. (Such
a representation is locally algebraic up to a twist, but Theorem 7.4.2, together with
the fact that the local factors of the GLa (A f)-representation attached to a cuspidal

newform are generic [40, p. 354], shows that H'(KP) E,lalg Cannot contain a one
dimensional GL2(Q),)-representation.) Thus case (d) cannot occur. O
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