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The goal of this paper is to illustrate how the techniques of locally analytic p-adic
representation theory (as developed in [28, 29, 30, 31] and [13, 14, 17]; see also [16]
for a short summary of some of these results) may be applied to study arithmetic
properties of automorphic representations. More specifically, we consider the prob-
lem of p-adically interpolating the systems of eigenvalues attached to automorphic
Hecke eigenforms (as well as the corresponding Galois representations, in situations
where these appear in the étale cohomology of Shimura varieties). We can sum-
marize our approach to the problem as follows: rather than attempting to directly
interpolate the systems of eigenvalues attached to eigenforms, we instead attempt
to interpolate the automorphic representations that these eigenforms give rise to.

To be more precise, we fix a connected reductive linear algebraic group G de-
fined over a number field F, and a finite prime p of F. We let F, denote the
completion of F' at p, let £ be a finite extension of F, over which the group G
splits, let A denote the ring of adeles of F', and let Ay denote the ring of finite
adeles of F'. The representations that we construct are admissible locally analytic
representations of the group G(Ay) on certain locally convex topological E-vector
spaces. These representations are typically not irreducible; rather, they contain as
closed subrepresentations many locally algebraic representations of G(Ay) which
are closely related to automorphic representations of G(A) of cohomological type.
(Tt is for this reason that we regard the representations that we construct as forming
an “interpolation” of those automorphic representations.)

Once we have our locally analytic representations of G(Af) in hand, we may
apply to them the Jacquet module functors of [14]. In this way we obtain p-adic
analytic families of systems of Hecke eigenvalues, which (under a suitable hypothe-
sis, for which see the statement of Theorem 0.7 below) p-adically interpolate (in the
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traditional sense!) the systems of Hecke eigenvalues attached to automorphic repre-
sentations of cohomological type. More precisely, the resulting families interpolate
the systems of Hecke eigenvalues attached to those automorphic representations
which contribute to the cohomology of the arithmetic quotients associated to G,
and whose local factor at p embeds in a principal series representation. (This last
property is a representation theoretic interpretation of the finite slope condition
appearing in [11].)

Most of our efforts in this paper are devoted to constructing the representations
of G(Ay) alluded to above, and to establishing their basic properties; considerably
less space is devoted to the detailed analysis of the p-adic families that we obtain
by applying the Jacquet module functors to these representations. However, we
do consider the case of GLy,q in enough detail to explain how our results, in that
particular case, lead to a new construction of the eigencurve of [11], valid for all
primes and arbitrary tame level. (In [11] the authors restrict themselves to odd
primes and trivial tame level.) We also indicate how the construction of this paper,
when combined with the results of the forthcoming paper [17], may be used to
construct a two-variable p-adic L-function parameterized by the eigencurve.

The arrangement of the paper is as follows: In Section 1 we extend some of the
definitions and results of [25, V.2.4] (which compares the group cohomology and Lie
algebra cohomology of finite dimensional representations of locally p-adic analytic
groups) to the context of infinite dimensional representations. Section 2 presents
our main constructions and results. In Section 3 we describe how to produce locally
analytic p-adic representations out of certain classical automorphic representations,
thus providing a bridge between the classical theory of automorphic representations
and the locally analytic representation theory that underlies the methods of this
paper. Related to this, we interpret our results in the case of a group that is
compact at infinity in terms of the notion of “locally analytic p-adic automorphic
forms”. Section 4 is devoted to the example of GLy/g. In the remainder of the
introduction, we briefly sketch the constructions and results of Section 2, and also
comment on the relation between our work and other recent work related to the
p-adic interpolation of automorphic forms.

Cohomology of arithmetic quotients. Let K., denote a fixed maximal compact
subgroup of the real group G(R ®q F'), and let K3 be its connected component of
the identity. Let mg denote the quotient K, /K2, . For any compact open subgroup
Ky of G(Ay) we write

Y(Ky) = G(F)\G(A)/ KK

If Ky is sufficiently small, and if K} is a normal open subgroup of Ky, then the
natural map Y(K}) — Y (Ky) is a Galois covering map, with group of deck trans-
formations isomorphic to the quotient Ky /K.

Let A']’c denote the prime-to-p part of the ring of finite adeles of F, so that
Ay = F, x A’}. We are particularly interested in Ky of the form Ky = K KP,
where K, is a variable compact open subgroup in G(F}), and K* is a compact
open subgroup of G(A'}), fixed for the moment. (We refer to such a subgroup KP?
as a “tame level”.) If we allow K, to shrink to the identity, while keeping the tame
level fixed, the spaces Y (Ky) form a projective system, equipped with an action of
7o X G(F}). Passing to cohomology with coefficients in a ring A yields an inductive
system of A-modules, equipped with an A-linear action of my x G(F}).
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Taking A to be Og/p® for some natural number s > 0 (here O denotes the
ring of integers of E) we define H"(K?,Og/p®) := lim H"(Y (K,K*), Og/p®). We
Kp
then obtain an E-Banach space H"(KP®), equipped with a continuous action of
7o X G(Fy), by passing to the projective limit in s, and tensoring with E:

H"(K*):= E®p, lim H"(K?, Og/p®).

Let K" C K" be an inclusion of tame levels. We obtain a corresponding
7o X G(F})-equivariant closed embedding of E-Banach spaces H"(K?) — H"(K*').
Passing to the locally convex inductive limit over all tame levels yields a locally con-
vex E-vector space H" equipped in a natural way with an action of my x G(Af).

In the following results, we will apply some terminology introduced in [13, §7] to
the group mp X G(Af). When applying this terminology, we will regard o x G(Ay)
as being factored as the product of the locally Fj-analytic group G(F,) and the
locally compact group my X G(A’)’c).

The following result (which follows from Theorem 2.2.16 below) describes the
basic properties of the my x G(A)-representation H"™.

Theorem 0.1. (i) The representation H™ is an admissible continuous representa-
tion of mo x G(Ay) (in the sense of [13, Def. 7.2.1]).

(ii) For any tame level K*, the Banach space H"(KP®) is recovered as the subspace
of KP-invariants in H™.

Our next result describes the result of passing to the locally L-analytic vectors
of the representation H", for any local field L intermediate between F}, and Q. It
is a consequence of Theorem 0.1 and the theory of [13, §7].

Theorem 0.2. (i) The representation flf_la is an admissible locally L-analytic
representation of mp x G(Ay) (in the sense of [13, Def. 7.2.7]).

(i) For any tame level K*, the natural map H™(K®)p_ 1. — (H} )" from
the space of locally L-analytic vectors of the G(Fy)-representation H™(KP) to the
space of KP-invariants in ﬁz_la 18 an tsomorphism.

If W is a finite dimensional representation of G over E, then there is a local
system of E-vector spaces Vi defined on each of the spaces Y (K) (which is the
trivial local system when W is the trivial representation), and we may form the
E-vector space H™(Vy) := lim H"(Y (Ky), Vw ), which is equipped with a smooth

Ky
action of mp x G(Ay). It is in fact an admissible smooth representation of this

group (as is well known); indeed the space of K y-invariants in H™ (V) is precisely
H™(Y(Ky¢),Vw), and so is finite dimensional.

Let W denote the contragredient representation to W. We equip the tensor prod-
uct H"(Vw) @ W with an action of 79 x G(Ay) induced by the tensor product
action of G(F}), and the action of my x G(A‘}) on the first factor. This tensor prod-
uct is then an admissible locally algebraic representation of my x G(Ay) (by [13,
Prop. 7.2.16]), and we show that there is a natural my x G(A f)-equivariant map

(0.3) H"(Vw) QW — H".
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Since the my x G(Af)-action on H" (V) is smooth, giving such a map is equivalent
to giving a my X G(As)-equivariant map

(04) Hn(VW) - HomQ(W7H£—la)

(where g denotes the Lie algebra of G). When the map (0.4) is an isomorphism, it
yields an intrinsic representation theoretic description of the smooth my x G(Ay)-
representation H™(Vy ), in terms of the locally analytic representation ﬁf_la and
the given finite dimensional representation W. Furthermore, the map (0.3) then
identifies H"(Vw ) ®g W with the subspace of locally W-algebraic vectors in H"™.
We are able to give some examples for which (0.4) is an isomorphism (see the
discussion below); in general, we establish the following result.

Theorem 0.5. If W is a finite dimensional representation of G defined over E,

with contragredient W, then the map (0.4) (with L = Qyp) is the edge map of a

7o X G(Ay)-equivariant spectral sequence
By’ = Extg (W, HY _,,) = H™(Vw).

This result is a restatement of Corollary 2.2.18.

In this paper we consider two examples for which the higher Ext terms appear-
ing in the spectral sequence of Theorem 0.5 can be shown to vanish, and thus for
which (0.4) is an isomorphism (for any choice of L as above). One is the case when
(the restriction of scalars to Q of) G satisfies the conditions of [19, Prop. 1.4] (the
spaces Y (K) are then the union of finitely many contractible connected compo-
nents, and so we naturally take n = 0); the other is the case of GLy,q (for which
we take n = 1). In such situations, we may regard the locally analytic represen-
tation ﬁ}ﬁrl as providing a p-adic interpolation of the representations H™(Vy)
— or more precisely, of the locally algebraic representations H" (V) ®g W, since
it is these representations that are then identified by (0.3) with locally algebraic
subrepresentations of Hp ..

Let us remark that we also establish analogues of Theorems 0.1, 0.2 and 0.5 with
cohomology replaced by compactly supported cohomology.

a

Figenvarieties. Suppose now that G is quasi-split over F,. We fix a Levi factor
T in a Borel subgroup B of G/, (so that T is a torus), and let T denote the rigid
analytic space over E that parameterizes the locally Fy-analytic characters of the
abelian locally Fy-analytic group T := T(F}). Fix a cohomological degree n, as
well as a tame level KP. Write H(K?) := H(G(A’})//Kp) to denote the prime-to-p
Hecke algebra of level KP (over E), and as in Subsection 2.3 below, factor H(KF)
as H(KP) = H(KP)™*" @ H(KP)*Ph. Note that H(KP)*P"  the spherical Hecke
algebra of tame level KP, is a central subalgebra of H(KP®).

Fix an embedding of E into @p. Suppose that 7y is an irreducible my x G(Ay)-
representation appearing as a subquotient of @p ®g H"(Vw), for some irreducible
G-representation W (necessarily definable over E, since G is assumed to split over

E), with the property that 7, (the local factor at p of 7;) embeds into Indgg:)) 0

for some smooth @p—valucd character 6 of T', and for which 77}03 # 0. Since 7y
is irreducible, the spherical Hecke algebra H(KP?)*" acts on 7 " through a Q,-
valued character A, which determines a @p—valued point of Spec H(K*)*Ph. Let 1)
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denote the highest weight character of W (with respect to the chosen Borel B),
regarded as a character of T, and write x := 6. Let E(n, K*). denote the set of

points (x, ) € (T X Spec H(K")Sph) (Q,) constructed in this manner from such
irreducible subquotients .

Definition 0.6. We define the degree n cohomological eigenvariety of G of tame
level K* to be the rigid analytic Zariski closure of E(n, K*) in T x Spec H (KP)*Ph,
and denote it by E(n, K*).

The following theorem is a consequence of the results proved in Subsection 2.3
below.

Theorem 0.7. If the map (0.4) is an isomorphism for each irreducible representa-
tion W of G (and for our fized choice of cohomological degree n), then the following
are true:

(i) Projection onto the first factor in the product T x Spec H(KP) induces a finite
map E(n,K?) — T

(i) The composite of the finite map E(n, K?) — T of (i), and the map T —t
given by differentiating characters, has discrete fibres. (Here t denotes the dual to
the Lie algebra t of T.) In particular, the dimension of E(n,K") is at most equal
to the dimension of T'.

(ii1) If (x, A) is a point of E(n, K®) in which the first factor x is locally algebraic
and of non-critical slope (in the sense of [14, Def. 4.4.3]), then (x, A) is in fact a
point of E(n, K?)q.

(i) There is a coherent sheaf M of right H(K?)"™*™[mg]-modules over E(n, K?),
whose fibre over any point (x, A) of E(n, K®)a of non-critical slope is naturally iso-
morphic (as an H(KP)"™™[rg]-module) to the E-linear dual of the (0, \)-eigenspace
of the Jacquet module (taken with respect to B(Fy)) of the smooth representation
H"(K®,Vy ). (Here we have factored x = 6v¢ as a product of a smooth and an
algebraic character, and written W to denote the irreducible representation of G
whose contragredient has highest weight ¢ with respect to B. Also, we have writ-
ten H(KP)™™[rg] to denote the group ring of mo with coefficients in the algebra
H(KP)ram)

Theorem 0.7 applies in particular to the two examples discussed above. In the
case when G satisfies the conditions of [19, Prop. 1.4], so that the only non-vanishing
cohomology is in degree zero, we naturally take n = 0. This class of examples is
already extremely interesting; for example, taking G to be a totally definite quater-
nion algebra over a totally real field, one obtains a construction of eigenvarieties
parameterizing systems of Hecke eigenvalues attached to Hilbert modular forms
over F. In this case we are able to improve on Theorem 0.7 (ii), to show that in
fact E(n, K?) is equidimensional of dimension equal to the dimension of T.

In the case of GLy/q, the important cohomological degree is n = 1. We recover
the eigencurve of [11] (or more precisely, the surface obtained from it by allowing
twists by wild characters at p) as the eigenvariety of trivial tame level. Note that
our method imposes no constraints on the tame level, and so in this case we may
equally well construct an eigenvariety for arbitrary tame level. (We are also able to
include the case p = 2, which is omitted in [11]. A construction of the eigencurve
for all primes and arbitrary tame level has been given independently by Buzzard
[6], using a direct extension of the method of [11].) By working with compactly
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supported cohomology, and applying the results on Jacquet functors to appear in
[17], we can use this point of view on the eigencurve to construct a two-variable p-
adic L-function over the eigencurve. This L-function will be constructed as a certain
section of (a slight modification of) the coherent sheaf M of Theorem 0.7 (iv).

We close our summary with an observation that allows us in some instances to
interpolate Galois representations as well as systems of Hecke eigenvalues. Suppose
that G is a group for which the arithmetic quotients Y (K ) (possibly modified in the
manner discussed in Subsection 2.4 below) admit the structure of Shimura varieties,
with canonical models defined over some number field F’. Then throughout the
preceding discussion, we may take “cohomology” to mean “étale cohomology”, and
thus endow the space H” with a representation of Gal(Q/F"), commuting with the
G(Ay)-action. In the cases when Theorem 0.7 applies, this Galois action will be
inherited by the coherent sheaf M, and so M will be a coherent sheaf of Galois
representations over E(n, K?). For example, in the case of GLy over Q, for each
tame level we obtain a coherent sheaf of representations of Gal(Q/Q).

Other approaches. There are at least two other approaches to the study of eigen-
varieties that appear in the literature. Coleman and Mazur’s original construction
of the eigencurve [11], via the geometric theory of modular forms, has been ex-
tended to the contexts of Shimura curves by Kassaei [22] and to the context of
Hilbert modular varieties by Kisin and Lai [23].

There is also an approach, the basic idea of which is due to Stevens (generalizing
the approach of Hida [20] in the ordinary case), that has been developed by Ash
and Stevens (for the group GL, over Q [2]), Buzzard (for tori and for definite
quaternion algebras over Q [5], and for totally definite quaternion algebras over
totally real fields [6, §§8,9]) and Chenevier (for groups G over Q that are compact
over R and isomorphic to GL,, over Q,, [8]). Stevens’ method has in common with
the method of this paper that it uses cohomology of arithmetic quotients as a
means of achieving the desired p-adic interpolation. (In the case of [5], [6, §58,9]
and [8], the arithmetic quotients that are considered are zero-dimensional. This is
the situation that we consider in Subsection 3.2 below.) Nevertheless, it is quite
different to the approach taken here.

Here is a sketch of Stevens’ method: Take an Iwahori subgroup I of G(Q,), with
image Q in the flag variety of G(Q,), and consider the space of locally analytic
distributions on 2. Out of this space construct a quasi-coherent sheaf D on “weight
space” — that is, the space of locally analytic characters of the intersection I ()T
Let I" be an arithmetic subgroup of G(R®gq F') which embeds into I; then I" acts on
D, and passing to I' cohomology (in some chosen degree) yields a sheaf over weight
space on which analogues of the U,-operators act. Passing to the finite slope part
of this sheaf yields the desired eigenvariety, and a coherent sheaf over it (similar to
the coherent sheaf M appearing in Theorem 0.7 (iv)). In practice, it can be difficult
to carry out this process sheaf theoretically over all of weight space, and one can
instead restrict to a sufficiently small affine open neighbourhood of a classical point
of weight space and work directly over the corresponding Tate algebra. (This is
done in [2], for example.)

The basic distinction between our approach and either of the approaches men-
tioned above is our emphasis on the point of view and methods of representation
theory. One advantage of this is that our approach is not specifically tailored to
the study of finite-slope automorphic forms. Spaces of overconvergent automorphic
forms (which form the basic objects in the geometric approach) and the arithmetic
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cohomology of the sheaf D (which forms the basic object in Stevens’ approach) both
seem to be hopelessly large as Hecke modules until one passes to the finite slope
parts. By contrast, the representations H™ that we construct, and their associated
spaces of analytic vectors, satisfy reasonable finiteness conditions — namely they
are admissible in the appropriate sense. (This is the pay-off for working with the
entire group, and not just the Hecke algebra.) Thus it is reasonable to hope that
our approach will have applications to the construction of families of forms in the
infinite slope (i.e. non-principal series at p) case also.

The representations H™ that we construct are similar to certain representations
constructed by Shimura. In the paper [32] Shimura considers an inductive limit
of cohomology of arithmetic quotients of Shimura curves attached to a quaternion
algebra over a totally real field F' that is split at exactly one infinite place, and
at all the primes lying over a fixed prime p (denoted ¢ in [32]), equipped with the
natural action of the group G(Q,). (Here G denotes the restriction of scalars of
the quaternion algebra from F to Q.) Using a base-change argument, he is able to
establish a strong control theorem, which in the particular case when G = GLo, is
analogous to the control theorem established by isomorphism (4.3.4) below. One
difference between the results of [32] and ours is that Shimura considers cohomology
with coefficients in Q,/Z,, whereas we consider cohomology with Q,-coefficients,
completed with respect to the norm induced by the cohomology with Z,-coeflicients.
More importantly, in [32] there is no analogue of the passage to locally analytic
vectors that plays such an important role in this paper. (I would like to thank
Haruzo Hida for drawing my attention to the details of [32].)

Let us close this discussion of alternative methods by pointing out that Stevens’
approach lends itself in a natural way to the construction of two-variable p-adic L-
functions along the eigencurve (or at least, in the neighbourhood of classical points
on the eigencurve) [33]. As we explain in Section 4, our point of view also gives a
construction of such two-variable p-adic L-functions. In that section, we will recall
Stevens’ result more precisely, and compare it with the construction yielded by our
representation theoretic approach.

Notation and conventions. We follow closely the notational and terminological
conventions introduced in [13] and [14]. In particular, we refer to those papers for
the meaning of any technical terms and pieces of notation that are used without
explanation in the present text.

Acknowledgments. During the course of preparing this paper I discussed my ideas
with many people, and I would like to thank Alexander Beilinson, David Ben-
Zvi, Christophe Breuil, Kevin Buzzard, Vladimir Drinfeld, Haruzo Hida, Robert
Kottwitz, Peter May, and Glenn Stevens for their helpful remarks arising from
these discussions. I would also like to thank the referee, whose careful reading of
the paper and thoughtful suggestions helped to improve the clarity of the exposition.

1. CONTINUOUS COHOMOLOGY AND LIE ALGEBRA COHOMOLOGY

(1.1) In [13, §4.1] we studied some basic properties of the functor “pass to
smooth vectors”. In applications, it is necessary to consider not only this functor,
but also its derived functors. The object of this subsection is to introduce these
derived functors, and to establish those properties of them that will be required for
the applications that we have in mind.
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We begin by supposing that G is a compact locally Q,-analytic group. (Equiva-
lently, a compact p-adic analytic group, in the terminology of [25].) We fix a finite
extension F of Q,, with ring of integers Op. Recall that the category of admissible
continuous representations of G over E (as defined and studied in [30] and [13,
§6.2]; we employ the notation of the latter reference) is abelian.

Lemma 1.1.1. If G is a compact locally Qp-analytic group then the abelian cate-
gory of admissible continuous representations of G over E has enough injectives.

Proof. Any admissible continuous representation V' admits a closed G-equivariant
embedding into C(G, E)" for some n > 0, and so it suffices to show that the admissi-
ble continuous representation C(G, E)™ is injective. This easily follows from the fact
that its dual space is equal to D(G, E)™, which is a free module over D(G, E). O

Since the inclusion E — C(G, F) induces an isomorphism E —~ C(G, E)¢ (where
the superscript G denotes “G-invariants” ), we see that for any admissible continuous
G-representation V, the space V¢ is finite dimensional.

Definition 1.1.2. If G is a compact locally Qp-analytic group then we let H*(G,—)
denote the derived functors of the functor “pass to G-invariants” from the category
of admissible continuous representations of G over E to the category of finite di-
mensional F-vector spaces.

That these derived functors exist follows from Lemma 1.1.1. The following propo-
sition guarantees that they agree with the usual continuous cohomology of G.

Proposition 1.1.3. The derived functors of Definition 1.1.2 agree with the usual
cohomology of G computed with continuous cochains.

Proof. We remark that cohomology with continuous cochains yields a J-functor
on the category of admissible continuous representations of G. (To see that one
obtains the required long exact sequences, it is necessary to know that any surjection
between objects in our category can be split continuously as a map of topological
spaces. However, such a surjection can even be split as a map of topological vector
spaces [27, Prop. 10.5].)

Since the derived functor of Definition 1.1.2 and continuous cohomology yield
the same HC term, to obtain the required isomorphism, it suffices to show that
continuous cohomology is effaceable. The argument of Lemma 1.1.1 then shows
that it suffices to prove that C(G, E) has trivial continuous cohomology. This is no
doubt standard; in any case, we recall the proof.

By definition, the continuous cohomology of C(G, F) is computed as the coho-
mology of G-invariants of the complex

(1.1.4) 0 — C(G,C(G,E)) — C(G*C(G,E)) — ---,

with the usual boundary maps, on which the G-action is defined via the left reg-
ular action of G on the products G™, together with the right-regular action of
G on C(G,E). The example of [27, pp. 111-112] yields natural isomorphisms
c(G",C(G,E)) —C(G" x G,E) = C(G,C(G",E)), and [13, Lem. 3.2.11] yields
a G-equivariant isomorphism of C(G,C(G™, E)) with itself, but regarded as a G-
representation via the right regular action of G on itself, and the trivial G-action
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on C(G™, E). Thus the space of G-invariants of the complex (1.1.4) is naturally
isomorphic to the complex

0—C(G,E) = C(G*E) — ---

with its usual boundary maps, which has no higher cohomology. [J

We now turn to defining the derived functors of the functor “pass to smooth
vectors”.

Definition 1.1.5. If G is a compact locally Q,-analytic group, then we denote by
H$ (G,—) the derived functors of the functor “pass to smooth vectors” from the
category of admissible continuous representations of G over E to the category of
abstract E-vector spaces equipped with a G-action.

The subscript “st ” stands for stable, and is explained by the following proposi-
tion. (This choice of notation is taken from [25, V.2.4.10].)

Proposition 1.1.6. If G is a compact locally Qp-analytic group and V is an ad-
missible continuous representation of G, then for any i > 0 there is a natural
isomorphism of E-vector spaces lim H'(H,V) — HZ (G, V), where the inductive

H
limit is taken over all the open subgroups H of G.

Proof. For any admissible continuous representation V' of G, by definition there is

a natural isomorphism lim V¥ — V.. Passing to derived functors (and noting that
H
any V that is injective as a G-representation is also injective as an H-representation,

since the forgetful functor from admissible continuous G-representations to ad-
missible continuous H-representations is right adjoint to the exact functor U —
E[G] ®ga) U), the proposition follows. [

Corollary 1.1.7. If H is an open subgroup of the compact locally Qp-analytic
group G, and if V is an admissible continuous representation of G, then for each
i >0, the natural map HY(G,V) — HY(H,V) is an isomorphism.

Proof. This follows immediately from Proposition 1.1.6. O

Working directly with continuous cochains, we could use the inductive limit
formula of Proposition 1.1.6 to define the functors H$%(G,—) on the category of
continuous G-representations for any topological group G. The reason that we
restrict our attention to admissible continuous representations of locally Qp-analytic
groups, and define H$ (G, ) as a derived functor rather than directly via continuous
cochains, is because we then have the standard homological machinery available
with no expenditure of effort.

We now describe a construction that we will require in our subsequent applica-
tions, and which depends on this homological machinery. We suppose that G is a
compact locally Qp-analytic group, and we let V'* denote a bounded-below complex
of admissible continuous G-representations, each of which is isomorphic to C(G, E)™
for some natural number n, and in which the boundary maps are continuous and
G-equivariant. The cohomology spaces H®(V*®) are again admissible continuous
representations of G.

If we form the subcomplex Vg, of V* then [13, Prop. 6.2.4] and [29, prop. 2.1]
show that each term of V3, is a strongly admissible smooth representation of G.
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If we regard V;, as a subcomplex of V*, and if we choose a norm that induces
the Banach space structure on each of the terms of V'®, then these norms induce
a norm on each term of V3, and the G-action on the terms of V3, is continuous
with respect to this norm. We thus regard V3, as a complex of normed spaces each
equipped with a continuous strongly admissible smooth action of G, in which the
boundary maps are continuous and G-equivariant.

For each integer m the cohomology space H™(V2,) is thus naturally a semi-
normed space, equipped with a continuous strongly admissible smooth representa-
tion of G. If H™(V2,) denotes the completion of H™(V.%,) with respect to its semi-
norm then the continuous G-action on H™ (V.2 ) induces a continuous G-action on
H™(V2,). There is a natural G-equivariant map H™(V.2,) — H"™(V.2,), which will

be injective precisely when the semi-norm on H™(V.?)) is in fact a norm.
The inclusion of V3, into V'* induces for each integer n a G-equivariant map

(1.1.8) H(V2) — H" (V).

Since H™(V'®) is complete with respect to its natural topology, the map (1.1.8)
extends to a continuous G-equivariant map

(1.1.9) HM(V2) — H™(V*).

Proposition 1.1.10. (i) For each integer n the natural map (1.1.9) is a closed
embedding.
(it) The map (1.1.8) is the edge map of a G-equivariant spectral sequence

BY = HY(G, H(V*) = H™I(V3,),

Proof. Fix an integer n, let B™"(V*®) denote the image of the boundary map from
V=l to V", and let Z"(V*®) denote the kernel of the boundary map from V" to
Vntl. Both B"(V*®) and Z"(V*®) are closed subspaces of V™ (the former by [13,
Prop. 6.2.9], and the latter obviously, since the boundary maps in the complex
V* are continuous by assumption). Similarly, let B" (V) denote the image of
the boundary map from V21 to V2 . and let Z"(V.2,) denote the kernel of the
boundary map from V2 to VL,

The cohomology group H™(V'®) is equal to the quotient of Z™(V*) by B™(V*),
while the cohomology group H™(V2,) is equal to the quotient of Z"™(V2e) by
B™(V2,). If B"(V2,) denotes the closure of B™(V.2,) in V", and Z"(V.2,) denotes
the closure of Z™(V.2,) in V", then the completion H™(V.2,) is isomorphic to the
quotient of Z™(V2 ) by B™(V2.).

Since by assumption V"~ is isomorphic to C(G, E)™ for some integer m, we see
that V21 is dense in V"1, and so B™(V2,) is dense in B"(V*). Thus B"(V2,) =
B™(V*), Z™(V2,) contains B"(V*), and H™(V'*) is equal to the quotient of Z™(V,2,)
by B™(V*®). This certainly embeds as a closed subspace of H"(V*), and so (i) is
proved.

By assumption each term of V'* is acyclic for H$ (G, —), and so the existence of
the spectral sequence of part (ii) is a consequence of standard homological alge-
bra. O
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We remark that in general Z"(V.2,) is a proper closed subspace of Z™(V*), and
so the map (1.1.9) is not a topological isomorphism. (We will see examples of this
in Subsection 4.2 below.)
We now extend Definition 1.1.5 to the case where G is a (not necessarily com-
pact) locally Qp-analytic group. In this more general situation we cannot show the
existence of enough injectives, and so we resort to a more ad hoc definition.

Definition 1.1.11. If G is a locally Qp-analytic group, and if V' is an E-Banach
space equipped with an admissible continuous representation of G, then for each
i > 0 we define H}(G,V) = lim H(H, V), where H runs over the directed set of

H
all compact open subgroups of G.

Proposition 1.1.12. The construction of Definition 1.1.11 satisfies the following
properties:

(i) For any admissible continuous representation V. of G, there is a natural
isomorphism HS(G,V) — Viy.

(it) For each i > 0 and any admissible continuous representation V of G, the
E-vector space H! (G, V) is equipped with a natural admissible smooth G-action.

(4i) If H is a compact open subgroup of G, and V an admissible continuous
representation of G, then H'(H,V) maps isomorphically onto the subspace of H-
invariants in H: (G, V).

(i) The collection HY (G, —) forms a covariant §-functor.

(v) Let V' be an admissible continuous representation of G. If there exists a
compact open subgroup H of G and an H -equivariant isomorphism V. — C(H, E)"
for some n >0, then H..(G,V) =0 for all i > 0.

Proof. Part (i) is immediate.

If g is an element of G, and if H is an open subgroup of G, then conjugation
by g induces an isomorphism ¢, : H 5 gHg™'. The action of g on V induces
an automorphism of V' such that ¢4(h)gv = ghv, for h € H and so we obtain an
induced isomorphism H*(H,V) -~ H*(gHg~',V). Passing to the inductive limit
as H shrinks to the identity, we obtain an automorphism o, of HZ (G,V). It is
immediately verified that the association of o, to g defines a G-action on H (G, V).
It is a standard fact that inner automorphisms act trivially on cohomology, implying
that H'(H,V) is fixed by H. Thus the G-action on H{ (G,V) is smooth. To
complete the proof of (ii), we must also show that this action is admissible. This
follows from part (iii) (which we prove next).

If H is a compact open subgroup of G, then the set of normal open subgroups
of H is cofinal in the directed set of open subgroups of G. Thus there is a natural
isomorphism lim H*(H1,V) — Hg (G, V), where H; runs over all normal open

Hy
subgroups of H. To prove part (iii), it thus suffices to show that for each choice of
such a subgroup Hj, the natural map H*(H,V) — H*(Hy,V) identifies the source
with the H-invariants in the target.

The quotient H/H; is finite, and so has trivial higher cohomology with coeffi-
cients in an E-vector space (E being of characteristic zero). The Hochschild-Serre
spectral sequence thus implies that restricting cohomology classes maps H'(H, V)
isomorphically onto the H-invariants of H?(Hy, V). This proves (iii).

Note also that since V is an admissible continuous G-representation (by assump-
tion), it is also an admissible continuous H-representation (since H is compact open
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in G). Thus H(H,V) is finite dimensional. This completes the proof of (ii).

Part (iv) is an immediate consequence of the fact that the functors H3(G,—)
are defined as the inductive limit of the d-functors H'(H,-).

If H is a compact open subgroup of G then the proof of Lemma 1.1.1 shows
that C(H, E) is an injective object in the category of admissible continuous rep-
resentations of G, and thus that H'(H,C(H,E)) vanishes for each i > 0. This
proves (v). O

We now observe that the functor V' +— Vg, on the category of admissible
continuous representations of G admits an alternative description as the functor
V — (V5a)®, where the subscript “la” denotes the space of locally analytic vec-
tors in V' (see [13, Def. 3.5.3]; the local field L is equal to Q, in the situation we
are considering), and g denotes the Lie algebra of G. This suggests that there
should be a relation between the functors HS, (G, V) and the Lie algebra cohomol-
ogy H*(g,Via). Indeed, there is such a relation, given by the following proposition.
The key ingredient is [31, Thm. 7.1], which shows that the functor V' — V}, is exact.

Theorem 1.1.13. If G is a locally Qp-analytic group, then there is a natural G-
equivariant isomorphism

HY(G,-) — H*(g, (- ))
of d-functors on the category of admissible continuous G-representations.

Proof. As already noted, the functor V +— Vi, is exact, by [31, Thm. 7.1]. As is
implicit in the proof of Lemma 1.1.1, any admissible continuous representation of
G has a resolution by a complex each of whose terms is a finite direct sum of copies
of the injective object C(G, E'). Thus to prove the proposition, it suffices to show
that C(G, E)1, has vanishing higher g-cohomology.

By [13, 3.5.11], there is a natural isomorphism C'*(G, E) —~ C(G, E)1a. Thus we
must show that C'*(G, E) has trivial g-cohomology. We use the standard complex
A*g @ C'*(G, E) to compute this cohomology, and observe that this complex is
naturally isomorphic to the locally analytic de Rham complex on the locally Q,-
analytic manifold G. A simple locally analytic “Poincaré lemma” shows that this
complex has vanishing higher cohomology, and we are done. [J

The preceding result is proved for finite dimensional G-representations in [25,
V.2.4.10 (i)].

(1.2) Let G be a compact locally Qp-analytic group. Up to this point we have
restricted our attention to to E-Banach spaces with continuous G-action. However,
we will also require some more refined results for certain O g-modules with G-action.

If V is an E-Banach space, then any bounded open Og-lattice in V' is a p-adically
separated and complete torsion free Og-module. Conversely, if M is a p-adically
separated and complete torsion free Og-module, then the tensor product E ®¢, M
is naturally an F-Banach space. Indeed, the embedding M — E ®p, M identifies
M with an Og-lattice of £ ®p, M, and the gauge of M is a complete norm on
E®o, M. (More generally, if M is a p-adically complete and separated O g-module,
then the image of M in F ®», M under the natural map becomes an Og-lattice,
whose gauge is a complete norm on E ®¢p,, M.)

If M is any Og-submodule, we will let M, denote the torsion subgroup of M,
and let Mi¢ denote the quotient M /Mo, . Thus My, is the kernel of the natural
map M — E ®p, M, while M;¢ is naturally isomorphic to the image of this map.
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We now introduce an analogue for O g[G]-modules of the notion of an admissible
continuous G-representation on an F-Banach space.

Definition 1.2.1. If M is an Og|[G]-module, p-adically complete and separated
as an Og-module, then we say that M is admissible if it satisfies the following two
conditions:

(i) The torsion subgroup M, of M has bounded exponent.

(ii) The induced G-action on E ®p, M makes this latter space an admissible
continuous representation of G (when equipped with its natural E-Banach space
structure).

Our goal in this section is to establish some basic homological properties of
admissible Og[G]-modules.

We begin with some lemmas. Before stating the first one, note that if M is
an Og|G]-module, then M., is an Og[G]-submodule of M, and so My is also
naturally an Og[G]-module.

Lemma 1.2.2. If M is an Og-module (respectively an Og|G]-module) such that
Moy is of bounded exponent, then M is p-adically separated and complete (respec-
tively admissible) if and only if My is p-adically separated and complete (respec-
tively admissible).

Proof. Both claims are immediate. (For the parenthetical claim, one should use
the fact that the natural map F ®o, M — FE ®o, M is an isomorphism.) O

Lemma 1.2.3. Let M be a p-adically separated and complete Op-module, and
suppose that Mo, is of bounded exponent. If N C M 1is an inclusion of Og-
modules, then the p-adic topology on M induces the p-adic topology on N if and
only if the p-adic topology on My induces the p-adic topology on Nyt .

Proof. This is easily proved, and we leave the verification to the reader. [

Proposition 1.2.4. Let ¢ : M — N be an Og-linear and G-equivariant morphism
between admissible Og[G]-modules.

(i) The Og|G]-module ker ¢ is admissible, and the natural map ker ¢ — M is a
closed embedding, when each of the source and target are endowed with their p-adic
topologies.

(i) The Og|G)-module im ¢ is admissible, and the natural map im¢ — N is a
closed embedding, when each of the source and target are endowed with their p-adic
topologies.

(#i) The Og|G]-module coker ¢ is again an admissible Og[G]-module.

Proof. Taking into account Lemmas 1.2.2 and 1.2.3, we see that we may replace M
and N by Mys and Nis in the proof of the lemma. Thus we assume that M and N
are both torsion free.

Tensoring with F, the map ¢ induces a continuous G-equivariant map id ® ¢ :
E®o, M - E®p, N of Banach spaces equipped with admissible continuous G-
representations. The kernel of id ® ¢ is a closed G-invariant Banach subspace of
E ®p, M, on which the resulting G-action is admissible continuous. Thus ker ¢
is closed in M when equipped with its p-adic topology, and forms an admissible
Og|G]-module. This proves (i).

Any continuous G-equivariant map between admissible continuous representa-
tions of G is necessarily strict, with closed image [13, Prop. 6.2.9]. Thus im ¢ is
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closed in N, when endowed with its p-adic topology, and is again an admissible
Og|G]-module. This proves (ii).

If M denotes the saturation of im¢ in N, then M is a bounded subset of the
image of id ® ¢ (being contained in N), and so we see that p”M C im ¢ for some
sufficiently large integer r. This proves that the torsion subgroup of the cokernel
of ¢ has bounded exponent. The cokernel of id ® ¢ is again an F-Banach space,
equipped with an admissible continuous representation of G [13, Cor. 6.2.16]. It
follows that the torsion free quotient of the cokernel of ¢ is an admissible Og|[G]-
module. Thus coker ¢ is an extension of a torsion free admissible Og[G]-module
by a torsion subgroup of bounded exponent. By Lemma 1.2.2, the proof of (iii) is
complete. [

Lemma 1.2.5. Let 0 - M — N — P — 0 be a short exact sequence of Og-
modules. If M and P are p-adically separated and complete, and if Mior and Pioy
are both of bounded exponent, then N is also p-adically separated and complete, and
Nior is of bounded exponent. Furthermore, the p-adic topology on M coincides with
the topology obtained by regarding M as a subspace of N, equipped with its p-adic
topology.

Proof. The sequence 0 — Mo, — Nior — Pior is exact, and thus N, has bounded
exponent, since this is true of Mo, and P;o, by assumption.
Consider now the exact sequence of projective systems

{Plpl}s>1 = {AM/p"}s21 = AN/P 521 = {P/P}s21 — 0.

Since P, is of bounded exponent, we see that the transition maps in the pro-
jective system {P[p*]},>1 eventually vanish, and so lim P[p°] and R'lim P[p®] are

both trivial. Since the transition maps in the projective systems {M/p®}s>1 are
surjective, we also find that Rlli_rp M/p* = 0. Passing to the projective limit, we

thus obtain a map of short exact sequences

00— mM/p* _ _1lmN/p* __ _TmP/p*

s

l L

0 M N P 0.

The outer two vertical arrows are isomorphisms, by assumption, and thus so is the
middle vertical arrow. Thus N is p-adically separated and complete. The claim
about topologies also follows from the fact that the transition maps in the projective
system {P[p®]}s>1 are eventually trivial. O

Lemma 1.2.6. Any extension (in the category of Og|[G]-modules) of admissible
Og|G]-modules is again an admissible Og[G]-modules.

Proof. Let 0 = M — N — P — 0 be an extension of Og[G]-modules, and suppose
that M and P are admissible. Lemma 1.2.5 shows that IV is p-adically separated
and complete, and that Ni,. has bounded exponent. Tensoring this short exact
sequence with F over O, we obtain a short exact sequence of Banach spaces
equipped with G-action

0—-EFE®oy,M —-E®o, N—ER®p, P—D0.
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(Note that Lemma 1.2.5 shows that F ®p, M — E ®o, N is a closed embed-
ding.) Since any extension of admissible continuous G-representations is again an
admissible continuous G-representation [13, Prop. 6.2.7], the lemma follows. O

Lemma 1.2.7. If M is a torsion free admissible Og|G]-module, then for some
natural number n we may find an embedding of Og|G]-modules M — C(G,Og)".
Furthermore, if N denotes the cokernel of this embedding, then we may find an
Og-linear map ¢ : N — C(G,Og)" such that the composite of ¢ with the projection
C(G,0p)" — N is equal to multiplication by p® on N, for some natural number s.

Proof. Since M is torsion free, the natural map M — E ®¢, M is an embedding.
Since by assumption E ®p, M is an admissible continuous G-representation, it
admits a closed embedding F ®p, M — C(G, E)" for some natural number n.
If we rescale sufficiently, then the restriction of this embedding yields a closed
embedding M — C(G, Og)".

If N denotes the cokernel of this embedding, then we obtain a short exact se-
quence of F-Banach spaces

0—- FE®op, M —-C(G,E)" - E®p, N— 0.

By [27, Prop. 10.5] we may split this short exact sequence, say by a map o :
E®o, N — C(G, E)". If we take a suitably large power psl of p, then ps/o carries
N (identified with the image of N in E ®p, N) into C(G, Og)™. Since Nioy has
bounded exponent, multiplication by another suitably large power pSH of pon N
factors through the natural map N — Ny;. Let s = s’ + s”, and define ¢ to be the
composite

N — N¢ 2% ¢(G,0p)".

By construction, the composite of ¢ with the projection C(G,Og) — N induces
multiplication by p* on N. O

It will be useful to have an alternative description of the category of admissible
Og|G]-modules, in terms of projective systems. We begin by introducing some
definitions and notation.

We let Af; denote the abelian category of Og[G]-modules, and let Ag denote
the full subcategory of A7, consisting of admissible Og[G]-modules.

We let B¢ denote the abelian category of projective systems {M;}s>1 of Og[G]-
modules, for which M is annihilated by p® for each s > 1.

Definition 1.2.8. We say that a projective systems {M;}s>1 in Bf is essentially
null if for any s > 1, the transition map M, — M, vanishes if s’ is sufficiently
large.

The full subcategory of essentially null projective systems is immediately checked
to be a Serre subcategory of Bf:. We let By, denote the Serre quotient category.

There is a functor Ay, — By, defined by sending an Og[G]-module M to the
projective system {M/p°}s>1. We let S : A, — B, denote the composite of this
functor with the natural quotient functor BY, — B{. Passing to the projective
limit induces a functor Bf, — Ay, that factors through the natural quotient functor
BY, — B. We let T : By, — Af, denote the induced functor. The functor S is left
adjoint to the functor T'. In particular, S is right exact and T is left exact.
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Lemma 1.2.9. (i) The functor S : A, — By, becomes exact when it is restricted
to Ag.

(i) The natural transformation ida, — T o S induced by the adjointness of S
and T becomes an isomorphism when restricted to Ag.

Proof. As observed above, the functor S is right exact. Thus to prove part (i), we
must show that it is also left exact. For this, we must show that for any inclusion
M C N of admissible Og[G]-modules, the kernel of the natural map {M/p°}s>1 —
{M/(M N p°N)}s>1, that is, the projective system {(M (p°N)/p° M }s>1, is essen-
tially null. In other words, we must show that for any s > 0, there is an inclusion
M ﬂpS/N — p*M for s’ sufficiently large. This follows from part (ii) of Proposi-
tion 1.2.4.

Part (ii) is just a rephrasing of the fact that objects of Ag are p-adically separated
and complete. [

Let B¢ denote the essential image of the functor Ag — Bf; obtained by restrict-
ing S. Thus the objects of Bg are those projective systems {M;}s>1 of Og/p°[G]-
modules for which the projective limit M := lim M, is an admissible O g[G]-module,

and for which the natural map of projective systems {M/p°}s>1 — {M,}s>1 has
essentially null kernel and cokernel.

Proposition 1.2.10. The functor S, when restricted to Aq, yields an equivalence
of categories between Ag and Bg, with T' providing a quasi-inverse.

Proof. This is general categorical nonsense, given the definition of Bg as the es-
sential image of S, the fact that T is right adjoint to S, and the conclusions of
Lemma 1.2.9. O

Proposition 1.2.11. The subcategory B of By, is closed under passage to kernels
and cokernel of morphisms.

Proof. Since the restriction of S to Ag is exact, and since Ag is closed under
passing to kernels and cokernels in Ay, (by Proposition 1.2.4), we see that B¢ is
closed under passing to kernels and cokernels in B,. 0O

Proposition 1.2.12. If M*® is a cochain complex in the category Ag, then for each
integer n the natural map {H™(M®)/p*}s>1 — {H"(M®/p*)}s>1 ds an isomor-
phism of objects in Bg. Consequently, the natural map H™(M®) — lim H"(M?* /p®)

is an isomorphism of objects in Ag.

Proof. Propositions 1.2.4 and 1.2.11 show that Ag and Bg are each closed under
passing to kernels and cokernels (when regarded as subcategories of Ay and By
respectively), while Proposition 1.2.10 shows that the functors S and T induce
an equivalence of categories between Ag and Bg. Thus for each n the cohomology
module H"(M?*) lies in Ag, the projective system H™(S(M?®)) lies in Bg, and there
is a natural isomorphism S(H"(M?®)) — H"(S(M*)). This gives the required
isomorphism in By,. Applying the quasi-inverse 7' we obtain the isomorphisms

H™"(M®) = TS(H"(M*)) — T(H"(S(M?*)))

in Ag, completing the proof of the proposition. O
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In the remainder of this subsection we will analyze the continuous cohomology
of G with coefficients in an admissible Og[G]-module. The results that we obtain
will be applied only in the proof of Proposition 2.4.1, and the reader willing to take
that result on faith may safely pass on to Section 2.

We begin by remarking that the preceding definitions and results apply in par-
ticular when the group G is trivial. In this case we speak simply of admissible
Op-modules, and write A, A’, B, and B’ for the categories introduced above. Ex-
plicitly, the objects of A consist of those Og-modules M for which M, is of
bounded exponent, and My is finitely generated. (Take into account Lemma 1.2.2
and the fact that any finitely generated Opg-module is p-adically separated and
complete.) In addition to our preceding results, in this case we have the following
lemmas.

Lemma 1.2.13. The category A of admissible Og-modules is a Serre subcategory
of the category A’ of all Og-modules.

Proof. Propositions 1.2.4 and 1.2.6 imply that A is closed under passing to exten-
sions and cokernels in A’. Thus it suffices to show that A is closed under passing
to subobjects. This follows directly from the fact that Og is Noetherian. O

Lemma 1.2.14. Suppose that we are given Og-modules M and N, and a pair
of Og-linear morphisms M — N and N — M whose composition is equal to
multiplication by p* on M, for some natural number s. If N is an admissible
Og-module, then the same is true of M.

Proof. If X denotes the kernel of the map M — N, then X C M[p®], and there is
an exact sequence 0 — X — Mo, — Nior. Thus if Nio, is of bounded exponent,
the same is true of M., . Also, the map M — N induces an embedding M — Nys,
and so if Vit is of finite type over O, the same is true of Mis. O

If M is any topological Og-module equipped with a continuous G-action, then
we let C2 (G, M) denote the complex of continuous cochains on G with values in
M, and let H? (G, M) denote the cohomology of the complex C? (G, M) (the
continuous cohomology of G with coefficients in M). If M is an admissible Og[G]-
module, then when we speak of the continuous cochains or continuous cohomology
of G with coefficients in M, we will always regard M as being equipped with its
p-adic topology.

If0O—- M — N — P — 0 is a sequence of continuous Og-linear and G-
equivariant maps of topological Og-modules equipped with continuous G-actions,
that is short exact as a sequence of Og-modules, then we have an exact sequence
of complexes of Og-modules
(1.2.15) 0—C?

con

(G, M) — C¢

con

(G, N) = Coon (G, P),

which need not be exact on the right in general. (This is one of the complications of
working with continuous cohomology.) However, we do have the following lemma.

Lemma 1.2.16. If in the situation of the preceding paragraph, the topology on P
is the discrete topology, then (1.2.15) is exact on the right.

Proof. Since the topology on P is discrete, the maps in Cg

con
constant, and so may be lifted to locally constant elements of C?

con
N — P is surjective). O

(G, P) are locally
(G,N) (since
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We begin by noting that the continuous cohomology of C(G,OFg) has the ex-
pected values.

Lemma 1.2.17. The natural embedding Op — C(G, Og) induces an isomorphism
Op — HY (G,C(G,0g)). The continuous cohomology H:.  (G,C(G,OF)) van-

ishes if i > 0.

Proof. The assertion regarding H), (G,C(G,Og)) is evident. The assertion regard-
ing the higher cohomology modules provides a refinement of the vanishing result
discussed in the proof of Proposition 1.1.3, and is proved in the same way. [

Proposition 1.2.18. If M is an admissible Og|G]-module, then for each natural

number i the cohomology module HE (G, M) is an admissible Og-module.

Proof. Let p° be the exponent of M;,,. Then the endomorphism of M induced
by multiplication by p° factors as M — My — M. Thus the endomorphism of
H{ (G, M) induced by multiplication by p* factors as

Héon(Ga M) — H; (Ga Mtf) - Hcion<G’ M)

con

By Lemma 1.2.14, it suffices to show that H’ (G, My ) is an admissible O g-module,
and so we may restrict our attention to torsion free M.

We proceed by induction on i. Lemma 1.2.17 gives H), (G,C(G,Og)) = Op. If
M is torsion free, then by Lemma 1.2.7 we may find an embedding M — C(G,Og)™
for some natural number n, and hence an embedding HY (G, M) — O%. This
establishes the case i = 0.

We now suppose the result is known for ¢ — 1. Let M be torsion free, and again
use Lemma 1.2.7 to regard M as a submodule of C(G,Og)", for some natural
number n. If N denotes the quotient C(G, Og)™/M, then by that same lemma we
may find a map ¢ : N — C(G,Og)" such that the composite

N -2 C(G,0p)" — N

(the second arrow being the natural projection) is equal to multiplication by p*, for
some natural number s.

We consider the diagram (1.2.15) attached to the short exact sequence 0 — M —
C(G,0)" — N — 0. If C* denotes the cokernel of the natural map C, (G, M) —
Ce . (G,C(G,0OF)™), then there is an injection C* — C2 (G, N). Also, ¢ induces
a map C: (G,N) — C*, and the composite C* — C2 (G,N) — C* is equal to

con
multiplication by p°. Thus we obtain a sequence of maps

Hi—l(Co) N Hi—l(G7N) N Hi—l(oo>

con

whose composite equals multiplication by p°. By induction, we may assume that
H{ NG, N) is an admissible Op-module, and Lemma 1.2.14 then implies that

qon
H=1(C*) is an admissible Og-module.

Consider now the long exact sequence of cohomology attached to the short exact
sequence of complexes

0 - Cc.on

(G, M) — C®,

con

(G,C(G,0p)") — C* — 0.
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From this long exact sequence we may extract the exact sequence
H'™HC®) — Hion(G, M) — He,, (G,C(G, Op)").

Lemma 1.2.17 shows that H¢  (G,C(G,Og)™) is trivial for i > 0, and so we see that

H! (G, M) is a quotient of the admissible Og-module H*~!(C*). Lemma 1.2.13
implies that H! (G, M) is itself an admissible Og-module. This completes the
proof of the proposition. [

Proposition 1.2.19. If M is an admissible Og[G]-module, then the natural map of
projective systems {H., (G, M)/p*}s>1 — {H: (G, M/p*)}s>1 is an isomorphism
in B'. (That is, its kernel and cokernel are essentially null projective systems.)

Proof. If sq is such that M;,, has exponent p*°, then multiplication by p*° factors
through the natural projection M — M;¢, say as

p°0
¢
M —— My —— M,

for some map ¢ : My — M. If s > sq, then write ¢, = p*~*°¢. For each such value
of s, we have a short exact sequence

0 — My 25 M — M/p* — 0.

Passing to continuous cochains, we obtain a short exact sequence of complexes
0 — C*(G, Myr) 25 C*(G, M) — C*(G, M/p*) — 0.

(We have exactness on the right by Lemma 1.2.16.) Passing to cohomology, we
obtain for any natural number ¢ a short exact sequence

0 — Heon (G, M)/6s(Heon (G, Mit)) = Hion (G, M/p*) — HiS (G, Mg )[ps] — 0.

con con con
(By abuse of notation, we have continued to denote by the same symbol the map
that ¢, induces on cohomology.)

The composite Mi¢ LM — Mis is equal to multiplication by p°®, and
thus HI (G, My )[¢s] is contained in HX NG, My )[p®]. Since HIZNG, M) is

con con con
an admissible Og-module, by Proposition 1.2.18, we see that the projective sys-

tem {H!}I(G, Mg )[p®]}s>s, (the transition maps being given by multiplication

con
by p) is essentially null, and hence the same is true of the projective system

{HZF NG, Myt )[¢s)}s>s,- Thus the natural injection of projective systems
{Héon(G7 M>/¢S(H§OH(G7 Mtf ))}SZSO - {H(l:lon(G7 M/ps)}SZSO

has essentially null cokernel.
For any s > sg, we have inclusions

P Heon (G, M) C 65(Hgn (G, Myt )) = p° = $(Heon (G, Mir ) C p°~ " Hoy (G, M).
Thus the natural surjection of projective systems
{Héon(Gv M)/pS}SZSO - {HZOH(G7 M)/QSS(Héon(G? Mtf ))}5280

has essentially null kernel. Combining this conclusion with that of the preceding
paragraph, we find that the natural map of projective systems

{Héon(G7 M)/ps}szl - {Héon(G7 M/ps)}szl

has essentially null kernel and cokernel, as required. [
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Proposition 1.2.20. If M is an admissible Og|G]-module, then for any natural
number i, the natural map E @o, H¢  (G,M) — H! (G, E ®0, M) (where the
continuous cohomology of E @o, M is computed with respect to the Banach space

topology on this tensor product) is an isomorphism.

Proof. As G is compact, the natural map FE®o, C%, (G, M) — Cs.. (G, E®o, M)
is an isomorphism. Passing to cohomology (and taking into account the fact that
E is flat over OF) yields the proposition. O

2. COHOMOLOGY OF ARITHMETIC QUOTIENTS OF SYMMETRIC SPACES

(2.1) The goal of this subsection is to explain how one can obtain admissible
continuous representations of locally Qp-analytic groups by taking appropriate lim-
its of cohomology in a tower of covering spaces. The main result is Theorem 2.1.5
below.

Throughout this subsection we assume that G is a compact locally Qp-analytic
group, and we fix a countable basis of open normal subgroups

G=GyDODG1D...0G.D....

We suppose given a sequence of continuous maps of topological spaces
'HXT*)"‘*)XIHXm

and assume that each of these spaces is equipped with a right action of G, such
that

(1) the maps in this sequence are G-equivariant;

(2) the open subgroup G, of G acts trivially on X,;

(3) if 0 </ < r then the map X, — X, is a Galois covering map with deck
transformations provided by the natural action of G, /G, on X,.

(If Xo is connected with base point xg, then it is equivalent to give a morphism
m1(Xo,x0) — G. For any r > 0, reduction modulo G, yields a map m(Xo,z) —
G/G,, and thus a (not necessarily connected) Galois covering space X, — X
whose group of deck transformations is isomorphic to G/G, (acting on the right).
Precisely, X, = X X (X,20) G/Gr, Where X is the universal cover of X, on which
m1(Xo, o) acts on the right as deck transformations (after furthermore fixing a
base-point &g of X lying over z).)

We also suppose given a local system of free finite rank Og-modules Vy on X
(where Op is the ring of integers in a finite extension E of Q,), and denote by V.
the pullback of Vy to X, for any r > 0. The sheaf V, is G/G,-equivariant.

Let * denote one of () or ¢, so that H? denotes either cohomology or compactly
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supported cohomology. Define
HI(V) = lim (X, V),
H!'V)g = E®p, H}(V) — limH}(X,,E ®0, V»),

H(V) = lim H(V)/p*,

(2.1.1) H!(V)p = E®o, H!(V),
HI'(V) := limlim H'(X,., V, /p°),

"

H!(V)g = E®o, H(V),

T, H (V) = lim H!(V)[p°],

VpH!(V) == E®o, T,H (V).
(Here r and s range over all non-negative integers.) Each of the Og-modules and
E-vector spaces that we have defined is equipped with a natural G-action. (The
G-action on H(V) and H}(V)g is smooth, but this will typically not be so for the

G-action on the other objects appearing in (2.1.1).)
If we fix for the moment non-negative integers r and s then the exact sequence of

sheaves 0 — V), r V, — V,./p® — 0 on X, gives rise to a short exact sequence
0— H:L(XT,VT)/pS - H:L(var/ps) - H:H_l(Xh Vr)[pg] — 0.
Passing now to the inductive limit over r yields the short exact sequence

0— HI(V)/p* — lim HI (X, V,/p*) — HIT'(V)[p*] — 0.

Each O /p*-module appearing in this exact sequence is equipped with a natural G-
action, and the exact sequence is obviously G-equivariant. Passing to the projective
limit over s, we obtain the short exact sequence of G-equivariant maps

(2.1.2) 0— H(V) — H*(V) — T,H'" '} (V) — 0.

(To see that this sequence is short exact, note that for each value of s the transition
map HM(V)/p*tt — HI(V)/p® is surjective.) Tensoring with E over O yields the
G-equivariant short exact sequence

(2.1.3) 0— H'V)g — H*(V)p — V,H'! = 0.

Lemma 2.1.4. The short exact sequence (2.1.2) is a short exact sequence of p-
adically complete and separated Op-modules. Furthermore, the arrow lflf(V) —
I:If(V) is a closed embedding, if we endow its source and target with their p-adic
topologies.

Proof. If M is any Og-module, then its p-adic completion lim M /p® is a p-adically
complete and separated Og-module. Its p-adic Tate module lim M ([p®] is also p-

adically complete and separated, and is furthermore torsion free. Reducing the
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short exact sequence (2.1.2) modulo p® thus yields, for each natural number s, a
morphism of short exact sequences

0 —— H} (V) —— H} (V) ——= T,H (V) —0

| l |

0——HI(V)/p* —= H(V)/p* —= T,H"'(V)/p* —=0.
Passing to the projective limit in s, we obtain a morphism of short exact sequences

0

ar(yv) HMY) ————— T,H! (V) ———0

| | |

0— = MmAMY)/p* — _TmH(V)/p*  _WmTHII V)P

—

The left-hand and right-hand vertical arrows of this diagram are isomorphisms, by
the remarks of the first paragraph. Thus the middle arrow is also an isomorphism.
We conclude that EI:}(V) is p-adically complete and separated, and also that the
map H"(V) — H™(V) is a closed embedding. [

The preceding lemma implies that each of the tensor products H*(V) g, H*(V)g
and V, H?(V) is naturally an E-Banach space on which G acts continuously, and
that (2.1.3) is a G-equivariant short exact sequence of E-Banach spaces.

Theorem 2.1.5. Take * = (), so that we are discussing cohomology. If X, is
homotopic to a finite simplicial complex then the following results hold:

(i) The p-adic locally analytic group G acts on each of the E-Banach spaces
appearing in the exact sequence (2.1.83) through an admissible continuous repre-
sentation, and the exact sequence (2.1.8) is a short exact sequence in the abelian
category of admissible continuous representations of G.

(1) The composite H"(V)g — H"(V)g — H"(V)g (the first arrow being the
natural map and the second arrow being that which appears in the short exact se-
quence (2.1.8)) has an alternative factorization as a composite

H"V)g — (H"(V)E)sm — H"(V)E,
and the first of these maps is the edge map of a spectral sequence

Ey = HY(G,H'(V)p) = H I (V)g.

Proof. In order to prove the theorem, we introduce some notation. First note that
by replacing X, by a finite simplicial complex homotopic to it, we may assume that
X) is itself a finite simplicial complex. Let To(X() be a choice of finite triangulation
of Xo (where T,,(Xy) denotes the collection of n-dimensional simplices occuring in
the triangulation), and let To(X,.) denote the pullback of T,(X() under the finite
covering map X, — Xo. The set To(X,) is equipped with a free action of G/G,.. If
A € T,,(Xo) for some n then we let T, (X)) /A denote the set of simplices in T, (X;)
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lying over A; the set T, (X,)/a is then a principal homogeneous G/G-set. We
let Tn/A denote the projective limit lim 7},(X,),a; this is a profinite set which is
principal homogeneous with respect to its natural G-action.

For any r > 0, the cohomology of the sheaf V), is computed by a complex S*(V,.)
whose nth term is

st = [ H'@v) =S ] I =@w).

A/ETn(XT) AeTn(XU) A/ETH(XT)/A

The complex S*®(V,) is equipped with a natural action of G/G,, and if 0 <7/ < r
then the natural (pullback) map S*(V,») — S®(V,) identifies S*(V,») with the
G, /Gy-invariants of S*(V,.). Setting S*(V) := lim S*(V,), we see that S*(V) is

equipped with an action of G. The nth term of S"(V) is given by

sv) = [ 1 [ HA W)
AET, (Xo) " A'E€TW(Xy)/a

- H Csm(Tn/AaOE) ®OE HO(A7VO)'
A€ET, (Xo)

We let S*(V)g denote the tensor product of the complex S*(V) with E over Op.
Since tensor products commute with inductive limits and finite products, the nth
term is given by

(2.1.6) S*WVe = [ ¢™Ta.E)@pH(A V) @0, E).
AE€T,(Xo)

The nth cohomology module of the complex S®(V) is naturally isomorphic to
H"™(V); the nth cohomology space of S®(V)g is naturally isomorphic to H"(V)g.
(We are using the fact that passage to the inductive limit is exact, and commutes
with tensor products.)

If s is a natural number then we can form similar constructions with Vy replaced
by Vo/p°, and obtain a complex S*(V/p®) = lim S*(V,/p®), equipped with a G-

action, whose nth term is

s*v/p) = ] (s Or/p®) ®0,p HY(A, Vo/pY).
AET, (Xo)

The nth cohomology module of S*(V/p?) is naturally isomorphic to the inductive
limit lim ™ (X, V,./p®).

Taking the projective limit lim S*(V/p®) as s grows to oo, we obtain a complex

that we denote S®(V), again equipped with a G-action, whose nth term is given by

2.17) S*(V) Slim [ C(Tha, 0u/p°) @0 p HO(A,Vo/p°)
© AET,(Xo)

= II c@a,08) @0, H(A, V).
A€ET, (Xo)
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Tensoring with E over O we obtain a complex Se (V) E equipped with a G-action,
whose nth term is given by

(2.1.8) S*WVe— ][] C(Twa,E)or H(A V) @0, E).
AE€T, (Xo)

Let A be a simplex in T, (Xy). As already observed, the right action of G on Tn/A
makes T}, /A a principal homogeneous profinite G-set, and so C (Tn /A, Og) (respec-

tively C(T},/a, E)) is isomorphic as a G-representation to C(G,Og) (respectively
C(G, E)) equipped with its right regular G-action. In light of this, the description
of each of the terms of S*(V) (respectively S*(V)g) afforded by (2.1.7) (respec-
tively (2.1.8)) shows that S®(V) (respectively S*(V)g) is a complex of admissible
Og|G]-modules, in the sense of Definition 1.2.1 (respectively admissible continuous
representations of G).

Passing to cohomology (and taking into account the natural isomorphism

S W)/p* = 5 (V/p)
for each natural number s), Proposition 1.2.12 shows that for each value of n, there
is a natural isomorphism
H"(5*(V)) == Uim H"(S*(V/p*)) — limlim H™(X,.,V,/p®) = H"(V),

and hence, after tensoring with E, a natural isomorphism
(2.1.9) H™(S*(V)g) = H"(V)g.
Since 5‘,‘5 is a complex of admissible continuous representations of G, the same is
true of its cohomology spaces, and thus we see that H"(V)g, when endowed with
its natural Banach space structure, is an admissible continuous representation of G.

It was already observed that (2.1.3) is a short exact sequence of Banach spaces,
and we have seen that its middle term is equipped with an admissible continuous
representation of G. Any G-invariant closed subspace or Hausdorff quotient of an
E-Banach space equipped with an admissible continuous representation of G is
again an E-Banach space equipped with an admissible continuous representation
of G, and so part (i) of the theorem follows.

The morphisms Vy — Vy/p®, as s ranges over all natural numbers, induce a
G-equivariant morphism S®(V) — S*(V/p®) for each s, and hence G-equivariant
morphisms S*(V) — S*(V) and S*(V)g — S*(V)g. A comparison of (2.1.6)
and (2.1.8) shows that this latter morphism identifies S®*(V)g with the complex
of G-smooth vectors in the complex S*(V)g. Part (i) now follows from Proposi-
tion 1.1.10, together with the isomorphism (2.1.9), upon taking the complex V'* of
that proposition to be the complex S*(V)g. O

Using the results on continuous cohomology proved in Subsection 1.2 we can give
an alternative construction of the spectral sequence of Theorem 2.1.5 (ii). Its only
application will be to the proof of Proposition 2.4.1.

For any fixed values of r and s, and any v’ > r, we have the Hochschild-Serre
spectral sequence

Ey = H(G, /G, H (X, V/p*)) = H™(X,.,V/p°).
Passing to the inductive limit in 7/, we obtain a spectral sequence
(2.1.10) By’ = Hl\(Gy, lim HY (X, V/p*)) = H™(X,,V/p*).

T
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Proposition 2.1.11. If we fiz a value of v, then passing to the projective limit in s
of the spectral sequences (2.1.10), followed by tensoring with E over O, yields a
spectral sequence

By =H! (G, H(V)g) = H"(X,,E®0, V).

The inductive limit (with respect to r) of these spectral sequences yields a spectral
sequence that is naturally isomorphic to the spectral sequence of Theorem 2.1.5 (ii).

Proof. The proof of Theorem 2.1.5 shows that H7(V) is an admissible Op[G]-
module for each j > 0, which can be computed as the degree j cohomology of
the complex of admissible Og[G]-modules 5"(]}). Proposition 1.2.12 then implies
that for each value of j, the natural map of projective systems

{H(V)/p*}sz1 — ﬂi{ngj(Xru V/p*)}sz

has essentially null kernel and cokernel. Thus the induced map of projective systems

{HZOH(G7'7 Hj (V)/ps)}521 - {Héon(GTW lan H’ (XT" V/ps))}éZl

also has essentially null kernel and cokernel. Taking into account Proposition 1.2.19,
we find that the map of projective systems

{Hon(Gr, H (V) /D" Y521 — {Hion(Gr lim HY (X, V/p*)) Ys21

has essentially null kernel and cokernel. In the terminology of Subsection 1.2, this
map is an isomorphism of objects in the category B.
Since X, is a homotopic to a finite simplicial complex, the natural map

{H (X, V)P }s21 — {HY (X, V/P%) Yo
is also an isomorphism in the category B. Thus we obtain a spectral sequence
Ey! = {Hiow(Gr, H (V) /D }s21 = {H(X,,V)/p* )

in the category B. Since passing to the projective limit induces an equivalence
of categories between B and the category A of admissible Og-modules (Proposi-
tion 1.2.10), we obtain a spectral sequence

Ey = H!

con

(G,,H (V) = H"™(X,,V).

(Here we have used the isomorphism H,, (G,, H(V)) > lim H?, (G, HI(V))/p®,

s

which follows from the fact that H7(V) is an admissible Og[G]-module, together
with Proposition 1.2.18, and the isomorphism H*™/(X,,V) — lim H* (X, V)/p®,

which is obvious, since H*7(X,.,V) is finitely generated as an OE—module.) Ten-
soring this spectral sequence through by F over O, and taking into account the
isomorphism of Proposition 1.2.20, we obtain a spectral sequence

By = H!

con

(G, H(V)g) = H™M(X,,E®o0, V),
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as in the statement of the proposition.
Passing to the inductive limit in r, and taking into account Propositions 1.1.3
and 1.1.6, yields a spectral sequence

Ey = Hi(G,H'(V)p) = H I (V)p.

We leave it to the reader to chase through the various isomorphisms used in the
construction of this spectral sequence, and so verify that it coincides with the
spectral sequence of Theorem 2.1.5 (ii). O

We now state an analogue of Theorem 2.1.5 for compactly supported cohomology.
For this, we assume that X is a topological manifold.

Theorem 2.1.12. Suppose that Xy is a topological manifold that is homotopic
to a finite simplicial complex. Then the analogue of Theorem 2.1.5 holds with
cohomology replaced by compactly supported cohomology.

Proof. 1t suffices to prove the theorem with X replaced by a connected compo-
nent; thus we may assume that X is equidimensional, say of dimension d. Poincaré
duality yields a canonical isomorphism between compactly supported cohomology
in degree n with coefficients in V and homology in degree d — n with coefficients
in V; pullback of compactly supported cohomology classes corresponds to pullback
of homology classes with respect to the finite covering maps X, ;1 — X,.. Thus we
work from now on with homology rather than with compactly supported cohomol-
ogy. As in the proof of Theorem 2.1.5 we replace X by a finite simplicial complex,
and we use the same notation T, (X,.) as in that proof for the induced triangulation
on each X,.

The homology of X, with coefficients in V, is computed by a complex Se (V)
whose nth term is

SaVe) = [ Hod Vo) = ] IIT  Hoa ).

AET,(Xy) AET,(X0) A€TH(X,)/a

The complex Se(V,) is equipped with a natural action of G/G,, and if 0 < 7/ <
r then the natural (pullback) map Se(V,) — Se(V,) identifies Se(V,+) with the
G, /G -invariants of Se(V;). Setting So(V) := lim S,(V,), we see that S,(V) is

T

equipped with an action of G. The nth term of S¢(V) is given by

S.(V) = [ tm  J[  Ho(a W)
AeT,(Xo) " A'€Tn(Xr)/a
= ] ™(Twa,08) @0. Ho(A, V),
AETH(XO)

and so is isomorphic as a topological G-module to S™(V) (in the notation of the
proof of Theorem 2.1.5). Similarly, if we set Se(V) = limlim S,(V,./p®), then there

is an isomorphism S, (V) — 5"(V)~f0r each n.
The chain complexes Se(V) and Se(V) are thus term-by-term isomorphic to the
cochain complexes S*(V) and S°®(V); it is merely the boundary and coboundary
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maps that differ. The proof of Theorem 2.1.5 is hence seen to carry over from
cohomology to homology, and so yields a proof of the present theorem. [J

Let us note that in the context of the preceding theorem, the Hochschild-Serre
spectral sequence for compactly supported cohomology yields a spectral sequence
analogous to (2.1.10), with cohomology replaced by compactly supported cohomol-
ogy. The proof of Proposition 2.1.11 then carries over in the compactly supported
case, and thus yields an analogue of that proposition for compactly supported co-
homology.

(2.2) We return to the situation considered in the introduction. Thus we fix a
number field F C C, a reductive connected linear algebraic group G defined over
F, an isomorphism 1 : C > @p, and hence a prime p of F' lying over p. We let
F, denote the completion F, of F' at p (equivalently, the closure of F' in @p), and
let G denote the locally Fy-analytic group G(F}). We also let A denote the ring of
adeles of F', let Ay denote the ring of finite adeles (which we may write as F}, x A’},
where the second factor denotes the prime-to-p finite adeles), let F, denote R@g F'
(so A = Fx x Ay), and write Go, := G(F ). We fix once and for all a maximal
compact subgroup Ko, of G-

We write H° to denote the connected component of the identity of a real Lie
group H, and write mo(H ) to denote the group of connected components of H; that
is, the quotient H/H®°. The structure theory of real reductive groups (in particular,
the Iwasawa decomposition) shows that the natural map

To(Koo) — m0(Goo)

is an isomorphism. We thus identity these two connected component groups, and
denote them simply by 7.
If Ky is a compact open subgroup of G(Ay), then we write

(2.2.1) Y (K;) = G(F)\G(A)/K2 K.

The quotient G /Ko is the symmetric space attached to the real Lie group G,
and so the quotient G, /K2, is a finite union of copies of this symmetric space,
equipped with a natural action of my, which acts simply transitively on the set of
connected components. Thus Y (Ky) is a finite union of quotients of this symmetric
space by congruence subgroups. If K is sufficiently small, then G(F') acts without
fixed points on the quotient G(A)/KS K, and hence Y (K ) is a smooth manifold.
IfK } is a normal open subgroup of such a subgroup K, the natural map Y (K }) —
Y (Ky) realises Y/(K}) as an unramified Galois cover of Y'(K), with Galois group
isomorphic to the quotient Ky/K } (acting on the right). The natural continuous
action of 7y on the quotient G, /K2, induces a natural continuous action of 7y on
each of the quotients Y (K ).

Let W be a finite dimensional complex vector space equipped with a representa-
tion of the algebraic group G,c. We define a mp-equivariant local system of complex
vector spaces Vi on the manifold Y (K ) (for K sufficiently small) as follows:

(2.2.2) Vv == GE)\(W x (G(A)/K2, K ).

(Here G(F) acts on W through the given representation, and on the second factor
by left multiplication.) The local system Vi on Y (K7y) is locally isomorphic to the
constant sheaf defined by W.
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As the compact open subgroup K shrinks down to the identity, the manifolds
Y (Ky) form a projective system. The local systems 1y are compatible with the
maps in this projective system in an obvious sense: if K } C Ky, then the pullback
of the local system Vi on Y (Ky) to Y(K}) is naturally isomorphic to the local
system Vy on Y (K }) Since we intend to apply the results of Subsection 2.1 in the
context of the arithmetic quotients Y (K ), let us recall that, although Y (K ) may
not be compact, and so may not be homeomorphic to a finite simplicial complex,
it does contain a deformation retract which is a finite simplicial complex.

Let us fix a degree n and a representation W, and consider the cohomology
spaces H'(Y(Ky),Vw), as Ky varies over all compact open subgroups of G(Ay),
and where as in the preceding subsection, * denotes either () or ¢ (so that we are
considering either cohomology or compactly supported cohomology). Passing to
the inductive limit as Ky shrinks down to the identity, we obtain a smooth repre-
sentation H} (V) := lim H} (Y (Ky), Vw) of mo x G(Ay), which is well known to be

K
admissible. In fact, passjing to the K ¢-fixed points exactly recovers the cohomology
HY (Y (Kf), Vi ).

Our intention is to “p-adically complete” the vector space H'(Vy ) appropriately
(using the isomorphism 2 to regard W, and hence H'(Vy), as a Q,-vector space)
so as to obtain an admissible continuous representation of G(Ay).

We first recall an alternative description of the local system Vi (regarded as a
Q,-local system via 1).

Definition 2.2.3. Let K be a compact open subgroup of G(Ay) (chosen suffi-
ciently small, so that Y (K) is a manifold), and let Gy denote the projection of Ky
onto G. (Thus Gy is a compact open subgroup of G). If M is a Gp-module then
we define

V= (M x (G(F)\G(A)/KS,))/ Ky,

a mo-equivariant local system over Y (K¢). (The right action of K on the product
is defined via m -k = k, 'm on the first factor (where k, € Gy is the pth component
of an element k € K) and via right multiplication on the second factor.)

If W is a complex representation of G, then via ¢+ we may regard W as a repre-
sentation of G defined over Q,, and so in particular as a representation of G, via
the inclusion G := G(F,) C G(Q,). Let W’ denote W regarded as a representation

of G in this way.

Lemma 2.2.4. If K is a compact open subgroup of G(Ay) then there is a natural
isomorphism of my-equivariant local systems over Y (Ky) between Vyw (as defined
by (2.2.2), and then regarded as a @p—local system via 1) and the local system Vyy
defined via Definition 2.2.8.

Proof. If ¢ € G(A) then let g, denote the pth component of g. The required
isomorphism is provided by the automorphism (w, g) — (g{lw, g) of WxG(A). O

The preceding lemma justifies the duplication of notation in (2.2.2) and Defini-
tion 2.2.3. For the duration of this subsection we will consider only local systems
arising from representations of compact open subgroups of G via Definition 2.2.3.
It is technically easier to work with vector spaces defined over a finite extension
of Qp, rather than over @p. Thus we fix a finite extension E of F}, contained in

Q,, and from now on we let W denote a finite dimensional representation of G
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defined over E (rather than over C or Q,). If we choose E so that G is split over
E, then any representation of G over @p descends uniquely (up to an isomorphism)
to a representation of G defined over F, and so we do not lose any generality by
considering only W that are defined over E.

In order to make our constructions as natural as possible, it helps to consider
certain directed sets. We let S denote the set of all compact open subgroups of G,
directed downward by inclusion. If Wy is a separated lattice in W, then we let Sy,
denote the directed subset of & consisting of those compact open subgroups K, of G
that leave Wy invariant. If G is the maximal subgroup of G leaving W} invariant,
then Gy is a compact open subgroup of G, and Sy, consists of all open subgroups
K, of Gy. In particular, Sy, is cofinal in S, and if W is a second separated lattice
in W, then the intersection Sy, ﬂSW[; is also cofinal in each of Swy,, Swy, and S.

Let us temporarily fix a separated lattice Wy in W. If Ky is any open subgroup of
G(Ay) whose image under the projection onto G is contained in Syy,, then via Def-
inition 2.2.3 we obtain on Y (K) a mg-equivariant local system of Og-submodules
Vi, of Vi such that E ®o, Vw, — V. If K} C Ky, then the equivariant
local system so obtained on Y (K }) is naturally isomorphic to the pullback of the
corresponding local system on Y (Ky).

We now fix a “tame level” K® (that is, a compact open subgroup K* of G(A’;))
We form the projective system of arithmetic quotients {Y (K, KP)}r,esw,, each
member of which is equipped with a local system Vyy,. Let us fix for a moment a
sufficiently small element K, of Sy, , chosen so that Y (K, K*) is a manifold. If K}
is a normal open subgroup of Ky, then the natural map Y (K, K?) — Y (K, K?) is
unramified and Galois, with Galois group K,/ KI’J. Thus we are in the situation of
Subsection 2.1, if we take the group G of that subsection to be K,, and we may
form the constructions introduced in that subsection. We write

H?(Kp’VWU) = llI_I} HE(Y(KIJKP)7VW0)
Kp €Sy,
- 11111 ILIPH:L(Y(KPK;J)’VWO/PS)?

KpeSw, =

H:(Kp’VWo)E =k ®og H:(KpaVWo)v
HY(KP Vi) = 1lim lim H (Y (K, KP), Viv, /),
s KpESWO

‘H;L(Kp7VW0)E = E®0E ‘H;L(Kp7VWo)>
Ty HIH(KP Vw,) o= lm HI (KP, Yy, ) [p°],

VPH:L(Kp’VW(J =k ®og TpH:(Kpa]}Wo)'

(These correspond to the Og-modules and E-vector spaces that in Subsection 2.1
are denoted H™(V), H(V)g, HI(V), H*(V)g, T,H*(V), and V,H?(V), respec-
tively.)

The image of H}(K?, Vw,) in H}(K?, Vw,)E is a lattice in this E-vector space,
and we let ﬁf(K P Vw,)r denote the E-Banach space obtained by completing
H!(K® , Vw,)r with respect to the gauge of that lattice. Also, the image of
H™(K?, Vw,) in HY(K?, Vw,)p is a lattice in this E-vector space, and we re-
gard ﬁj}(K P Vw,)E as a semi-normed space, the semi-norm being given by the
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gauge of that lattice. Similarly, we use the gauge of T,H (K", Vw,) to regard
VoH] (K?, Vw,) as a semi-normed E-vector space. The results of Subsection 2.1
show that both these semi-normed spaces are in fact E-Banach spaces.

An inclusion Wy C W of separated lattices in W induces an injection of sheaves
Vw, — Vw;, and hence morphisms of Og-modules H](K?, Vi, ) — HI (K, Vyy,),
HM(EP Vi) — HNEP, V), and T,H(KP, Vi) — T,H(KP, Vyy). (Recall
that the intersection of the directed sets Sy, and Sy is cofinal in each of them.)
Such an inclusion thus induces continuous maps of E-Banach spaces

(2.2.5) HY (K, Vw,)e — HX(K®, V) e,
(226) ﬁf<KpaVWO)E_>]~{:}(KP7VW6)Ea
and

(2.2.7) VoH (K Vi, ) g — Vo HL (KP, Vi) .-

Lemma 2.2.8. If Wy C W is an inclusion of separated lattices in W then all
three morphisms (2.2.5), (2.2.6) and (2.2.7) are topological isomorphisms.

Proof. If the natural number r is chosen sufficiently large, then there is an inclusion
p" W} C Wy. Thus we may embed (2.2.5) into the sequence of maps

HMNKP,p"Vw) e — HMNEK?, Vi, )e

2.2.5) =~ A _r
C2D B (kP V) e — H(KP, p~ Vi ) -

The composite of the first two arrows is obviously an isomorphism, as is the com-
posite of the second two arrows. Thus the middle arrow is an isomorphism. A
similar argument applies to (2.2.6) and (2.2.7). O

DeﬁniAtion 2.2.9. We make the following definitions:
(i) Hf(Kp7VW) = lingf(Kp?VWO)E'

Wo
(i) HM(KP, Vw) := lim H (K, Vi, )k -
Wo
(ifi) V, HM(KP, V) := lim V,, HZ (K, Vi, ).
Wo

(In each case the locally convex inductive limit is taken over the directed set of
separated lattices Wy in W, directed by inclusion).

Lemma 2.2.8 shows that the transition isomorphisms in each of the three in-
ductive systems occuring in Definition 2.2.9 are topological isomorphisms. Thus
for any choice of Wy, each of the natural maps H’f(K",VWO)E — ﬁf(KP,VW),
HM(K*, Vw,)p — H(K?, Vi) and V, H*(K*, Vw,) — V,H(K?, Vi) is a topo-
logical isomorphism. In particular, each of the topological E-vector spaces defined
in Definition 2.2.9 is an E-Banach space.

If g € G and W is a separated lattice in W then gWj is again a separated lattice
in W. Thus we obtain an action of G on the directed set of all separated lattices
in W.
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Lemma 2.2.10. The action of G on the directed set of separated lattices in W
lifts to a continuous actions of G on each of the inductive systems that occurs in
Definition 2.2.9. Thus each of the E-Banach spaces fIf(K",VW), H(K?, V)
and V,HY (KP, V) is equipped with a continuous G-action.

If W is the trivial representation, then each of these E-Banach spaces admits a
norm with respect to which the action of G is isometric.

Proof. If g € G and W, is a separated lattice in W then multiplication by ¢ in-
duces isomorphisms H*(K?, Vw,)p —— HM(K?,Vy-1w, )5, H'(K?, Vw,)p —
HMKP Vyiyy, ), and V,HI(KP, Vi) —= V,H(K?,V,-1yy,). Passing to the
inductive limit over all Wy yields the required action of G on each of H. "MK Vw),
H™(K?, V), and VpH] (KP, Vw). There is a compact open subgroup Go of G
that leaves any Wy-invariant, and this implies that the G-action on each of these
FE-Banach spaces is continuous.

Note that when W is the trivial representation of G, any separated lattice Wy
in W is invariant under all of G, and so in this case the G-action on H™(K®, Vy)
(respectively H*(K®, Vyw), V, H?(K?, Vi) is isometric with respect to the norm
defined as the gauge of the image of H™(K® Vy,) (respectively H?(K®, V),
Vo HE(KP, V). O

Theorem 2.2.11. (i) The group mo X G acts on each of the E-Banach spaces
f[f(K"7VW), H'(K", Vw), and V,H? (K?,Vyw) via an admissible continuous rep-
resentation.

(it) If W is the trivial local system, then each of these Banach spaces can be
topologized by a norm with respect to which g X G acts by isometries.

(@i) If HY (KP, Vw) denotes the space of KP-invariants in the admissible smooth
7o X G(Af)-representation H'(Vw ), then there is a my x G-equivariant natural map
HMKP, Vw) — H*(K® Vi), whose image is dense.

(iv) There is a short exact sequence in the category of admissible continuous
mo X G-representations

0— HKP, Vw) — H'K", Vw) — V,H ™ KP, V) — 0.

_ (v) The composite of the map of (iii) with the closed embedding H™(KP, Vi) —
H!K? Vw) of (w) yields a map

HS(KP,VW) - ﬁf(KpaVW)sm»
which is the edge map of a my X G-equivariant spectral sequence

By = HI\(G, HI(K?, Vw)) = HFI(KP V).

Proof. Since all the local systems under consideration are mp-equivariant, each of
the Ox-modules and E-vector spaces that we have defined is equipped in a natural
way with an action of 7y, compatible with the various maps between them. The
theorem then follows by applying Theorems 2.1.5 and 2.1.12 to the sheaves Vyy, for
each separated lattice Wy C W, passing to the limit with respect to the transition
isomorphisms (2.2.5), (2.2.6) and (2.2.7), and taking into account the naturality of
the G-action given by Lemma 2.2.10, and of the mg-action. O
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Up to this point, we have kept fixed the tame level K?. We now consider what
happens when the tame level is allowed to change.

Suppose that K? C KP* is an inclusion of compact open subgroups of G(AP),
such that K is normal in KP. If K, is any compact open subgroup of G, then we
obtain a surjective map Y (K,K"") — Y (K,K?). Consequently, we obtain a map
of exact sequences in the category of admissible continuous 7wy X G-representations

(2.2.12)
0 — H*(K*, V) — H(K*, Vi) —— V,H'T (K, V) —— 0

| | |

0 — HP K, V) — HM(K¥ V) — V, HI T (KY V) — 0.

Since K*' is normal in KP*, each of the F-Banach spaces in the lower short exact
sequence is equipped with a natural continuous action of the quotient K* /K’ and
(by virtue of the naturality of these actions) the arrows in this short exact sequence
are equivariant with respect to these actions.

Proposition 2.2.13. The vertical arrows of (2.2.12) are closed embeddings, and
identify the upper exact sequence with the KP /K" -invariants of the lower exact
sequence.

Proof. Let a denote the order of the quotient K? /K" . If U is any Hausdorff topo-
logical E-vector space equipped with a continuous action of K* /K"  the averaging
operator v 1 u — a” ! Zker/K,,, ku induces a continuous projection of U onto
its closed subspace of KP-invariants.

Let Wy be a choice of separated lattice in W, and let W) = a~Wy. Then
multiplication by a~! is a well-defined map H? (K", Vw,) — HI( K", Vi), while
there is a natural trace map tr : H'(K¥, Vy,) — H(K?,Vy;) (induced by the
natural maps Y (K, K*") — Y (K,KP") for each compact open subgroup K, of G).
Also mgr projects H(K®, Vy) onto HZ(KP,Vy ). These maps fit together into
the commutative diagram

(2.2.14) H} (K, Vw,) — H (K, Vw)

H}KY Vw,) — HMNKY , Vw)
a” . id
H;L(Kp/7VW(;) TKP

tr

Hf(KpaVWé) HHIL(KpaVW)

(where the unlabelled arrows are the natural maps corresponding to the inclusions
Wo ¢ W) Cc W, and K C KP).

Lemma 2.2.8 shows that the E-Banach spaces H™(K®, Vy) and H"(K*  Viy))
may be obtained as the completion of H?(K®, V) and H? (K, Vy ) respectively
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with respect to the gauge of either the images of H'(K*, Vw, ) and of H* (K", Vw, ),
or the images of H'(K?, Vy;) and of H'(K",Vy,). A consideration of (2.2.14)
thus shows that 7, extends to a continuous map HM(KY Vi) — HY (K, V),
splitting the natural map ﬁf(K”, Vw) — H’f(KP', Vw ) induced by the inclusion
K* C K*. Thus the natural map H?(K®, V) — H"(K”, V) is a closed embed-
ding that identifies its source with the KP invariants of its target.

A similar argument, in which we pass to p®-torsion in the spaces on the left-hand
side of the diagram (2.2.14), pass to the limit in s, and then tensor with E, shows
that mx» induces a map V,H (K", Vw) — V,H](K®, Vi), splitting the natural
map V,H}(K?, V) — V,HMN K", V).

If instead of working with Vw, and Vy;, we work with the quotient sheaves
Vw, /p® and Vg /p°, then after passing to the limit in s and tensoring with E, we
similarly conclude that m» induces a map H*(K*, V) — H(KP, V), splitting
the natural map H”(K®, Vy) — H"(K" Vy). This completes the proof of the
proposition. [

Definition 2.2.15. Write
HI (Vw) = lim H'(K?, Vw),
KP
HI'(Vw) = lim H'(K?, Vw),
KP

VoH! (Vw) :=lim V, H (KP, Vw).
KP

(Here, the locally convex inductive limits are taken with respect to the set of com-
pact open subsets of G(A?), directed downward.)

We will apply the terminology of [13, §7] to the group my x G(Af) = my x G X
G(A'})7 taking the locally analytic group G of that reference to be the group G (in
our current notation), and the auxiliary locally compact group I' of that reference
to be the product mg x G(A';v).

Theorem 2.2.16. (i) The group mo x G(Ay) acts on each of the locally convex
topological E-vector spaces H'(Vw ), HF (Vw), and V,HI(Vw) via an admissible
continuous representation.

ii) For each compact open subgroup K? of G(AY) there are natural isomorphisms

g f

of admissible continuous mo x G-representations H™(K®, Vy) — H"(Vw)E",
HI(KP, Vi) = HI (V)< and VI (K, Vi) = V,HE (V)<

(#3) There is a natural mo X G(Af)-equivariant map H(Vw) — HI'(Vw ), whose
image is dense.

(iv) There is a short exact sequence in the category of admissible continuous
o x G(Ay)-representations

0— H(Vw) — HI (Vw) = V,HT (Vi) — 0.

Proof. If g € G(A’}), then right multiplication by g on the spaces Y (K, K*) (as K,
ranges over the directed set of compact open subgroups of ) induces isomorphisms
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of the directed systems of spaces {Y (KygKPg™ )}k, es — {V (K, K?)}k,es, and
hence topological isomorphisms

HI(KP Vw) = H'(gKPg™", Vw),

H (K Vw) — H'gK g™ Vw),
and

VPHIL(KpaVW) - %Hf(g[(pg_l, VW)?

compatible with the my x G-action on these spaces. _Thus we obtain a topolog-
ical G(A'})—action on each of the spaces H Vw), H'(Vw), and V,H}(Vw) of
Definition 2.2.15, commuting with the my x G-action on these spaces. Proposi-
tions 2.2.13 shows that each of the locally convex inductive limits appearing in
Definition 2.2.15 is a strict inductive limit (in the sense of [4, p. IL. 33}), and the
same proposition thus implies that the natural maps H "KP V) — H (V)K"
Hr(KP, Vw) — H*(Vw)X", and V, H*(K*, Vi) — V, H* (V)X are topological
isomorphisms. In particular, the G(Afc)—action on each of the spaces of Defini-
tion 2.2.15 is strictly smooth, in the sense of [13, Def. 7.1.2]. Taking into account
Theorem 2.2.11 (i), we see that we have proved part (i) and (ii) of the current
theorem. Parts (iii) and (iv) are easy consequences of the corresponding parts of
Theorem 2.2.11, and so we are done. [

Note that by taking W to be the trivial representation (so that Vi is the trivial
local system), this result yields Theorem 0.1 of the introduction.

To simplify notation, when W is the trivial representation of G on E we will
write simply H™, H™, H", and Vp,H? in place of H'(Vw ), H(Vw), H*(Vw ), and
V,H(Vw), and will write H*(K?), H*(K?), H?(K®), and V,H?(K®) in place
of H(K®, V), H(K®,Vw), H*(K?, V), and V, H*(K®, Vi), for any choice of
tame level KP.

Theorem 2.2.17. If W is any finite dimensional algebraic representation of G
defined over E, then there is a natural isomorphism of admissible continuous mg X
G(Ay)-representations H (Vw) — H! @ W. (The action of m9 x G(Af) =
m X G X G(A?) on the target is via the diagonal action of G, and the action of
o X G(A'}) on the first factor.)

Proof. Let us first fix a tame level KP. If W, is a separated lattice in W and s is
any natural number then there is a natural isomorphism

lim H (Y (K KP), Vi, jpe) — lim H (Y (K, K7), Op/p*) @0 /p Vv, /pe-

Kp Kp
(If K, is sufficiently small, it acts trivially on Wy/p®.) Thus we obtain a natural
isomorphism of inductive systems

{H (P Vw, ) Ywocw —— {HI (K, Og) ®@o0, Wolw,cw
(where these inductive systems are indexed by the collection of separated lattices
Wy in W). The naturality of this isomorphism shows that it is o X G-equivariant.
Tensoring these Og-modules over O with E, and then passing to the inductive

limit in Wy, we obtain a natural isomorphism H"(KP?,Vy) — H! @r W. Now
passing to inductive limit in KP yields the isomorphism of the theorem. (The
7o X G(Af)-equivariance follows from the naturality of the isomorphism.) O

In light of this result, we may rewrite the spectral sequence of Theorem 2.2.11 (v)
in the following manner.
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Corollary 2.2.18. There is a mg x G(Ay)-equivariant map
H (Vi) — Homg(W, H! g, 1,)
which is the edge map of a mo X G(Ay)-equivariant spectral sequence

By =Extg(W, H] o _1,) = H(Vw).
Proof. Theorem 1.1.13 allows us to rewrite the spectral sequence given by part (v)
of Theorem 2.2.11 in the form

Ey! = H'(g, H(K* Vw)g,-1a) = H(KP, V).

Passing to the inductive limit in K® and taking into account the fact that comput-
ing both locally analytic vectors and Lie algebra cohomology commutes with the
inductive limit (the former by [13, Prop. 3.5.14]) yields a my x G(Af)-equivariant
spectral sequence

By = Hi (g, B (Vir)a, 1) = HI (V)

Passing to locally Q,-analytic vectors in Theorem 2.2.17, and taking into account
[13, Prop. 3.6.15], yields an isomorphism Hi(Vw)g,—1a = Hi.,@pfla ®g W. Com-
bining this with the preceding spectral sequence, we obtain the spectral sequence
of the corollary. [

This yields Theorem 0.5 of the introduction.

Remark 2.2.19. The edge map H? (V) — Homg (W, f[f ,1a) Of the preced-

ing corollary may be rewritten as a morphism H” (Vi) — (H? ®g W )sm, where
the subscript sm denotes the subspace of vectors on which G acts smoothly (as
follows from the degree 0 case of the isomorphism of Theorem 1.1.13). Giving this

n

*, W—lalg’
by [13, Prop. 4.2.4]. Composing this with the inclusion of f{:,W—lalg in H" gives
the map (0.3) of the introduction.

Since W is an algebraic representation of G over F},, the locally W-algebraic
vectors of H + are not merely locally Q,-analytic, but are in fact locally Fj,-analytic.
Thus the edge map of the preceding corollary factors as

H?(Vw) — Homg (W, H? o _,,) — Homg (W, HI' o _,,),

morphism is in turn equivalent to giving a morphism H? (Vi) @ W — H

—la

where the second arrow is induced by the closed embedding of the locally Fj,-analytic
vectors into the locally Qp-analytic vectors.

Remark 2.2.20. Theorem 2.2.17 shows that ﬁf, equipped with the data of the
spectral sequences of the preceding corollary, one for each choice of W, forms the
primitive object in our construction, from which all the other objects that we have
considered may be obtained. Indeed, we recover H? (Vw ) as the tensor product
fff ®g W. We may then recover H}}(VW) as the closure of the image of the map
H'(Vw) — (H' @ W)sm — H? @5 W (where the first arrow is the edge map of
the spectral sequence of Corollary 2.2.18, reinterpreted as in Remark 2.2.19, and
the second arrow is the obvious inclusion), while V, H} (V) arises as the cokernel
of the embedding H~ (Vi) — H» 1 (Vy ).

Our constructions are compatible with the cup-product on cohomology.
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Proposition 2.2.21. Fiz a pair of natural numbers m and n. Also fiz *1,%2 €
{0, ¢}, and take * to be ) if x; = xo = (), and to be c otherwise.

(i) The cup-product on cohomology induces continuous my x G(Af)-equivariant
morphisms ﬁ;’f ®p ﬁfQ — HM f[,’:} ®p ﬁfg — H " and VoH @ V,H! —
V,H" ™ compatible with the exact sequences provided by Theorem 2.2.16 (iv).

(i) If Wy and W are two finite dimensional representations of G defined over
E, then the following diagram, in which the left-hand vertical arrow arises from
the cup-product, the right-hand vertical arrow is that of part (i) (restricted to the
indicated spaces of locally algebraic vectors) and the horizontal arrows are given
by the edge-maps of the spectral sequences of Corollary 2.2.18, as reinterpreted in
Remark 2.2.19, is commutative:

(H:;L(VWI) ® Wl) ® (Hfz (VW2) ® WQ) - H:?, Wi —lalg ® H:Lz, Wa—lalg

|

mtr ~ v rrm—+n
H; + (VW1®W2) ® (W1 ® W2) - H*’W1®W2,1a1g'

Proof. This is an easy consequence of the naturality of the cup-product, and of our
constructions. U

In particular, taking * = ) and m = n = 0, we find that HO is naturally a
topological E-algebra, equipped with an action of mg x G(Ay) as algebra automor-
phisms, and that for either choice of * and each n > 0, the space H 2 is naturally a
topological H°-module, equipped with a compatible 7 x G(Ay)-action.

We now pass from the admissible continuous G-representation H, to its associ-
ated space of locally analytic vectors. More precisely, if L is any local field inter-
mediate between F, and Q,, then we can consider the associated space of locally
L-analytic vectors.

Theorem 2.2.22. (i) The space fIQL_la 1s an admissible locally analytic repre-
sentation of mo X G(Ay) (in the sense of [13, Def. 7.2.7]).
(i) For any compact open subgroup K® of G(A'}), the natural map

HMEP) 10— (AP )"

is a o X G-equivariant isomorphism.

(i) If W is any finite dimensional representation of G over E, then there is
a mo X G(Ay)-equivariant closed embedding of [:Iz W—lalg’ equipped with its finest
convex topology, into fIf L—la-
Proof. Part (i) (respectively part (ii)) follows from the corresponding part of Theo-
rem 2.2.16, together with Proposition 7.2.11 (respectively Proposition 7.2.5) of [13],

while part (iii) follows from part (i) together with Propositions 7.2.13 and 7.2.14 of
[13]. O

This yields Theorem 0.2 of the introduction.
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Proposition 2.2.23. If m and n are two natural numbers, and *1, *2, and * are as
in Proposition 2.2.21, then for any local field L intermediate between F, and Q,,
the cup-product of cohomology classes induces a my x G(Aj)-equivariant pairing
HY [ . ®eHY [, — H:,Herla-

Proof. This follows from [13, 3.5.15], applied to the pairing ﬁff OF f{Qz — HmAn
of Proposition 2.2.21. [

Since 7 is naturally identified with the group of connected components of G,
we may regard my X G(Ay) as being a quotient of the group G(A) in a natural way,
and so regard the my x G(Aj)-representations considered above as being G(A)-
representations. We have preferred to describe them explicitly as mo x G(Ajy)-
representations, since this emphasizes that the real Lie group G, intervenes only
through the group of connected components .

We close this subsection with the following simple propositions and their corol-
laries.

Proposition 2.2.24. Ifn =0 or 1 then V,H" vanishes.
Proof. Tt is a general fact that H°(—, Op) and H'(~, Og) are torsion free. [

Corollary 2.2.25. The embedding HY — HO is an isomorphism. Furthermore,
for any representation W of G defined over E, the natural map H°(Vw) @ W —
Hgvilalg s an isomorphism.

Proof. The first claim of the corollary follows from the exact sequence of Theo-
rem 2.2.16 (iv), and the case n = 1 of Proposition 2.2.24. The second claim follows
from an examination of the spectral sequence of Corollary 2.2.18 in the case when
i1=7=0. O

Proposition 2.2.26. (i) If n =0 or 1 then V,H vanishes.
(i1) If d is the dimension of Goo/Keo, then VoHE and V,HETY both vanish.

Proof. Part (i) follows from the general fact that HO(—, Og) and H!(-, Og) are
torsion free. Since the dimension of each quotient Y (K) is equal to d, we see that
H3(Y(Ky),Op) is the free Op-module spanned by the fundamental classes of the
connected components of Y (K ), while H4*(Y (K ), Og) vanishes. Thus part (ii)
holds. O

Corollary 2.2.27. The embeddings Hi™' — HY' and H? — H? are both iso-
morphisms.

Proof. The corollary follows from the exact sequence of Theorem 2.2.16 (iv), and
Proposition 2.2.26. O

(2.3) This subsection presents the proof of Theorem 0.7. We maintain the
notation of the preceding subsection, and suppose in addition that G is split over
E (so that any irreducible representation of G over E is absolutely irreducible).
We also suppose that G is quasi-split over F},, and choose a Borel subgroup B of G
defined over F},, as well as a maximal torus T of B (which then splits over E, since
G is assumed to split over E). Write B := B(F},) and T := T(F},).

Let us fix a tame level KP.
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Definition 2.3.1. We say that KP? is unramified at a place v # p of F if:

(i) G is unramified at v; that is, if G is quasi-split over F;,, and splits over an
unramified extension of F,;

(ii) The compact open subgroup K¥ := K? [\ G(F,) of G(F,) is a hyperspecial
maximal compact subgroup of G(F,).

Otherwise, we say that K? is ramified at v.

We let S denote the (finite) set of ramified primes of K?. We write A'}’S to
denote the prime to SJ{p} finite adeles, and also write Fs = [[,cq Fo (so that
AR = Fgx AR®). If we write Kf := K* G(Fs), and write K% := K? G(A%®),
then K¥ = K& x KP9. Also, KP5 = HvQSU{p} KP.

If H is a compact open subgroup of a locally compact group G, then H(G//H)
will denote the Hecke algebra of H double cosets in G, with coefficients in F.

. . .S
We will abbreviate H(G(A%)//KP), H(G(Fs)//KE), and H(G(A%®)//KPS) by
H(KP), H(KP)*™ and H(KP)P! respectively. The product decomposition of K*
induces a corresponding tensor product decomposition of Hecke algebras:

H(KP) =5 H(KP)™™ @p H(KP)Ph,

Similarly, the product decomposition of K**° induces a decomposition of H (K¥?)%Ph
as a restricted tensor product: H(KP)®" = ®'H(G(F,)//K?). The Satake iso-
morphism shows that each of the algebras H(G(F,)//K?) is a commutative algebra
of finite type over E. (See [19, §16] for a clear discussion of the Satake isomorphism.)
Thus H(KP?)*P! is commutative, and forms a central subalgebra of H(K?).

Since, by Theorem 2.2.22 (i), the space H" (K*)F,1a is naturally identified
with the space of KP-invariants in the admissible locally Fj-analytic mo x G(Aj)-

representation H }}p it is equipped with a locally Fj-analytic action of G, together

_la7
with commuting actions of mp and H(KP) by continuous operators. The Jacquet
module Jp (ﬁ["(Kp)Fp_la) (as defined in [14]) is then an essentially admissible lo-
cally Fy-analytic representation of the torus 7', again equipped with commuting
actions of my and H(K®) by continuous operators.

As in the introduction, let T denote the rigid analytic variety over E that pa-
rameterizes the locally Fy-analytic characters of T. (We refer to [13, §6.4] for an
explanation of the construction of T'.) Let C**(T, E) denote the E-Fréchet algebra
of rigid analytic functions on 7". If F is a coherent rigid analytic sheaf on 7', then
the space of global sections I‘(T, F) is naturally a topological Fréchet module over
Can(T ,E), and the theory of quasi-Stein rigid analytic spaces shows that taking
global sections induces an equivalence of categories between the category of coher-
ent rigid analytic sheaves on T, and the category of coadmissible (in the sense of
[31]) C**(T", E)-modules. Evaluating characters at elements of T induces a contin-
uous injection T — Ca‘“(T7 E)*. Thus if F is a coherent rigid analytic sheaf on T,
then the space I‘(T, F) is naturally equipped with a continuous T-representation,
and hence so is its strong dual.

The following proposition then amounts to little more than the definition of
essentially admissible locally Fj,-analytic T-representations. (See [13, §6.4].)

Proposition 2.3.2. There is an antiequivalence of categories between the category
of coherent rigid analytic sheaves on T, and the category of essentially admissible
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locally Fy-analytic representations of T' defined over E, given by associating to any
coherent sheaf F on T the strong dual of its Fréchet space of global sections I'(T, F),
equipped with the T-action described above.

We let £ denote the coherent rigid analytic sheaf on T corresponding via the
antiequivalence of categories of Proposition 2.3.2 to Jz(H"(KP) F,—la), and let
Exp(&) denote the support of £ (the “set of exponents” appearing in £).

The action of the commutative E-algebra H(KP?)P! on JB(f{"(K")FF_la) in-
duces an action of H(KP)P! on the coherent sheaf £, and thus gives rise to a
coherent subsheaf of commutative rings A inside the endomorphism sheaf of £.
We form the relative Spec of A over T% by construction it admits a Zariski closed
embedding Spec A — T x Spec H(KP)*h. Since A acts as endomorphisms of £, we
may localize £ to a coherent sheaf M on Spec A.

The action of the group ring H(K™®)"™[m] on JB(ﬁI”(Kp)Fp_la) commutes with
the H(KP)%Ph-action, and so the sheaf M is naturally a coherent sheaf of right
H(KP)™™ [mp]-modules.

Proposition 2.3.3. (i) The natural projection Spec A — T is a finite morphism,
with set-theoretic image equal to Exp(E).

(i) The map Spec A — t (where t is the dual to the Lie algebra t of T) obtained
by composing the projection of (i) with differentiation of characters has discrete
fibres. In particular, the dimension of Spec A is at most equal to the dimension of
T.

(iit) The fibre of M over a point (x, ) of T x Spec H(KP)%Ph is dual to the
(T = x, H(KP)*Ph = \)-eigenspace of JB(ﬁ”(Kp)pp,la). In particular, the point
(x, A) lies in Spec A if and only if this eigenspace is non-zero.

Proof. Parts (i) and (iii) are immediate from the construction of A. Part (ii) follows
from [14, 0.11]. O

We let G, B, T denote the restriction of scalars from F, to Q, of G, B, and T
respectively. Since I contains Fj, there are natural projections

and
(2.3.5) T/p — T/p.

Let W be an irreducible algebraic representation of G over E, whose highest weight
with respect to B is the character 1) of T. Then we may regard W as an irreducible
representation of G via (2.3.4), whose highest weight with respect to B is then P,
regarded as a character of T via (2.3.5). Also, by definition T(Q,) = T(F,) = T.
Thus if 0 is a smooth character of T', the locally algebraic character 8¢ of T may
equally well be regarded as a locally algebraic character of T(Qp), to which we may
apply Definition 4.4.3 of [14].

Proposition 2.3.6. If x := 0y is of non-critical slope (in the sense of [14,
Def. 4.4.3]), then the closed embedding Jp(H™(KP)w _1ag) — Jp(H"(K?)F, 1a)
induces an isomorphism on x-eigenspaces.
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Proof. This follows from [14, Thm. 4.4.5] and the fact that H™(K*) admits a G(F,)-
invariant norm. [J

Suppose now that the natural map
(2.3.7) H"(Vyy) @5 W — Hijy 1

provided by Corollary 2.2.18 (see Remark 2.2.19) is an isomorphism for every choice
of irreducible representation W of G over E (and consequently for any such rep-
resentation, since this map is compatible with the formation of direct sums of
representations). Recall that Spec.A and the eigenvariety E(n, K*) (as defined in
Definition 0.6) are both Zariski closed subspaces of 7' x Spec H(KP? )%,

Proposition 2.3.8. If (2.8.7) is an isomorphism for all W then Spec A contains
E(n,KP?) as a closed subspace.

Proof. Since E(n, K?) is defined to be the Zariski closure in 7' x Spec H(KP)5h of
E(n, K?)q, it suffices to show that the latter set of points is contained in Spec A.
A typical point of E(n, K?) is of the form (6%, \), where as above 6 is a smooth
character of T and 1 is the highest weight of an irreducible G-representation W,
such that there exists an irreducible subquotient of H™(K?,Vy;) which may be

embedded into Indg((g:)) 6, and on which H(K?)*® acts via A. (Here and in the
ensuing discussion, it is implicit that we base-change to a field of definition of
A.) Since the Jacquet functor is exact when applied to smooth representations
[7, Prop. 3.2.3], we see that 6 appears in the A-eigenspace of Jg(H" (K", Vi )),
and so by [14, Prop. 4.3.6] the product 6y appears in Jg(H"(K®, V) @ W). By
assumption H"(KP, Vy;, )@ gW maps isomorphically to the closed subrepresentation
ﬁ{}vflalg of ﬁﬁp _1a» and so 64 also appears in the A-eigenspace of Jp (H}}pila). The
present proposition thus follows from Proposition 2.3.3 (iii). O

Theorem 0.7 follows from Propositions 2.3.3, 2.3.6, and 2.3.8 taken together.

In light of Proposition 2.3.8, it is natural to ask whether or not E(n, K?) is
equal to A, or equivalently, whether or not the points of E(n,K?). are Zariski
dense in A. We do not know the answer to this question in general (even under the
hypotheses of Theorem 0.7).

(2.4) The aim of this short subsection is to show that, when the arithmetic
quotients attached to G admit the structure of Shimura varieties, the constructions
of Subsection 3.3 are compatible with the comparison isomorphism between usual
and étale cohomology, and hence that the various spaces considered are equipped
with Galois actions, and the various short exact and spectral sequences constructed
are Galois equivariant.

Let G’ denote the restriction of scalars of G from F to @, let S denotes the
maximal split torus in the centre of G’, and let S’ denote the maximal split torus
quotient of G’. The natural map S — S’ is an isogeny, and so if So, := S(R) and
S’ :=§'(R), then the induced map S, — S22 is an isomorphism. Let Z., denote
the centre of G (50 Zo contains S, but is typically larger), and let Z1, denote
the kernel of the natural map Z,, — S.,.

The spaces Y (K y) that we have defined are not the arithmetic quotients typically
considered in the theory of automorphic forms; it is more usual to consider the quo-
tients Y°(Ky) := Y (Ky)/SS,, which have the advantage of being of finite volume.

00
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(These are the arithmetic quotients considered in [18], for example.) The projection
Y (Ky) — Y°(K[) makes the source an S5 -bundle over the target. Thus (since Sy
is isomorphic to R™ for some m, and in particular is contractible) the local system
Vw on Y (Ky) attached to any algebraic G-representation W on Y (K;) may be
descended to Y°(K), and the cohomology and compactly supported cohomology
spaces of Y °(K y) with coefficients in Vy are isomorphic to the corresponding coho-
mology spaces of Y (K ;) (up to a shift of degree, in the case of compactly supported
cohomology).

In the theory of Shimura varieties it is customary to consider a different quotient
again, namely Y (K ;) := Y (K;)/ZS,. The projection map Y°(K;) — Y (K ) makes
the source a d-dimensional torus bundle over the target (in the topological sense:
each fibre is a product of d circles), where d is the difference between the split
rank of Z,, and the rank of S, (i.e. the split rank of Z1 ). If W is an algebraic
representation of G, then the local system Vi on Y (K ) descends to Y (K ) if and
only if ZL acts trivially on W. (Note that if this condition does not hold, then the
local system Vi has trivial cohomology on Y (K); thus nothing is lost in any case
by restricting attention to those W that satisfy this condition.)

For the remainder of this section, we assume that S, is in fact the maximal split
torus in Za, so that Y°(K;) = Y (K;). This allows us to replace the quotients
Y(K;) by the corresponding quotients Y (Kj) in the results of Subsection 2.2.
(Our assumption is a common one in the Shimura variety context, although it
omits certain examples, such as Shimura curves and Hilbert modular varieties over
totally real fields of degree greater than one. We adopt it more for simplicity than
out of necessity, since we could get around it by working systematically with the
quotients ?(K ¢) in Subsection 2.2, provided that we restricted our attention to
representations W on which Z1 acts trivially.)

Suppose given a number field F’ C C, a projective system of schemes Y (K 7))/
defined over F’ indexed by the compact open subgroups K; of G(Ay), and an
action of G(Ay) defined on this projective system, such that when we take the
C-valued point of this projective system, the resulting projective system of spaces
Y(Kf)/F/((C) with its G(Ay)-action is isomorphic to the projective system of arith-
metic quotients Y (K ), with its G(As)-action. (More precisely, we should allow
?(Kf)/p/ to be a stack, in the case when Y (K ) is an orbifold rather than a man-
ifold. However, we will ignore this technicality, since we may restrict our attention
to those K that are sufficiently small, in which case Y (K;) is a manifold.) If the
group G’ admits a Shimura datum with reflex field equal to F’, then the theory of
canonical models of Shimura varieties shows that such schemes do exist.

Now suppose that M is a finite Gp-module, for some compact open subgroup
Gy of G, and assume that the Gy-action on M is continuous, when M is endowed
with its discrete topology. We may then follow the prescription of [24, §3] to define
a compatible system of étale sheaves Vjs ¢ on the projective system of schemes
Y/(Kf)/p/. More precisely, we can define the sheaf Vjs4; on ?(Kf)/p/ provided
that the projection of Ky onto the pth factor is contained in G. (This will certainly
hold if Ky is small enough.) Assuming that Ky satisfies this hypothesis, we choose
a compact open normal subgroup K } C Ky such that the projection of K } onto
the pth factor is contained in the pointwise stabilizer of M, and define Vjy ¢ to be
the étale sheaf represented by the étale cover M X ¢, ?(K})/F/ of )N/(Kf)/F/. The
resulting sheaf is, up to canonical isomorphism, independent of the choice of K }
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After passing to C-valued points, the étale sheaf Vs 4 corresponds to the sheaf Vi,
of Definition 2.2.3.

The comparison isomorphism between étale and classical cohomology yields a
canonical isomorphism

HS(C xp Y (Ky) pr, Vares) — H*(Y (Ky), Var).-

If Q denotes the algebraic closure of Q in C, then there is a natural action of
Gal(Q/F’) on the left-hand side of this isomorphism, which may then be trans-
ported to the right-hand side.

If W is a representation of G defined over E, then the spaces H*(Vy), H*(Vw ),
and V,H®*(Vw) constructed in Subsection 2.2 may all be defined as limits with
respect to natural transition maps of various kinds of cohomology groups of the
form H*® (}7'(KPK")7 Vi, /pe ), for some compact open subgroup K, of G, some tame
level K, and some Ky-invariant sublattice W, of W. Thus each of them is equipped
(via the comparison isomorphism) with a continuous Gal(Q/F’)-action, commuting
with the G(Ay)-action.

By virtue of the natural sheaf theoretic nature of its construction, the short ex-
act sequence of Theorem 2.2.16 (iv) is compatible with respect to these Gal(Q/F")-
actions. Also, by the very definition of the étale sheaf Vyy, /s, the isomorphism
of Theorem 2.2.17 is compatible with respect to the comparison isomorphism,
and hence with respect to the actions of Gal(Q/F”) on its source and target (the
Gal(Q/F’)-action on H® @p: W being defined to be trivial on the second factor).
Since passing to locally analytic vector is functorial, the Galois action on H® in-
duces a continuous Gal(Q/F')-action on H} ., for each local field L intermediate
between F, and Q,.

Proposition 2.4.1. In the situation under consideration, the spectral sequence of
Corollary 2.2.18 is Gal(Q/F")-equivariant.

Proof. This spectral sequence is obtained by applying part (ii) of Theorem 2.1.5. Al-
though the proof of that theorem uses simplicial methods, Proposition 2.1.11 gives
an alternative construction of the same spectral sequence using just the Hochschild-
Serre spectral sequence for cohomology with coeflicients in the torsion local systems
Vw,/ps- One has such a Hochschild-Serre spectral sequence also for étale cohomol-
ogy, which is compatible with the comparison maps between singular and étale
cohomology with torsion coefficients. Thus the construction of Proposition 2.1.11
applies equally well in the étale cohomological context, and the present proposition
follows. 0O

Finally, suppose that G is quasi-split over Fy, so that we may form the eigenva-
riety E(n, K?) for each cohomological degree n and each tame level KP. Suppose
furthermore that (2.3.6) is an isomorphism for some choice of n and KP, and for
all W. Theorem 0.7 yields a coherent sheaf M over E(n, K¥). Since this sheaf is
constructed by applying the functor Jg to H "(KP)Fp,-1a, We see that it inherits a
Galois action, and so forms a coherent sheaf of Gal(Q/F’)-modules on E(n, K*)
(and this action is compatible with the right H(K?)"™-module structure on M).

3. p-ADIC AUTOMORPHIC REPRESENTATIONS

(3.1) In this subsection we put ourselves in the situation of Subsection 2.2, and
we employ the notation introduced in that subsection. The given inclusion F C C
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determines a map

(3.1.1) Foo =R®q F — C,
and hence a map
(3.1.2) Goo — G(C).

We let 3(goo) denote the centre of the universal enveloping algebra of the lie algebra
oo Of Goo-

Definition 3.1.3. (i) Let x be a complex-valued character of 3(goo) . We say that
x is allowable if there is an irreducible representation W of G over C such that the
representation of G, on W induced by the map (3.1.2) has infinitesimal character
equal to x. (Note that W is unique up to isomorphism if it exists, since irreducible
representations of G,c are determined up to isomorphism by their infinitesimal
characters.)

(ii) Let me be an irreducible admissible representation of the real reductive
group Go. We say that m, is allowable if the infinitesimal character of 7., is
allowable in the sense of (i). If we wish to be precise, then we will say that 7
is W-allowable, where W is the representation of G¢ whose infinitesimal character
(as a representation of G,) coincides with that of mu..

(iii) Let 7 be an automorphic representation of G(A), and write 7 = 7o, ® 7y,
where 74, is an admissible representation of G, and 7 is a smooth representation
of G(Ay). We say that 7 is allowable if m, is allowable, and if m¢ can be defined
over a finite extension of Q.

For example, if F' = Q then the map (3.1.1) above is simply the inclusion R C C.
Thus in this case a character of 3(go) is allowable if and only if it is the infinitesimal
character of an irreducible finite dimensional representation of G over C.

For general F', let G’ denote the restriction of scalars of G to Q, so that G =
G'(R). A character of 3(go) is allowable if it is the infinitesimal character of an
irreducible algebraic representation of G’ of a certain kind, namely one pulled back
from a finite dimensional representation of G over C by the surjection G’/C — Gyc
induced by (3.1.1).

Note in particular that although we may regard an automorphic representation
7w of G(AF) equally well as an automorphic representation of G'(Ag) (where we
have written Ar to denote the adeles of F' and Ag to denote the adeles of Q), the
condition that 7 be allowable as a representation of G(A) is not equivalent to the
condition that it be allowable as a representation of G'(Ag). (The former implies
the latter, but not conversely, in general.)?

Since the infinitesimal character of any irreducible algebraic representation of G’
is regular, it follows that an allowable character of 3(g) is necessarily regular. It
then follows from [10, Thm. 3.13] that for G = GL,,, the representation 7., being
allowable implies that 7 is definable over a finite extension of Q.

We recall the following simple lemma.

IFor example, an automorphic representation of GL ,F (that is, an idéle class character over
F) is allowable if its restriction to the connected component of F35 (thought of as the component at
infinity of A} ) is equal to the composite of the map F5 — C* induced by (3.1.1) and an algebraic
character z — 2™ of C*. (Dirichlet’s unit theorem shows that there are no such characters with
n # 0 except in the case when F = Q or F is quadratic imaginary.) On the other hand, if G’
denotes the restriction of scalars of GLy,p from F' to Q, then any algebraic Hecke character gives
an allowable automorphic representation of G'(Ag).
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Lemma 3.1.4. Let V be an irreducible admissible smooth representation of a p-
adic reductive group H defined over an algebraically closed field 2. If Vi and Vs
are two smooth representations of H defined over a subfield E of 2, equipped with
isomorphisms QR Vi — Q&g Vo — V, then there is an isomorphism of 1 AN
Vo of H-representations over E, uniquely determined up to multiplication by a non-
zero element of E.

Proof. Let U be a compact open subgroup of H such that VY # 0. Note that V}V
and V¥ are then also non-zero; indeed VV — Q@ VIV - Q @p V¥, Each of
these spaces of invariants is a representation of the Hecke algebra H(H//U) defined
over F of U double cosets in H. Furthermore, each of these spaces of invariants
is finite dimensional over its field of definition (either Q or E), since V is assumed
admissible.

From [3, Cor. 3.9 (ii)] we see that we may (and do) choose U so that the functor
W — WV induces an equivalence of categories between the category of smooth
H-representations W (defined over either ) or E) that are generated over H by
WV, and the category of H(H//U)-modules (defined over either Q or E). Our
assumption may then be rephrased as saying that we have an Q-valued point of
the algebraic variety of H(H//U)-equivariant isomorphisms between V;V and VU.
The Nullstellensatz assures us that we may then find a point of this variety defined
over the algebraic closure of E, and thus we may assume that € is equal to this
algebraic closure.

We now note that since V' is irreducible, Schur’s Lemma implies that Endg (V)
is isomorphic to 2. The lemma thus follows from Hilbert’s Theorem 90. O

Let 7 be an automorphic representation of G(A) that is allowable in the sense of
Definition 3.1.3 (iii), and write 7y = m, ® 7P, where 7, is a smooth representation
of G and 7* is a smooth representation of G(A?). Let W be the finite dimensional
irreducible representation of G over C for which m, is W-allowable.

Via the isomorphism ¢ : C — @p, we may regard 7y = m, @ 7F as an admissible
representation of G(Ay) on a @p—vector space, and we may also regard W as a
@p—vector space equipped with a finite dimensional representation of G /3, and so
in particular with a representation of G.

We may descend 7y to a finite extension of F}, (since we assumed that it may
be descended even to a finite extension of Q). Let E be a finite extension of F}, to
which 7y may be descended, and assume that E is chosen so large that G splits over
E. This implies that W may also be descended to a representation of G defined
over E.

Let 4 now denote a descent of 7 to E' (uniquely determined up to isomorphism
by Lemma 3.1.4) and W denote a descent of W to E (uniquely determined up to
isomorphism by highest weight theory). Write 7, := 7, ® g W (equipped with the
diagonal action of G), and (for notational consistency) set #° = W;.

We set T' = G(A;), so that G(A;) = G x T is the product of a locally L-analytic
group and a locally compact group satisfying the hypothesis of [13, §7.2]. When
we apply the terminology and results of that reference to G(Af) we always regard
it as being factored in this manner.

Definition 3.1.5. We write 7 := 7, ®p 7 = (7, @ W) Qf 71';, regarded as a
representation of G(Ay) = G xT', and refer to 7 as the classical p-adic automorphic
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representation of G(Af) over E attached to the allowable automorphic representa-
tion .

If we equip 7 with its finest convex topology then it becomes an admissible locally
algebraic representation of the adele group G(Ay), in the sense of [13, Def. 7.2.15].

Let us mention an initial motivation for the introduction of classical p-adic au-
tomorphic representations. Common conditions that arise in the p-adic theory of
automorphic representations, such as an automorphic representation 7 being ordi-
nary or of non-critical slope, are not local at p; they depend on a comparison of
invariants obtained from the local factors at the infinite places (typically, an infin-
ity type) and from the local factor at p (such as a Satake parameter). However, if
we replace m by the associated classical p-adic automorphic representation 7, then
these properties often depend only on the local factor 7, at p. (This is the case
with the two examples mentioned.) Thus they can be analyzed by local p-adic rep-
resentation theoretic techniques. It is this phenomenon that allows us to apply the
local techniques of [13, 14] to the global problem of p-adic interpolation of systems
of Hecke eigenvalues.

The basic example of allowable automorphic representations that we have in
mind are those automorphic representations that contribute to cohomology, as we
will now explain. As above, let G’ denote the restriction of scalars of G from F to Q.
As in Subsection 2.4, let S denote the maximal split subtorus in the centre of G, and
S’ the the maximal split torus quotient of G’; the natural map S — S’ is an isogeny.
Thus if s denotes the Lie algebra of S, and g denotes the Lie algebra of the kernel
of the the quotient map G’ — S/, then there is a natural isomorphism g@@s — g.
We write goo = R ®q g. Also, as above, we fix a maximal compact subgroup K
of G, and write £, to denote the Lie algebra of K. We let A(G(F)\G(A))
denote the space of Koo-finite automorphic forms on G(F)\G(A). Let W be a
finite dimensional representation of G (defined over C), let x denote the character
through which 3(goo) acts on W, let I, C 3(goo) denote the kernel of x, and let
¢ denote the character through which S2, (the group of connected components
of S(R)) acts on W (so ¢ is obtained by exponentiating the restriction of x to
5 C 3(g00)). Let A(G(F)\(G(A))[I;C]Sgezq denote the subspace of A(G(F)\G(A))
consisting of vectors on which S2, acts via ¢, and which are annihilated by some
power of I,. The main result of [18] shows that there is a natural isomorphism

(3.1.6) H" (o0s boo; W ©c A(GIN\G(A)[I7)5==) =5 H" (Viw).

Suppose that 7 is an irreducible automorphic representation of G(A), written
as a quotient 1 = U/V, where V.C U C A((G(F)\G(A))[I;O]Sgc:C are G(A)-
subrepresentations. (Note that since 7 is irreducible, 3(goo) must then act on 7 via
the character x.) Suppose furthermore that the image of H"™(goo, too; W ®¢c U) in
H" (oo, too; W ®c A(G(F)\G(A))[I;O]S&:C) is a proper subspace of the image of
H"™(§o0, Boo; W R V) in H™ (oo, too; W @ A(G(F)\G(A))[[°]%%=C). Then 7 (the
finite component of 7) appears as a subrepresentation of the quotient of the latter
image by the former, and so in particular as an irreducible subquotient of H™ (V).
We say that 7 contributes to cohomology . Conversely, the isomorphism (3.1.6)
shows that any irreducible subquotient of H™(Vy, ) arises as the finite component
of such an automorphic representation .
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If an automorphic representation 7 contributes to the cohomology of Vy,, then
Too 18 W-allowable. Since 7 appears as a subquotient of H"(Vy) (for an appro-
priate choice of W) it may be defined over a finite extension of Q, and thus we see
that 7 is in fact allowable. If we choose a finite extension E of F}, such that both W
and 7y can be defined over F, then we find that the corresponding classical p-adic
automorphic representation 7 := 7 ®p W appears as an irreducible subquotient
of the admissible locally algebraic G(A ;)-representation H"(Vy ) ®@p W.

(3.2) As in Subsection 3.1, let G’ denote the restriction of scalars of G from F
to Q. In this subsection we suppose that G’ has the property that the maximal
split torus in the centre of G’ is a maximal split torus in G’ over R, so that we are
in the situation of [19, Prop. 1.4]. We will construct a space of locally Fj,-analytic
p-adic automorphic forms attached to G, in which the classical p-adic automor-
phic representations of G(Ay) constructed in the preceding subsection appear as
subrepresentations.

Our assumption implies that Y°(K;) = Y (K) for any choice of level K. Also,
there is an equality KooZo = G (as in Subsection 2.4, we let Z,, denote the
centre of Go), so that (KxZ)° = G, and the quotient G /(K Zoo)® is equal
to mg, and hence finite. The quotients ?(K #) are thus also finite, and their only
non-trivial cohomology is in degree zero. We will relate this cohomology to the
notion of algebraic automorphic form described in [19].

We choose F so that G splits over E, and make the following variation on the
definition of [19, p. 68].

Definition 3.2.1. If W is a finite dimensional representation of G defined over
E then an algebraic automorphic form on G(A) with coefficients in W is a locally
constant function f : G(A) — W such that f(yg) = vf(g) for all v € G(F) and
g € G(A). We denote this space by M(W). It is endowed with a natural action of
G(A), induced by the action by right translation of G(A) on G(F)\G(A).

If KP is a tame level, then we let M(K?, W) denote the KP-fixed functions in

If W is the trivial representation of G on E then we omit reference to W, and
write simply M and M(KP) respectively.

~

Proposition 3.2.2. There is a natural G(A)-equivariant isomorphism M(W) —
H°(Vw). (Here we regard H°(Vw) as a G(A)-representation via the surjection
G(A) = Goo X G(Af) — T X G(Af))

Proof. Any f € M(W) is constant on the right G -cosets in G(A). Fix f € M(W),
and let K; be a compact open subgroup of G(Ay) such that f is constant on
the right K s-cosets in G(A). Then f gives rise to the section of G(A)/G% Ky —
W x (G(A)/G% K ) defined by g — (f(g), g). The assumption that f is an algebraic
automorphic form implies that this section is G(F)-equivariant, and thus gives an
element of HY(Y(Ky), Vw). Thus we obtain a G(A)-equivariant map M(W) —
H°(Vw ), which is immediately checked to be an isomorphism. [

As a corollary we find that M(KP, W) is isomorphic to H°(K®,Vy ) for each
choice of tame level KP. Taking W to be the trivial representation E of G, we see
that M(KP®) is isomorphic to H°(K®), and thus that H°(KP) (being isomorphic
to FIO(KP) by Corollary 2.2.25) may be identified with the completion of the space
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M(KP) of algebraic automorphic forms on G(A) of tame level K? with trivial
coefficients, with respect to the sup norm.

Definition 3.2.3. For each choice of tame level K*, we refer to HO(KP) as the
space of p-adic automorphic forms on G(A) of tame level KP. It is an E-Banach
space, equipped with an admissible continuous representation of 7y x G by isome-
tries. We refer to H® as the space of p-adic automorphic forms on G(A). It is
equipped with an admissible continuous action of my x G(Ay).

If L is a local field intermediate between F}, and Q,, then we refer to the space

HO;_, as the space of locally L-analytic p-adic automorphic forms on G(Ay). It
is a locally convex p-adic vector space of compact type, equipped with a strongly
admissible locally L-analytic representation of my x G(Ay).

It seems worth remarking that HO (respectively HO L—1a) may be regarded as the
space of continuous E-valued functions on G(A) that are locally constant on G(A'})—
cosets (respectively, that are locally analytic on G-cosets and locally constant on
G(A'})—cosets) and invariant under left translation by elements of G(F’). This should
serve to justify our use of the adjective automorphic.

Corollary 2.2.25 and Proposition 3.2.2 together show that for any finite di-
mensional representation W of G defined over E, there is a natural isomorphism
MW)@pW = fIgV_ Consequently, unless W is trivial, we do not find auto-
morphic representations appearing as irreducible closed subrepresentations of HY:
rather, as the following proposition shows, it is the classical p-adic automorphic
representations that so appear.

lalg*

Proposition 3.2.4. The locally algebraic absolutely irreducible closed mo x G(Af)-
subrepresentations of H° are (if we forget the mg-action) precisely the classical p-

adic automorphic representations attached to allowable automorphic representations
of G(A) that are definable over E.

Proof. Let us begin by remarking that 7 is an abelian group [19, Prop. 2.4]. Thus
the tensor product of a mp-representation and a G-representation is naturally a
Goo-representation, and also any absolutely irreducible my x G(Ay)-representation
is absolutely irreducible as a G(Ay)-representation. Thus we may ignore the mo-
action, and we must show that the locally algebraic absolutely irreducible closed
G(Ay)-subrepresentations of HO coincide with the classical p-adic automorphic rep-
resentations attached to allowable automorphic representations of G(A) that are
definable over E.

If W is an irreducible representation of G defined over E, then Corollary 2.2.25

yields a natural isomorphism H°(Vy) @p W — lfl%/_lalg. Thus the locally alge-

braic absolutely irreducible closed G(Af)-subrepresentations of H° coincide with
the absolutely irreducible G(A ;)-subrepresentations of Ho(Vy) ® g W, as W runs
over all irreducible representations of G defined over E.

We use the isomorphism 2 : C — @p to regard C as an extension of E, and so
to form the base-changed representation W,c of G,c. Since G is compact modulo
its centre, any automorphic representation m of G(A) whose infinity component 7,
is W/@-allowable contributes to H° (VW/C); furthermore, this cohomology space is
semi-simple as a G(A f)-representation. The discussion at the end of the preceding
subsection therefore shows that the absolutely irreducible G(A f)-subrepresentations
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of H(Vw) ®p W are precisely the classical p-adic automorphic representations at-
tached to the W c-allowable automorphic representations of G(A) that are definable
over E. This proves the proposition. [

As we have already recalled, when n = 0, the map (2.3.7) is an isomorphism for
any choice of W and any tame level K¥. Thus, if G is quasi-split over Fy, then we
may form the eigenvariety E(0, K*?), for any choice of K*, and Theorem 0.7 applies.
Furthermore, it follows from [14, Thm. 4.2.36] that E(0, K*) is equidimensional, of
dimension equal to the dimension of a maximal torus of G/, .

(3.3) So as to give a completely concrete example, in this subsection we consider
the case G = G, over Q. In this context F, = Q, is the only possible choice for
the local field L, and so we omit it from the notation.

Let ZP denote the prime-to-p profinite completion of Z (so that 7 = Zy X
Zp) Choose a natural number N prime to p, and denote by K(N) the kernel
of the natural map (Z?)* — (Z/N)*. Taking K? = K(N) in the constructions
of Subsection 2.2, we find that HO(K(N)) is an E-Banach algebra, canonically
isomorphic to C(Z, x (Z/N)*, E). Thus if we pass to the limit over all such K(N),
we obtain an isomorphism

H° = C(Z),E) ®p C™((ZP)*,E).

The target is naturally isomorphic to the ring of E-valued functions on Z that are
continuous in the Z,-variable, and smooth in the ZP-variable. Passing to locally
analytic vectors yields an isomorphism

Hf), = C™(ZX,E) @p C™((ZP)*, E).

Since G, is a torus, it is certainly quasi-split, and is equal to its own Borel sub-
group, and its own maximal torus. Thus we may form the eigenvariety E(0, K(N))
for any choice of tame level N, and Theorem 0.7 applies (since n = 0). In fact,
we can described E(0, K(N)) explicitly: If we write W := (Z)) (the space of lo-
cally analytic characters of Z,') and let ((Z/N)* ) denote the space of characters of
(Z/N)*, then E(0, K(N)) — W x ((Z/N)*).

Since T = G = Gy, we have T' = Q;', and the isomorphism Q' = Ly % pZ
induces an isomorphism 7' — W x G,,. The finite map E(0, K(N)) — T is the
product of the identity map on W and the map ((Z/N)*} — G, defined by taking

a character of (Z/N)* to its value on p~1.

4. THE CASE OF GLy /g

(4.1) As the title of this section indicates, we now take F' = Q and G = GLa.
We fix a finite extension E of @, as our coefficient field. This is a case in which

Y°(Ky) =Y (Ky) for any choice of level K, and so we will work with the quotients
Y (K;) throughout this section. As we will briefly recall, these are the familiar
modular curves.

Indeed G(F) = GL2(R) — Autg(C), the group of R-linear automorphisms
of C, the subgroup Z. K is equal to the group generated by C* (= Autc(C) C

Autg(C)) and complex conjugation (which we denote by ¢), and 80 (ZooKoo)® is
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equal to C*. The quotient GL2(R)/(Z K )® is isomorphic to the space of ordered
pairs of R-linearly independent complex numbers modulo scaling, which is in turn
isomorphic to C \ R. If X denotes the upper half-plane in C \ R, and if K is a
compact open subgroup of GLQ(Z), then strong approximation for SLg, and the
fact that Z is a PID, imply that GL2(Af) = GL2(Q) GLy(Z), and hence that

V(Kf) = SLy(Z)\(X x CLo(Z))/ K

(where of course SLg(Z) acts on X by linear fractional transformations). (Compare
the discussion of [12, §1.2].) The group 7 has order two, and its non-trivial element
acts on Y (K) through the automorphism 7 + —7¢ of X. As is well known, the
arithmetic quotients ?(K ) are affine algebraic curves over C, the so-called modular
curves.

Each finite dimensional representation W of GLy over E defines a corresponding
family of local systems Vi on the curves ?(K ¢). The open Riemann surfaces
?(K £) have non-trivial cohomology in degrees 0 and 1, and we will consider the
constructions of Subsection 2.2 in these cohomological degrees. Proposition 2.2.24,
and our remark concerning the cohomological dimension of Y (K t), shows that
VpH"™ vanishes for all n; the short exact sequence of Theorem 2.2.16 (iv) then
implies that H™ = H" for every n. Thus we have two spaces to consider: namely,
H° and H'.

The compactly supported cohomology of Y(K ) is supported in degrees one and
two. Proposition 2.2.26 and Corollary 2.2.27 show that V,H]' vanishes, and that
the map ﬁg‘ — f:fg is an isomorphism, for n = 1,2. Thus we have the spaces f]cl
and H 2 to consider.

As well as their cohomology and compactly supported cohomology, it will also
be convenient to consider the parabolic cohomology of the modular curves.

Definition 4.1.1. For any finite dimensional representation W of GLy over E,
we let H), (Vw) denote the image of the natural my x G(Ay)-equivariant map
H!(Vw) — H'(Vw); it is a smooth my x G(Af)-representation. If K7 is a choice
of tame level, we let HJ, (K, Vw) and H], (K,, Vw) denote the KP-invariants of
H'(Vw ). As usual, if W is the trivial representation, we will omit “Vy” from the

notation.

(4.2) If Ky is a compact open subgroup of GL2(Af), then det(K) is a compact
open subgroup of Z*, and it is well known (and follows directly from the adélic
description) that the set of connected components of the modular curve Y (Ky) is

naturally isomorphic to Z*/ det(K ¢). Thus we see that HO is isomorphic to the
corresponding space for the group G,,, considered in Subsection 3.3:

H° =5 C(Z),E) ®p C™((ZP)*,E).

The group mp x GL2(Ay¢) acts through the determinant map mg x GLa(Ay) det,

{1} x A;. (As an aside, let us remark that if W is irreducible of dimension greater

than one, then H’(Vw) = 0, and hence its completion H°(Vy) also vanishes. On
the other hand, H°(Vy) = H° @ g W # 0. This illustrates the possibility remarked
upon following the proof of Proposition 1.1.10.)
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The space H'is significantly more interesting then H 0. since it contains informa-
tion about p-power congruences of classical modular forms. Naturally, we cannot
give such an explicit description of it. The remainder of this section is devoted
to investigating some of the structure of this my x GLg2(Af)-representation (and
the various representations obtained from it by passing to locally analytic vectors,
locally algebraic vectors, and so on). In particular, we will study the associated
eigenvariety, and explain its relationship to the eigencurve of [11]. (See Proposi-
tion 4.4.15 below.)

We begin by considering the 7y x GL2(Af)-equivariant map

(4.2.1) H&pH' — H!

yielded by the cup-product and Proposition 2.2.21. This makes H' a topological
module over the topological E-algebra HO.

Let T denote the maximal torus of GLy consisting of diagonal matrices. As
usual, we write G = GL2(Q,,) and T' = T(Q,). Before going further in our analysis,

it will help to introduce more notation. We write Ty = {((I)L (1)> |u € Z, } and

0
denotes the infinite cyclic group generated by p; (i = 1,2), then there is a natural
isomorphism

le{(l g) UEZ;}.Wealsowritepoz(g (1)) andm:((l) 2>If(p1>

(4.2.2) To x Ty x {po) x {p1) — T.

The determinant map det : G — Q, induces an isomorphism det : Tp = Zy , and
hence an embedding of rings

(423)  C(Ty, B) =5 ¢z, B) 'S ez}, E) @5 C™((27)*, E) > H°.

Lemma 4.2.4. (i) The image of the embedding (4.2.3) is a mo X G(Ay)-invariant
subalgebra of HO.

(#) The mo x G(Ay)-action on C(To, E) provided by (i), when restricted to Ty C
7o X G(Ay), agrees with the right regular action of Ty on C(To, E).

Proof. Both claims are straightforward. O
Thus the map (4.2.1) restricts to a mg x GL2(A ¢)-equivariant map

(4.2.5) C(Ty, E)&p H' — H*.
We let (ﬁ HTo denote the subspace of H! consisting of Ty-fixed vectors. Clearly
(HY)T is invariant under 7y x T x GL (A%).

Proposition 4.2.6. The map (4.2.5) restricts to a mo x T x GLg(A%)-equivariant
topological isomorphism C(Tp, E) & p(HY)To = H*,

Proof. We have already observed that the map (4.2.5) has the stated equivariance
properties, and thus so does its restriction

(4.2.7) C(Ty, E) &p(HY)T — H.
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It is a general fact that if G is a compact topological group, V is an E-Banach
space equipped with a continuous G-action, and V is furthermore equipped with a
G-equivariant C(G, E')-Banach module structure (where G acts on C(G, E) through
the right regular action), then the map C(G, E) @ V¢ — V induced by the topo-
logical module structure on V' is a topological isomorphism. Indeed, C(G, E) is nat-
urally a Banach-Hopf-algebra, and our assumption on V implies that V' is a Banach-
Hopf-module over C(G, E). The main theorem on Hopf modules [34, Thm. 4.1.1,
p. 84], adapted to the Banach-Hopf setting, then yields the required isomorphism.?

Applying this with G =Ty and V = (Hl)Kp for a compact open subgroup K? of
GLy(A%) (taking into account Lemma 4.2.4 (ii)), and then passing to the inductive
limit over all such K?, we find that (4.2.7) is a topological isomorphism. O

The preceding proposition expresses the analogue, in our p-adically completed
situation, of the fact that cohomology classes in one of the spaces H'(Vy) may
always be twisted by elements of H so as to be invariant under Ty. Together with
Proposition 4.2.8 below, it will be applied in Subsection 4.4 to obtain a correspond-
ing decomposition of the eigenvariety for GLs.

As observed in Proposition 2.2.23, the module structure (4.2.1) induces a module
structure

HY &p HY, — H.
(Since Q, is the only field available with respect to which we may consider locally
analytic vectors, here and below we will abbreviate “Q, —la” by “la”.) We may re-
peat the above discussion in the locally analytic context, and so obtain the following
result.

Proposition 4.2.8. There is a natural mo x T x GLy (A?)—equivam’ant topological
isomorphism C'*(Ty, E) &g (HL )T = H.

Proof. This follows from the analogue for the compact type Hopf algebra C'*(Ty, F)
and its compact type topological Hopf module Hlla of the “main theorem on Hopf
modules” recalled in the proof of Proposition 4.2.6. [

Analogous results to Propositions 4.2.6 and 4.2.8 hold with H? replaced by H L

(4.3) We turn to analyzing the spectral sequences of Corollary 2.2.18. If we
fix a finite dimensional representation W of GLg over F, then we obtain the m x
GLy(Ay)-equivariant spectral sequence Ej57 = Extg[Q(W, H) = H(Vy).

Let Z denote the centre of GLy (so that Z — G,,,). Multiplication in G induces
a homomorphism Z(Q,) x SL2(Q,) — G, which is locally an isomorphism (that is,
induces an isomorphism between sufficiently small neighbourhoods of the identity

in its source and target).
2When applying the main theorem on Hopf modules, note that the Banach comodule structure
cg:V—=CGE)&®V = C(G,V)

(the isomorphism following by the example of [27, pp. 111-112]) is defined by cg(v)(g) = gv for
all g € G and v € V; that is, cg(v) is the orbit map of v. Thus

cg(v) =1®v = the constant function v on G

if and only v € VG,
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Proposition 4.3.1. If the centre Z of GLy acts on W wvia a character x, then for
any i > 0, there is a natural isomorphism of mo x Z(Qp) x SLa(Q;) x GLa(A%)-
representations

Hom, (E(x ™), HY)) ®p H'(slo, W) — Ext’ (W, Hf)).

(Here 3 denotes the Lie algebra of Z(Q,) and Hom, (E(x ™), H) denotes the space
of 3-equivariant maps from E(x~1) (the one-dimensional representation on which
Z(Qp) acts by the character x~') to Hy,. It is a smooth m x Z(Qp) x GLa(A})-

representation, while H(sly, W) is a smooth SLy(Q,)-representation.)

Proof. The G-representation H 0. when regarded as a representation of mox Z (Qp) x
SL2(Qp) x GLo(A%) via the natural map

o X Z(Qp) X SLQ(Qp) X GLQ(A?) — T X GLQ(A]’),

may be regarded as the tensor product of itself, restricted to a representation of
7o X Z(Qy) X GLQ(AI}), and of the trivial representation of SL2(Q,). Similarly, the

GL2(Q,)-representation W, when regarded as a Z(Qyp) x SL2(Q,)-representation,
may be regarded as the tensor product of x ™! and of itself, restricted to a repre-
sentation of SLo(Q)).

A version of the Kiinneth theorem (whose precise formulation and proof we leave
to the reader) shows that the cup-product induces an isomorphism

D Ext{(E(™), H)) © Extyy, (W, E) = Exty, (W, Hy),
a+b=1

in which all the arrows are mo x Z(Qp) x SL2(Qp) x GL2(A%)-equivariant. (We
are using the fact that map Z(Q,) x SL2(Q,) — G is a local isomorphism, and so
induces an isomorphism between the corresponding Lie algebras.)

Let H be a compact open subgroup of Z(Q,), chosen so small that it maps
isomorphically onto its image in Z; under the determinant. For any tame level

K?, the representation H°(KP) is isomorphic as an H-representation to a direct
sum of copies of C(Z,', E). By Proposition 1.1.12 (v) and Theorem 1.1.13, the

spaces Ext} (E(x "), HO(KP)) vanish if a > 0. Taking into account the isomorphism
Extg[Q(W, E) = H®(sly, W), the lemma follows. [J

Corollary 4.3.2. If W is an irreducible finite dimensional representation W of

GLo, then the space Extélz (W, ﬁg) vanishes except possibly when i =0 and 1 = 3.

Furthermore, Homg, (W, HY) and Ext§[2 (W, H2) are isomorphic as mo x Z(Q,) x

SL2(Qp) x GL2(A%)-representations, and both vanish unless W is one-dimensional.

Proof. Since sly is a semi-simple Lie algebra, H'(sl, W) vanishes for every finite di-
mensional representation W of SLy over E. Since sl is three-dimensional, Poincaré
duality for Lie algebra cohomology implies that H?(sly, W) also vanishes, that
H'(sly, W) vanishes if i > 3, and that H(sly, W) and H?(sly, W) are dual to one
another.

If W is irreducible then H(sly, W) is non-zero if and only if W is the trivial rep-
resentation of SLy. The corollary is now seen to follow from Proposition 4.3.1. O
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If we feed the information provided by Corollary 4.3.2 into the spectral sequence
of Corollary 2.2.18, and also take into account the fact that H™(Vy ) vanishes for
n > 1, we obtain the following natural isomorphisms:

(433) HO (VW) L Homg[g (Wa ﬁloa)a
(434) Hl (VW) L) Homg[2 (nglla)u
(4.3.5) Exty,, (W, Hy,) — Exty, (W, HY,).

We also see that Extg I (W, ﬁlja) vanishes for all values of i and j not appearing in the
above list; that is, for (4, ) # (0,0),(0,1), (1,1), (3,0). Furthermore, Corollary 4.3.2
shows that when (4, j) equals one of (1,1) or (3, 0), we get a non-vanishing expression
only when W is one-dimensional.

The isomorphism (4.3.4) shows that the hypotheses of Proposition 2.3.8 is satis-
fied for every representation W when n = 1. (The isomorphism (4.3.3) shows that
it is also satisfied for n = 0. Of course, this is a special case of Corollary 2.2.25.)

In [21, §1, ex. 3], Thara considers the projective limit of the Z,-homology of
the connected components of the modular curves Y (K r), as Ky ranges over a
sequence of groups of increasing p-power level and fixed prime-to-p level. This limit
is equipped with a natural action of SLy(Z,). This SL3(Z,)-module is closely related
to the topological dual of the space H !, considered as a GL(Z,,)-representation. It
may be that the methods of [21] could be of use in analyzing the structure of H*
as a GLg(Z,)-representation.

We now consider the case of compactly supported cohomology. The following
result shows that this case is particularly simple.

Proposition 4.3.6. The space H? vanishes.

Proof. Fix a tame level KP. If K, is a compact open subgroup of GL2(Q,), then K,
contains an open subgroup K, such that the index [K), ()SL2(Q,) : K, () SL2(Q,)]
is divisible by p", for arbitrary » > 0. The map Y (K, K?) — Y (K,KP?) thus
has degree divisible by p” on each connected component of the source, and so
the image of the pullback map HZ(Y (K,K?),0p) — HZ(Y(K,K?),OF) lies in
p”“Hf(lN/(Kl’)Kp)7 Op). Since r was arbitrary, it follows that lim H2(Y (K,K?),OF)
Kp
is p-divisible, and hence that its p-adic completion vanishes. This implies the propo-
sition. [

From the spectral sequence of Corollary 2.2.18, we deduce the following isomor-
phisms:

(4.3.7) H!(Vw) = Homg, (W, H} ),
(4.3.8) H? (V) = Exté[2(W7 ﬁcl,la)»

and also that Ext;b(W, .FAIiyla) vanishes for i > 1. Since H2(Vy ) vanishes for irre-
ducible W, except in the case when W is one-dimensional, the isomorphism (4.3.8)
implies that when W is irreducible Ext}, (W, H} .
sion one.

We close this section with the following result, whose proof is similar to that of

Proposition 4.3.6.

) vanishes unless W is of dimen-
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Proposition 4.3.9. The natural map f[cl — H' s surjective.

Proof. If Ky is a compact open subgroup of GLy(Ay), let X (K) denote the com-
pletion of the curve Y (K;), and let C(K;) denote the complement of Y (K;) in
X(Ky) (the set of cusps). For any such Ky, the inclusion of Y(K;) in X(K;)
induces a natural isomorphism H'(X(Kj), E) — H},.(Ky).

Fix a tame level K?, and denote by ﬁéar(Kp) the completion of H], (K,) with

respect to the gauge of its sublattice lim H!, (Y(K,K?),Og). The proposition

par
Kp

will follow if we show that the map f[g’ar(Ki") — H'(K?) is an isomorphism. A
consideration of the commutative diagram

0 0

lim H(X (K, K?), Op) lim H' (X(K,K?). E) _~ _ 1wy

Kp Kp
lin H'(V (K, K7), O) _lan HN(V(KpK?), E) (e
Kp Kp

lim Div?(C(K,K?),OR) lim Div’(C(K,K?), E)

Kp Kp

in which Div?(C(K,K?), R) denotes the R-module of divisors of degree zero sup-
ported on the set of cusps C(K y) with coefficients in R, and whose first two columns
are exact, shows that it suffices to prove that the map lim Div’(C(K;),Og) —
Kp

lim Div?(C(Ky), E) is an isomorphism. This in turn follows from the fact that for
Kp

any fixed compact open subgroup K, of GL3(Z,), we may find a normal open sub-
group K, C K, such that the map X (K,K?) — X (K,K?) is ramified over every
cusp, with ramification degree divisible by any given power of p. [

(4.4) We fix a choice of tame level K? of the form “I'y(M)”, for some natural
number M coprime to p; more precisely, we assume that

K”:z{(i Z)eGLQ(ZPHCEo (mod M),d=1 (mod M)}.

We will write E(1, M) rather than E(1, K?) to denote the degree one cohomological
eigenvariety of tame level KP, defined with respect to the Borel subgroup B of upper
triangular matrices in GLo. Similarly we will write F (1, M), rather than E(1, KP).
to denote the set of classical points in E(1, M).
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We also define a variant of E(1, M), to be denoted E(1, M)par.c1, by replac-
ing H' by H}, in the definition. We remark that E(1, M)pare is obviously a
subset of E(1, M)y. We further define E(1, M)q,0 and E(1, M)par.c,0 to be the
subsets of E(1,M)q and E(1, M)para respectively consisting of pairs (x,A) €
(T X Spec H(Kp)Sph) (Q,) such that y is trivial when restricted to Tp. (Here and
below we will use the notation introduced in Subsection 4.2.)

Let us give an explicit description of T'x Spec H(K?)*" . The isomorphism (4.2.2)
yields an isomorphism 7' —~» Wy x Wy X G0 X Gy, 1, where G, ; denotes (gp;); and
Wi denotes T; (i = 1,2). The isomorphism det : T; - Z,; induces an isomorphism
W; — W (where, as in Subsection 3.3, W denotes (Z)), while evaluation at

i yields an isomorphism G, ; — G,,. For each £ not dividing Mp, the local
Hecke algebra H(GL2(Qy)// GLa(Zs)) is generated by the Hecke operators T'(¢)
+1
and T'(¢,£)*!, corresponding to the double cosets of (g (1)> and <£0 621>
respectively. Thus H(KP)P" = E[{T(£), T(¢, )} npy=1]-
We now describe the points of E(1, M)parc10 in classical terms.

Definition 4.4.1. By a p-stabilized newform of weight £ + 2 > 2 we mean a
cuspform f of weight k + 2 satisfying one of the two following conditions:

(i) The modular form f is a normalized newform on I'y(p"C) for some natural
numbers r > 0 and C' prime to p.

(ii) There is a normalized newform g on I';(C) for some natural number C
prime to p, such that f(7) = g(7) — apg(p7) for one of the roots «, of the pth
Hecke polynomial of g.

We say that f has tame conductor C, and p-stabilized conductor Cp” (in case (i))
or Cp (in case (ii)). Note that in either case, if Cp” denotes the p-stabilized conduc-
tor of f, then f is a weight k + 2 modular form on I'; (Cp"), and is an eigenform for
the Atkin-Lehner Up-operator. We say that f is of finite slope if its U,-eigenvalue
is non-zero.

For k > 0, let W}, denote the dual to the kth symmetric power of the standard
two-dimensional representation of GLo, and let 1, denote the highest weight of Wy
with respect to B. If (x, ) is a point of E(1, K)par,c1,0, then we may factor x as
x = 01, where 6 is a smooth @p—valued character of T', trivial on Tp, and ¥ =
for some k > 0. Write o = pf(po) and 8 = 0(p1).

Proposition 4.4.2. The set E(1, M)par,c1,0(Q,) is in bijection with the set of p-
stabilized newforms of finite slope whose tame conductor divides M. Let (x,\) €
E(I,M)par7cl7o(@p), and let f be the corresponding p-stabilized newform. The as-
serted bijection is uniquely determined by the following properties:

Let 0, ¢, k, a, and B be attached to x as in the preceding discussion. Let € denote
the nebentypus of f, and factor € = eyens as the product of a character of p-power
conductor and a character of conductor dividing M.

(i) The weight of f is equal to k + 2.

(ii) If we identify Z,0 and Ty via v +— (é
(iii) If £ is a prime not dividing Mp, then exr(€) = NT(¢,€))e,(0)~107F, while
em(p) = af/pFt.

(i) The Uy-eigenvalue of f is equal to a.

0 _ o
U) , then 0|7, and ep1 coincide.
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(v) If £ is a prime not dividing Mp, then the Ty-eigenvalue of f is equal to
A(T(0)).

Proof. Write Ny := {((1) f) |z € Z,}, and write Py := NoTp. A point (61, A)

(for some k > 0) appears in E(1, M)parc10 if and only if the (T = 0, H(KP)*Ph =
A)-eigenspace of HL,.(K?, Vy, ) is non-zero. (Here T := {t € T'[tNot~' C No}
acts via the Hecke operators mp, . as defined in [14, Def. 3.4.2]; also we have implic-
itly extended scalars from E to a subfield of @p over which 6 and X are defined.)
This follows from the relation between the Jacquet module Jg(H],.(K?,Vy, )) and
parabolic induction, given by [14, Prop. 4.3.4]; we are also taking into account the
fact that 6 and 1 are trivial on Tj.

There is a natural isomorphism H} (K7, Vy, )7 — lim HL  (Yi(p"M), Vyy, ),

par par

where as usual we have written Y7 (p” M) to denote the modular curve corresponding
to the congruence subgroup I'1 (p"M). The proposition thus follows from the usual
relation between the cohomology of modular curves and modular forms (Eichler-
Shimura theory), together with an interpretation of the Hecke operators my, ;. (for
t = o, t = pop1, or t € T1), as well as T'(¢) and T'(¢,¢) (for £ a prime not dividing
Mp), in classical terms.

More precisely, we may write lim H},, (Y1(p" M), Vyy, ) as a direct sum of plus and

minus eigenspaces under the acti:)n of mp; after extending scalars to C, the corre-
sponding direct summands may be described by holomorphic and anti-holomorphic
modular forms respectively. We will briefly sketch the holomorphic case; the anti-
holomorphic case is treated in an identical fashion.

If Ky is a compact open subgroup of GLa(Ayf), with the property that the de-
terminant mapping maps Ky onto 7%, then the restriction of the projection

X x GL2(Ay) — GL2(Q) "\ (X x GLa(Ay))/K; — Y (Ky)

to X x 1 (where 1 denotes the identity matrix in GLy(Z)) remains surjective. (Here
GL2(Q)* denotes the subgroup of GLy(Q) consisting of matrices with positive
determinant.) If 7 is an element of X, then we may form the element (7,1) of
€2, and hence the element (7,1)* of Sym”(C?) (which equals Wy, after extending
scalars from E to C). A holomorphic class in H!, (Y (Ky), Viy,, ) is represented by

par
a holomorphic Sym" (C?)-valued one-form 7 — f(7)dr(,1)¥ on X, where f(7) is
a holomorphic function on X that vanishes at the cusps and satisfies the following

invariance property: if v = <(cl Z) € GL2(Q)* N Ky, then

ar +b

e DAl Ul d)F2 f(7);

I

that is, the function f(7) is a weight k+2 cuspform with respect to GL2(Q)* N K.

Thus the holomorphic part of lim H, (Y1(p"M),Vy, ) may be identified with
the inductive limit lim Syo (Fl(prj\/})), where Si42(I") denotes the C-vector space
of cuspforms of Weigﬂt k 4+ 2 on the congruence subgroup I'. It remains to describe
the action of mpn, ¢, T'(¢), and T'(¢,£) in classical terms.
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Let Ky be as above. If g € GLa(Ay), then multiplication on the right by g
induces a homeomorphism Y (¢9Krg~') — Y (K¢), and hence an isomorphism
HY (Y (Ky),Vy,) — H'(Y(9Ksg9™"), Vi, ), that we denote by g* (pullback via
g). (This is just the action of g on Hl(VWk)7 restricted to the subspace of K-
invariant vectors.) We will now describe explicitly the action induced by ¢* on
the corresponding spaces of cuspforms. Although the necessary computations are
straightforward and well-known, at the suggestion of the referee we will give the
details, since they are crucial for comparing our representation theoretic approach
to p-adic interpolation with the more classical approaches in the literature.

Let ¢y be the cohomology class represented by a weight k + 2 cuspform f(7) on
GL2(Q)™ N K. We wish to compute g*cs. If v = (i Z) € GL2(Q)™ is chosen so
that vg € K¢, then v ' K¢y = gKyg™', giving Y (v 'Ksv) = Y (gKsg™'), and the
homeomorphism Y (y"'K;y) = Y(9Kfg~') — Y (Ky) induced by right multipli-
cation by y~! coincides with the homeomorphism induced by right multiplication
by g. Thus g*cs = (y7')*cy.

Let 7 € X. The image of the (GL2(Q)™, gKsg~')-double coset of (7,1) under
right multiplication by v~ is equal to the (GL2(Q)™, Kf)-double coset of (1,771),
which coincides with the (GL2(Q)*, Ky)-double coset of (y7,1). Similarly, the
image of the (GLy(Q)*, gK g~ ")-double coset of (,7,w) (where w € Wy; this is
a typical element of Vi, over Y (gK;g~')) is equal to the (GLy(Q)", Ky)-double
coset of (y7,1,yw) (which is an element of Vi3, over Y (Ky)). Thus, recalling that
cy is represented by the holomorphic one-form f(7)dr(r,1)¥, and that y7 = (a7 +

b)/(ct + d), we compute that g*cy = (y~1)*cy is represented by the holomorphic

b
one-form (ad — be)(er + d)’(k”)f(%)dT(aT + b,er + d)k, and hence (since
T
at +0b

(1, 1)k = (ar + b, cr + d)*) that (ad — be)(er + d)’(k”)f(ﬂ) is the cuspform
cT
on GL2(Q)" N gKg~* that corresponds to the cohomology class g*cy.
With this formula in hand we may now interpret our various representation
theoretically defined Hecke operators in classical terms. Naturally we take Ky to

be the open subgroup of GLQ(Z ) corresponding to 'y (p” M )-level structure for some
r>1;ie Ky:= {(CCL Z) € GLy(Z)| ¢ =0mod p"M,d = 1 mod p"M}.
We begin with the operator 7y, o, , which maps a cohomology class cy to the class

pt Zf;ol gjcy, where g; := g i € GL2(Qp) C GL2(Af). (Here the inclusion

denotes the embedding of GL3(Q,) as the pth factor of GLa(Ay).) If we set v; :=
(1/]9 _Zl/p) € GL2(Q)", then v,g; € Ky. Since Upf = p~! Zf;ol (T+z),

0
the above formula allows us to compute that 7y, o,c; = p~'cy, s, as claimed (the

1

factor p~! arising from det~y; = p~—1).
The operator Ty, p.p, acts via the element g := (g 2) € GL3(Qp). Choose
_ (10 _ ({1 0
o € SLy(Z) such that o = 0 p (mod M) and ¢ = 0 1 (mod p"). If

-1
we set v := o (pO pol) € GLy(Q)™, then vg € Ky, and computing with the
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above formula shows that T, pee, ¢f = PFc(p),, ¢ (Where (p)as denotes the diamond
operator corresponding to the residue class of p modulo M).
- . . 1
Similar computations show that if ¢t = (O S) € Ty then mn, tcp = Clo=1), f
(where (v™1), denotes the mod p-power diamond operator corresponding to v=! €
ZY), that T(¢)cy = cr, g, and that T(¢, £)cy = (Fcyy,,, ¢ (where (€)rr, denotes the
diamond operator corresponding to ¢ modulo M times a power of p). O

The following corollary shows that our use of the term “critical slope” agrees
with the usual sense of this term, in the p-adic theory of modular forms.

Corollary 4.4.3. Let f be a p-stabilized newform of weight k+2 and U,-eigenvalue

a attached to a point (x, ) of E(1, M)par,c0. The character x € T(Q,) is of non-
critical slope (in the sense of [14, Def. 4.4.3]) if and only if ordy,(«) < k + 1.

Proof. Write x = 01 as above, and let oy and a; denote a basis for the character
lattice of T, chosen so that ag denotes projection onto the upper left entry, and oy
projection onto the lower right entry, of a matrix in T. There is a unique positive
root of T, namely agy — a1. The corresponding simple reflection s interchanges aq
and ;. If h = ord,(«), then sloped = (h—1)ag + (k — h + 1)1, while ¢, = —kay.
(Here slope @ is defined as in [14, Def. 1.4.2].) Finally, p = (2o — @1)/2. Thus

slope @ + p + s(¢. + p)
= (h— 1)ozo +k—-h+ 1)041 + (—k - 1)ozo + 1041
2 2 2 2
= (h — k- 1)(&0 — 041)7

and so y is of non-critical slope if and only if A~ < k + 1, as claimed. O

The points of E(1, M), that don’t belong to E(1, M)par,0 correspond to various
classical Eisenstein series.

Recall from Definition 0.6 that E(1, M) is defined to be the rigid analytic Zariski
closure of E(1, M) in T' x Spec H(KP)*P. Similarly, we define E(1, M)y, to be
the rigid analytic Zariski closure of E(1, M)par.c in T x Spec H(KP?)*®" and define
E(1,M)o and E(1, M)par0 to be the rigid analytic Zariski closures of E(1, M )a
and E(1, M)par.c1,0 respectively in 7' x Spec H(KP)*Ph,

The isomorphism (4.3.4) shows that Proposition 2.3.8 applies to our current
situation. As in that subsection, let £ denote the coherent sheaf on T that corre-
sponds to the dual of Jg(H'(KP)},), and let A denote the commutative subring
of End(&) generated by H(KP)%Ph. Proposition 2.3.8 shows that Spec.A (which
we regard as a closed subspace of T' x Spec H(KP)%Ph) contains the eigenvariety
E(1, M). Similarly, let £, be the coherent sheaf on 7' that corresponds to the dual of
Jp(HL(KP)1,), and let A, denote the commutative subring of End(€) generated by
H(KP)*Ph. The isomorphism (4.3.7), and an obvious analogue of Proposition 2.3.8
in the compact supports case, shows that Spec.A. (regarded as a closed subspace of
T x Spec H(KP)*PM) also contains the eigenvariety (1, M). (Here we are using the
well-known fact that the collection of irreducible GLg (A f)-representations appear-
ing in H!(Vw) coincides with the collection of irreducible GLa (A )-representations
appearing in H*(Vy), for any algebraic representation W of GLy. Thus if we re-
place cohomology by compactly supported cohomology in the definition of E(1, M),
we obtain exactly the same subset of 7' x Spec H(KP)%Ph.)
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In the remainder of this subsection we indicate the relation between our con-
structions and the construction of [11] (and its generalization in [6]).
The inclusion of the trivial character into W, induces an embedding

(4.4.4) Wi X Gpno X Gt = Wo X Wi X Gg X Gy — T
We let & denote the pullback of € to Wy x Gy, 0 X Gy, 1 via this embedding. (Thus

&o is a coherent sheaf on Wi X Gy 0 X Gip,1.) We let Ay denote the image of A in
End(&p). Thus Spec Ap is equal to the pullback of Spec A along the embedding

Wi X G X Gy x Spec H(KP)*P — T x Spec H(KP)*Ph
induced by (4.4.4).
We let Wa denote the diagonal copy of W embedded in Wy x Wy. Since W is

a rigid analytic group (the group structure given by multiplication of characters),
there is a natural isomorphism

(4.4.5) Wa x W1 = Wy x Wh,

given by (w,w) X wy +— (w, wwn).

Proposition 4.4.6. There are natural isomorphisms

(4.4.7) = Ow, K&
and
(4.4.8) A= Ow, X Ap.

(Here the exterior products Oy, X & and A — Oy, K Ay are regarded at first
as sheaves on Wa x Wi X G0 X Gy 1, and are then transported to sheaves on
Wo X W1 X G0 X Gp,1 via the isomorphism (4.4.5).)

la>

roof. Let Ny := T € . oince Ny acts trivially on 70 we see that
Proof. Let N, (1)”1“" Z,}. Since N, ivially on HY h

the isomorphism of Proposition 4.2.8 induces an isomorphism
(4.4.9) C™(Ty, B) @ p(H (KP)1) 0N " (HY(KP),) M.

If we define T as in the proof of Proposition 4.4.2, then the Hecke operators 7y,
(as defined in [14, Def. 3.4.2]) determine an action of Tt on each of (H'(KP?);,)T0No
and (H'(K?)1,)No. By Lemma 4.2.4 (i), the embedding (4.2.3) realises C'*(Tp, E)
as a T-invariant subspace of H(KP);,. The isomorphism (4.4.9) is T -equivariant,
if we equip the source with the tensor product of the T -action on the first factor
(obtained by restricting the T-action) and the Hecke T"-action on the second factor,
and if we equip the target with the Hecke T'"-action. By [14, Prop. 3.2.9] there is
an isomorphism of locally analytic T-representations

(4.4.10)

C*(To, B) @ ((H' (KP)1a) ™) ts = (H'(K")1a) )t =t Jp(H' (KP)1a)-
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It follows from [14, Prop. 3.2.11] that there is a natural isomorphism
((H'(KP)1a)oN0) gy = T (H'(KP)a) ™,
and hence we may rewrite (4.4.10) as an isomorphism
C(Ty, B) &p Jp(H (KP))™ =5 Jp(H (KP)1).

Passing to duals, and reinterpreting this isomorphism sheaf theoretically, we obtain
the isomorphism (4.4.7). The isomorphism (4.4.8) follows directly. O

The isomorphism (4.4.8) induces an isomorphism of rigid analytic spaces
(4.4.11) Spec. A — W x Spec Ajg.

This isomorphism induces in an analogous fashion isomorphisms

(4.4.12) E(1,M) =W x E(1, M),
and
(4.4.13) E(1,M)par — W x E(1, M) par.o-

Having eliminated one of the factors of W in the space 1" from consideration,
let us explain how one can eliminate the corresponding factor of G,,. The group
(Z/M)* acts on &€ in the following way: an element x € (Z/M)* acts via the coset

~71 A~

v ~9 K? € H(KP?), where % is any lift of = to an element of ZP. (This

0o z7!
normalization of the action is chosen so that on classical points it corresponds to the

action of the diamond operator {x) s, via the correspondence of Proposition 4.4.2.)

Let us choose E so large that all the @: -valued characters of (Z/M)* are defined
over E. Then we find that £ = @eM EM  where €p; runs over the collection of
such characters, and (—)™ denotes the eps-eigenspace. Similarly, we have & =
®.,, &

Fix a character eps of (Z/M)*, and let S denote the support of £, in the
“scheme theoretic” sense, so that S is the closed rigid analytic subvariety of W; x
Gim,0 X G 1, cut out by the annihilator ideal sheaf of £5. Then the restriction of
&M to S is a coherent rigid analytic sheaf whose pushforward to Wi X Gy, .0 X Gy 1
is naturally isomorphic to 5.

Proposition 4.4.14. (i) The closed subvariety S of Wi X G0 X Gp,,1 maps
isomorphically onto its “scheme theoretic” image in Wi X Gy, 1.

(i) The projection map S — W, has discrete fibres; in particular, S is at most
one-dimensional.

Proof. The global sections of £ are equal to (Jp(H'(KP),) ) ™. To prove
part (i), it suffices to show that C** Wy X G0 X Gy 1) and C** Wy X Gy, 1) have
the same image in the ring of endomorphisms of this space.

Let us consider how the element gy € T acts on (Jp(H'(KP?),) )T, If we
take into account that Z(Q)so (by which we mean the group of scalar matrices with
positive rational number entries, regarded as a subgroup of Z(Ay)) acts trivially on
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this space, we find that pg acts through the scalar eps(p) times the action of pfl.
-1

(Here we write epr(z) to denote €y evaluated on the scalar matrix ZO m91 > 2

Thus we see that indeed C** (G0 X Gyn,1 X Wo) and C** (G0 X Wp) have the same

image in the ring of endomorphisms of (Jg(H'(K?)1,))ToX"<™  proving (i).

The claim of (ii) follows from Proposition 2.3.3 (ii), which shows that the support
of £ maps onto Wy x Wy with discrete fibres. Together with Proposition 4.4.6, this
implies that the support of &, and so also the support of £5*, maps onto W; with
discrete fibres. [

The preceding proposition shows that £ may be regarded as a coherent sheaf
on G, 1 X Wy, whose support maps to W with discrete fibres.

Let AGM denote the image of A in End(E5™). Then Spec AfM is a closed subspace
of Spec Ay, and the Proposition 4.4.14 allows us to regard Spec A" as a closed
subspace of Wi x G,,.1 x Spec H(KP)Ph. In fact if ¢ is a prime not dividing
Mp, then T'(£,£) acts on Spec Eg™ via ep(€) times the action of the element ¢~1,
regarded as a section of Oyy,. Thus in fact Spec A5 embeds as a closed subspace
of the product

Wi x G x  |[  SpecE[T(0)].

If we let E(1, M) denote the the intersection of E(1, M)y and Spec A*™, then
E(1,M)o=1l., EQ,M)3", and each E(1, M)™ embeds as a closed subspace of

€M

Wi X Gy 1 X H Spec E[T'(0)].

In fact the union of these embeddings is again an embedding of E(1, M)y into
Wi X Gy X T (g, arp)=1 Spec E[T'(£)]. This follows from the fact that the eigenvalues
of the Hecke operators T'(¢) parameterize the traces of Frobenius of a family of
Galois pseudorepresentations over E(1,M)q, from whose determinant the tame
nebentypus €); may be recovered.

In short, a point of E(1, M), is determined by a “weight” (i.e. an element of
W), a Up-eigenvalue (i.e. an element of G,, 1 — more precisely, if this element
is denoted a, then the corresponding U,-eigenvalue equals peps(p)/a, where e
denotes the tame nebentypus, as one sees from the statement of Proposition 4.4.2),
and a collection of Ty-eigenvalues, one for each prime ¢ not dividing Mp.

It follows from its construction, and from Proposition 4.4.13 (ii), that E(1, M)
is a reduced rigid analytic space whose connected components are either zero-
dimensional or equidimensional of dimension one. Since E(1,M)q is equal to
the Zariski closure of E(1,M)q,0, we see that any zero-dimensional component
of E(1, M)y must consist of classical points. Since “slope of the Up,-eigenvalue” is
a locally constant function on E(1, M)y, we see that any point of E(1, M) that is
not isolated in F(1, M), can be written as the limit of a sequence of points of clas-
sical weight and of non-critical slope, which are hence themselves classical. Thus
we see that each one-dimensional irreducible component of E(1,M)q contains a
Zariski dense set of classical points of non-critical slope.

As we will now explain, one can in fact show that E(1, M)y is isomorphic to the
reduced eigencurve of [11] (or more precisely, to its tame level M generalization
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considered in [6]). This will show in particular that every component of E(1, M)
has dimension one (i.e. that E(1, M)y contains no isolated points).

In Part IT of [6] Buzzard applies his “eigenvariety machine” to spaces of over-
convergent modular forms of tame level M (for any M > 1 prime to p), equipped
with the action of the compact operator U, and the Hecke algebra T of prime-to-p
Hecke operators, to construct a rigid analytic curve that he calls “D”, which in the
case when M = 1 coincides with the reduced eigencurve constructed in [11].

In general, the curve that Buzzard constructs will not be reduced (because he
works with the full Hecke algebra T, and because of the presence of oldforms).
However, one may form the analogue of Buzzard’s construction after replacing T
by its subalgebra T’ of prime-to- Np Hecke operators, to obtain a curve that we will
denote by D(M). Since we omit the Ty for ¢ dividing M, the curve D(M) will be
reduced. (Compare Proposition 3.9 and the proof of Proposition 4.8 of [9].)

The curve D(M) parameterizes prime-to-M systems of eigenvalues arising from
finite slope overconvergent p-adic Hecke eigenforms of tame level M and arbitrary
weight. Thus a point of D(M) is determined by giving a point of W (the weight),
a point of G, (the non-zero Up,-eigenvalue), and for each prime ¢ not dividing Mp
a point of A! (the /th Hecke eigenvalue). Thus we obtain an immersion of D(M)
into W x G X [/ arp) A'. We noted above that E(1, M)q also embeds as a closed
subspace of this product.

Proposition 4.4.15. The embedding of D(M) in WX Gy, XH(Z,]VIp):l Al discussed
above induces an isomorphism of D(M) with E(1, M)y.

Proof. Proposition 4.4.2 (and its extension to the non-cuspidal case, the details of
which we leave to the reader) shows that D(M) contains all the points of E(1, M)y,
and these points are Zariski dense in D(M) by an evident generalization of [11,
Thm. F]. Thus the proposition will follows if we show that D(M) embeds as a
Zariski closed subvariety of W x G, x H( 0, Mp)=1 A'. This follows from the fact that
(by its very construction) the projection D(M) — W X Gy, is a finite morphism. [

Corollary 4.4.16. The rigid analytic space E(1, M)q is equidimensional of dimen-
sion one.

Proof. This follows from the corresponding statement for D(M) (which is a partic-
ular case of [6, Lem. 5.8]). O

Since the isomorphisms (4.4.12) and (4.4.13) show that the varieties E(1, M) and
E(1, M)par are obtained from E(1, M)g and E(1, M)par,0 by allowing all wild twists,
we deduce from this corollary that E(1, M) and E(1, M), are equidimensional of
dimension two.

We let M denote the localization of £ over Spec. A. It is a coherent sheaf on
E. It will be useful to describe explicitly its fibre over a point of E(1, M)par.ci0 Of
non-critical slope and tame conductor M.

Definition 4.4.17. If f is a p-stabilized newform of weight k& + 2 and p-stabilized
conductor Mp", defined over a finite extension E’ of E, then let Hy denote the
subspace of E' @ H'(Y1(Mp"),Vy, ) on which the classical Hecke and diamond
operators of level Mp" act through the corresponding eigenvalues of f.

Let us remark that if in the preceding definition we were to replace H' by either

H! or H], then we could analogously define spaces Hc y and Hpa . However,
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since f is a cuspform, the natural maps
Hep — Hypar,f — Hf

are both isomorphisms. Thus we write H; to denote any of these canonically
isomorphic spaces.

Proposition 4.4.18. Suppose that x = (x,\) € E(1, M )par,c1,0(Q,) corresponds
(via Proposition 4.4.2) to a p-stabilized newform f of weight k + 2, of tame con-
ductor M, and of Uy-eigenvalue o. If x is of non-critical slope (equivalently, by
Corollary 4.4.3, if ordy(a) < k+ 1), then the fibre My of M over x is canonically
dual to the space Hy @ (Wi)N. (Here N denotes the unipotent radical of B, so
that (W)™ is the (one-dimensional) highest weight space of Wy with respect to
N.) It is two-dimensional, and the t-eigenspaces under the action of my are each
one-dimensional.

Proof. Extending scalars from E to a finite extension over which x is defined, we
may assume that x is defined over E. As in the statement and proof of Proposi-
tion 4.4.2, write x = 61, with 6 smooth. The fibre M. ,, is by Proposition 2.3.3 (iii)
dual to the (T = x, H(KP) = \)-eigenspace of Jg(H(K?),). This eigenspace is
identified via the canonical lifting of [14, (3.4.8)] with the subspace of H'(KP)™
on which H(KP)" acts through A, and the Hecke operators TN,,+ act through
x(t), for t € T+. (Here we are using the notation introduced in the proof of
Proposition 4.4.2.) Since y is of non-critical slope, this eigenspace consists of lo-
cally Wy-algebraic vectors [14, Thm. 4.4.5], and so (by the isomorphism (4.3.4))
is isomorphic to H'(KP)Po-TT=0.H(K")=X & . (W, )N By assumption (y, A) lies in
E(1, M)par.c1,0, and so this space is equal to Héar(Kp)PO’TJr:e’H(KP):)‘ ®@p (Wi)N.
If & = pb(po), then « is equal to the Up-eigenvalue of f, and the discussion in
the proof of Proposition 4.4.2 (together with strong multiplicity one for newforms)
identifies Hgar(Kp)PO*TJr:e’H(Kp):)‘ with the space Hy. Eichler-Shimura theory
shows that this space is two-dimensional, and that it splits as the direct sum of
+-eigenspaces under the action of 7y, each one-dimensional. [J

If we take into account the fact that the modular curves Y (K ) admit canonical
models defined over QQ, then the discussion of Subsection 2.4 shows that that M
is equipped with a natural Gal(Q/Q)-action, commuting with its Hg (K?)-module
structure.

Proposition 4.4.19. If x is a point of E(1, M)par,c,0 of non-critical slope, corre-
sponding (via Proposition 4.4.2) to a p-stabilized newform f of weight k + 2 and
tame conductor M, then the fibre M, is “the” two-dimensional Galois representa-
tion attached to f. More precisely, this action is unramified at primes not dividing
Mp, and if ¢ is such a prime, then the characteristic polynomial of Froby (the
arithmetic Frobenius at £) is equal to X2 — ayX + (£)¢**1, where a, denotes the
eigenvalue of Ty on f, and € denotes the nebentypus character of f.

Proof. This follows from Proposition 4.4.18 and the known properties of the Ga-
lois representations on the spaces Hrl)ar(K P, Vi, ), together with the fact that the
isomorphism of Proposition 4.4.18 is Galois equivariant (as follows from Proposi-

tion 2.4.1). O
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Proposition 4.4.20. The coherent sheaf M is locally free of rank two in the neigh-
bourhood of each point of non-critical slope and tame conductor M in E(1, M)par,cl-

Proof. The isomorphism (4.4.7) gives rise to a corresponding isomorphism M -~
Oy X M| gpec 4,, compatible with the isomorphisms (4.4.11) and (4.4.12). Thus it
suffices to check the statement of the corollary with E(1, M) replaced by E(1, M)g.

Proposition 4.4.18 shows that fibre of M over each classical point of non-critical
slope and tame conductor M in E(1, M)paro is two-dimensional. This already
implies the statement of the corollary in the neighbourhood of any such point that
is isolated in E(1, M)y (although Corollary 4.4.16 shows that there are no such
points). Thus it suffices to check the statement of the corollary at classical points
of non-critical slope that lie in one-dimensional components of E(1,M)y. As was
noted above, the neighbourhood of any such point x contains an infinite number of
other such points. As x corresponds to a cuspidal newform of tame conductor M, a
consideration of associated Galois representations shows that it cannot be written
as the p-adic limit of Eisenstein series, or of newforms of tame conductor less than
M. Thus each neighbourhood of x contains infinitely many points of E(1, M)par,c1,0
of non-critical slope and tame conductor M. Since E(1, M)g is reduced, and since
M has fibre rank two at all such points, we conclude that indeed M is locally free
of rank two in the neighbourhood of z. O

(4.5) We close Section 4 by explaining how the results of the forthcoming paper
[17] relating Jacquet functors and parabolic induction (which are summarized in
[16, §5]) may be applied to construct a two-variable p-adic L-function over the
eigencurves E(1, M)par,0 considered in Subsection 4.4.

One-variable p-adic L-functions, following [26]. In [26] the authors define p-adic
L-functions attached to p-stabilized newforms of non-critical slope. We will briefly
recall their construction, using the notation and point of view adopted in this paper
(which differs slightly from that of [26]).

If r € PY(Q), let {r,c0} denote an arc in the upper half-plane X of C\ R joining
r to co. (If r = oo then we understand this arc to be trivial.) Let Ky be a compact
open subgroup of GLy(A}), and fix k > 0. Given any element of H!(Y (Ky), Viv, )
we may pull this element back to X and then integrate it along {r,oco} (for any
r € P}(Q)) and so obtain an element of ). This may in turn be paired against
any element of W, so as to obtain a scalar; thus each arc {r, oo} induces an element
in the dual space to H(Y (Kj), Viv, ) @ W, which we again denote by {r,co}.

Let f be a p-stabilized newform f of weight k42, of p-stabilized conductor Mp",
of U,-eigenvalue «, and of non-critical slope (i.e. for which ord,(a) < k + 1). The
discussion of the preceding paragraph allows us in particular to regard {r, oo} (for
r € P1(Q)) as an element in the dual space to Hy ® g Wj,. Equivalently, we obtain
amap ¢ : Wi x P1(Q) — Hy that is linear in the first variable.

Recall that W, is the kth symmetric power of the standard representation of GL.
Let (0,1) be the indicated element of E2, and write g := (0,1)* € Sym" E? = W.
(If B denotes the Borel subgroup of GLy consisting of lower triangular matrices,
then wo is a highest weight vector of W with respect to B.) The map Qp x

Wi — E defined by (z,w) — (uy, (é i) w) identifies W) with the space of

polynomial functions on @Q, of degree < k with coefficients in £. Having made
this identification, the map ¢ of the preceding paragraph is seen to be a variant of
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the map ¢(f,—,—) defined in [26, §1]. More precisely, the latter map is obtained
by composing the map ¢ we have constructed with the map H ¢t — C obtained
by pairing elements of H ¢ against the element of Hy defined by the holomorphic
de Rham cohomology class associated to f as in the proof of Proposition 4.4.2
(multiplied by 27i), and replacing the polynomial P(z) by P(—z).

We may now use the recipe of [26] to define the p-adic L-function attached to z.
This p-adic L-function is defined by a locally analytic distribution on Z; that we
will denote by j1r. We first define the values of jiy on locally polynomial functions
of degrees < k. Let P(z) be a polynomial of degree < k, let a € Z5, and let p™ be
some positive power of p. We define

(4.5.1) /+ s P(2)dus(z) :=a "o(P(p™z+a), I;Lm) € Hy.

(Here P(p™z + a) is the indicated polynomial, regarded as an element of W}, via
the above identification.) The integral of any locally polynomial function of degrees
< k over Z, with respect to py can obviously be written as a linear combination of
such integrals, and so by linearity pf is defined on the space of all such functions.
Since f is of non-critical slope, the Theorem of Vishik and Amice-Vélu [26, Thm.,
p. 13] shows that uy extends to a locally analytic H s-valued distribution on Z.
The p-adic L-function attached to f is the H s-valued rigid analytic L-function
on weight space W defined via L(f, x) := fZ; xdpy, for x € W(@p). (The p-adic
Fourier theory of Amice [1] shows that this formula does indeed yield a rigid analytic
function on W.)

Two-variable p-adic L-functions. We now explain our construction of two-
variable p-adic L-functions. We will use an obvious variation of the constructions
of Subsection 4.4, in which we work with compactly supported cohomology rather
than cohomology. We let M. denote the sheaf on Spec A, obtained by localizing &..
The natural map H!(K?),, — H'(K?), induces a corresponding map of Jacquet
modules, and hence a map £ — &, of coherent sheaves on 7. This in turn induces
a map

(4.5.2) MIBEQ,M)par,0 = MeB(1M)paro-

Lemma 4.5.3. The map (4.5.2) is an isomorphism in the neighbourhood of each
point of tame conductor M and non-critical slope.

Proof. Proposition 4.4.20, and its obvious analogue in the case of compactly sup-
ported cohomology, show that the source and target of (4.5.2) are each locally free
of rank two in the neighbourhood of points of tame conductor M and non-critical
slope in E(1, M)par0. Furthermore, this map induces an isomorphism on fibres
at each such point (as follows from Proposition 4.4.18, its analogue in the com-
pactly supported case, and the observations preceding its statement). The lemma
follows. 0O

Definition 4.5.4. Let E’ be a finite extension of E. We say that a point z =
(X;A) € E(1, M)par0(E") is bad if the character x is locally algebraic, of the form
X = 03y, for some smooth character § and some k& > 0, and if the point (r=*=1y, \)

also lies in Spec A.; here r denotes the positive simple root of GLy with respect to
B.
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Proposition 4.5.5. The set of bad points (defined over some finite extension of E)
is a discrete subset of E(1, M)par,0- It does not contain any point of E(1, M)par,cl,0
that is of non-critical slope.

Proof. It x € E(1,M)par,0 is a classical point of non-critical slope, then an ar-
gument like that in the proof of [14, Thm. 4.4.5] shows that z does not satisfy
Definition 4.5.4. This completes the proof of the second claim of the proposition.
Since “slope” is a locally constant function on E(1, M)par,0, We see that any point
of E(1, M)par,0 that does satisfy Definition 4.5.4 has a neighbourhood all of whose
points of classical weight, other than x itself, are in fact of non-critical slope. This
proves the first claim of the proposition. O

Corollary 4.4.16 shows that E(1, M)par,o is a union of irreducible components
that are each of dimension one. Since the fibre of E(1, M)p,, over any point of W
is discrete, it follows that each component of E(1, M), 0 is flat over W.

Definition 4.5.6. We let E(1,M)5 . ; denote the complement of the set of bad
points in E(1, M)par,0, and let M denote the quotient of the restriction of M, to
E(1, M)}, 0 by its maximal Oyy-torsion submodule.

Let x € E(1, M)par,c1,0 be a point of non-critical slope, corresponding via Propo-
sition 4.4.2 to a p-stabilized newform f of tame conductor M. Proposition 4.4.20
and Lemma 4.5.3 imply that M. is locally free of rank two in a neighbourhood
of z, and hence (by the flatness result discussed prior to Definition 4.5.6) that
M. is Oyy-torsion free in the neighbourhood of z. Thus M. and M? coincide
in a neighbourhood of x. Proposition 4.4.18 (and Lemma 4.5.3) then imply that
the fibre M}, of M over z is canonically dual to Hy ®p (Wi)". (As in the
statement of Proposition 4.4.18, we let (W},)"V denote the highest weight space of
W), with respect to B.) There is a unique basis element of (W)Y that satisfies
(1o, w) = 1 (where as above W, denotes the vector (0,1)* € Sym” E? = W},). This
basis element determines an isomorphism (W},) =~ E, and hence an isomorphism
Me, = 1.

Our goal in the remainder of this subsection is to prove the following theorem.
Theorem 4.5.7. There is a rigid analytic section of the coherent sheaf Oy K
MEon W x E(1,M)5,, o, which we denote by L, with the property that at each
point x € E(1, M)para,0 of non-critical slope, corresponding via Proposition 4.4.2
to a p-stabilized newform f of tame conductor M, the fibre L, (which is a rigid
analytic section of Ow & M, , =0 ® I:If, the isomorphism being provided by
the preceding discussion) is equal to the p-adic L-function Ly constructed above.

Proof. We let U denote the compact type space that is topologically dual to the
Fréchet space of global sections of M7. The natural locally closed immersion
E(1, M)par0 — T x Spec H(KP)*" allows us to regard the space of global sections
of M* as a topological module over C**(T', E) := I'(T, O4), with a commuting ac-
tion of H(KP)*Ph. Thus U is a locally analytic T-representation, equipped with a
commuting H(KP)*-action. The locally analytic T-representation U is allowable
in the sense of [16, Def. 5.18], since it is dual to the space of global sections of a
coherent sheaf on a quasi-Stein rigid analytic variety.

We may restrict global sections of M. to E(1, M), o and so obtain global

sections of M?*. The dual of this restriction map is a continuous 7' x H(KP)*Ph-
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equivariant map of compact type spaces
(4.5.8) U — Jg(HNKP)L).

Lemma 4.5.12 below shows that (4.5.8) is balanced, in the sense of [16, Def. 5.17].
As usual, let G = GL2(Q,), and let B := B(Q,) denote the Borel subgroup of
lower triangular matrices. Let I%(U (671)) be the closed subspace of the locally

analytic induction Ind%U(éil) defined in [16, Def. 5.13]. Lemma 4.5.12 below
shows that in fact I%(U((S_l)) = Ind%U(é_l). Thus [16, Thm. 5.19] shows that
the map (4.5.8) induces a continuous G x H(KP)*PP-equivariant map

(4.5.9) IndS U671 — HY(KP)a.
As above, let N denote the unipotent radical of B (the Borel of upper triangular
matrices). It is naturally isomorphic to Q,, (via z — ( é i)), and embeds as an

open subset of G/B. (See the discussion at the beginning of [16, §5].) In particular,
we obtain an embedding Z; — G/B, and a corresponding closed embedding of
compact type spaces

(4.5.10) C™(Z),E)&pU — IndZU(5™H).

(The source is a closed subspace of C22(N, U(8)), which in turn is a closed subspace
of the target.) Recall from [1] that the dual to Cla(Zg , E) is isomorphic to the space
C*™(W, E) :==T(W,Oy). Thus composing (4.5.10) with (4.5.9), and then passing
to topological duals, we obtain a H(KP)%Ph-equivariant morphism

(4.5.11) (HY(EP)L) = T(OW x B(L,M)}0, Ow BM).

(Here the source is the topological dual to the space H}(K?)y,, and the right hand
side denotes the Fréchet space of global sections of the coherent sheaf Oy X M
on Wx E(1,M)5.. o)

One way to construct elements in the source of (4.5.11) is via the arcs {r, oo}
for r € P1(Q). Indeed, integrating along such an arc gives rise to a homomorphism
HY(Y(K;),A) — A for any level K and any ring A, compatibly with change of
level and change of ring. Consequently {r, co} induces an element of the topological
dual to H L(KP), and so also (simply by composing with the continuous injection
H!(KP),, — H}(K?)) an element of (H}(K?)1,)’. Applying (4.5.11) to the element
in its source corresponding to {0, 00}, we obtain a global section of Oy x M* over
W x E(1,M)s5 ., o, which we denote by L.

If 2 € E(1, M)}, 0(Q,), then let L, denote the restriction of L to the closed
subspace W x x of W x E(1, M)par0; it is a section of Oy x M .. Let pu, denote
the H s-valued locally analytic distribution on Z; that corresponds via the p-adic
Fourier theory of [1] to the rigid analytic function L, on W.

If z is a classical point of non-critical slope, corresponding to a p-stabilized new-
form f of tame conductor M, then by its construction the distribution pu, coincides
with the distribution p, appearing in the statement of Proposition 4.9 of [15] (tak-
ing the p-stabilized newform g of that proposition to be f). That proposition shows
that L, coincides with the p-adic L-function of f, and so completes the proof of
the present theorem. [J
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Lemma 4.5.12. (i) The map (4.5.8) is balanced.
(i) The closed embedding Ig(U((S_l)) — Ind% U(671) is an isomorphism.

Proof. By [14, Prop. 3.5.6], the map (4.5.8) induces a B-equivariant map
CI™(Qp, U(6™)) = He(KP)ia,

and thus a (gls, B)-equivariant map

(4.5.13) U(gl) @y o) C2™(Qp, UG Y)) — HY(KP)1a.

(As in the proof of Theorem 4.5.7, we are identifying Q,, with the unipotent radical
N of B.)

Let C'P(Q,, U(671)) denote the space of compactly supported locally polynomial
U(6~1)-valued functions on Q,. The inclusion Q, — N — G/B allows us to
regard CP(Q,,U(671)) as a (gla, B)-invariant subspace of Ind% U(6~1Y). The in-
clusion of C§™(Q,, U(67 1)) in CP(Q,, U(5~1)) thus induces a (glz, B)-equivariant

map
(4.5.14) U(gla) ®u (o) C™(Qp, U(G™1)) — CP(Qp, U(67H)).
There are isomorphisms

CEMQp, UEY) = CM(Qp BE) @ U Y)

and
CP(Qy, U(6™h) = C™(Qp, B) @ U(671)[2]

(where U(671)[2] denotes the space of polynomials in z with coefficients in U (571)),
and (4.5.14) may be factored as the tensor product of the identity automorphism
of Ci™(Qp, E) and a map

(4.5.15) U(gl2) ®u (o) U — Ul2]

(we drop the twists by ¢ from our notation, since we will consider only Lie algebra
actions from now on, and ¢ is smooth), defined by the following explicit formula: Let

n_ and h denote the elements ((1) 8) and (é _01) of gly. Then Ul(glz) ®u(p)

U=@,(n_)"U, and (4.5.15) is defined by the formula
(4.5.16) (n)aurs (h—i+1)...(h—1)hu) 2"

Referring to the definitions of [16, §5], we find that part (i) of the lemma is
equivalent to showing that the kernel of (4.5.13) contains the kernel of (4.5.14).
Consider the map

(4.5.17) U — (H} (K)a) "0

obtained as the composition of (4.5.8) with the canonical lift Jg(H!(K?);,) —
H}(KP)1,. From the explicit formula (4.5.16), we see that part (i) holds provided
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that (4.5.17) takes any element v of U on which h acts via an integer £ > 0 to a
locally Wj-algebraic element of H, L(KP)),. Note that since the Ty-action on U is
fixed to be trivial, the t-action on any such point u under (4.5.17) is completely
determined. The fibre of Spec A, over a given character of { is discrete, and so we
may assume (after extending scalars if necessary) that such a point w is a generalized
eigenvector for the action of T, with respect to some character x € T(E), as well as
a generalized eigenvector for the action of H(KP?)%Ph, with respect to some character
A € (Spec H(KP)*Ph)(E). If v denotes the image of v under (4.5.17), then v is a
generalized y-eigenvector for the action of the Hecke operators my, ; (for t € TT),
as well as a generalized \-eigenvector for the action of H(KP?)*Ph. A minor variant of
[14, Prop. 4.4.4] shows that (n_)¥*1v lies in the generalized (r—*~1x, \)-eigenspace
for the action of the operators mn,; (t € TF) and the Hecke algebra H(KP)Ph.
From the construction of U, we see that the point (x, A) must not be a bad point
of Spec A., and thus that (r~*~!y,\) must not lie on Spec.A.. Consequently
the generalized (r—*~1y, \)-eigenspace of (H!(K?)1,)No vanishes, and so (n_)k*1
annihilates v. Hence v is Wy-locally algebraic, as we wanted to show.

Again referring to the definitions of [16, §5], we see that part (ii) of the lemma
will follow if we show that (4.5.15) (and hence (4.5.14)) is surjective. Since U is dual
to the space of global sections of a flat Oy -sheaf, it is divisible as a module under
the action of the polynomial ring E[h]. Formula (4.5.16) thus implies that (4.5.15)
is indeed surjective, as required. [

The global section L of Oy X M7 may be regarded as a two-variable p-adic
L-function: one variable is provided by the factor Oy, (with an appropriate nor-
malization this becomes the classical “s”-variable), the other by the punctured
eigencurve E(1, M), .

If we decompose the coherent sheaf M7 into its + eigenspaces under the action
of g, then the section L decomposes into the sum of two sections L™, whose fibres
at classical points of non-critical slope correspond to the usual + and — p-adic L-
functions (which vanish when evaluated on odd and even characters respectively).

Let us remark that Stevens [33] has previously constructed two-variable p-adic
L-functions along the eigencurve, via a method quite different to ours. He uses
his theory of rigid analytic modular symbols to construct a coherent sheaf (which
we will denote by S) along the eigencurve E(1, M)par,0, whose sections are certain
modular symbols with values in the space of locally analytic distributions on Z.
The fibre of S at a classical point of non-critical slope maps isomorphically, via a
specialization map, to the dual of the fibre of M, at such a point. If U/ is an open
subset of E(1, M)par,0 for which Sy, is free of rank two, then by choosing a basis
of each of the +-parts of Sy, evaluating these modular symbols on the arc {0, 0o},
and passing via the p-adic Fourier theory of [1] from distributions on Zy to rigid
analytic functions on W, Stevens obtains p-adic L-functions L* as rigid analytic
functions on W x U.
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