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Unit L-functions and a
conjecture of Katz.

By MATTHEW EMERTON and MARK KISIN

Let p be a prime number, F,, the finite field of order p, and Z, the ring of
p-adic integers. Suppose that X is a separated finite type Fp-scheme and that
L is a lisse Zy,-sheaf on the étale site of X. One defines in the usual way an
L-function L(X, L) attached to £. This is a power series in a formal variable
T, which by construction is an element of 1+ TZ,[[T]]. If f : X — SpecF,
is the structural morphism of X then fi£ is a constructible complex of Z,-
sheaves on the étale site of SpecF, of finite tor-dimension, and so we may
form the L-function L(SpecFp, fiL), which is also an element of 1 + TZy[[T]
(and in fact a rational function). The ratio L(X, £)/L(SpecF,, fiL) thus lies
in 1+ TZ,[[T]], and so may be regarded as a nowhere-zero analytic function
on the p-adic open unit disk |7| < 1. If £ were a lisse Z; sheaf with | # p
then in fact this ratio would be identically 1 (this is Grothendieck’s approach
to the rationality of the zeta function). One does not have this in the setting
of Z,-sheaves. However, in this paper we prove the following result, which was
conjectured by Katz ([11], 6.1):

THEOREM 0.1.  The ratio L(X, L)/L(SpecF,, fiL) extends to a nowhere-
zero function on the closed unit disc |T'| < 1.

In particular this implies that the L-function for L(X, L) is p-adic mero-
morphic in the closed unit disc. According to Katz ([11], 6.1), when X = A",
this is an old result of Dwork’s.

Katz also conjectured that L(X, L) extends to a meromorphic function
on the rigid-analytic affine T-line. The second part of Katz’s conjecture was
a generalization of a conjecture of Dwork predicting that L(X, L) was p-adic
meromorphic when the unit F-crystal M associated to £ was the unit part of
an ordinary, overconvergent F-crystal. Wan [13] has found counter-examples
to the part of Katz’s conjecture predicting that the L-function is meromorphic
for general lisse sheaves. On the other hand, in a recent preprint [14] he
has proven that Dwork’s more cautious prediction is actually true. Thus,
while the question of when the L-function is meromorphic is by now quite well
understood, much less was known about the location of the zeroes and poles.
In fact the only prior results in this direction that we are aware of are due to
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Crew [3], who proved Katz’s conjecture in the special case when X is an affine
curve and the sheaf £ has abelian monodromy, and Etesse and Le Stum [§],
who proved Katz’s conjecture under the strong assumption that £ extends to
some compactification of X.

In fact we prove a more general result showing that an analogue of Katz’s
conjecture is true even if one replaces Z, by a complete noetherian local Z,-
algebra A with finite residue field. We refer to Corollary 1.8 for the precise
formulation.

Our methods also have some applications to results on lifting representa-
tions of arithmetic fundamental groups. In particular, we show the following

THEOREM 0.2. Let X be a smooth affine F,-scheme, A an artinian local
Zp-algebra, having finite residue field, and

p:m(X) — GLa(A)

a representation of the arithmetic étale fundamental group of X. Consider a
finite flat local Z,-algebra A and a surjection A — A. There exists a continuous

lifting of p

p:m(X) — GLa(A).
If X is an open affine subset of P', then p may be chosen so that the
L-function of the corresponding lisse sheaf of A-modules is rational.

Let us now describe the contents of the paper in more detail.

In section 1 we define the necessary L-functions, and state our main re-
sults.

In section 2 we give the proof of some standard results on behaviour of
L-functions in exact triangles, and under stratification of the underlying space.
These are used later to reduce our calculations to a special case.

In section 3 we introduce a key ingredient in our work, which is the re-
lationship between locally constant or lisse étale sheaves and unit F-crystals.
We show that if A is an artinian (respectively a complete noetherian) finite
local Z,-algebra with finite residue field and if X is a formally smooth p-adic
formal scheme equipped with a lifting F' of the absolute Frobenius of its special
fibre, then there is a one-to-one correspondence between locally constant étale
sheaves of finite free A-modules (respectively lisse étale sheaves of A-modules)
on X and finite free A ®z, Ox-modules & on X equipped with a A-linear iso-
morphism F*€ — £. This generalizes a result of Katz ([12], 4.1), which treats
the cases when A = Z, or Z/p™ for some positive integer n.

In section 4 we begin our proof of Katz’s conjecture. For the usual reasons
of technical convenience, we prove a more general result on complexes of p-adic
constructible sheaves of A-modules. By passing to the inverse limit, it is enough
to consider the case where A is artinian. Using standard techniques we reduce
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ourselves to having to verify Katz’s conjecture for a locally constant flat A-
sheaf on an open subset of G¢, with the additional property that the associated
unit (A, F')-crystal £ (as explained above) has an underlying locally free sheaf
of A ®z, Ox-modules which is actually free. Under this assumption we may
choose a surjection A — A, with A a finite flat local Z,-algebra, and lift this
A-sheaf to a lisse A-sheaf by lifting the associated unit (A, F)-crystal.

In this situation we prove Katz’s conjecture directly, by using an explicit
trace calculation in the style of Dwork [5]. To reduce to this trace calculation
we utilize a technique of Deligne [4] in order to find an Artin-Schreier sequence
for the extension by zero of a lisse A-sheaf under an open immersion, which
allows us to relate p-adic étale cohomology with compact support to coherent
cohomology of formal Z,-schemes. A key part of this calculation is the subject
of section 5.

Finally, in section 6 we show how our methods can be used to lift repre-
sentations of arithmetic fundamental groups.

Finally, let us mention that the methods used in this paper are a spe-
cial instance of a more general theory developed by the authors in the papers
[6], [7]. This theory describes the étale cohomology of p-power torsion or p-
adic constructible sheaves on finite type Fj,-schemes in terms of quasi-coherent
cohomology; more precisely, a certain Riemann-Hilbert correspondence is es-
tablished between the appropriate derived categories of such étale sheaves, and
a derived category of certain quasi-coherent analogues of unit F-crystals. How-
ever, we have written this paper so as to be independent of these more general
techniques.

Acknowledgments. The authors would like to thank Pierre Berthelot for
suggesting that they apply their techniques to the study of L-functions. The
first author would also like to thank Mike Roth for useful discussions.

1. Notation and statement of results

(1.1) Let p be a prime number, fixed for the remainder of the paper, F,
denote a finite field of order p, and F, be a choice of an algebraic closure of
F, (fixed once and for all). For any positive integer n we denote by Fp» the
unique degree n extension of F, contained in F,. We denote by o : F, — F,
the (arithmetic) Frobenius automorphism a — a? of F,,, and denote by ¢ the
geometric Frobenius automorphism of F,, that is, the inverse of 0. Both o and
¢ are topological generators of the Galois group of F,, over F,,.

We denote by W the ring of Witt vectors of Fp, and by o and ¢ respectively
the canonical Frobenius automorphism of W and its inverse. If n is any positive
integer, we let W(F,») denote the Witt ring of F,n, regarded as a subring of
W. As usual we will denote by Z, the ring W (F,) of p-adic numbers.
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(1.2) Let X be a finite type scheme over Fp, and A a noetherian ring,
with mA = 0 for some positive integer m. We denote by D~ (X, A) the de-
rived category of bounded above complexes of étale sheaves of A-modules on
X, and we denote by Dgtf(X, A) the full subcategory of D™ (X, A) consist-
ing of complexes of A-sheaves which have finite tor-dimension, and which are
constructible (in the sense that their cohomology sheaves are constructible A-
modules [1]). Given any object £® of Di’tf (X,A), we may define its L-function
in the usual way, which we briefly recall.

If £*® is a constructible complex of A-sheaves of finite tor-dimension on X
then by [4], proposition-définition 4.6 (i7), p. 93, we may assume that £® is a
finite length complex of flat constructible A-sheaves. If x is a closed point of
X we let £ denote the flat A-sheaf obtained by restricting £¢ to the point .
If we choose an identification of the residue field of z with the subfield Fa()
of Fp, and denote by Z the F,-valued point of X lying over x, then £ is a
free A-module equipped with an action of the d** power ¢¢ of the geometric
Frobenius automorphism. We let |X| denotes the set of closed points of X,
and define

i+1

Lx, %) =[] ] deta(@ — ¢@1® 2Ly
1 z€|X]|
This is an element of 1 4+ T'A[[T]].
From the definition we see that L-functions are compatible with change
of ring: if A, A" are noetherian rings killed by some positive integer, g : A — A’
a map of rings, and L® is as above, then we have

L(X,L£° & A') = g(L(X, L°)).

(1.3) Let X be a finite type Fp-scheme and let i : X,.q — X be the
closed immersion of the underlying reduced subscheme of X into X. Then
the functors iy and i~! are quasi-inverse, and induce an equivalence of tri-
angulated categories between ch’tf(Xred,A) and Dgtf(X, A) (preserving the
canonical t-structure of both categories). If £* is any object of DY, F (X, Z/p")
then L(X,L®) = L(Xyeq,i 1L®).

(1.4) If f : X — Y is a separated morphism of finite type F,-schemes
then push-forward with proper supports induces a functor f : Di’t f(X JA) —
D%, (Y, A) ([4], théoreme 4.9, p. 95).

THEOREM 1.5. Let f : X — Y be a separated morphism of finite type

F,-schemes, and A a finite, local, artinian Z,-algebra, with mazimal ideal m.
If L® is any object of ch’tf(X, A) then the ratio of L-functions

L(X,L*%)/L(Y, LL®),
a priori an element of 1 + TA[[T]], in fact lies in 1 + mTA[T].
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(1.6) Suppose that A is finite and reduced of characteristic p. Then from
theorem 1.5 we conclude that the L-functions of objects of DY, (X A) are
invariant under proper push-forward. This was originally proved by Deligne
([4], théoreme 2.2, p. 116).

An interesting point is that Deligne gives a counterexample involving a
locally constant sheaf of free rank one F,[X]/X2-modules, to show that his for-
mula does not hold without the hypothesis that A is reduced ([4], 4.5, p. 127).
Thus if we take A = F,[X]/X?, then Deligne’s counterexample shows that,
in general, the quotient of the L-functions in theorem 1.5 is not equal to 1.
Nevertheless, our theorem asserts that it is equal to 1 modulo the princi-
pal ideal (X). This also follows from Deligne’s theorem by “specialization of
L-functions” (1.2), and in fact this same argument shows that the ratio of
L-functions L(X, L*)/L(Y, fiL*®) occurring in the statement of theorem 1.5 al-
ways lies in 1 +mTA[[T]]. Thus the key result of theorem 1.5 is that this ratio
is in fact a polynomial.

(1.7) We want to define L-functions for lisse sheaves, or more precisely,
the lisse analogue of constructible sheaves. For this, suppose that we are given
a noetherian ring A and an ideal I C A, such that A is I-adically complete and
p is nilpotent in A/I. We define the category D%__ (X, A) to be the 2-limit

I—sm

of the categories ch’tf(X, A/I"), n=1,2,.... One has a formalism of f, f~1
L
and ® in DY__ (X, A) (see [9] for details).

I—sm
L
If £* is an object of D?__ (X, A) then by construction £* ®5 A/I™ be-

I—sm

longs to D’C’tf (X, A/I™) for each positive integer n. If n > m then the compat-
ibility of formation of L-functions with change of rings shows that
L L
L(X,L*®@p AJI") = L(X,L* @x A/T™)  (mod I™).
Thus we may define L(X, £*) € 1 4+ TA[[T]] to be the limit of the L-functions
L

L(X,L* @z AJI™),

Now suppose that f : X — Y is a separable map of finite type F,-schemes.
As before, we have a functor fj: DY (X, A) — Db _ (Y, A). For each posi-

I—sm I—sm
tive integer n there is a canonical isomorphism

~

(AL*) O A" 5 F(L* Sp A/IM,
so that .
L(Y, iL*) = L(Y, i(L* ©x A/I™)  (mod I™).

If we now suppose that A is a complete local Z,-algebra with finite residue
field (so that in the above discussion I = m is the maximal ideal of A), by letting
n tend to infinity in the above discussion we derive the following corollary of
theorem 1.5, which includes Katz’s conjecture as a special case (take A to be
Z, and L*® to be a single lisse p-adic sheaf in degree zero):
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COROLLARY 1.8.  Let A be a complete local Zy-algebra, with finite residue
field, and mazimal ideal m. Let f : X — Y be a separated morphism of finite
type Fy-schemes. If L* is any object of Db _,. (X,A) then the ratio of L-
functions

L(X, £9)/L(Y, fiL®),

a priori an element of 1 + TA[[T]], in fact lies in 1 + wmTA(T'), where A(T)
denotes the m-adic completion of the polynomial ring A[T]

2. Preliminaries on L-functions

(2.1) Below A will be a noetherian Z/mZ-algebra for some integer m.
For any separated morphism f : X — Y of finite type F,-schemes and any
object L® of ch’tf(X, A), let us write

Q(f, £%) = L(X, L)/ L(Y, LL*).

We begin by recalling some standard tools for analyzing such ratios of L-
functions. Although the proofs are well-known and quite straightforward, for
the sake of completeness we recall them.

LemMA 2.2. If f : X — Y is a separated morphism of finite type Fp-
schemes, then for any distinguished triangle

YRy . Y ([
of objects of ch’tf(X, A) we have the equality

Proof. This follows immediately from the fact that fi takes distinguished
triangles to distinguished triangles, together with the multiplicativity of L-
functions of objects in a distinguished triangle. O

If f: X — Y is a morphism of schemes and y is a point of Y we let
fy + Xy — y denote the fibre of f over the point y.

LEMMA 2.3.  For any separated morphism f : X — Y of finite type Fp-
schemes and any object L* of Dgtf(X, A) we have the equality

QUL = T QU Ly,)

yelY|
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Proof. By partitioning the elements of |X| according to their image in
|Y'|, one sees that

LX) = [[ L(Xy,L5x,)-
yelY|

By the proper base-change theorem, for any point y of |V,
(f!»c.)y = fy!»crxyy

and so
LY, fiL%) = ] Ll fLix,)-
yelY|
Thus
QL) = [T L(Xy £ix,)/ Ly, faLix,) = T @UvsLix,)s
yelY| yelY|
proving the lemma. t

LEMMA 24. Iff: X =Y and g:Y — Z are two separated morphisms
of finite type Fp-schemes and L* is any object of Dgtf(X, A) then we have the
equality

Qaf, L%) = Q(g, LL)Q(S, L).

Proof. We compute (beginning with the right-hand side)

L(Y, fiL®) L(X,L®) B L(X,L*)
L(Z, g fil®) L(Y, fiL*) — L(Z,(gf)L®*)

This proves the lemma. O

Qg HL)Q(S, L*) = =Q(gf L%).

LEMMA 2.5.  For any separated quasi-finite morphism f : X — Y of finite
type F,-schemes and any object L* of Di’tf(X, A), Q(f,L®%) =1.

Proof. Lemma 2.3 reduces us to the situation in which ¥ = SpecF,q is a
point, so that X is either empty, in which case there is nothing to prove, or
else zero-dimensional. In this second case we may replace X by its underlying
reduced subscheme (via (1.4)), and writing this as a disjoint union of points we
reduce to the case that X is also a point, say X = Spec Far, with d dividing d’.
Using lemma 2.2 one reduces to the case that £* = L is a single flat A-module
equipped with a A-linear ¢% action. Then fi£ is simply the induced module

FiL = Z/p" (Y] @5 pn1gar) L4

and the equality of L-functions L(X, L) = L(Y, fi£) is an elementary calcula-
tion. O
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LEMMA 2.6. Suppose that f : X — Y is separated morphism of finite
type Fp-schemes, and that X = So[[S1][---11Sn is a stratification of X by
locally closed subsets S; (more precisely, we take this to mean that each S; is
closed in the union H;:O S;.) We give each of the S; their reduced induced
scheme structure. If L* is an object of ch’tf(X, A) then let E\.Si denote the
restriction of L® to each of the locally closed subsets S;, and let f; : S; — Y
denote the restriction of the morphism f to each of the locally closed subsets
S;. Then

Qf. L) =[] L.
=0

In particular, this applies if the stratification on X is obtained by pulling back
a stratification on Y.

Proof. This follows from lemmas 2.2., 2.4 and 2.5, since immersions are
quasi-finite. O

3. Etale sheaves and unit F-crystals

(3.1) We want to explain a generalization of a result of Katz relating étale
sheaves and unit F-crystals. Although what we do can be done somewhat more
generally, we restrict ourselves to smooth Z/p™-schemes.

Assume we have a smooth scheme X over Z/p", and let A be a Z/p™-
algebra. We assume that X is equipped with an endomorphism F' lifting the
absolute Frobenius on its reduced subscheme.

A unit (A, F)-crystal on X is a sheaf & of finite locally free A ®;/,» Ox
modules, equipped with a A ®z/,» Ox-linear isomorphism F*& 5 &. Note
that if the map Z/p® — A factors through Z/p" for some positive integer
n' < n, then the notion of a unit (A, F')-crystal depends only on the reduction
of X modulo p" .

PROPOSITION 3.2. Suppose that A is noetherian, local, and finite over
Z/p™. There is an equivalence of categories (explicitly described below) between
the category of locally constant étale sheaves of finite free A-modules on X and
the category of (A, F')-crystals on X.

Proof. Let L be a locally constant étale sheaf of finite free A-modules on
X (which is, of course equivalent to the data of such a sheaf on the reduction
of X modulo p). We associate to £ a (A, F)-crystal on X as follows. Consider
the étale sheaf Eg =: L ®y /0 OXe’t' This is a coherent sheaf of A ®;,/,n (’)Xét_
modules, which is in fact locally free of finite rank (since £ is locally free of
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finite rank over A). Regarding €4 as a coherent sheaf on OXét’ we see by
[12], 4.1, that £ comes by pull-back from a Zariski coherent Ox-module £.
Moreover, £ is equipped with an isomorphism F*§ — £. If we denote by ®
the composite & — F*§ — &, then the induced map ® ¢t on Eg has fixed

subsheaf equal to £. As the formation of £ is functorial in £;;, we see that

ét>
£ is equipped with the structure of a A-module, and that the isomorphism
F*& = £ is A-linear.

To see that this gives £ the structure of a unit (A, F')-crystal we have
to check that £ is locally free as a A ®z/,» Ox-module. If x € X denote by
Z an étale point lying over z. Now £y ; = & Qag,,n0x ) (A ®z/pm OXét’i")
is certainly a free A ®gz/,n OXét’j module. Since A ®z/n OXét’i is faithfully
flat over A ®;/,n Ox o (Oxétj; being faithfully flat over Ox ), we conclude
by descent that &, is locally iree of constant rank over A ®;/,n Ox ;. Since A
is finite over Z/p" we see that A ®;/,» Ox is finite over the local ring Ox .,
and so is semi-local. Thus the freeness of E, over A ®;/,» Ox follows from
the following (simple) commutative algebra fact: a finite module M over a
semi-local ring A which is locally free of constant rank is in fact free. (To see
this, observe that M /rad(A) is locally free of constant rank over the direct
sum of fields A/rad(A), and so is certainly free. Lifting generators, Nakayama
implies that M is itself free.)

Next we construct the quasi-inverse functor. Given a unit (A, F)-crystal
& of rank m, we pull it and its Frobenius endomorphism ® back to the étale
site to get a coherent locally free A ®;/,n (’)Xét—module E¢, equipped with a
A-linear endomorphism ® . We have to show that if £ = ker(1 — ®4), then
the natural map £ ®z,» O Xg = E ¢t 1s an isomorphism. Indeed, once we have
this, then L is necessarily locally free over A, by flat descent, as OXét is flat
over Z/p", and Eg is locally free over A @7 /,n OXét'

For this suppose first that A is flat (and necessarily finite) over Z/p". In
this case we may regard £ as a unit (Z/p", F')-crystal, so the map above is an
isomorphism by Katz’s theorem [12], 4.1.

In general, we can write A as a quotient of a finite flat local Z,-algebra
A : as A is finite over Zp, there is a surjection h : Zy[x1,...,2,] — A, and
for i = 1,...,r there exists a monic polynomial p; with coefficients in Z, such
that h(pi(x;)) = 0. Thus A is a quotient of Zy[z1,...,z,]/(p1(z1), ..., pr(zr)),
which is a finite flat Z,-algebra, hence in particular semi-local. Thus we may
take A to be a localization of Zy[zy,...,z,]/(pi(x1),...,pr(2)) at a suitable
maximal ideal. Then A is finite flat over Ly, as Zy is a complete local ring (so
localization does not destroy finiteness).

To show that we have £ ®/,» O X4 — &4 we may work locally. As & is
a locally free A ®;/,» Ox-module, after localizing on X, we may assume that &
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is free over A®/,n Ox, say € = (A®z/m Ox)™. Write E=(A/p" ®z/pm Ox )™
In this case we can lift the isomorphism F*E — & of free A®, /pn Ox-modules
to a morphism F*E — & of free A/p" ®;/,» Ox-modules, and any such lift is
an isomorphism, by Nakayama’s lemma. This gives £ the structure of a unit
(A/p", F)-crystal. We denote by ® : £ — £ the induced A-linear, F*-semi-
linear endomorphism of £, and by €4, E et Pt o, ¢+ the pull-backs to the étale

site of X of £,&,®, . If z is any étale point of X 4, we obtain a commutative

ét>
diagram
~ - 1= 4 ~
0——ker(l — ®4)s Ex Ex 0
i l 1-9 4 l

Here the bottom row is obtained by applying R /p »\ to the top row. By the

previous discussion, applied to the finite flat Z/p™ algebra A /p", we know that
the top row is exact, hence the bottom one is also, as 5x is flat over A/ ",
Ox being flat over Z/p™. Thus, letting £ denote ker(1 — ), we see that the
map L ®g/pn O X E¢ is obtained by applying ®3 /pnA to the isomorphism

c Xz/pn OXét — &4, and so is an isomorphism. O

(3.3) We may formulate a version of the above theorem for étale sheaves
on a smooth F,-scheme Xy. We may define a unit (A, F)-crystal £ to be a
locally free sheaf of finite rank A ®z, Oxq,crys-modules on the crystalline site
of Xo/Z/p" equipped with an isomorphism F*£ — & (here F denotes the
Frobenius on the crystalline site, and Ox, crys is the structure sheaf on the
crystalline site). If there exists a smooth Z/p"™ scheme X whose special fibre
is Xy and a lift /' of the absolute Frobenius on X, then the two notions are
equivalent (exercise (!), but see also [7]), so our new definition is consistent
with the previous one. Thus even if no global lift exists we get an equivalence
of categories between locally constant étale sheaves of free A-modules and unit
(A, F)-crystals. Indeed to construct this equivalence, we may work locally,
and then we may assume ([10], III) that Xy lifts to a smooth Z/p™ scheme,
equipped with a lift of Frobenius. Now we can appeal to our previous results.

The referee has also remarked that there is a connection between the
preceding theorem and the results of Berthelot and Messing which relate finite
étale group schemes and Dieudonné crystals (see §2 of [2]).

(3.4) It will be convenient to have an analogue of proposition 3.2 for lisse
sheaves. For this let X be a formally smooth p-adic formal scheme over Z,,
equipped with a lift F of the absolute Frobenius on its reduced subscheme,
and A a finite flat Zy-algebra. A unit (A, F')-crystal £ is defined as in (3.1).
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Namely, it is a locally free, coherent A ®z, Ox-module £ equipped with an
isomorphism F*€ — £. Then we have

COROLLARY 3.5.  Suppose that A is local, and finite flat over Z,. There
is an equivalence of categories between p-adic lisse sheaves of A-modules on X
and unit (A, F)-crystals on X.

Proof. This follows immediately from proposition (3.3) once we note that
a unit (A, F)-crystal € satisfies £ — lim&/p"E, because A is finite over Z,.

Explicitly, if £ is a p-adic lisse sheaf of A-modules, write £, = L/p"L.
Then L, ®z, O X descends to a coherent, locally free Zariski sheaf of A/p™ Rz,

Ox-modules &, on Oy, equipped with an isomorphism F*&, — &,. Then we
may attach £ = limé&, to L. It is locally free over A ®z, Ox as each of the &, is

locally free over A/p™ ®z, Ox. (In fact if U C X is an open formal subscheme
then &€ becomes free over U as soon as & is free over U).

Conversely, if £ is a unit (A, F)-crystal, then we may attach a locally
constant étale sheaf of free A/p"-modules £,, to £/p"E, and set L = lgnﬁn.

If €4 is the pull-back of £ to X 4, we sometimes abuse notation, and write
5ét: £®Zp OXét' J

4. Proof of theorem 1.5

(4.1) In this section we present the proof of theorem 1.5. We denote by
A a finite, local, artinian Z,-algebra. We begin with some preliminaries on
formal schemes, and liftings of Frobenius.

(4.2) Let d be a positive integer. We let P? denote d-dimensional projec-
tive space over F), equipped with homogeneous coordinates Zo, ... , Z4. Write
zi »= Z;/Zy for the affine coordinates corresponding to our choice of homoge-
neous coordinates; then we have

G;‘% = Spec]Fp[zl,zl_l, .. ,zd,zd_l] C P".

We denote by P? the formal, d-dimensional projective space over Zp. It is
obtained by completing the d-dimensional projective space Pz, over Z, along
the special fibre p = 0. The underlying topological spaces of P? and P? are
equal. We denote by Oza the structure sheaf of P4, thought of as a sheaf
on the underlying topological space of P?, and if U is any open subset of P¢,
we write Op = Oga|y. We will sometimes write U to denote U considered
with the formal scheme structure given by Op. We will employ these notations

especially in the case that U is an open subset of G¢, C P,
(4.3) Let X be of finite type over F,. If z is a closed point of such a scheme
we let r(x) denote the residue field of z. This is a finite field of some degree
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d(z) over F,,. We denote the ring of Witt vectors of x(z) by W,. We again use
o (respectively ¢) to denote the Frobenius automorphism of W, (respectively
its inverse automorphism). If we choose an isomorphism of x(z) with F i),
this induces an isomorphism of W, with W(de<z>), which is equivariant with
respect to the automorphism o of each of these rings.

Consider the endomorphism F of P4 given by Z; — ZP. This is a lift of the
absolute Frobenius to P4, which induces an endomorphism of each formal open
Uc P4, and in particular of the formal d-dimensional multiplicative group

@fn = Spf(Zp<z1,zfl, . ,zd,z;1>) c B9,

where it is given by F*(z;) = z¥. (Here Zp(zl,zl_l, ... ,zd,z;1> denotes the
p-adic completion of the Zy,-algebra Z,[z1, zl_l, ey 2ds z;l}).
If k is a finite field, and z is a k-valued point of G¢, corresponding to the
morphism
]Fp[zl,zl_l,... ,zd,zd_l] — k

of Fp-algebras, then x lifts to a morphism
Zp<21, Zl_l, N e k) Zd_1> — W(k’)

(the Teichmiiller lifting), characterized by the property that the diagram

Zp(z1, 20t 20,2y ) —= W (k)
J/F* \Lo‘
Zp(z1, 27t 20y 2y Yy —= W (k)

commutes. We denote this W (k)-valued point of G, by .

In particular this applies if x is a closed point of X and we take k to
be k(x), the residue field at z, so that x is naturally a x(z)-valued point of
G%. If we choose an embedding of x(x) into a subfield Fyn of F, (for some
positive integer n) then we may regard x as an Fyn-valued point of G4, and
the corresponding embedding of W, as a subring of W (F,») realizes & as a
W (Fyn)-valued point of GZ,.

(4.4) We now begin the proof of theorem 1.5. Consider an arbitrary
separated morphism f : X — Y of finite type Fj-schemes. We may find a
stratification of Y by locally closed affine schemes T;. If S; = f~1(T;) then
lemma 2.6 shows that it suffices to prove theorem 1.5 for each of the morphisms
fi + S; — T; obtained by restricting f to the subschemes S;.

Since each T; is affine, the structural morphisms g; : T; — SpecF, and
hi = figi : S; — Fp, are separated, and lemma 2.4 shows that for any object £*
of ch’tf(S“ A),

Q(fi, L£°) = Q(hi, L) /Q(gi, fu L®).
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Thus it suffices to prove theorem 1.5 for the morphisms g; and h;.

(4.5) The preceding section shows that we are reduced to considering
theorem 1.5 in the case that f : X — SpecT, is the structural morphism of
a finite-type separated F,-scheme. We will prove theorem 1.5 by induction on
the dimension of X. Thus we assume that the result holds for all separated
IFp-schemes of finite type and of dimension less than that of X.

Nothing is changed if we replace X by its reduced subscheme. We find
a dense open subscheme U of X such that each connected component of U’
admits a quasi-finite and dominant morphism to an for some natural number
d (which is necessarily the dimension of this connected component, and so is
less than or equal to the dimension of X). To find such a U we choose a dense
smooth open subscheme of X. Each connected component of this smooth
open subscheme is irreducible, and contains a non-empty (and so dense) open
subset which admits an étale map to some G%,. We take U be the union of these
open subsets. Since X \ U has lower dimension than X, lemma 2.6 together
with our inductive hypothesis shows that it suffices to prove theorem 1.5 for
each connected component of U. Fix one such connected component, V say,
equipped with a quasi-finite dominant morphism g : V" — ng- Let h : (an —
SpecF, be the structural morphism of G, and k = gh : V — Spec F,, the
structural morphism of V. For any object £® of ch’t f(V, A), lemmas 2.4 and 2.5
show that

Q(kﬂﬁ.) = Q(h‘aglﬁ.)Q(.%ﬁ.) = Q(hvg!ﬁ.)‘

So it suffices to prove theorem 1.5 when X = G%,, and Y = Spec(F,).

(4.6) Let L® be any object of Di’tf(an,A). As observed in 1.2, we may
assume that each of the finitely many non-zero £’ is a constructible étale sheaf
of flat A-modules. Lemma 2.2 allows us to verify theorem 1.5 for each of the £°
separately. Thus we assume that £* = £ is a single constructible étale sheaf
of flat A-modules.

We may find a non-empty (and hence dense) open affine subscheme U of
G4, such that £ is locally constant when restricted to U. We form the tensor
product £ = Ly ®z, Op;. Note that £ is a coherent O, /p"-sheaf for sufficiently
large integers n. Hence it descends to a coherent Zariski sheaf of locally free
A ®z, Op-modules. In particular, U contains a non-empty (and hence dense)
open subset V' over which £ becomes free as a A®z, Op-module. We may find a
global section a of Oga such that the zero-set Z(a) of a is a proper subset of Ge,
containing the complement of V. Writing D(a) = G%, \ Z(a) C V, we see that
D(a) is non-empty and that £ is free over A ®z, O, when restricted to D(a).
Since Z(a) has dimension less than d, our induction hypothesis, together with
lemma 2.6, shows that it suffices to prove that Q(f, £|p(q)) lies in 1+ mTA[TT].
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(4.7) Since we will only be dealing with the locally constant sheaf £ p,)
from now on, we write simply £ and & rather than £p(,) and & p(g), so that

£ = L&z, Op,.

Recall the endomorphism F' of D(a) defined in section (4.3) by restricting
the endomorphism F of P?. The tensor product of the identity morphism on
L and the endomorphism 1 ® F* of A ®gz, OD(a induces an 1 ® F*-linear
endomorphism of £, which we denote by ®, and endows £ with the structure
of a unit (A, F)-crystal, from which £ may be recovered as the étale subsheaf

of ®-invariants (see section 3). For convenience we will often abbreviate 1® F*
by F*.

The global section a is an element of IE‘p[zl,zl_l, .. ,zd,zd_l]. Let a de-
note a lift of a to a global section of O@% . Then a priori a is an element

of Zp(zl,zl_l, . ,zd,zd_1>, but we may and do choose a to be an element of
Lplz1, 21 Loz zd_l] (since our only concern is that it reduce modulo p to
a).

Choosing a basis of £ induces an isomorphism A ®z, (’)g(a) . &£. With
respect to this basis the F*-linear endomorphism ® may be written in the
form ® = (r;;) o F™*, where (r;;) is an invertible m x m matrix of elements of
A ®z, Lp[z1, zfl, e 2d, z(;l, a1l

As in the proof of proposition 3.2, there exists a finite flat local Z,-
algebra A, and a surjection A — A. We write @ for the maximal ideal of
A. Now we may lift each of the rational functions r;; to an element 7;; of
A[zl,zfl, . ,zd,zgl,dfl]. Using these lifts we may form the following unit
(A, F)-crystal on the open subset Dza) of G,

~ o~ Yo F*
(I):A®Zp OZA (Tg) F

. R @, O

(a)’

which reduces to & after ®;A. Denote this unit (A, F)-crystal by £, and let
L denote the corresponding lisse étale Zy-sheaf on DZa) obtained as the ®-
fixed étale subsheaf of the étale sheaf induced by £. We saw in section 3
that £ is a lisse sheaf of A-modules of rank m. We will prove that the ra-
tio L(D(a), £)/L(SpecF,, gi.L), belongs to 1 + @TA(T). Specializing via the

map A — A, we conclude that

Q(f, £) € 1+ mTA/p"[T],

completing the proof of theorem 1.5

(4.8) In this section we make a series of changes of basis of the unit F-
crystal and its lift € in order to ensure that the matrices (r;;) and (r7;) have
certain properties. Slightly abusing notation, we will again denote by a the
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image of a in Alz, zfl, e 2d, z;l]. We begin by observing that
F*a =aP (mod p)
=0 (mod a”,p).

Thus, if n is an integer such that p™ = 0 in A, then for some sufficiently large
natural number N we have

(F*EL)N =0 (mod ELN'H,p"),
and so
(F*aj/a)N € ahz1, 20 Y. 24,25 1)

If we let M be the maximal power of & occurring in the denominators of the
elements 7;; of Alz1, zl_l, e 2d zd_l, a~!] then we see that

(F*a/a)MTONp € ah[z, 278, ., 24, 27

for each pair 4, j. Consider the commutative diagram

m (F*a/a)MFTON ()0 F* m
A®s, ODEa)( /@) (rij)oF™ o Rz, OD(a)
J/a(MJrl)N la(MJrl)N

m (rij)oF™* m

A ®Zp ODECL) A ®Zp OD(G,)

in which the horizontal arrows are F*-linear maps and the vertical maps
are A ®z, O, \-linear isomorphisms (since they are simply multiplication by

G(M+1)N

D{a)
, a unit on D(a)). This shows that we may choose a basis for £ with

~

respect to which the matrix (r;;) of ® has entries in aA[z, zfl, ey 2d, z;l],
and from now on we assume that we have made such a choice, so that L is
described by the short exact sequence

m 1—(7ri;(2))oF™
0—>f—>A®,0p (rij ()

I N —

in which (r;;(2)) is a matrix of of polynomials vanishing precisely at the points
of Z(a).

Now as in (4.7) we may lift the polynomials r;;, this time to elements 77;
of [z, zfl, e 2d, 251], to obtain a lift £ of £ and a lift £ of £. Let s be an
integer chosen so that each (2 ---zq)°rj; belongs to Alz1,. .., zq], and choose
a second integer ¢ so that (p — 1)t > s. Then the diagram

(Zl"'Zd)(p_l)t(’Fij)OF* ~

A @y, OF,

A @z, OF,
i(zl“'zd)t J{(Zl“'zd)t

~ ;7)o F'* ~
A ®Zp O(gq;i (T' ]) A ®Zp O@rdn,
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in which the horizontal arrows are F*-linear morphisms and the vertical ar-
rows are A @z, Opq -linear isomorphisms (since (21 - - - 24)" is invertible on GZ,),
commutes. The matrix (2; - - - zg) P~ V!(7;;) consists of elements of

(4.9) (z1--- zd)A[zl, ey zdl N d/i[zl, zl_l, e 24 z;l],

by construction. Thus we see that we may choose a basis of £ so that the
matrix 7;; describing the F*-linear endomorphism ® of & consists of elements
of the intersection (4.9), and from now on we assume that we have done this,
and that the matrix 7;; is chosen with respect to this basis.

Let ¢ denote the structural morphism g : P — Spec F,, let h denote the
open immersion of F,-schemes h : D(a) — P4, underlying the open immersion
of p-adic formal schemes Dfa) — P? 5o that f = gh, and let O(—1)z4 denote
the ideal sheaf of the formal hyper-plane at infinity of P¢ (that is, the hyper-
plane described by the equation Zy = 0). Let u be an integer chosen so that
(p—1)u is greater than the degree of each of the polynomials 7;;. By virtue of
this choice of u, the matrix (7;;) induces an F*-linear endomorphism (7;;) o F™*
of A ®z, O(—u)pa. Furthermore, since the 7;; are divisible by each z; as well
as by a, and since (p — 1)u is in fact greater than (rather than just equal to)
the degree of any of the 7;;, we see that the étale sheaf of (7;;) o F™*-invariants
of A ®z, O(—u); is exactly equal to hL. More precisely, write £, = L/p"L,
and A, = A / p"A. Then for each n > 1, we have have a short exact sequence
of étale sheaves

1—(Fij)OF*

0 —>hily, — An @z, O(~u)Z

pd

R ®2, O(—u)7, —>0.
This is the exact sequence which we will use to compute fgﬁ~ = ggh!/j, and
hence to compute its L-function, in order to compare it with the L-function of
L. (The construction of this exact sequence is an application of the technique
of [4], lemma 4.5, p. 120. It is greatly generalized in [6], [7].)

(4.10) If we apply g« to the short exact sequence of étale sheaves con-
structed above then keeping in mind that for coherent sheaves étale push-

forward agrees with the coherent push-forward, and that for ¢ < d,
R fo(Ay ®2, O(—u)sa) = H' (P, Ay @2, O(—u)a) = 0,
we obtain the exact sequence

0 — RAfL, — HUPY Ay @z, O(—w)fh)

pd

1—H((7;)0F*)

HYP?, A, @, O(—u)T) —> RHIfL, —>0

of étale sheaves on SpeclF,. If we take the stalks of this exact sequence over
the geometric point SpecF, of SpecF,, and pass to the inverse limit over n,
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then we obtain the exact sequence

0 —> (RUfiL)g, — HUP, A @z, O(—u)T) @z, W

1=H%((7;;)0F*) @0

Hd(]Pd, ]\ ®ZP O(—U)g;) ®Zp W
d+1 £ /Y
— (R f!'C)Fp —0.

The morphism 1— H4((7;;)0 F*)®0 is surjective, and so we see that R4 fi.£ =
0.

LEMMA 4.11. The ratio

L(Spech, f!ﬁ>/det[\(1 - Hd((fij) © F*)T7 Hd(Pd“f\ 1z, O(_U)Ig?i))

(-
is an element of 1+ ®TA(T), and is a rational function.

Proof. Let us denote the finite rank free A-module H% (P, /~X®Zp O(—u)gy)
by M, for simplicity of notation, and let us denote the A-linear endomorphism
HY((7;;) 0 F*) of M by W. A little linear algebra shows that M has a canonical
direct sum decomposition M = My, & M,;;, determined by the property
that M, is the maximal W-invariant A-submodule of M on which ¥ acts
surjectively (or equivalently, bijectively), while M,;; is the maximal W-invariant
A-submodule of M on which U acts topologically nilpotently. Indeed, it is
clear that such decomposition exists for M as a Z,-module. However, as it is
canonical My, and M,; are A stable. Thus they are projective, and hence
free A-modules.

We extend the endomorphism ¥ to the o-linear endomorphism ¥ ® o
of M ®z, W. Since ¥ acts topologically nilpotently on M,;, 1 — ¥ ® o acts
bijectively on M, ®z, W. Thus we may replace the exact sequence

0— (Rdﬁi)ﬁp — M ®z, A M ®z, W —0

of section (4.10) by the exact sequence

= 1-¥Y®oc
—

0— (Rdf"é)ﬁp - Munit ®Zp W Munit ®Zp W — 0.

Since ¥ acts bijectively on M., we see that ¥ makes M., into a unit (]\, F)-
crystal, and that R%f,L is the corresponding lisse p-adic étale sheaf on Spec Fp.
Thus

L(SpecFy, Ail) = dety (1 — ¢T, (RUfiL) )V
— detz (1 — UT, Myypit) D"
= det (1 — T, M) D™ fdet; (1= UT, M) D
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d+1

Thus the lemma will be proved once we show that detz (1 — W7, M) =Y
belongs to 1+ mA(T"). But this follows from the fact that ¥ acts topologically
nilpotently on M,,;;, and so nilpotently on M/m, so that the characteristic
polynomial of ¥ on M,,; satisfies the congruence

detz(1 = VYT, Muy) =1 (mod m). O

(4.12) We now turn to describing the L-function of £ in terms of the
matrix (7).
LEMMA 4.13.  The L-function of £ on D(a) is determined by the formula
Hpe = H< ) det g, 1w, (1= ((7i;(2)) 0 )T, A oy, W)~
z€|D(a

(Recall from section 4.3 that & denotes the Teichmiiller lift of the closed point

Proof. This follows from the fact that nga) equipped with the F*-linear

endomorphism (7;) o F* is the unit F-crystal & corresponding to £. More
precisely, the Artin-Schreier short exact sequence

m 1—(771--)0F* m
0—£— %, : Dla) — 0

shows that for any point = of D(a), if Z denotes an étale point lying over =z,
then

det(1 — ¢?@TI@ £} = det(1 — ((7;j(%)) 0 o) T A @, WM). O

COROLLARY 4.14. The L-function of £ on D(a) agrees with the product
TT et (1 = (@) 00T oy, W)
z€|G, |

up to multiplication by an element of 14+ pTA(T).

Proof. Lemma 4.13 shows that the ratio of L(D(a),£) and the product
in the statement of the corollary is equal to

TT detan, v, (1 - (3y(@)) 0 )T, R, Wiy,
€| Z(a)|
Thus it suffices to show that this product belongs to 1 + pA(T).

For any positive integer ¢, let |Z(a)|s denote the (finite!) subset of |Z(a)]
consisting of those closed points z for which d(z) = §. By construction, each
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7i; is an element of aA[z1, 27, ... | 24, z;']. Thus for each z in |Z(a)ls, 7;(%)
lies in pA ®z, Wy, so that the entries of

((75(&)) 0 0) ) = ((7(#)) 0 )°
lie in p°A, and the finite product

11 detzg, w, (1= ((rij(2)) o)A N @, W)
z€|Z(a)la

lies in 14 pTA[[p°T]] € 1+ p?TPA(T?). From this we conclude that

[T detae, w, (= (ris(@) 0 )" OT4), A o, Wiyt
z€|Z(a)]|

=11 1I detzg, w, (1= ((ry()) o o) MO A @y, W)
0>0z€|Z(a)|s

lies in 1 + prX(T), thus proving the corollary. O

(4.15) Theorem 1.5 now follows from lemma 4.11 and corollary 4.14,
together with the following result, whose proof is the subject of section 5.

PROPOSITION 4.16. Let P(T') denote
det (1 — HY((7;;) o F*)T, H'(P*, A @3, O(—u)T3)) € 1+ TA[T).

Then
[T detae, w. (1= ((F(#)) 0 )MOTUD) A @, Wi~
T€|GH, |
d : d+1—i(d
=0

and so in particular, the ratio

[T detae, w, (1 = (@) 0 )T Koz, W)= | /P(T) D"

z€|GL, |

lies in 1 + pTA(T), and is a rational function.

5. Proof of proposition 4.16

(5.1) In order to prove proposition 4.16, we begin by describing the
morphism which is Grothendieck-Serre dual to the map 1 — HY((7;;) o F*).
The free A-module H(P4, A ®g, O(—u)gy) = Hd(]P’d,(’)(—u)gZ) ®z, A has
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Grothendieck-Serre dual equal to H O(Pd,Qd(u)g;) Rz, A. Let C denote the
Cartier operator on di corresponding to the lift of Frobenius F, defined by
the formula

. cdzy N Ndz
C(z?---z&‘il—d)
Zln.-zd

i ddo Ao ANd
_ 2 ---zdp%‘z(izd if i; =0 (mod p) for all j

0 ifi; #0 (mod p) for some j.
By virtue of our choice of u, the composite C o (7;;) defines an endomorphism
of A ®z, Q%(u) :

~ CO F,L
i g, () — S

/~\ ®Zp Qd(u) s

and the dual of the endomorphism H((7;;)) o F* of H(P4, O(—u)gy) is the
endomorphism H°(C o (7;)) of HO(P?, Qd(u)gd) Rz, A. Since a matrix and its
adjoint have the same characteristic polynomial we see that
P(T) = detz (1 — H°(C o (745))T, H* (P, Q% (w)}) @z, A).
(5.2) The usual formula for the logarithm of a determinant shows that

(5.3) logP(T) = — itrace;\(Ho(C o (7)), H' (P4, Q4 (w)T) @3, ]\)%.
n=1

For any sections a of A ®z, O]P;d and w of Q%d we have the identity
aCw = CF*(a)w,

and so for any positive integer n we have

n—1
(Co(Fig)" =C"o [T ((F)'7).

=0

This allows us to rewrite (5.2) in the form

(5.4)
%) n—1 n
log P(T) = = tracez (H(C" o [[(F*)* (7)), H (P, Q4 (u)Eh) @z, MT;
n=1 k=0

(5.5) Fix a positive integer n, and suppose that (f;;) is any m x m matrix

of elements of (2 - - - z4)A[21,. .. , zq], such that each of the f;; is of degree less
than (p" — 1)u. (For example, Z;é((F*)kﬁj) is such a matrix.) We have a
morphism

< C"o(fij)  ~
A ®Zp Qd(u)g}i d A ®ZP Qd(u)m

pd>
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which induces an endomorphism H°(C" o (f;;)) of HO(P?, A Rz, Qd(u)gb). We
may also form the sum of matrices
> (@),
QJEG%(Fpn)
which will be an m x m matrix of elements of Z,. In this situation we have

the following lemma, which is a slight modification of lemma 2 of [5]:

LEMMA 5.6.  For any matriz (f;;) as above we have the following formula:
trace; (HC(C™ o (fi;)), HO (P, A ®7, Q% (u)T))
1 ~ Am
- (pn _ 1)dtrace/~\( Z (f@](ZE)),A )
xEan(FPn)

(Recall from section 4.3 that T denotes the Teichmiiller lift of the Fpn-valued
point = of GY,.)

Proof. We first reduce the proof of the formula to the case m = 1, as
follows. It is clear that the trace on the left hand side is given by the formula

trace]\(HO(C” o (fij)), HO<PdaA Qz, Qd(u)gzl))

= Ztraee]\(HO(C" o fii), HO(]P’d, A Oz, Qd(“)]@d))a
i=1

while the trace on the right hand side is given by the formula

1 m
EE S fii().
(pm —1)4 ;xe@,%%n)

Thus if we knew that for any f in z1---24A[21,...,24] of degree less than
(p™ — 1)u we had the equation

(5.7) tracez (H°(C" o f), H'(P%, A @z, Q%(u)sa)) = M Z f(z),
z€GE, (Fpn)

the lemma would follow. This is what we now prove.

The set of all such f form a A-submodule of A[zl, ..., 24|, and both sides
of equation (5.7) are A-linear in f. Thus it suffices to prove the formula in the
case that f is a single monomial

« (63
f=z" 25
with

(5.8) 0<ap,...,aq, ai+--+ag<(@"—1u.
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The A-module HO(P?%, A ®z, Q%(u)za) has as a basis the differentials

zﬁl.uzﬁddzl/\“-/\dzd
1 d Zl".Zd ’
with
(59) O<ﬁl7"'7ﬁd7 ﬁl++ﬁd<u
We see that
dz1 N---Nd
Cn(zlalzgdz’flzgdy)
1 Zd
:Cn(zal‘f‘ﬁl”'Zad*‘ﬁddzl/\"'/\d’zd)
1 d Zl--.zd
S Y
2 Py P R RANAL all a; + 8; =0 (mod p™)
— Zl...zd
0 some «; + 3; Z 0 (mod p").

From this we see that the matrix of H°(C" o f) with respect to the given basis
of HO(P?4, A ®z, Q%(u)za) has entries which are either 0 or 1, and so the trace
of HY(C™ o f) is equal to the number of 1’s on the diagonal, which is given by
the number of d-tuples 31, - , B4 which satisfy

(5.10) a; + B =p" B, for 1 <i<d,

together with (5.9). We see immediately that the system of inequalities and
equations (5.9), (5.10) has no solutions unless

ap=-=ag=0 (modp" —1),

in which case there is a unique solution (here we are using the fact that
aq, ... ,aq satisfies (5.8)), so that
(5.11)

- 1 allg; =0 od p" —1
trace; (C" o f, HO(PL A @y, Q% (u)sa)) = { “ (mod p" = 1)

0 some «; Z0 (mod p™ —1).

On the other hand, as x ranges over all the F,n-valued points of G4, the set

of Teichmiiller lifts & ranges over all d-tuples of (p™ — 1) roots of unity in
W (Fpn ). Thus

1 ] 1 o o
o 2 AW 2 G

(5 12) J?EG,,dn(]Fpn) C17“‘7Cd€llp"—1
{1 all ; =0 (mod p" — 1)

0 some a; Z0 (mod p™ —1).
Comparing (5.11) and (5.12), we see that (5.7) is proved, and with it the
lemma. O
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(5.13) Applying lemma 5.6 to the matrices HZ;&((F*)’“E-]-) which appear
in the expression on the right side of equation (5.4) we obtain the equation

0o n—1 n
log P(T) = =Y tracez( >  [](F(0"(@))),A™) T
n=1

n _ 1\d
ZEGG,,dn(Fpn) k=0 n(p 1)

= = (A n Am ™
:—;trace]\( Z ((735(2)) 0o o)™, A )W

xGG%(FPn)
This in turn implies that
d

tog [[ PT) V(D) =S tracey (S0 (@) 0 o), A
n=1

. n
i=0 z€GE, (]Fpn )

Exponentiating both sides yields proposition 4.16.

6. Lifting representations of arithmetic fundamental groups

(6.1) In this section we discuss some applications of our method of lifting
locally constant étale sheaves of finite free A modules by lifting the associated
(A, F)-crystals. For the duration of this section A will denote an artinian
local Zj,-algebra with finite residue field and X will denote a smooth affine
F,-scheme. We have seen above that there exists a surjection A — A with
A a finite flat local Zp-algebra. With these notations, we have the following
theorem:

THEOREM 6.2. Let
p:m(X) — GL4(A)

be a continuous representation of the arithmetic étale fundamental group of X.
There exists a continuous lifting of p

p:m(X) — GLa(A).

Proof. The representation p corresponds to a locally constant étale sheaf
of finite free A-modules on X. We denote this sheaf by £. Now we claim that
X can be lifted to a formally smooth p-adic formal scheme X over Zyp equipped
with a lift F' of the absolute Frobenius. Indeed by [10], III the obstructions
to the existence of such a lifting are contained in the cohomology of certain
coherent sheaves on X, and so vanish, since X is affine.

Fix X and F, and denote by £ the unit (A, F')-crystal on X corresponding
to L, so that & is a finite free A ®z, O sheaf equipped with an isomorphism
F*& =5 £. We have already seen in the proof of proposition 3.2, and also in
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(4.7), that locally on X, € can be lifted to a finite free A ®z, Og-module £
equipped with an isomorphism F*€ — £ lifting F*€ — &. The obstruction
to the existence of such a global lift is contained in the cohomology of certain
coherent O ¢-modules (because A ®z, O is Oy coherent), and so vanishes,
since Oy is formal affine.

This proves the pr0p051t10n because by proposition 3.2, & corresponds to
a lisse sheaf of A-modules on X which gives the required representation p. [J

THEOREM 6.3.  With the notation of theorem 6.2, suppose that X C Al
is an open subset of the affine F,-line. Then p may be chosen so that the
corresponding lisse sheaf of A-modules L has rational L-function.

Proof. As in section 4, we let I denote the lift of Frobenius on P! given
(in affine coordinates) by z +— 2P, and let X c P! denote the open formal
subscheme corresponding to X C P!. We may extend the unit (A, F)-crystal £
attached to p to a sheaf £ of locally free A ®7, Op1-modules on P!. Indeed to
extend across a point of P! — X, we may work in a neighbourhood of this point,
and hence assume that £ is free over A ®z, O over this neighbourhood, when
the existence of the extension is clear. Moreover, if D denotes the divisor on P
corresponding to P! — X, and D denotes the divisor on P corresponding to the
Teichmiiller lift of D, then replacing £t by £ (—nD), for some large integer
n, we may assume that isomorphism F*€ - £ extends to a map F*§t — £7
(which cannot be an isomorphism unless p is trivial). Now set

M = HOTnA@ZpO@l (F*g+, 8+)

Replacing €1 by 5“‘(—7115) for some large integer n replaces M by M ((p —
1)nD), and so we may assume that we have H'(P', M) = 0. (This will be used
later).

Now we claim that £ can be lifted to a locally free A ®z, Opi-module
ET. Indeed, such a lifting exists locally, and the obstruction to a global lifting
is contained in H? of certain coherent sheaves on P!, hence vanishes (cf. [10]
II1, 7.1).

Let n be the kernel of A — A. We claim that F*t =5 £T lifts to
a morphism F*E€*+/n? — €% /n? which is an isomorphism when restricted to
X. To see this, we begin by observing that such a lift exist locally. More
precisely, such a lift exists over any open U C P! which has the property
that £t /n? becomes a free A ®z, Opi-module when restricted to U. Now let
Up, Uy, ... U, be a collection of open subsets of P! such that the U; cover P!
and such that £t /n? becomes a free A ®z, Op1-module when restricted to each
Us. Let ¢; : F*ET — £ be a lift of F*E€T =5 €T over each U;. The elements
¢; — ¢; on the intersections U; NU; give rise to an element of A L(P!, N), where
N = Homyg, o, (F*€",n€t /m?ET). We claim that H'(P', N) = 0. Indeed,
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choosing a set of generators ny,...,ns € A for the ideal n, we can define a
surjection of A ®z, Opi1-modules

(e1y..res)—e1ny+-Fesns

(ET)* nEt /m2et,

Since F*E* is a locally free A ®g, P'-module, the above surjection yields a sur-
jection M® — N. Taking cohomology and recalling that H? of a coherent sheaf
of Ozi-modules vanishes, we see that H! (P!, N) is a quotient of H!(P!, M),
which vanishes by assumption. The vanishing of H!(P!, N) implies that we
can modify the ¢; so that they agree on overlaps. This gives the required lift,
since over each of U; the ¢; are automatically isomorphisms by Nakayama’s
lemma, as this is true modulo n.

Let My = Mﬁ@zpoﬁl (F*ET /n?,ET /n?). We also have H' (P!, My) = 0,
as we by taking the long exact cohomology sequence attached to the short
exact sequence 0 — N — My — M — 0, and recalling that H'(P', M) =
H(PY, N)=0.

Thus we can replace A by A/n? and £ by £t /n2. Repeating the above
arguments and taking an inverse limit we obtain a lifting F*£T — T of
F*&% — £T which is an isomorphism when restricted to X. Now this restric-
tion £ = £1|x gives rise to a lisse étale sheaf £ of finite free A-modules on X
which induces the required representation p. To see that the L-function of p has
the required property, first note we may replace X by a non-empty open subset,
and L by its restriction to this open subset, as this changes the L-function only
by a rational function. Thus we may assume that X C G,,, and that £ is free
over A®z, O (then £ is free over A@ZP O, as one can lift a basis for £.) Now
we are in exactly the situation of (4.8) (note that Grothendieck’s algebraization
theorem guarantees that the matrix entries describing the morphism F*€ — &
are rational functions, since by construction this extends to a morphism of co-
herent sheaves F*E+ — & *+) and the argument of section 4 shows that L(X, £)
is a rational function over A. Indeed in the calculation of this L-function in
section 4 the only possible non-rational contribution comes from corollary 4.14,
where (in the notation of the proof of that corollary) one encounters the prod-
uct HxEZ(a) detf\@szz (1— ((745(2)) 0 o) @) =) A ®z, W)~ In the general
context of that corollary, this product could be infinite. However, in the cur-
rent situation Z(a) is finite (being a proper closed subset of a curve), and so
this is a finite product, and hence is indeed a rational function! |
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