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1. INTRODUCTION

The aim of this paper is to establish (under certain technical hypotheses) the
local-global compatibility conjecture introduced in [38]. As one application, we
obtain results related to the Fontaine-Mazur conjecture on two-dimensional Galois
representations.

1.1. The local-global compatibility conjecture. In [38] we made the following
local-global compatibility conjecture (Conjecture 1.1.1 of that reference):

1.1.1. Conjecture. IfV is an odd irreducible continuous two-dimensional represen-
tation of Gg, defined over a finite extension E of Qp, and unramified outside of a
finite set of primes, then the GLa(Af)-representation Hompq, (V, ﬁ%) decomposes
as a restricted tensor product

Hom (g (V, H) — B(Vig,,) ® Q) (V).
L#p

In the statement of the conjecture, H 1. denotes the p-adically completed coho-
mology of the tower of modular curves (as defined in [35]; see also Subsection 5.1
below), B(V|GQP) denotes the admissible unitary Banach space representation of
GL2(Q,) associated to V‘GQp via the p-adic local Langlands correspondence, and
for each prime £ # p, m(V) is the admissible smooth representation of GL2(Qy)
associated to Vg, via (a modified version of) the classical local Langlands corre-
spondence. (The representation that we here denote my (V') was denoted by 7}*(V)
in [38]. It coincides with the representation attached to V\GQZ by the classical local
Langlands correspondence with respect to the Tate normalization, except in those
cases in which the latter representation is not generic (i.e. not infinite-dimensional).
See Subsection 4.2 below for a precise specification of m,(V).)

1.1.2. Remark. In fact, Conjecture 1.1.1 is likely false as stated in one particular
case — namely, when the local Galois representation V|GQp is a twist of an extension
of the cyclotomic character by the trivial character; see Remark 6.1.23 below.

At the time that [38] was written, the existence of a p-adic local Langlands corre-
spondence for two-dimensional p-adic representations of G, was still conjectural.
However, such a correspondence has now been constructed by Colmez and Kisin
[25, 61]. We rely heavily on the deformation-theoretic formulation of the corre-
spondence due to Kisin [61], not only to give Conjecture 1.1.1 a precise sense, but
also as a key tool in our arguments. For our application to the Fontaine-Mazur
conjecture, we also rely crucially on Colmez’s results on the non-vanishing of locally
algebraic vectors [25, Thm. VI.6.18].
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1.2. Statement of results. We work in the context of promodular Galois rep-
resentations. Let E be a finite extension of Q,, with ring of integers O, residue
field k£, and uniformizer w. Recall that a continuous irreducible two-dimensional
representation V' of Gg over E is called promodular if it is isomorphic to the Galois
representation attached to a cuspidal p-adic modular eigenform of some (possibly
non-integral) weight, or equivalently, if the pseudo-representation attached to V'
lies in the Zariski closure, in an appropriate deformation space, of the set of p-adic
pseudo-representations attached to classical cuspforms. (See e.g. [38, §7.3].)

The following theorem is our main result in the direction of Conjecture 1.1.1. It
is proved in Subsection 6.2 below.

1.2.1. Theorem. Let V be a continuous, irreducible, promodular two-dimensional
representation of Gg over E, unramified outside of a finite set of primes. Let V
denote the residual representation attached to V, and assume that the following
conditions are satisfied:

(a) V is absolutely irreducible.

(b) V|G% A xR ( (1) ; ) for any k-valued character x of Gq, (where x may

or may not be zero, and € denotes the mod p cyclotomic character).
The following conclusions then hold:
(1) For some finite set of primes ¥ containing the primes at which V is ram-

ified, together with p, there is a non-zero GL2(Qp) x GLq (A?)—equivariant
map
B(Vig,,) ® Q) me(V) — Hompay) (V, Hip).
g
If, furthermore, V|, s neither the direct sum of two characters, nor an
extension of a character by itself, then any such map is an embedding.

- . . . . = 1
(2) If V is p-distinguished, i.e. V\G@p A x® < 0 >1k
acter x of Gq, (where x may or may not be zero), then there is a GLa(Ay)-
equivariant isomorphism

B(Vig,,) ® @)’ m(V) —~ Hompig)(V, Hp).
L#p

for any k-valued char-

In fact, in the situation of part 2 of the theorem, we prove a stronger result, which
describes not only the multiplicity spaces Homg(g,)(V, H L) for those V lifting V/,

but the structure of the summand of H', itself (and even its unit ball HL,) obtained
by localizing at V. (See Theorem 6.2.13 below for the precise statement.) As well
as the p-adic local Langlands correspondence of [25, 61], this description involves
the local Langlands correspondence in families developed in [43] (and recalled in
Section 4 below).

As explained in [38], Theorem 1.2.1 has the following corollary (proved in detail
as Theorems 7.1.1 and 7.2.1 below). It is here that we use Colmez’s result on the
non-vanishing of locally algebraic vectors, a result which was stated as one of the
conjectural properties of the p-adic local Langlands correspondence in [38].

1.2.2. Corollary. Let V' be a continuous, irreducible, promodular two-dimensional
representation of Gg over E, unramified outside of a finite set of primes. Let V
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denote the residual representation attached to V, and assume that the following
conditions are satisfied:

(a) V is absolutely irreducible.

— 1 x
0) Vg, x5 (g

or may not be zero).

) for any k-valued character x of Gg, (where x may

The following conclusions then hold:

(1) If V|G@p is trianguline, then V is a twist of the Galois representation at-
tached to an overconvergent p-adic cuspidal eigenform of finite slope.

(2) If ViGq, is de Rham with distinct Hodge-Tate weights, and if V|c, is not
the direct sum of two characters that have isomorphic reductions modulo w,
then V is a twist of the Galois representation attached to a classical cuspidal
eigenform of weight k > 2.

Our requirement that V' be promodular is little restriction, in light of the fol-
lowing theorem, which is a consequence of the results and methods of the papers
[4, 31, 53, 54, 55, 60]. (See Subsection 7.3 below for the proof.)

1.2.3. Theorem (Bockle, Diamond-Flach—Guo, Khare-Wintenberger, Kisin).

Let V' be a continuous, irreducible, odd, two-dimensional representation of Gg
over E, unramified outside of a finite set of primes X. Assume that the follow-
ing conditions hold:

(a) p>2.

(b) V|G@(<p) is absolutely irreducible.

(c) V|G@p A x® ( (1) T ) or x ® ( (1) ; ), for any k-valued character x
of Gq, (where x may or may not be zero).

Then V is promodular, of tame level divisible only by the primes in ¥\ {p}.
Combining this result with corollary 1.2.2, we obtain the following result.

1.2.4. Theorem. Let V be a continuous, irreducible, odd, two-dimensional repre-
sentation of Gg over E, unramified outside of a finite set of primes, with associated
residual representation V. Assume that the following conditions hold:

(a) p>2.

(b) V|G@(<p) is absolutely irreducible.

(c) V|G@p " x® < (1) 1( > or X ® ( (1) ; ) , for any k-valued character x

of Gq, (where x may or may not be zero).
The following conclusions then hold:

(1) If V|G@p is trianguline, then V' is a twist of the Galois representation at-
tached to an overconvergent p-adic cuspidal eigenform of finite slope.

(2) If ViGg, is de Rham with distinct Hodge—Tate weights, then V is a twist
of the Galois representation attached to a classical cuspidal eigenform of
weight k > 2.

The first of these results confirms (under the given hypotheses) a conjecture of
Kisin. (See [56, Conj. 11.8], as well as the discussion in note (2) on p. 450 of the



LOCAL-GLOBAL COMPATIBILITY IN p-ADIC LANGLANDS FOR GLy/q 5

same paper.) The second of these results confirms (again for V satisfying the given
hypotheses) a conjecture of Fontaine and Mazur [46, Conj. 3c]|.

1.2.5. Remark. A result similar to part 2 of Theorem 1.2.4, but with slightly differ-
ent hypotheses on V', has been proved by Kisin [59]. In Kisin’s result, hypothesis (c)
g %
0 1
x of Gg, (where * may or may not be zero). As a corollary of his result, Kisin has
deduced Conjecture 11.8 of [56] (under the same set of hypotheses on V), a result
which is related to, but somewhat weaker than, part 1 of our Theorem 1.2.4.

In fact, what Kisin established in [59] is that the Fontaine-Mazur conjecture for
two-dimensional representations of Gg (under the additional technical hypotheses
just described) follows from the existence of a p-adic local Langlands correspon-
dence for two-dimensional de Rham representations of G, with distinct Hodge—
Tate weights, provided that this correspondence is compatible in a suitable manner
with the classical correspondence. Such a correspondence, satisfying the requisite
compatibility, had already been constructed by Berger and Breuil in the crysta-
belline setting [3] and by Colmez in the semi-stable (up to a twist) setting [22].
As we have already remarked, the p-adic local Langlands correspondence for two-
dimensional representations of G, has now been constructed in full generality by
Colmez and Kisin. In the case of two-dimensional representations that are po-
tentially crystalline, but not crystabelline, we establish the compatibility with the
classical correspondence in Theorem 3.3.22 below, building on Colmez’s results
in [25]. This completes the proof of the properties of the p-adic local Langlands
correspondence required to deduce the Fontaine-Mazur conjecture in such cases
(i.e. potentially crystalline, but not crystabelline, locally at p) via the arguments
of [59].

Some further discussion of the relationship between our approach and Kisin’s
approach to the Fontaine-Mazur conjecture is given in Subsection 1.4 below.

is replaced by the condition that V' Ga, A xR for any k-valued character

Our local-global compatibility result (in the strong form provided by Theo-
rem 6.2.13) has as a corollary the following theorem, which describes the multi-
plicities with which a mod p Galois representation can appear in the mod p étale
cohomology of a modular curve of arbitrary level.

Write H} = lim H (Y (N), k), the inductive limit over all levels N of the étale

N
cohomology, with coefficients in k, of the full (geometrically disconnected) modular
curve of level N. This is naturally a representation of Gg x GLa(Ay).

1.2.6. Theorem. Let p: Gg — GLa(k) be absolutely irreducible and modular (or
equivalently, odd [53, 54, 55, 60]). Suppose furthermore that p > 2, and thatﬁ‘G@p 18

not equivalent to either x ® ( (1) T ) or x® < 1 , for any k-valued character

*
0
x of Gg, (where * may or may not be zero). Then there is a k-linear and GLa(Ay)-
equivariant isomorphism

T® ®IW(E|GQ£) = Homyg,) (9, Hy),
tF#p
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where the representation T of GL2(Q)) is attached to p‘G via the mod p local
Langlands correspondence of Theorem 3.3.2 below, and for cach ¢ # p, the repre-
sentation 7T(p|GQ ) of GL2(Qy) is attached to PlGg, via the mod p local Langlands
correspondence for GLy(Qy) given in [43] (and recalled in Theorem 4.3.1 below).

1.2.7. Remark. I expect the same result to hold when p = 2, but our imperfect
understanding of the mod 2 and 2-adic local Langlands correspondence for GLs(Qy)
(¢ # 2) leads to a less definitive result in this case; see Remark 6.1.21.

1.2.8. Remark. Theorem 1.2.6 is related to, and indeed generalizes, classical “mod
p multiplicity one” results due to Mazur, Ribet, Wiles, and others (see e.g. [64, 72,
65, 48, 33, 86]). These results describe the multiplicity with which p appears in the
cohomology of modular curves of level I'1(N), when N is prime-to-p, or divisible
by at most a single power of p. They may be recovered from Theorem 1.2.6 (for
those p to which the theorem applies) by passing to the invariants under a suitably
chosen compact open subgroup of GL2(Af); we should point out, though, that
these results are among the tools that we use in the proof of Theorem 1.2.6. (Note,
however, that we only use the more straightforward results of [64, 72, 65, 48, 33];
we do not use either the existence of companion forms [48] or [86, Thm. 2.1 (ii)]
in the more difficult case when (in the notation of that reference) A, is trivial
mod m. Indeed, Theorem 1.2.6 gives a new proof of these results, for those p to
which it applies; see Remark 6.2.15 below.)

1.2.9. Remark. We conjecture that Theorem 1.2.6 continues to hold in the case

Lo ), for some k-valued character x of Gg,

when PGy, 18 equivalent to x ® ( 0 1

(with p > 3, so that PG, is not equivalent to y ® ( (1) ; ) , for any k-valued

*
0 g )’
for some k-valued character x of Gg,, we also expect an analogous result to hold.
However, the correct definition of 7 in this case is more problematic (and in par-
ticular, is not provided by Theorem 3.3.2 below). See Remark 6.1.23 below for a
further discussion of this point.

character x of G, ). In the remaining cases, when p is equivalent to x ®

1.2.10. Remark. In the paper [79] Serre stated his conjecture that any odd con-
tinuous irreducible representation p : Gg — GLa(k) should be modular, of minimal
weight and prime-to-p level determined by the local properties of p at p and away
from p respectively. This conjecture has now been proved [53, 54, 55, 60]. In the
same paper, Serre raised the question as to whether his conjecture might admit a
reformulation in terms of the mod p representation theory of the adelic GLy [79,
Question 3.4 (2)]. The preceding theorem gives a positive answer to Serre’s ques-
tion (for those p to which it applies). Indeed, from this representation-theoretic
statement one can determine the minimal weight of p (which is determined by
the socle of 7 as a GL3(Z,)-representation — see Lemma 3.5.5 below, as well as
the discussion in the proof of [14, Thm. 3.15]) as well as the minimal prime-to-p-
level of p (which is equal to the conductor of the smooth GLg(A’;)-representation

Rty T(P iy, ))-

As was already intimated in the discussion of Remark 1.2.5, as another ap-
plication of our results we prove Theorem 3.3.22 below, which for any de Rham
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representation with distinct Hodge-Tate weights V' of Gg, over E, gives a precise
description of the locally algebraic vectors in the Banach space representation B(V)
of GL2(Q,) associated to V' via the p-adic local Langlands correspondence. This
completes the results of Colmez in [25, §§VI.6], where this question is investigated,
and completely solved in the case when V becomes crystalline or semi-stable over
an abelian extension of Q,,.

1.3. The organization of the paper. In Section 2 we introduce some notation
which will be in force throughout the paper. The next three sections are prepara-
tory in nature. In Section 3 we recall various recent results (primarily due to
Colmez and Kisin) that construct the mod p and p-adic local Langlands corre-
spondences, and establish some additional related results. In Section 4, we recall
some of the results of [43] regarding the local Langlands correspondence at primes
¢ # p in characteristic p or over complete local rings of residue characteristic p. In
Section 5 we recall the construction of (and introduce notation for) the p-adically
completed cohomology of modular curves, as well as some related constructions
and results (in particular, for the mod p cohomology of modular curves). We give
representation-theoretic interpretations of several results from the literature in this
context, including the mod p multiplicity one results of [64, 72, 65, 48, 33], as well
as some of the results from the theory of p-adically ordinary modular forms.

Section 6 presents our main results. As already noted above, in addition to
Theorem 1.2.1, which describes the multiplicities with which various Galois repre-
sentations appear in p-adically completed cohomology, we prove (in many cases) a
stronger result (Theorem 6.2.13), which gives a complete description (as a repre-
sentation of Gg x GL2(Ay)) of the space of p-adically completed cohomology itself
(after localizing at an appropriately chosen two-dimensional mod p Galois repre-
sentation). Finally, in Section 7, we deduce the various modularity results stated
above.

In the appendices we develop some basic functional analysis that is required in
the main body of the text.

1.3.1. Remark. It may be useful, for those readers who are primarily interested
in the proof of Theorem 1.2.4, to indicate those parts of the paper that are nec-
essary for the proof of this result. The proof of the theorem (other than part 2
of the theorem in the case when V|g, is the direct sum of two characters) re-
quires the material of Subsections 3.1-3.4 and 5.1-5.4; the following material from
Section 6: Definition 6.1.1, Theorem 6.2.1, Proposition 6.2.2, the proof of Theo-
rem 1.2.1 (which is given in Subsection 6.2), Subsection 6.3 up to and including
Corollary 6.3.17 (always taking = 7%), and Subsection 6.4 up to Remark 6.4.3;
Subsections 7.1-7.3; and the material of the appendices. The same material (but
substituting Subsection 7.4 in place of Subsections 7.1-7.3) serves to give the proof
of Theorem 3.3.22.

The remainder of the paper (including all the material in Section 4) is devoted
to proving the precise local-global compatibility of Theorem 1.2.1 (2). The most
difficult case of the argument is when V|G@p is a direct sum of two characters,
and a large part of the paper is devoted solely to dealing with this case; this is
true in particular of Subsections 3.6, 3.7, 5.5, 5.6, and 6.5. Our proof of part 2 of
Theorem 1.2.4 (i.e. the Fontaine-Mazur conjecture) in the case when V|G@p is the
direct sum of two characters requires the full strength of all this material; on the
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other hand, from the point of view of the Fontaine-Mazur conjecture (as opposed to
local-global compatibility), this case is little interest, since Skinner and Wiles have
proved much stronger results in the direction of the Fontaine-Mazur conjecture in
the ordinary case [80, 81].

1.4. Background and additional remarks. In this section we describe some
of the previous work on the problems considered in this paper, and compare our
approach to that of the earlier work. We will begin by discussing the Fontaine-
Mazur conjecture [46, Conj. 3c]. In fact, the version of the conjecture that we
address in this paper is the following:

1.4.1. Conjecture. If V is an odd irreducible continuous two-dimensional repre-
sentation of Gq, defined over a finite extension E of Q,, unramified outside of
a finite set of primes, and de Rham at p with distinct Hodge—Tate weights, then
V is a twist of the Galois representation attached to a classical modular form of
weight k > 2.

1.4.2. Remark. It is believed that the condition of being odd can be omitted
from this conjecture, i.e. that it is a consequence of the other hypotheses (see [46,
Conj. 3c]). Recently, this has been verified by Calegari [15] in the case when V' is
ordinary at p (under the technical assumptions that p > 7, and that the associated
residual representation has image containing SLy(F,)).

The original breakthrough in the direction of Conjecture 1.4.1 was made in the
work of Wiles [86] and Taylor—Wiles [83]. Further progress was made in the papers
[30], [26], [11], [32], [31], [82], [57], [58], [59], [60]. Each of these papers, other
than [59], establishes a result in the direction of Conjecture 1.4.1 of the following
form: if V' is as in the statement of the theorem, and if furthermore p > 2 (except
in [32, 60], which treat the case p = 2), V is modular and V\G@(<p> is irreducible

(where V' denotes the residual Galois representation attached to V),! and V satisfies
some additional restrictions, both on the Hodge-Tate weights of V¢, <o) and (with

the exception of [57] and [60]) on the amount of ramification occurring in the type
of the de Rham representation V|G@p’ then V is modular.? (For a discussion of the
result of [59], see Remark 1.2.5 above, as well as the remarks below.) Each of these
papers also follows (in broad outline) the strategy originally implemented in [86]
and [83], namely, to consider a deformation ring R parametrizing deformations of
V of the same Hodge Tate weights and type as V, as well as a Hecke algebra T
parametrizing modular deformations of V' of these weights and type, and then to
prove that the natural map R — T is an isomorphism.

In their paper [47], Gouvéa and Mazur prove that, under sufficiently strong
hypotheses on V, every deformation of V is promodular, i.e. is attached to a p-
adic modular form. More precisely, Gouvéa and Mazur considered an unrestricted

1n each of the papers [32] and [60], both of which consider the case p = 2, the irreducibility
condition on V' IGogc,y — the so-called Taylor—Wiles non-degeneracy condition — is replaced by
P

a slight variant.

2We should mention that in the case when V is assumed to be ordinary, or nearly ordinary,
at p, it is not necessary to impose any restrictions on the Hodge-Tate weights of V', essentially
because Hida theory [50] provides a very tight link between the p-ordinary eigenforms in an
arbitrary weight k& > 2 and the p-ordinary eigenforms in weight 2. The papers [80] and [81] prove
very strong results in the direction of Conjecture 1.4.1 in the p-ordinary case; in particular, they
succeed in eliminating the Taylor—Wiles non-degeneracy condition in this case.
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deformation ring R associated to V, as well as a Hecke algebra T acting on an ap-
propriate space of p-adic modular forms, and proved that the natural map R — T
is an isomorphism. A little later, Bockle [4] was able to combine the results of
[86, 83, 30] with the argument of [47] to prove in some generality that an arbitrary
deformation of a modular V is necessarily pro-modular. (Theorem 1.2.3 above pro-
vides a generalization of Bockle’s result.) The results of [47] and [4] are sometimes
called “big R equals big T” theorems, to distinguish them from the “small R equals
small T” theorems discussed in the preceding paragraph.

When they were first proved, the “big R equals big T” result of [47, 4] appeared
to have no bearing on Conjecture 1.4.1, since one seemed no closer to proving that
conjecture in the case of V associated to p-adic modular forms than in the case
of arbitrary V.* However, in [38] we showed that Conjecture 1.1.1 for V implies
Conjecture 1.4.1 for V, provided that the p-adic local Langlands correspondence
exists, and has sufficiently nice properties. This suggested the approach to Con-
jecture 1.4.1 that we take in this paper, namely to prove Conjecture 1.1.1 for all
promodular deformations of a given modular V, and then to combine this result
with a “big R equal big T” theorem to deduce Conjecture 1.4.1 for all deformations
of V. In fact, one can hope to implement this strategy for any odd V, since, as we
recalled above, Serre’s celebrated conjecture on the modularity of such a V' [79] has
now been proved [53, 54, 55, 60].

Of course, this strategy depends on the existence of a p-adic local Langlands
correspondence with the required properties. The original idea of the p-adic local
Langlands correspondence for two-dimensional representations of Ggq, is due to
Breuil [9], who conjectured the form that such a correspondence should take in the
case of de Rham representations with distinct Hodge-Tate weights. In [10], Breuil
also formulated a version of Conjecture 1.1.1, for those V' associated to classical
modular forms of weight k& > 2. Some results in the direction of this conjecture
were obtained in [10], [12], and [38].

To the best of my knowledge, the suggestion that the p-adic local Langlands
correspondence should exist for arbitrary two-dimensional representations of Gg,
(rather than just de Rham representations with distinct Hodge-Tate weights, as
considered by Breuil) was first made by Colmez (in his talk at the Durham sympo-
sium in the summer of 2004). This in turn suggested our generalization of Breuil’s
local-global compatibility conjecture (i.e. Conjecture 1.1.1).

Prior to the workshop on p-adic representations held in Montréal in Septem-
ber 2005, Conjecture 1.1.1 seemed inaccessible; indeed, the p-adic local Langlands
correspondence was not yet defined in general. After the Montréal workshop, the
situation changed completely. Colmez, in his talk at the workshop, explained the
construction of a functor from admissible smooth GL2(Q),)-representations over Ar-
tinian Z,-algebras to (¢, I')-modules (and hence to local Galois representations); see
[25] and Subsection 3.2 below. Soon after the workshop, Kisin explained to Colmez
how his functor could be used to provide a deformation-theoretic construction of the
p-adic local Langlands correspondence for GL2(Q,), provided that a certain map
on Exts was injective. Colmez quickly saw how to prove this injectivity result [25]

3The only prior result that we are aware of that considers Conjecture 1.4.1 specifically for Galois
representations arising from p-adic modular forms is the paper [56] of Kisin, which essentially
proves the conjecture in the case of representations associated to overconvergent p-adic eigenforms
of finite slope.
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(which has since been proved in greater generality by Paskiinas [67]), and as a conse-
quence he and Kisin were able to construct the previously hypothetical p-adic local
Langlands correspondence. After learning of this construction of Colmez and Kisin,
I realized that using it (and especially, exploiting its deformation-theoretic formu-
lation), one could deduce (many cases of) local-global compatibility for promodular
Galois representations (i.e. Theorem 1.2.1 above), and hence Theorem 1.2.4 in the
direction of the Fontaine—Mazur conjecture.

Already in his talk at the Montréal conference, Kisin had announced a result
on the Fontaine-Mazur conjecture, essentially identical to part 2 of Theorem 1.2.4
above, in the case when V' |Go, 1s absolutely irreducible and V|G% is crystabelline.
His argument also relied on results from the p-adic local Langlands correspondence,
in particular, the results of [3]. Indeed, as we already noted in Remark 1.2.5, it
is not the triangulanity of V\G@p which is crucial to Kisin’s method, but rather
the compatibility between the p-adic and classical local Langlands correspondences
for V‘G@p, which at the time of the Montréal conference was known only in the
trianguline context [3, 22]. Soon after the conference, Kisin was able to simplify
his arguments through the use of Colmez’s functor, while simultaneously general-
izing them so as to include the case when V|G@ is reducible and (now that the
compatibility between the p-adic and classical local Langlands for two-dimensional
representations of G, has been completely proved) V\G@p is not necessarily trian-
guline. (See [59, Thm., p. 642] and the discussion following the statement of that
theorem.)

Despite the similarity of several ingredients, the approach to the Fontaine-Mazur
conjecture taken in this paper is quite different from that of [59]. The argument
of [59] involves a “small R equals small T” theorem in the spirit of the original
approach of Wiles [86] and Taylor—Wiles [83]; Colmez’s functor and the p-adic local
Langlands correspondence appear as tools for obtaining control over the compli-
cated singularities of the deformation spaces that can arise when one makes no
restrictions on the weight and type. On the other hand, the argument of this paper
relies on a “big R equals big T” theorem. It is local-global compatibility, rather
than a Taylor-Wiles-type argument, that then allows one to characterize the clas-
sical points among the promodular ones in terms of their p-adic Hodge theoretic
properties.
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and hosting the wonderful workshop on p-adic representations in September 2005.

2. NOTATION AND CONVENTIONS

Throughout the paper, we fix a prime p, as well as a finite extension E of Q,,
with ring of integers O. We let k denote the residue field of O, and w a choice
of uniformizer of 0. Let Art(O) denote the category of local Artinian O-algebras
whose residue fields are a finite extension of k (or equivalently, which are of finite
length as O-modules), and let Comp(Q) denote the category of complete Noetherian
local O-algebras whose residue fields are a finite extension of k.

We let Q denote the algebraic closure of Q in C, and for each prime ¢ we choose an
algebraic closure Q. As usual, we write G to denote the Galois group Gal(Q/Q)
and Gg, to denote the Galois group Gal(Q,/Qy). For each prime ¢ we also fix
an isomorphism C — Q, (whose choice, however, will play no overt role). This
determines an embedding Q < Q,, and hence an embedding G, — Gg, via which
we identify Gg, with a decomposition group at ¢ in Gg. We also fix an embedding
FE — @p (the choice of which, again, will play no overt role). Given this choice,
together with our choice of isomorphism C —- @w it makes sense to speak of
modular forms being defined over F, or of a C-linear representation of a group
being defined over E.

We let Z denote the profinite completion of Z, so 7= IL prime Z¢- We let Af
denote the ring of finite adeles over Q; so Ay = Q ®z Z. More generally, for any
finite set of primes ¥ we write 7> = HZ&E Ze and AY := Q @y 7>,

We will frequently employ the following notation related to finite sets of primes:
we will let ¥y denote a finite set of primes that does not contain p, and then write
¥ =% U{p}.

For each prime ¢, local class field theory gives an embedding Q; — Galz (the
local Artin map), which we normalize by mapping £ to a lift of geometric Frobenius.
Global class field theory gives an isomorphism

ZX -~ Q;O\A}( AN G(%gb

(the first isomorphism being induced by the embedding 7% — A;), which we
normalize to be compatible with our chosen normalization of the local Artin maps.

We let € : G, — Z, denote the p-adic cyclotomic character, and € : Gg, — F
the mod p cyclotomic character (i.e. the mod p reduction of ). We also regard ¢
and € as characters of Q;, via local class field theory.

For any prime ¢ we let | |, denote the ¢-adic absolute value on Qg, normalized
so that |[¢|; = ¢~1. Note that the if £ # p, then the p-adic cyclotomic character of
Gq, corresponds to the character | |, of Q; via local class field theory.

If V is any Gq,-representation, then we write V2P to denote the maximal subrep-
resentation of V' on which G, acts through its maximal abelian quotient. In other
words, V2P denotes the set of fixed points of the commutator subgroup of Gq,-

We say that a continuous finite-dimensional representation of Gg,, is crystabelline
if it becomes crystalline after restricting to the Galois group of an abelian extension

of Qp.
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We write G := GL2(Q)). If Xy is a finite set of primes not containing p, then we
write G, := [[jex, GL2(Qr). We let T' denote the diagonal torus in G, namely

a 0
T::{<O d>|a,d6Q;}CG,
and let S denote the following subtorus of T

S::{(g (1)> lacQ)} CT.

We will identify S with @, in the evident manner, i.e. via the isomorphism Q, >

1

unipotent radical N (so B = TN), and we write P = SN C B. We let B denote
the lower triangular Borel subgroup of G, with unipotent radical N (so B = TN,
and T = B[\ B). We typically denote a character of T via x1 ® x2, where the x;

a— (8 O) € S. We let B denote the upper triangular Borel subgroup of G, with

are characters of Q; (and x1 ® x2 : <g 2) = x1(a)xa(d)).

If H is any locally compact group, and A is a ring, then we say that a repre-
sentation of H on an A-module M is smooth if every element m € M is fixed by
some open subgroup of H. We say that the representation is smooth admissible if
for every open subgroup H' of H, the A-submodule MHE of M, consisting of H'-
invariant elements, is finitely generated. In the case when H = G (:= GL2(Q,)), we
will apply some additional terminology in the case of non-smooth representations,
based in part on that of [39]. For precise definitions and terminology, the reader is
referred to Subsection 3.1.

For any profinite group H, and any object A of Comp(Q), having maximal ideal
m, we let A[[H]] denote the completed group ring

A[[H]] := lim A[H/H'],
P
where H’ runs over the open subgroups of H, each of the rings A[H/H'] is equipped
with its m-adic topology, and A[[H]] is equipped with the projective limit topology.
The ring A[[H]] is then a profinite topological ring.

If V is any E-vector space, by a lattice (or O-lattice) in v, we will always mean
a w-adically separated O-submodule of V' that spans V' over E. Note that if V is
an F-Banach space, then an O-submodule of V is w-adically separated if and only
if it is bounded, and is furthermore w-adically complete if and only if it is closed
in V (or equivalently, open, since any Banach space is barrelled).

If V is a representation of G, then we let V] .5 denote the G-subrepresentation
of V consisting of the locally algebraic vectors (as defined in [34, Prop.-Def. 4.2.6]).
If we let G denote the set of isomorphism classes of irreducible finite-dimensional
algebraic representations of G over E, then V] ., is the image of the natural evalua-
tion map Py, lim Hompy (W, V)@ W — V (the inductive limit being taken over

H

the directed set of all open subgroups H of G); see [34, Prop. 4.2.4, Cor. 4.2.7]. If
H is a fixed open subgroup of G, then we write Vg _a1s to denote the E-subspace of
V' consisting of H-algebraic vectors, which we define to be the image of the natural
evaluation map @y, .o Hompg (W, V)@ W — V.

We normalize the local Langlands correspondence for GL2(Qy) (for any prime ¢)
in the following way: if # = Ind% X1 ® X2 is an irreducible parabolically induced
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representation (with the x; being smooth characters of Q' with values in the mul-
tiplicative group of some characteristic zero field), then we define WD(7), the as-
sociated Weil-Deligne representation (which in the case is simply a representation
of the Weil group) to be x1 @ xa| |, ', where we now regard the ; as characters of
W), via the reciprocity isomorphism Q; = ng of local class field theory. (See
Subsection 4.2 for a further explication of our normalization.)

In Sections 5 and 6 below, we consider the action of Gg X GL2(Af) on the induc-
tive limit of the cohomology of modular curves, and on its p-adic completion. We
follow the same conventions for this action as in the reference [38]. Unfortunately,
these conventions do not agree with those of [16]: if g € GLa(Ay), then the auto-
morphism of the cohomology of modular curves induced by ¢ that we consider in
this paper is equal to the automorphism induced by the inverse transposed element
(g1 under the action considered in [16].

3. MOD p AND p-ADIC LOCAL LANGLANDS

Our goal in this section is to describe certain relationships between, on the
one hand, the mod p and p-adic representation theory of GG, and, on the other,
two-dimensional mod p and p-adic representations of the local Galois group Gq,,
relationships which are known respectively as the mod p and p-adic local Langlands
correspondence. In the remainder of these introductory remarks we briefly recall
the history of these two correspondences.

The semi-simple mod p local Langlands correspondence (so-called because it
does not take into account possible extension classes) was constructed by Breuil
[8, Déf 1.1]. The possible existence of a p-adic local Langlands correspondence was
originally suggested by Breuil in [8, 9]. Substantial progress on its development
was made in the papers [22, 3, 23, 2], after Colmez observed a relationship between
some of the constructions introduced by Breuil in [9] (in the context of the repre-
sentation theory of ) and certain constructions in the theory of (¢, I')-modules
(which provide a way of describing Gg,-representations).

In his talk at the Montréal conference in September 2005, Colmez further de-
veloped this relationship by defining an actual functor from G-representations to
G, -representations. Upon seeing Colmez’s talk, Kisin suggested that this functor
might be combined with a certain deformation-theoretic argument to construct the
p-adic local Langlands correspondence in general. Kisin’s suggestion was predicated
upon the construction of a mod p correspondence that enhanced the correspondence
considered in [8, 2] by taking extensions into account. Such an enhanced mod p
correspondence has now been constructed by Colmez (in most cases — see Theo-
rem 3.3.2 below), and building on this and Kisin’s deformation-theoretic strategy,
the p-adic local Langlands correspondence has now been constructed — see [25, 61],
as well as Theorem 3.3.13, Definition 3.3.15, and Remark 3.3.19 below.

In fact, in the paper [25] Colmez goes significantly further than he went in
his Montréal lecture, and as well as defining a functor from G-representations to
G, -representations, he gives a construction going in the opposite direction, from
two-dimensional (g, -representations to G-representations. In this way he is able to
construct the p-adic local Langlands correspondence without directly using defor-
mation theory (although the construction of the functor still employs a version of
Kisin’s deformation-theoretic strategy). However, for the purposes of this paper, we
require Kisin’s full-blown deformation-theoretic formulation of the correspondence.
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3.1. Representations of G. Let A be an object of Comp(O), with maximal
ideal m. In the paper [39], we introduced various categories of representations of
the group G over A.* For the purposes of this paper, the most important of these
is the category of w-adically admissible G-representations over A, whose definition
we will recall here.

3.1.1. Definition. An A[G]-module 7 is called a w-adically admissible representa-
tion of G over A if the following conditions are satisfied:

(1) 7 is w-adically complete and separated.

(2) The O-torsion subspace 7[cw™] is of bounded exponent, i.e. w[w’] = 7[w™]
for sufficiently large values of 4.

(3) For any i > 0, the induced A[G]-action on 7/w'r satisfies the following
condition: for any element ¥ € 7/w’n, there is some compact open sub-
group H of G and some j > 0 such that v is fixed by H and annihilated
by m7.

(4) The A/m-vector space (m/wm)[m] forms an admissible smooth representa-
tion of G under the induced G-action.

We denote by Modg_ad"‘(A) the category of w-adically admissible represen-
tations of G over A. If A is in fact an object of Art(O), then an A[G]-module
is w-adically admissible if and only if it is a smooth admissible representation
of G in the usual sense, and hence we will also denote this category simply by
Mod%™(A). Examples of objects in ModS ¥ (A) for non-Artinian A are pro-
vided by Lemma 3.1.16 below.

3.1.2. Caution. The reader who consults [39] should be aware that, in the case
when A is not Artinian, the definitions used in [39] of a smooth G-representation
over A, and of an admissible smooth G-representation over A, are not the standard
ones. Throughout this paper, we will always use the standard terminology, as
explained in Section 2.

If 7 is a w-adically admissible representation of G over A, then the tensor product
E ®o 7 has a natural structure of E-Banach space (given by taking the norm whose
unit ball is the image of 7 in E ®o 7). The actions of each of A and G on E ®o 7
will then be jointly continuous. (We equip A with its m-adic topology.)

3.1.3. Proposition. If m; and m are two objects of Modg_adm(A) and T — Ty
is an A[G]-linear morphism, then the induced map on E-Banach spaces

(3.1.4) E®om — E®om
necessarily has closed image.

Proof. Replacing w1 and 7o by their maximal O-torsion free quotients (which again
lie in the category Mod% Y™ (A), by [39, Lem. 2.4.8]), we may assume that each
m; is O-torsion free, and via the natural map m; — E ®@ m;, may identify m; with
the unit ball in the Banach space F ®o 7;. Furthermore, replacing m; by its image
in 7o (which lies in the category Modg_adm(A), by [39, Prop. 2.4.12]), we may
assume that the map m; — m, and hence also the map (3.1.4), is injective. From
[39, Prop. 2.4.13] we see that the map m; — mo has closed image, and that the

4Although we will only apply the results of this subsection in the case when G = GL2(Qp), in
fact they make sense and are valid for any locally p-adic analytic group G.
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w-adic topology on 7o induces the w-adic topology on 7. This implies that the
map (3.1.4) has closed image, as required. O

3.1.5. Remark. In the case when A = O, the preceding proposition is a conse-
quence of the results of [77].

3.1.6. Lemma. If 7, and my are two object of ModS Y™ (A) that are torsion free
as O-modules, and if

(317) T — T

is an A[G|-linear morphism for which the induced map on E-Banach spaces (3.1.4)
is injective, then the given map (3.1.7) is an isomorphism if and only if the map

(3.1.8) (m1 /o) [m] — (7o /wms)[m],

obtained by reducing (3.1.7) modulo w and then passing to the m-torsion parts of
its source and target, is injective.

Proof. Clearly the given condition on (3.1.8) is necessary. We will show that it is
also sufficient.

The assumptions of the lemma imply that (3.1.7) is injective, with O-torsion
cokernel. If we denote this cokernel by 73, then since 71 and w9 are both w-adically
admissible smooth representations of G over A, it follows from [39, Prop. 2.4.13]
that the same is true of 3.

The map (3.1.7) sits in the short exact sequence

0—m — 7wy — w3 — 0,
which induces the exact sequence
(3.1.9) 0 — ms[w] — m /wry — T /wms.

Since 73 is a w-adically admissible representation of G over A that is torsion as an
O-module, we see that every element of 73 is killed by some power of m. On the
other hand, if (3.1.8) is injective, then we see from a consideration of (3.1.9) that
mg[m] = ws[ew, m] = 0. It then follows that in fact 73 = 0, and thus that (3.1.7) is
an isomorphism, as claimed. ([l

We next recall the definition of a finitely generated augmented representation of
G over A [39, §2.1].

3.1.10. Definition. By a finitely generated augmented representation of G over
A we mean an A[G]-module M equipped with a finitely generated A[[H]]-module
structure for some (equivalently, any) compact open subgroup H of G, such that
the two induced A[H]J-actions (the first induced by the inclusion A[H] C A[[H]]
and the second by the inclusion A[H] C A[G]) coincide.

We let Modfé *&(A) denote the category of finitely generated augmented repre-
sentations of G over A, with morphisms being maps which are simultaneously A[G]-
linear and A[[H]]-linear. Each object of Mod% "8 (A) is equipped with its canonical
topology [39, Prop. 2.1.2], making it a profinite topological A[[H]]-module for each
compact open subgroup H of G.

We now introduce introduce a class of representations that plays an important
role in the deformation theory of G-representations.



16 MATTHEW EMERTON

3.1.11. Definition. We say that an A[G]-module 7 is an orthonormalizable admis-
sible representation of G over A if the following conditions are satisfied:
(1) = is an orthonormalizable A-module, in the sense of Definition B.1.
(2) The induced G-action on 7/m’m makes this quotient an admissible smooth
representation of G over A/m’, for each i > 0.

3.1.12. Proposition. The functor m — Hom (7, A) induces an equivalence of cat-
egories between the category of orthonormalizable admissible representations of G
over A (with morphisms taken to be A[G]-linear maps), and the full subcategory
of Modfg ME(A) consisting of finitely generated augmented representations of G on
pro-free A-modules. (See Definition B.10 for the notion of a pro-free A-module.)

Proof. Proposition B.11 shows that 7 +— Homy (7, A) induces an equivalence of
categories between the category of orthonormalizable A-modules and the category
of pro-free profinite A-modules, and also that there is an isomorphism

Hom (7, A)/m Hom 4 (7, A) — Hom 4 /i (m/mim, A/m?),

for each ¢ > 0. From this isomorphism, one sees that if 7 is equipped with an
A-linear G-action, then this action induces an admissible smooth action on 7/m'r
if and only if the contragredient action on Hom (7, A) makes Hom4(m, A)/m’ a
finitely generated augmented G-representation over A/m’. Since this latter condi-
tion holds for all ¢ > 0 if and only if Hom 4 (7, A) is a finitely generated augmented
G-representation over A, the proposition follows. ([

We note for the record that there is a broader class of representations containing
the orthonormalizable ones, which we now define, although we will have no need to
consider representations in this class that are not orthonormalizable.

3.1.13. Definition. We say that an A[G]-module 7 is an m-adically admissible
representation of G over A if the following conditions are satisfied:
(1) 7 is m-adically complete.
(2) The action map G x m# — 7 is continuous, when 7 is given its m-adic
topology. (Equivalently, the induced action of G on 7/mir is smooth for
each i > 0.)
(3) The induced representation of G'on /m? (which is smooth, by (2)) is admis-
sible. (It is in fact enough to assume this for 7 /mm, since a smooth extension
of admissible representations is again admissible [39, Prop. 2.2.13].)

Related to this definition, we can define the class of admissible unitarizable
Banach representations of G on modules over certain localizations of A.

3.1.14. Definition. If p € Spec A is a prime ideal of A, then an admissible unitary
Banach representation of G over A, consists of a Banach module 7 over A, (in
the sense of Definition A.3), equipped with an action of G, such that A, admits a
choice of unit ball 7° which is G-invariant, and which is m-adically admissible as a
G-representation over A.

3.1.15. Remark. Other than in Subsection 3.6, we will have no cause to consider
the preceding definition other than in the case when A = O and p is the zero ideal,
so that A, = E. In this case, the above definition reduces to the usual notion of
an admissible unitary Banach representation of G over E.

‘We close this subsection with some technical lemmas.
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3.1.16. Lemma. If w is an orthonormalizable admissible A[G]-module, and if X is
a cofinitely generated A-module (in the sense of Definition C.1), then @4 X is a
w-adically admissible G-representation over A.

Proof. Let M := Homu(m, A) be the object of Modngaug(A) corresponding to
7w under the anti-equivalence of Proposition 3.1.12. Proposition C.5 shows that
Homoe (X, O) is finitely generated over A, and hence M ® 4 Homp (X, O) is again
an O-torsion free object of Modfé 8 (A). Tt follows from [39, Prop. 2.4.11] and its
proof that the continuous O-dual of M ® 4 X is an object of Mod% 1™ (A). One
easily verifies that this dual is isomorphic to T7®4X. ([

3.1.17. Lemma. If M is a finitely generated A-module, if w is an orthonormalizable
admissible A[G)-module, and if X is a cofinitely generated A-module (in the sense
of Definition C.1), then the natural map

Homa (M, X)®am — Homa (M, X®@7)
is an isomorphism.
Proof. Part 3 of Lemma B.6 shows that the natural map
Homy (M, X) ®4 m — Homu (M, X ®4 )
is an isomorphism. Passing to w-adic completions, we obtain an isomorphism
Hom 4 (M, X)&am — Homa (M, X @4 7)"
Thus it remains to show that the natural map
Homa (M, X ®4 7)"— Homa (M, X®a7)

is an isomorphism.
If we choose a presentation A®* — A” — M — 0 of A, then we may form the
diagram

(3.1.18) 0——Homy(M, X @s7m) —= (X @a7m)" — (X ®a7)°

| i |

0 —— Homa (M, X@7) — (X@am)" —> (X®a7)*
whose rows are exact. Thus it suffices to show that the bottom row is obtained from
the top row by passing to w-adic completions. Lemma 3.1.16 shows that X& a7
is a w-adically admissible G-representation over A, and so [39, Prop. 2.4.12] shows
that the O-torsion part of the cokernel of the upper right arrow in (3.1.18) has
exponent bounded independently of i. Since
(X @a7)/w (X @a7) —= (X&) /o (X&)
for any ¢, we conclude that the sequence
0 — Homu (M, X ®4 7))/’ Homa(M, X @ 1) — (X @4 7)/" (X @4 7))"
— (X @4 7/ (X 84 7)"

induced by the top row of (3.1.18) is exact modulo A-modules that are torsion
over O, of exponent bounded independently of i. Passing to the projective limit
in ¢, we thus obtain an exact sequence

0 — Homu (M, X @4 7) — (X®@a7)" — (X®aT)*,
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which must then coincide with the bottom row of (3.1.18). This completes the
proof of the lemma. (Il

3.1.19. Lemma. Suppose that A is finite and flat over O, and reduced, and that
7 is an orthonormalizable admissible A[G]-module with the property that for every
minimal prime p of A, the tensor product k(p) ® 4 7 is an absolutely topologically
irreducible Banach space representation of G over k(p). Then if M is any finitely
generated A-module that is flat over O, the natural map M — Hom (g (7, M @ T)
is an isomorphism.

Proof. Lemma B.7 shows that the natural map
M ®4 End(m) — Homa (7, M ®4 )
is an isomorphism, and hence so is the natural map
M ® 4 End gy (7) — Hom 41 (m, M @4 7).

Thus it suffices to prove that A — End 4g)(m).

Our assumption on 7 implies that £ ®p A — End a[g)—cont(F ®a 7) (Where
the target denotes the space of continuous A[G]-module endomorphisms of the E-
Banach space E®4 7). Since by Lemma B.8 we have A = E®p A(Enda(7) (the
intersection taking place in Endgg,a(F ®4 7)), the present lemma follows. (]

3.1.20. Lemma. If 7 is a smooth G-representation over A, then a finitely generated
A-submodule of w is B-invariant if and only if it is G-invariant.

Proof. Any finitely generated A-submodule of 7 is fixed by some compact open
subgroup H of G. Since H and B together generate GG, the lemma follows. (]

3.2. Colmez’s magical functor. Let A be an object of Art(O). As was already
mentioned, Colmez [25] has defined an exact functor

MF : full subcategory of Mod%™ (A) consisting of objects of finite length®
—  category of continuous GQP—representations

on finitely generated A-modules.

We sketch the definition of MF; for more details, the reader should consult
[25, §IV]. (See also [41].) Let A be an object of Art(O), and let = be an object
of Mod%™(A) which is of finite length. The action of (é Zip ) on m makes T
an A[[Z,]]-module, and hence (via the isomorphism A[[Z,]] — A[[X]] defined

X
by ((1) }) — X + 1) an A[[X]]-module. The actions of ](; ?) and (Zé’ (1))
furthermore give 7 the structure of a (¢, I')-module over A[[X]].

Let W be a finitely generated A-submodule of 7, which generates m over A[G],
and is invariant under GL2(Z,)Z. Then W is a I-invariant A[[X]]-submodule
of 7, and we define M (V,W) to be the minimal ¢-invariant A[[X]]-submodule of

SEquivalently [39, Thm. 2.3.8], objects that are finitely generated as A[G]-modules.
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7 containing W. (Equivalently, M (V, W) is the minimal (](; (1)) and (1 Zi )

invariant subspace of 7 containing W.) We see that M (V,W) is in fact a (¢,T')-
invariant A[[X]]-submodule of 7.
The g-action on M (V, W) induces a I'-equivariant, A[[X]]-linear map

(3.2.1) O M(V,W) = M(V,W),

and one can show that the kernel and cokernel of this map are both finitely gener-
ated A-modules. If M (V, W)* denotes the Pontrjagin dual of M (V, W), then we set
D(7) := A((X)) ®agixy M (V, W)*. We equip M (V,W)*, and hence D(7), with the
contragredient I'-action. The map (3.2.1) gives rise to a I'-equivariant dual map

MV, W) — "M (V,W)*

whose source and target are again finitely generated over A. This latter map thus
induces a I'-equivariant isomorphism

D(7) = ¢*D(7).

The inverse of this isomorphism equips D(7) with an étale p-structure, so that D ()
becomes an étale (p, I')-module over A((X)). One shows that D(7) is independent
(up to natural isomorphism) of the choice of W, and that it is finitely generated
over A((X)). It thus corresponds to a representation of G, on a finitely generated
A-module. We define MF () to be the Pontrjagin dual of this Gg,-representation.’
Note that with these definitions, the functor = +— D(x) is contravariant, while the
functor 7 — MF () is covariant.

It follows directly from the definition of MF that there is an isomorphism of
(¢, T')-modules

(3.2.2) D(r) > D(MF(x)*).

From the construction of D(7), one also easily deduces the existence of a canonical
P-equivariant map

(3.2.3) (p==(D())" ==
(see [25, Prop. 1V.3.2]7).

The functor MF is compatible with change of scalars. We give a table of values of
MF on the standard absolutely irreducible representations of G over k (as computed
in [25]):®

MF(x o det)
MF((X o det) ®St) =x

)

(Ind—Xl ® XQ) = Xl o
MF(c—IndgLQ(Zp)Z(Symrk)v/T(c—IndGL2(Z (Sym"k)Y)) = IndGév2 1/)2—(“-1)
P

”

6The notation MF is chosen to stand for ‘magical functor”, “mysterious functor”, or “Montréal
functor”. Colmez denotes his functor by = — V(7). Note, though, that the definition of V involves
a twist by the cyclotomic character (see [25, §IV.2.3]), which does not appear in the definition
of MF.

"We use the notation ¥~ >°(D) of Colmez’s earlier papers, e.g. [22]. This corresponds to the
notation Df K Q,, of [25].

8When comparing this table of values to the values of the functor V, as computed in [25], the
reader should remember that MF and V differ by a cyclotomic twist.
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(where, in the last line, 12 denotes a fundamental character of level 2, and 0 <
r < p—1). Furthermore, MF is compatible with twisting: if x : Q) — A* is a
continuous character, and if 7 is a finite length object of Mod%™ (A4), then there is
a natural isomorphism

MF(x o det @ 47) — x ® 4 MF(7)

(where, in the expression on the right hand side, x is regarded as a character of Gq,,
via local class field theory).

Let A be an object of Comp(®). In the paper [39] we defined the functor
Ordg : ModZ *™(A) — ModZ "™ (A) from w-adically admissible smooth G-
representations over A to w-adically admissible smooth T-representations over A,
right adjoint to the functor Ind% : ModZ —2™(4) — Modgfadm(A) given by par-
abolic induction. (See [39, Thm. 4.3.2].)

Our next result describes the interaction between the functor Ordg and Colmez’s
functor MF. Let A be an object of Art(O). Note that, via our identification of S
with Q5 , any finite-dimensional smooth representation of S over A may be regarded
as such a representation of Q over A, and hence, via local class field theory, as a
continuous representation of G&i over A.

3.2.4. Proposition. If 7 is a finite length representation of G over some object A
of Art(O), then there is a natural A-linear Ga‘;—equivaﬂant embedding

Ordp(r) s — MF(m)™.

(We regard the source of this embedding as a G%}; -representation in the manner
indicated above.) If, furthermore, = admits a central character, and contains no
G-invariant finitely generated A-submodules, then this embedding is in fact an iso-
morphism.

Proof. The adjointness property of Ordp yields a natural G-equivariant map
Ind% Ordp(m) — m,

whose kernel is finitely generated over A. Applying MF to this map thus yields a
Gg,-equivariant injection
Ordp(m) s — MF(m)

(where the source is regarded as a Gat;-representation in the manner indicated
above), which evidently factors through the inclusion

(3.2.5) MF(7)* ¢ MF(n),
yielding a Gg,-equivariant injection
(3.2.6) Ordp(m) g — MF (7)2P.
Conversely, the inclusion (3.2.5) gives rise to a surjection of Pontrjagin duals
MF(r)* — (MF(r)™)",
which in turn gives rise to a P-equivariant map

¥™(D(w)) = %~ (D(MF(r)")) — ¢~ (D((MF(7)*")"))
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(the first isomorphism being provided by (3.2.2)). Passing once more to Pontrjagin
duals, we obtain a map

(¥~ (D((MF(m)**)")))" = (= (D(m)))".
Composing this with the canonical map (3.2.3) we obtain a P-equivariant map
(3.2.7) (> (D((MF(7)**)*)))" — .
Lemma 3.2.8 below shows that the P-representation (¢~ (D((MF(7)?")*)))" sits
in a short exact sequence of P-representations

0 — eodet ®MF(7T)ab — (w_oo(D((MF(F)ab)*))) — Ce(Qp, MF(W)ab) — 0.

Suppose now that 7 admits a central character n. We extend the P-action on each
of the members of this short exact sequence to a B (= PZ)-action, by declaring that
Z acts via the character 7. The map (3.2.7) is then B-equivariant. If we suppose in
addition that 7 contains no non-trivial finitely generated G-invariant A-submodules,
then by Lemma 3.1.20 it similarly contains no non-trivial finitely generated B-
invariant A-submodules, and so the map (3.2.7) factors through C.(Q,, MF(7)2P).
The resulting map C.(Q,, MF(7)?P) — 7 corresponds to a map

MF (7)** — Ordg(r),

via the adjunction formula of [39, Cor. 4.2.6], which is immediately checked to
provide an inverse to (3.2.6). This completes the proof of the theorem. O

*

3.2.8. Lemma. If V is a finitely generated A-module with a continuous action
of Gat;, then the P-representation (1/)’°°(D(V)))* sits in a short exact sequence of
P-representations

0— (eodet) @ V* — (p=°(D(V)))" — Co(Qp, V*) — 0.
(Here we regard the Gak; -representation V' as a P-representation via the map P —

S = Qy — G(al;, the first arrow being the canonical surjection and the third being
given by local class field theory.)

Proof. Choose n > 0 so that A is an O/w"-algebra. One easily verifies that
there is a P-equivariant isomorphism = (D(V)) == V ®¢ /e ¥ ~>°(D(0/w™)),
where O/w™ is equipped with the trivial Gg,-action, and V' is regarded as a P-
representation in the manner indicated in the statement of the lemma. Thus there
is an isomorphism (1/F°°(D(V)))* S V* Q0 jwn (w*m(D(O/w")))*. Since there
is also an isomorphism C.(Q,, V*) — V* ®0 /wn Ce(Qp, O/w™), it suffices to verify
the lemma in the case when V' = O/w™, i.e. to show that there is a short exact
sequence

(3.2.9) 0—ecodet®O/w™ — (wfw(D(O/w")))* — Ce(Qp, O/w™) — 0.
The inclusion D*(O/w") C D(O/w™) induces an isomorphism
Y =*(DHO/w")) == =X (D(0/="))
(see [24, p. 6]), while it follows from [22, Ex. 4.32] that there is an exact sequence
0 — Ce(Qy, O/w™)* — p~°(D*(O/")) — et odet @O /™ — 0.

The Pontrjagin dual of this sequence thus yields the required short exact se-
quence (3.2.9). O
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The following proposition is useful for comparing the structure of 7 and MF ().

3.2.10. Proposition. If 7 is a finite length object ofModZ?m(A) admitting a central
character, and admitting no G-invariant subquotients that are finitely generated
over A, then MF induces an isomorphism between the lattice of G-invariant A-
submodules of m and the lattice of Go,-invariant A-submodules of MF ().

Proof. Since MF is exact, it induces an order preserving map from the lattice of G-
invariant A-submodules of 7 to the lattice of Gg,-invariant submodules of MF (7).
Suppose that my,m C 7 are G-invariant A-submodules for which MF(7r;) and
MF(m3) coincide, when regarded as subobjects of MF (7). If we write 73 = 71 + 7o,
then the exactness of MF implies that MF(m3) = MF(m1) (= MF(m2)). Again using
the exactness of MF, we see that MF(m3/m1) = 0. Since 7 admits no G-invariant
subquotients that are finitely generated over A, we see that 75/m; = 0. Similarly,
m3/ma = 0, and thus m; = mo. Hence the map on lattices of subobjects induced by
MF is an injection.

We turn to proving that the map on subobjects given by MF is a surjection.
Let M be a Gg,-invariant submodule of MF (7). Choose n' C m maximally so that
MF(#') ¢ M. Replacing 7 by n/n" and M by M/MF ('), we may assume that M
is a subobject of MF(7) with the property that if 7’ C 7 is such that MF(n') C M,
then 7" = 0. Our goal is to show that M = 0. If in fact M is non-zero, then
it is clearly no loss of generality to replace M by an irreducible submodule, and
thus we may assume that M is irreducible. In particular, letting m denote the
maximal ideal of A, we may assume that M C MF(x)[m], the m-torsion submodule
of MF (7). Thus, replacing 7 by w[m], we may assume that A = k.

If & is a finite extension of k, and if 7’ C k' ®, 7 is such that MF(7") C k' ®j M,
then if we let k' ®; 7" denote the smallest subspace of ¥’ ®; 7 defined over k
that contains 7/, then 7" is G-invariant, and MF(7”") C M. Thus 7", and hence
7', vanishes. Consequently, it is no loss of generality to extend scalars. Let 0 =
mg Cmy C -+ C wp_1 C wy, = 7w be a Jordan—Holder filtration of 7. Extending
scalars if necessary, we may assume that each of the composition factors m;/m;—1
is absolutely irreducible. By assumption, each of these composition factors is also
infinite-dimensional over k, and thus a consideration of our table of values of MF
shows that for each i = 1,...,n, the Gg,-representation MF(7;/m;_1) is absolutely
irreducible, of dimension one or two. In particular, 0 = MF(mg) C MF(my) C --- C
MF(7,—1) C MF(m,) = MF(x) is a Jordan—Ho6lder filtration of MF(7), and so we
may assume that M is absolutely irreducible, of dimension one or two. Our goal is
to exhibit a G-subrepresentation n’ of 7 such that MF(n’) = M.

Suppose first that M is of dimension one, and that Gg, acts on M through the
character y. If n denotes the central character of m, then by Proposition 3.2.4,
together with the adjointness between Ordp and parabolic induction, we may find
a G-equivariant homomorphism Ind%x ® x~'n — 7w with the property that, if
7’ denotes the image of this map, then MF(n’) = M. Suppose, on the other
hand, that M has dimension two. The inclusion M C MF(7) induces an injec-
tion (w_OO(D(M*)))* — (w_‘x’(D(MF(W)*)))*, which, when composed with the
canonical map (3.2.3), yields a P-equivariant map

(3.2.11) (v~ (DM™)))" — 7.

If we extend the P-action on the source of this map to a B-action, by requiring Z to
act via the central character n of 7, then (3.2.11) becomes B-equivariant. Since M
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is absolutely irreducible of dimension two, the B-representation (¢~°(D(M*)))”
is in fact the B-representation underlying an absolutely irreducible supersingular
representation of G over k [2, Thm. 2.2.1]. The map (3.2.11) is then necessarily
G-equivariant, by [67, Thm. 1.1]. Thus, if we denote its image by 7', then again 7’
is a G-subrepresentation of 7 with the property that MF(#") = M. This completes
the proof of the proposition. O

In the remainder of this subsection, we discuss how to extend the domain of MF
to certain G-representations over more general coefficient rings.

To being with, suppose that A is an object of Comp(QO), with maximal ideal m.
If 7 is an m-adically admissible representation of G over A (in the sense of Def-
inition 3.1.13), with the additional property that 7/mn (and hence 7/mér for all
i > 0) has finite length as a G-representation, then we define

MF(7) := lim MF (7 /m‘r).

Since MF is exact, it takes admissible smooth G-representations on free A/m’-
modules to Gg,-representations on free A/m'-modules. Thus, with the preceding
definition, we see that MF provides an exact covariant functor

MF : {orthonormalizable admissible G-representations 7 over A
such that m/mn has finite length}
— {Gq,-representations on finite rank free A-modules}.

We may extend the definition of MF further. Namely, let p € Spec A be a prime
ideal of A, and suppose that 7 is an admissible unitary Banach representation of
G over Ay, in the sense of Definition 3.1.14, satisfying the following assumption:

3.2.12. Assumption. The representation 7 contains a G-invariant m-adically ad-
missible unit ball 7° with the additional property that 7°/m=? is of finite length.

We then define
MF(7) := Ay ® 4 MF(7%);
this evidently depends on 7° only up to commensurability.

We will typically apply this construction in the case when A = O and p is the
zero ideal, so that A, = E, and we are considering admissible unitary E-Banach
representations of G with the additional property that the reduction mod w of a
G-invariant unit ball is of finite length.

However, in Subsection 3.6, we will have to consider a more general context, and
in fact will have to iterate the previous ind-pro extension of MF. Namely, let Ep
denote the p-adic completion of Ay, and suppose given a p-adically complete ;{p—
module 7, equipped with an action of G, with the property that for each ¢ > 0, the
quotient 7/p‘r is an admissible unitary Banach representation over A, /p‘A4, (note
that this quotient is isomorphic to the localization (A4/p‘),, so that the notion
of admissible unitary Banach representation over this quotient is defined) which
satisfies Assumption 3.2.12. We then define

MF(7) := lgp MF (7 /p'n).

Finally, suppose that q is a prime ideal of Ep, and that we are given a Banach
module 7 over (A4, )q, equipped with a G-action, and admitting a unit ball 79 which
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is G-invariant, with the property that for each i > 0, the quotient 7°/p‘z® is an
admissible unitary Banach representation over A,/p*A, which satisfies Assump-
tion 3.2.12. We then define

MF () = (Ap)q ®z, MF(n").
This only depends on 7° up to commensurability.

3.3. Mod p and p-adic local Langlands. Let k£ be finite field of characteris-
tic p, and let p : Gg, — GL2(k) be a continuous representation. Throughout this
subsection we make the following technical assumption regarding p:

3.3.1. Assumption. p is not equivalent to a representation of the form

®1>|<
X 0 =

(for some k-valued character x of Gg,, where * may or may not be zero).
The following result is due to Colmez [24].

3.3.2. Theorem. Ifp satisfies Assumption 3.3.1, then there is a finite length object
7 of Mod%™ (k), unique up to isomorphism, such that:

(1) MF(7) £ p.

(2) T has central character equal to det(p)e.

(3) T has no finite-dimensional G-invariant subobject or quotient.

Since MF is compatible with extension of scalars, the same is true of the forma-
tion of 7.

3.3.3. Remark. We briefly describe the structure of 7 (assuming that 7 is either
reducible or absolutely irreducible, a condition that can always be attained by
making a finite extension of scalars):

(1) Suppose that p ~ ( 961 >?2 ), and that x1x5* # 71 Then

T = (Ind%xl ® X28) @ (Ind%XQ ©XiE).

Our assumption on x1x5 1 ensures that both direct summands are irre-
ducible.

(2) Suppose that p ~ < 98 ; ), where * denotes a non-trivial extension. If
2

X1X2—1 # &% then 7 is an extension
0 — Ind$ y1 ® 28 — 7 — Ind% x2 ® 18 — 0.

(Our hypothesis on x1x5 ! implies that each of these induced representa-
tions is irreducible.)
*

_ X
(3) Suppose that p ( 0 yzl
1

Suppose also that p > 3, so that € # 7.
Holder filtration

), where * denotes a non-trivial extension.

The 7 has a unique Jordan—

0CcCmCmCT
such that 71 — (yodet)®St, 72 /71 — yodet, and 7 /7> —— Ind% xe'®
XZ. (Our assumption on p ensures that this induced representation is irre-
ducible.)
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(4) If p is absolutely irreducible, then 7 is an irreducible supersingular repre-
sentation of G.

3.3.4. Remark. Note that the semi-simplification of 7 (as a G-representation) co-
incides with the G-representation associated to p via (a suitably normalized version
of) the semi-simple mod p local Langlands correspondence of [8].

3.3.5. Remark. If i1, is not the twist of an extension of 1 by itself or !, then
another construction of the associated representation 7 is given in [13, §20]. In
this reference, 7 is not characterized by its behaviour under application of the
functor MF, but rather by the structure of its invariants under the principal con-
gruence subgroup of GL3(Z,) (together with the fact that it is generated by these
invariants).

Our goal now is to describe the deformation-theoretic approach to the con-
struction of the p-adic local Langlands correspondence (for two-dimensional Gg,-
representations lifting p) due to Colmez and Kisin.

3.3.6. Definition. We let Def(p) denote the following category fibred in groupoids
over Comp(O): for any object A of Comp(Q), with maximal ideal m, the groupoid
Def(A) has as objects free rank two A-modules V equipped with a continuous action
of Gg,, as well as an A/m-linear and Gg,-equivariant isomorphism ¢ : V/mV —
A/m ®y, p, and as morphisms the A-linear and Gg,-equivariant isomorphisms that
are compatible with the given maps 2.

We typically regard Def(p) as a groupoid-valued functor on Comp(Q), and thus
refer to Def(p) as the deformation functor associated to p.

Let 7 be the object of Mod%™ (k) attached to p via Theorem 3.3.2.

3.3.7. Definition. We let Def(7) denote the following category fibred in groupoids
over Comp(O): for any object A of Comp(Q), with maximal ideal m, the groupoid
Def(A) has as objects orthonormalizable admissible representations 7 of G over
A equipped with an A/m-linear and G-equivariant isomorphism 2 : 7/mm —
A/m ® 7, and as morphisms the A-linear and G-equivariant isomorphisms that
are compatible with the given maps 2.

As with Def(p), we typically regard Def(7) as a groupoid-valued functor on
Comp(0O), and thus refer to Def(7) as the deformation functor associated to 7.
The functor MF induces a natural morphism of deformation functors
(3.3.8) MF : Def(7) — Def(p).
(as follows from the exactness of MF; see [61, §2.2]).

We next introduce some subgroupoids of Def(7) and Def(p), and some variants
of the morphism (3.3.8).

3.3.9. Definition. We define Def*(7) to be the subgroupoid of Def(7) consisting
of those deformations 7 such that the centre of G acts on 7 via the A*-valued
character det(MF(m))e (where we regard det(MF(m))e as a character of QY via
local class field theory).

The morphism (3.3.8) induces a morphism
(3.3.10) MF : Def*(7) — Def(p).
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3.3.11. Definition. We define Def**(p) to be the full subgroupoid of Def(p) ob-
tained as the Zariski closure in Def () of the set of crystalline points in the generic fi-
bre of Def(p). We define Def¥*(T) to be the fibre product of Def* (7) and Def*(p)
over Def(p) (where the former maps to Def(p) via (3.3.10), and the latter maps to
Def(p) via the natural fully faithful embedding).

The map (3.3.10) induces a tautological map
(3.3.12) MF : Def™*(%) — Def(p).

We now state the p-adic local Langlands correspondence, in its deformation-
theoretic formulation due to Kisin [61].

3.3.13. Theorem. If p satisfies Assumption 3.3.1, then (3.3.10) is a fully faithful
embedding Def™(T) — Def(p), while its restriction (3.3.12) is in fact an equivalence
of deformation functors Def™*(7) == Def"¥*(p).

3.3.14. Remark. In this remark we discuss some results related to the preceding
definitions and theorem which, however, we won’t need in the present paper.

We first remark that whenever Assumption 3.3.1 holds, it is known that there is
an equality Def”*(p) = Def(p). Indeed, if p > 3, or p = 3 and p; is not isomorphic
to a twist of w3 @ w$§, then this has been proved by Kisin [61, Cor. 1.11]; if p = 3
and 7 s isomorphic to a twist of w3 @ wj, this has been proved by Béckle (see
the discussion following the statement of [5, Thm. 1.1]); and if p = 2 this has been
proved by Chenevier (see footnote (7) on p. 292 of [25]). However, since we do not
need the equality of Def“¥*(p) and Def(p) in this paper, and since the result for
p = 2 remains unpublished, we have decided to maintain the a priori distinction
between Def®(p) and Def(p) in this paper.

We also mention that if Def(p) and Def(7) are representable, i.e. if p and 7
have only scalar endomorphisms (note that the functor MF induces an isomor-
phism between their endomorphism algebras [61, Lem. 2.1.2]), and if p > 3 when
T is supersingular, then one finds that Def*(7) = Def(7), and hence (taking into
account the discussion of the preceding paragraph) that (3.3.8) is actually an equiv-
alence Def(7) — Def(p). This is most difficult to establish in the supersingular
case, where it is due to Paskuinas [69]. (Note that although Paskiinas’s results are
proved under the assumption that p > 3, we expect the equality Def*(7) = Def(7)
to continue to hold in the supersingular case when p = 2.) More generally, we
should mention that the complications caused by the central character in relating
the deformations of 7 and p were first observed by Paskuinas (see [69] and the
introduction to [61]).

3.3.15. Definition. Let Vg be a two-dimensional E-vector space equipped with a
continuous representation of Gg,, and suppose that Vg contains a Gg,-invariant
O-lattice V such that p := V/wV satisfies Assumption 3.3.1, and such that V'
lies in Def®(p). Theorem 3.3.13 then yields a representation 7 of G on an or-
thonormalizable O-module lifting 7 such that MF(7) = V, and we define B(Vg) :=
E ®o 7. Thus B(Vg) is an E-Banach space equipped with an admissible unitary
G-representation, which is easily seen to be independent of the choice of V' (since
any two such choices are commensurable).
The association Vg — B(VEg) is the p-adic local Langlands correspondence.

3.3.16. Remark. The preceding definition applies in particular to any Vg which
is absolutely irreducible, provided that p > 3. Indeed in this case we have that
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Def“Y*(p) = Def(p), while £ # 71, so that — applying a suitable analogue of [71,
Prop. 2.1] in the case when p* is isomorphic to a twist of 1 ® € — we see that Vg
contains a V satisfying the requirements of the definition.

3.3.17. Remark. In the paper [25], using his functor from two-dimensional Gg,-
representations to G-representations, Colmez has defined the p-adic local Langlands
correspondence for every absolutely irreducible representation of G, .

3.3.18. Definition. We say that a continuous two-dimensional representation of
G, over E is exceptional if it is a twist of a crystalline representation whose asso-
ciated Dieudonné module is not Frobenius semi-simple (or equivalently, for which
the characteristic polynomial of the Frobenius endomorphism on the associated
Dieudonné module has a double root).

3.3.19. Remark. Let Vg be a two-dimensional F-vector space equipped with a
continuous representation of Gg, which is absolutely irreducible and trianguline
in the sense of [23], and not exceptional in the sense of the preceding definition.
The constructions of [3, 22, 23] give rise to an admissible unitary Banach space
representation B(Vg) of G associated to Vg.2 It is an important aspect of the
p-adic local Langlands correspondence of Definition 3.3.15 that it coincides with
explicit correspondence of [3, 22, 23] in the case when both are defined. (Indeed,
this explicit correspondence is one of the tools used in the proof of Theorem 3.3.13,
and hence in the construction of the correspondence of Definition 3.3.15.)

3.3.20. Remark. In the case when Vg is a reducible two-dimensional continuous
representation of Gg,, there is an extensive discussion in [38, §6] of the expected
structure of the Banach space representation B(Vg) of G that should be attached
to Vg by the p-adic local Langlands correspondence. Using the results of [40] (and,
in particular, applying the methods of computation from §4 of that reference), it
is straightforward to verify the various conjectures of [38, §§6.2, 6.3, 6.4, 6.5], and
thus B(Vg) can indeed be defined following the prescriptions of [38, §6]. We will
not do this here, however, since we do not need this for our purposes. Rather, in
Subsection 3.4 below we will establish some somewhat weaker results about B(Vg)
in the the reducible case, using the deformation-theoretic view-point adopted here,
and the functor MF.

If Vg is a reducible two-dimensional continuous representation of Gg, which is
de Rham with distinct Hodge—Tate weights, then one expects that the associated
p-adic Banach representation B(Vg) of G should have the properties originally
posited by Breuil in [8, 9]. In this direction, one has the following result, due to
Berger, Breuil, and Colmez in the non-exceptional trianguline case, and to Colmez
for those Vg that are not trianguline.

3.3.21. Theorem. If Vg is a continuous two-dimensional representation of Gg,
over E and if Vg is de Rham with distinct Hodge—Tate weights a > b, then B(Vg)
contains non-zero locally algebraic vectors.

9When p > 2, Paskiinas [68] has shown that the results of [3] extend to cover the exceptional
cases, and it is expected that they will similarly extend to cover these cases when p = 2. Using
Paskuinas’s result would allow us to simplify some of the arguments of the present paper in the
case when p > 2, e.g. the proof of Theorem 6.4.7. However, since we wish to include the case
p = 2 in our arguments, we haven’t incorporated these simplifications.
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Proof. If Vg is absolutely irreducible, trianguline, and not exceptional (in the sense
of Definition 3.3.18), then this follows from the explicit construction of B(Vg) given
in [3, 22]. If Vg is absolutely reducible, then one may describe B(Vg) explicitly
(see e.g. the description of B(VE) that we give in Subsection 3.4 below), and so
verify the theorem. The theorem for arbitrary Vg (satisfying the assumptions of
the theorem) has been proved by Colmez [25, Thm. VI.6.18] O

Colmez has shown that, conversely, if B(VEg)1.aig is non-zero, then Vg is de Rham
with distinct Hodge—Tate weights [25, Prop. VI.5.1, Thm. V1.6.13]. Furthermore,
we have the following strengthening of Theorem 3.3.21, which precisely describes
the locally algebraic vectors in B(VEg) in the case when they are non-zero.

3.3.22. Theorem. If Vg is a continuous two-dimensional representation of Gg,
over E, and if Vg is de Rham with distinct Hodge—Tate weights a > b, then there
is a G-equivariant isomorphism B(VEg)i.alg — Sym* " lE2 @p det?™! QRrmp(VE).
In particular, B(Vg) contains non-zero locally algebraic vectors.

Proof. In the case when Vg is crystabelline, or is the twist of a semi-stable repre-
sentation, this has been proved by Colmez [25, Thm. VI.6.50]. In the remaining
case (i.e. when Vg is potentially crystalline but not crystabelline), it follows from
[25, Thm. VI1.6.42], together with a global calculation using the theory developed
in this paper. The proof is presented in Subsection 7.4 below. O

3.3.23. Remark. In fact Colmez has already shown in [25, Prop. VI.5.1] that if
Vg is de Rham with distinct Hodge-Tate weights a > b, then the locally algebraic
vectors of B(Vg) are necessarily isomorphic (as a G-representation) to the tensor
product of Sym* *"1E? @5 det®*! with a smooth representation of G. The point
of the preceding theorem is that it gives a precise description of the smooth factor
in this tensor product.

The following result is also important in applications. (In [25], Colmez has given
a proof of this result using his functor from two-dimensional Gg,-representations
to G-representations; see [25, Thm. 0.17 (ii)]. We give a proof here using just the
properties of the functor MF.)

3.3.24. Proposition. If Vi is a continuous two-dimensional representation of Gg,
for which B(VE) is defined, and if Vg is (absolutely) irreducible, then B(Vg) is also
(absolutely) topologically irreducible.

Proof. Suppose that Vg is irreducible. Choose a G-invariant bounded open lattice
7 in B(Vg) which deforms a representation 7 satisfying the conditions of Theo-
rem 3.3.2. Let W C B(VEg) be a closed subrepresentation, and write Wy = n [ W.
Since W is saturated in 7, we see that MF (W) is saturated in MF(r) (since MF
is exact). Combining this with the fact that £ ® o MF(7) & Vg is irreducible, we
see (again using the exactness of MF) that either MF(Wp) = 0 or MF(7/Wp) = 0.
Thus either Wy is a finitely generated O-submodule of 7, or else /W) is a finitely
generated O-quotient module of w. However, since 7 admits no finite-dimensional
G-invariant subrepresentations or quotient representations, we see that one of W
or /Wy must vanish. Thus either W = 0 or else W = B(Vg), and so B(Vg) is
topologically irreducible, as claimed. Since the formation of B(Vg) is compatible
with extending scalars, we conclude that if Vg is absolutely irreducible, then B(Vg)
is absolutely topologically irreducible. O
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3.4. The reducible case. If Vg is a continuous reducible two-dimensional repre-
sentation of Gg, over E satisfying the conditions of Remark 3.3.19 (i.e. containing
an O-lattice V in Vi whose reduction V satisfies Assumption 3.3.1), then as in
Remark 3.3.19, we may associate a Banach space representation B(Vg) of G to Vg.
In this subsection we will establish some results regarding the structure of B(Vg)
in this situation. (By employing the methods of [40, §4], it is possible in fact to
verify all the conjectures related to the structure of B(Vg) that we made in [38].
We won’t do this here, however, since the somewhat weaker statements that we
establish below will suffice for our present purposes.)
Write Vg as an extension

(3.4.1) 0—x1— Vg —x2—0,
where each x; : Gg, — O* C E* is a continuous character.

3.4.2. Proposition. If x1x5 "' # ¢, then B(Vg) is an extension
0— Ind%xl ® x26 — B(Vg) — Ind%xg ® x1€ — 0,

which is split or not according to whether or not (3.4.1) is. Furthermore, the G-
representations Ind% X1 ® Xx2¢ and Ind% X2 ® x1€ are topologically irreducible.

Proof. Choose a Gg,-invariant lattice V' in Vg whose reduction V satisfies Assump-
tion 3.3.1. Theorem 3.3.13 shows that we may find a lift 7 of ™ over O, with central
character equal to x1x2¢, and such that MF(7) —— V. Since 7 contains no finite-
dimensional G-invariant subspaces, we see that 7 contains no finitely generated
G-invariant O-submodules. Proposition 3.2.4 (and the known value of the central
character of 7) thus yields an embedding

X1 ® x2¢ — Ordpg(w),

which in turn, by virtue of the adjointness property of Ordp, gives rise to a G-
equivariant map

(3.4.3) Ind%xl ® X2& — T.

Since x1 # Xx2¢, by assumption, the source of this map becomes topologically
irreducible after tensoring with E over O. Consequently, (3.4.3) must be injective.
If we let m; denote the saturation in m of its image, then 7 contains this image
with finite index, and consequently

MF(mr1) — MF(Ind% x; ® x2¢) = x1.

Thus, writing 7o = /71, we compute that MF(m3) — MF(7)/MF(m;) —
V/x1 = x2. Since T contains at most one finite-dimensional Jordan—Holder factor,
of dimension one if it exists at all, we see that either w5 contains no finitely generated
G-invariant O-submodules, or else that it contains such a submodule of rank one,
the quotient of mo by which then contains no such submodules. Letting 73 = 75 in
the first case, or the quotient of w5 by the rank one G-invariant submodule in the
second case, we see that

MF(7T3) = MF(ﬂ'Q) = X2-
We thus deduce from Proposition 3.2.4 an isomorphism

Ordp(m3) — X2,
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and hence a map
(3.4.4) Ind%xg ® X1€ — 3.

Again by assumption we have that ys # x1¢, and thus this map must be an
embedding. If we let m4 denote the cokernel of this embedding, then MF(m4) = 0.
Thus if we write T4 := m4/wny, then 74 is a G-invariant quotient of 7 for which
MF(74) = 0. On the other hand, 7 has no finite-dimensional G-invariant quotient.
We conclude that 74 = 0, and thus that 74 = 0. Thus we conclude that (3.4.4) is
an isomorphism.

Now the Jordan—Holder factors of T are precisely the union of those of Ind%il ®
Xo€ and those of Ind%%2 ® X,&. Also, T := m/wm and Ind%il ® Xo€ have
the same Jordan—Holder factors. Combining this observation with the isomor-
phism (3.4.4), we conclude that the Jordan—-Holder factors of 7 are precisely the
union of those of 71 and those of 75 := 73 /wms. Consequently it must be the case
that my = 73, and thus that 7 is an extension of 73(— Ind%xg ® x1€) by m1.
Tensoring with E over O (and recalling that 7; contains the image of (3.4.3) with
finite index), we find that B(Vg) is an extension of the required form.

Clearly if B(Vg) is a split extension, then the isomorphism Vg — E®o M F(7)
shows that Vg is itself split. On the other hand, if Vg is split, then we may reverse
the roles of y; and x2, and, obtaining a corresponding description of B(Vg) as
an extension of Ind% X1 ® x2¢ by Ind%xz ® x1€, conclude in turn that B(Vg) is
isomorphic to the direct sum of these two representations. This completes the proof
of the proposition. O

3.4.5. Proposition. If xy1x3' = ¢, i.e. X2 = x1e~ ', then B(Vg) admits a unique
three step Jordan—Holder filtration (in the category of admissible Banach represen-
tations of G) 0 = By C By C By C B3 = B(Vg), such that:

(1) B1 ¥ (x10det) ® St;
(2) Ba/By = x1 odet;
(3) B3/B1 2IndS x1e7' @ x1e (= (x1 odet) ® (IndSe ' ®e)).

Proof. The proof of this result is similar to that of the preceding proposition. As
in that proposition we choose lattices V' in Vg and « in B(Vg), related by an
isomorphism

MF(7) =V,
and we obtain a map

(3.4.6) Ind%)ﬁ ® x2€ — .

Now x1 = x2¢ by assumption, and thus Ind%xl ® X2 = Ind%xl ® X1 1s not
irreducible, but rather is an extension of (x odet) ®St by x1odet. Since 7 contains
no finite-dimensional G-invariant subspaces, we see that (3.4.6) must factor to yield
an embedding

~

(3.4.7) St < .

Also, since St(= St/wSt) is irreducible, the image of this embedding is saturated.
Let 7o denote the cokernel of (3.4.7). We see that MF(m2) = x1 ® €, and (using
the known structure of 7, namely that is an extension by (; odet)®St of a non-split
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extension of Ind%?ﬁ@?lé_l by X; o det) we see that Ta := 7o /wms is a non-split
extension

(3.4.8) 0— X, odet =T — Ind%ilé ®X.E + — 0.
If we let 73 denote the quotient of w9 by its maximal finitely generated G-invariant

O-submodule (the latter is of rank at most one), then we conclude as in the proof
of the preceding proposition that

Ind%xﬁ:*l ® Y16 — T3,

and thus that

T3 1= T3 /wT3 —— Ind%?ﬁfl ® X{E.
A comparison with (3.4.8) shows that 7o must be an extension of w3 by a rank one
G-invariant O-module. Tensoring with E over O, we conclude that B(Vg) has a
Jordan—Holder filtration of the type described in the statement of the proposition.
The uniqueness of this filtration follows from the uniqueness of the Jordan—Hélder
filtration of 7. O

3.4.9. Remark. In the situation of Proposition 3.4.5, one can show that the one-
dimensional representation By /By is necessarily isomorphic to the character x;odet.
Indeed, as already mentioned, one can confirm the speculations of the discussion of
[38, §6.5], namely that the extension By of x; o det by (x; o det) ® St that embeds
as a closed subrepresentation of B(Vg) is isomorphic to (x1 o det) ® B(2, £), where
L is the L-invariant of the extension

0—x1— Vg —xie ' —0.

3.5. Weights. In this subsection we recall the notion of Serre weights and its
relation to the mod p local Langlands correspondence.

3.5.1. Definition. A Serre weight is an (isomorphism class of) irreducible rep-
resentation(s) of GLa(F,) over k. The Serre weights are precisely the (isomor-
phism classes of the) representations (Sym”k?)" ®j, det®, where 0 < r < p— 1, and
0<s<p-—2.

3.5.2. Definition. If V is a Serre weight, then we write
H(V) = Endg(c—IndGp, 4, V)

It follows from [1] that H(V) = k[T, Z, Z~!], where T is the endomorphism cor-

responding to the double coset (p 0), while Z is the element (g

Oy, . .
01 p) lying in the

centre of G.

3.5.3. Remark. If 7 is any smooth representation of G over k, then there is a
canonical isomorphism Homgr,,z,)(V,7) — Homg (c—Indng(Zp) V,7), and thus
Homgp,z,)(V, ) is endowed with a canonical action of H(V).

To any continuous representation p : Gg, — GL2(k) we may attach a set W (p)
of Serre weights, as follows. (We essentially follow the recipe of [14, §3], but use a
cohomological normalization.)

If p is absolutely irreducible, then (k ® p)|;, — PSP @ BT for some
uniquely determined 0 < b < a < p— 1, and we set

W (p) := {(Sym® " 1k?)V @ det®, (Sym?~*"k?)" @, det’* 1.
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Thus W (p) is a set of two weights.
If 5 is absolutely reducible, then the definition of W (p) is given via a slightly

more involved rule: If 0 < r <p—1, and 0 < s < p — 1, then the representation

(Sym"k?)Y @}, det” lies in W (p) if and only if 7, 1, Sits in a short exact sequence of

the form

1—r

0—=8 —py, =& "0,

while det® lies in W (p) if and only if p|; sits in a short exact sequence of the form
0—2 —py, -zl 50
for which the extension class is furthermore peu ramifiée in the sense of [79].

Thus, if p is reducible, then W (p) consists of one, two, three or even (in some
cases when p = 3) four weights. (See the table in the proof of [14, Thm. 3.15].)

3.5.4. Definition. If V € W(p), then we define an H (V') module m(V,5) as follows:
(1) If p is absolutely irreducible, then we define m(V, p) to be one dimensional,
with T" acting by 0 and Z acting by det(p)(p). (Here we think of det(p) as
a homomorphism G&}; — k>, and hence as a homomorphism Q, — k*, by

local class field theory.)

(2) If p is absolutely reducible, and V' = (Sym"k?)" ®j det®, then we set
m(V,p) := Homyp,(£°,p) as a k-vector space. Note that Homjp, (£°,p) is
naturally a representation of the quotient group Ggq, /I, and so in par-
ticular is equipped with an action of the geometric Frobenius at p. We
equip m(V,p) with an H(V')-module structure by declaring that T" act via
geometric Frobenius, and that Z act via the scalar det(p)(p).

Suppose now that p satisfies Assumption 3.3.1, and let 7T denote the smooth
G-representation over k attached to p via Theorem 3.3.2. If V is a Serre weight,
then, by Remark 3.5.3, the space Homgr,(z,)(V,7) is naturally an H(V')-module.

3.5.5. Lemma. (1) If V¢ W(p), then Homgr,(z,)(V,7) = 0.
(2) If Ve W(p), then there is an isomorphism of H(V)-modules m(V,p) =
HomGLg(Zp) (V, f).
Proof. This is relatively straightforward, based on the explicit description of 7 given
in Remark 3.3.3, or in [25]. In the case when p|; is not the twist of an extension

of 1 by either itself or %1, it is an immediate consequence of the description of 7
given in [13, §20]. O

3.6. Lattices. This subsection is devoted to the proof of two technical, but impor-
tant, propositions. To begin with we suppose that p : G, — GL2(O) is continuous,
that pp := E ®e p is irreducible, and that p* = x; & x2, where X1X2—1 £ 1,8t
Let 7 be the object of Mod%™(A) associated to p via Theorem 3.3.2, and let 7
be the deformation of 7 associated to the deformation p of p via Theorem 3.3.13.
Following the notation of Remark 3.3.19, we write B(pg) := F®e 7. Our first goal
in this subsection is establish a proposition that allows us to distinguish 7 among
the various w-adically complete and separated, G-invariant O-lattices in B(pg).

Before stating the stating the proposition, we will make a definition. Note that
the composite of the isomorphism S —— Q, with the local Artin map defines an
injection S — Gak;, and hence an anti-diagonal embedding

(3.6.1) S— Gy xS
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1

(defined as the local Artin map on the first factor, and the map s — s~ on the

second factor).

3.6.2. Definition. If V is a representation of Gg, x S, and if V*" denote the
maximal subobject of V' on which Gg, acts through its maximal abelian quotient
G&‘; (note that V" is a Gg, x S-subrepresentation of V), then we let V"% denote

the subspace of V2 consisting of S-fixed vectors, where S acts through the anti-
diagonal embedding (3.6.1) and the action of G&i x S-on Vb,

We can now state and prove our first proposition.

3.6.3. Proposition. If mg is a G-invariant, w-adically complete and separated, G-
invariant lattice in B(pg), with the property that, for each n > 0, the action of Gq,
on the quotient

(p/@"p) ®0 jem Ordp(mo/w™ o)
ab,S
((p/@"p) ®@ jmn Ordp(mo /=" 0))

factors through Gak;, then mo is equal to a scalar multiple of 7.

Proof. According to Proposition 3.2.10, the functor MF induces a bijection between
the set of w-adically complete and separated, G-invariant lattices in B(pg), and
the set of G, -invariant lattices in pg. Thus it similarly induces a bijection between
the set of w-adically complete and separated, G-invariant lattices in B(pg), modulo
scaling, and the set of Gg,-invariant lattices in pg, modulo scaling.

Denote these latter two sets by £ and £,. Since x; and x» are distinct, and pg
is irreducible, the set £, is a finite (positive) length segment in the tree of all (not
necessarily G-invariant) lattices in pp. We let p; and p2 denote the two endpoints
of this segment, the labelling chosen so that p; is a non-split extension of y2 by
X1, while 7, is a non-split extension of x1 by x2. If po is any (lattice representing
an) element of £,, then we write di(po) (resp. d2(po)) to denote the distance of
po from p; (resp. p2). Note that di(pg) + da(po) is constant (i.e. independent
of po), equal to the length d of the segment £,. For i = 1,2, the natural number
d;(po) admits the following characterization: for any n > 0, the quotient po/w™po
contains a (necessarily abelian) Gg,-subrepresentation X;(po), which is a successive
extension of min(d;(m),n) copies of x;, and no longer such subrepresentation (i.e.
no subrepresentation which is a successive extension of more than this many copies
of x;). The representations X;(po), are compatible in an evident way if n varies,
namely: if m < n, then X;(po)n/@™Xi(p0)n — Xi(po)m- Note also that Xi(po)n
is annihilated by @) for any value of n, and so X;(po)n — Xi(P0)d; (py) for
any n > d;(po). If n < d;(m), then the quotient (po/ww™po)/X:i(po)n is an abelian
representation of Gg, (it is a successive extension of n copies of x3_;), while if
n > d;(m) then it is not (it contains a non-split extension of x; by x3—:).

Now choose pg = MF(my). Proposition 3.2.4 gives rise to a Q, -equivariant
embedding

X1(po)a ® X2(po)a — Ordp(mo/w o),
and thus to an embedding

((p/= ") p) @ jmitrow 0 X1 (p0)a) @ ((p/=%) p) @ jmtzom 0 X2(p0) )
= (p/w"p) @0z Ordp(mo/m"mo).
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Taking n = d in the hypothesis of the theorem, we find that for each choice of
i = 1,2, the cokernel of the map

. ~ ab,S . -
(/%) p) @ paiton) Xi(p0)a)" " = (/@) ) @ i o0) Xi(P0)a
is again an abelian representation of Gg, .

Now (p/@®?0) p)™ = X1(p)a,(py) ® X2(P)d; (py)» and so

)ab,S ~

((p/@™ %) p) @¢» st Xi(0)a = Xi(P)d:(po) PO jwitvr) Xi(P0)d-

Thus we conclude that the action of Gg, on the quotient (p/@®(?)p)/X;(p)a: (po)
is abelian. This implies that d;(pg) < d;(p) for ¢ = 1,2. However, since d;(pg) +
da(po) = d1(p) + da(p) = d, we conclude that d;(po) = d;(p) for i = 1,2, and thus
that py is a scalar multiple of p. Consequently, 7wy is a scalar multiple of 7, as
claimed. ]

Our next result is a variant of the preceding one, in which we work with more
general coefficients, but draw a weaker conclusion. To this end we suppose that
A is an object of Comp(O) that is reduced and flat over O, and that p : Gg, —
GL2(A) is a continuous representation. If p is a point of Spec A[1/p] then we write
p(p) := k(p) ®4 p, where k(p) is the residue field of p.

We assume that p is generically irreducible, i.e. is such that p(a) is irreducible
for each minimal prime a of A. We also suppose given an orthonormalizable ad-
missible representation 6 of G over A, with the property that the characters of
E ®o MF(0/p6) and p(p) coincide for any closed point p € Spec A[1/p]. This im-
plies that, if p(p) is irreducible, then it is isomorphic to £ ®» MF(0/p6). The point
of the following proposition is to provide a criterion for such an isomorphism in
certain cases when p(p) is reducible.

3.6.4. Proposition. Suppose that p is a closed point of Spec A[1/p] with the prop-
erty that p(p)® = x1 © X2, where x1,x2 are characters x; : Gg, — K(p)* such
that x1x5* # 1,e*1, and such that E ®¢ (0/p8) contains no finite-dimensional G-
invariant subquotients. If there exists a faithful cofinitely generated A-module (in
the sense of Definition C.1) such that, for each n > 0, the action of Gq, on the
quotient

(p/p™p) ®aspn Ordp ((6/p™0) @ apn Y]

ab,S
((P/P"P) ®apn Ordp ((0/p™0) © 4 /pn Y[P"]))
factors through G@E’D, then E @0 MF(6/p0) = p(p).

Proof. We wish to reduce ourselves to the consideration of lattices in a represen-
tation over a discrete valuation ring, as in the context of the preceding proposi-
tion. To this end, we choose a finite morphism A — A’, where A’ is an object of
Comp(O) that is normal of dimension two, containing a prime p’ which maps to
p under the induced map Spec A’ — Spec A. We furthermore can and do choose
A’ so that p' := A’ ®4 p is generically irreducible. We write §' := A’ ® 4 6, and
note that it suffices to prove that F ®o MF(6'/p’0) = k(p’) ®4- p'. Indeed, there
are natural isomorphisms E ®o MF(0'/p'0) — £(p) @ (p) (E ®0 MF(0/p6)) and
k() @ar pf > K(p') Qpp) p(p). Thus E ®o MF(6/pf) and p(p) are representa-
tions of G, over x(p) that become isomorphic over £(p’), and hence are themselves
isomorphic.
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We now set Y’ := Hom 4 (A4’,Y); note that Y is cofinitely generated over A’, by
Proposition C.13 (1). For any n > 0, there are natural isomorphisms

~

(O"/p""60") @arpprn V'[9 — (6/970) @4 n Y'[p"]
and
Y'[p"] — Homa(A"/p'", Y[p"]),

and hence (e.g. by Lemma 3.1.17, applied with A taken to be A/p™, 7 taken to be
6/p™0, which is orthonormalizable over A/p™ by Lemma B.6 (4), and M taken to be
A’ /p"™; note that there is no need to pass to completed tensor products, since A/p™
is finite over O, so that the usual tensor products are already w-adically complete)
a natural isomorphism

(0" /p'"0") @ ar jprn Y'[p'"] — Homy (A’ /p™, (0/p™0) @4 /pn Y[p"]).

There are evident isomorphisms
(0" /p""p") ®arjpm Ordp (HomA (A'/p™,(0/p"0) @a/pn Y[P"]))

= Homa (A'/p", Ords ((p/8"p) @a/pn (0/0"0) D450 Y[p"]))

and
(10107 0') @ a0 Oxds (Homg (' /8", (6/970) @40 Y19])))

~ ab,S
> Homa (A'/p", (/8" 0) @2a/m Ord s (0/970) .70 Y[p7])) ).

Since Hom 4 (A’ /p'™,-) is a left-exact functor, we deduce from the hypothesis of the
theorem that for each n > 0, the action of Gg, on the quotient

(p//p/np/) ®A’/p’” OI‘dB((el/p/nel) ®A’/p’" Y/[p/n])
ab,S
((p//plnp/) @4 jprn OrdB((el/p/nel) ® A7 jprn Yl[p/n]))

factors through G& Note also that since A’ is reduced (being normal), the module
Y’ is faithful over A’, by Proposition C.13 (2). Combining this with the conclusion
of the preceding paragraph, we see that we may replace A, p, p, and § by A’, p’, p’,
and @', and hence assume that A itself is normal of dimension two.

Let Y ¢ denote the maximal cotorsion free cofinitely generated A-submodule of Y
(as in Definition C.39, with I" taken to be the trivial group). Proposition C.40 shows
that Yo is a faithful A-module. For any n > 0, the embedding Y.i¢[p"] — Y[p"]
induces a map

ab,S

(0/p"0) @a/pn Yeus[p"] = (0/9"0) ©a/pn Y p"]
which is again an embedding (by Lemma B.6 (1), applied to the orthonormalizable
A/p"-module 6/p"0), and it follows that the action of G, on the quotient

(p/p"p) ®a/pn Ordp((0/p™60) @ 4ypn Yeur[p"])
ab,S
((P/P”P) ®a/pn Ordp ((0/p0) @4 pn thf[P”]))

factors through G@E’q. Thus, replacing Y by Y.ir, we may assume that Y is cotorsion

free. Then, since Y is cotorsion free and the localization A, is a discrete valuation
ring (being normal and of dimension one), we find that F @ Y[p"] is free as an
(Ap/p" Ap)-module, for any n > 0. (Indeed, if we write N := Homp(Y, O), then N
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is torsion free over A, by assumption. Applying Proposition C.11, with X taken to
be Y and M taken to be A/p™, we find that there is an isomorphism

(Ap/p"Ap) ®4 N — Home (E ®0 Y[p"], E).

Since A, ®4 N is finitely generated and torsion free, and hence free, over the discrete
valuation ring A,, we see that the source of this isomorphism is free over A, /p™A,,
and hence so is the source. Passing to E-duals, we find that F ®¢ Y[p"] is itself
free over (A /p™Ay), as claimed.) Thus we conclude that the G, -action on

(p/p"p) ®aypn Ordp(0/p"0)
ab,S
((p/p"p) ®.a/pn Ordp(6/p"0))
factors through G&Z, for any n > 0.

Let Ep denote the completion of the localization Ay, let I denote the fraction
field of A, and consider 6 := A,& 40, the p-adic completion of A, ® 4 6 (which may
also be described as the projective limit lim E ®o (0/p"0)), as well as K ®z, 0. We

are in the context of the discussion at the e7;1d of Subsection 3.2, and we observe that
MF () is an Ap-lattice in MF (K ®3, ) = KK ®4 p. Since A, is a complete discrete

valuation ring, and since by assumption g/pé\ >~ F ® 0/pf contains no finite-
dimensional G-invariant subquotients, we may apply the same argument as that
used to prove Proposition 3.6.3 above to conclude that MF(@) is a scalar multiple
(in K ®z, p) of ,Zp ®a4 p, and so in particular that MF(@) = /Tp ®4 p. Reducing
this isomorphism modulo p, we find that £ ® o MF(0/p0) = p(p), as claimed. O

3.7. Deformations. In this subsection we prove some technical results which will
allow us to construct certain deformations of G-representations. These results will
be applied only in the proof of Proposition 6.5.11.

We suppose that A is a finite, flat, reduced, local O-algebra, with maximal
ideal m. Let p be a minimal prime ideal of A such that O — A/p, and let J
denote the intersection of the minimal primes of A that are distinct from p. Thus
J is a saturated ideal of A (i.e. A/J is flat over O), and J Np = 0. There is a short
exact sequence

a—(a mod p,a mod J (a1,a2)—ai1—as

37.1) 00— A " Afp x AJT Af(p+J) — 0.

Let s > 0 be such that O/w*O — A/(J +p). f we let 2 : A/J — O/w*O
denote the composition of the surjection A/J — A/(J + p) with the inverse of this
isomorphism, then a consideration of the short exact sequence (3.7.1) shows that
there is an isomorphism

(3.7.2) A {(z,y) € AJJ x O)i(z) = y mod w*}.

We may use this description of A to construct orthonormalizable A-modules by
gluing together orthonormalizable modules over @ and A/J. Suppose to begin with
that X is an orthonormalizable A-module. Write X; := X/JX and X, := X/pX.
It follows from Lemma B.6 (4) that X is an orthonormalizable A/.J-module, while
X, is an orthonormalizable O-module. The transitivity of tensor products shows
that there are canonical isomorphisms

XsfpXy — X/(p+ )X
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and
X/ Xy — X/(p+ )X,
and we define
¢: Xp/w Xy — Xy /pX,
to be the composite of the second of these with the inverse of the first.

3.7.3. Lemma. There is a natural isomorphism
X = {(u,v) € Xp x Xy |¢(u) =v}.

Proof. This follows by tensoring the short exact sequence (3.7.1) with X over A,
taking into account the flatness of X over A (Part 1 of Lemma B.6). O

Conversely, we now suppose given an orthonormalizable O-module X, an or-
thonormalizable A/J-module X ;, and an isomorphism

¢ : Xp/wSXp AN XJ/pXJ
Define
(3.7.4) X ={(u,v) € Xy x Xj|¢(u) = v}

3.7.5. Lemma. The A-module X is orthonormalizable, and there are natural iso-
morphisms X/pX — X, and X/JX — X .

Proof. Choose a basis {€;}icr of X,/w®X,, and lift {€;}icr (resp. {¢(€;}icr to
an orthonormal basis {ef};c; of X, (resp. an orthonormal basis {e] };c; of X).
One easily verifies, taking into account the isomorphism (3.7.2), that {(e!,ef)}icr
forms an orthonormal basis for X. We leave the (easy) verification of the claimed
isomorphisms to the reader. O

We now present a variant of the gluing procedure just discussed. To begin with,
write A’ := Homp (4, O) (and define (4/J)" analogously). The description (3.7.2)
of A gives rise to a corresponding description of A’. Before stating it, note that

1 ~ v o~ 1
(3.7.6) (— (AT /(A)T))p] — (A/(p + )" — —O/O.
The inverse of this isomorphism gives an embedding
1 ~ 1 1
:—0/0 —(A/ D) /(AT —(A/) /(AT
71 —=0/0 = ((A/J)/(A)T))lp] = —(A/J)/(A] ),
and we have the isomorphism
~ 1 1
A" = {(u,v') € =0 x —(A/J) | s(u' mod O) = v mod (A/J)"};
w" w

if we regard A as a subring of O x A/J via (3.7.2), then the pairing between A and
A’ is defined via

<(u7 U)7 (u/7 7)’)) = <u7 u/> - <’U, ’U/>.
We may re-express the preceding isomorphism via the following exact sequence:
(BIT) 0 A — 0 x (any O Ly pagy.

w w w

Suppose now that we are given an orthonormalizable A/J-module X ;. If we

define Vj := (A/J)" ®4,;5 X, then the isomorphism (3.7.6) gives rise to a natural

isomorphism
1 ~ 1 1
(= Va/ValBl = (2 X)X,
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Thus if we are given an orthonormalizable O-module X, and an isomorphism ¢ :
X,/ Xy, — X;/pX;, we may equally well regard ¢ an an isomorphism

1 ~ 1 1
—X, /Xy — (— V5V — V5 /V;.
¢ —Xp/Xp — (Va/Vi)lb] € —Vi/ Vs
3.7.8. Lemma. In the context of the preceding discussion, if we write
1 1
V= {(u,v) € —Xp x —Vy|¢(umod X,) = v mod Vy},
w w

then there is an isomorphism A’ @4 X —— V, for some orthonormalizable A-
module X .

Proof. If we define the A-module X via (3.7.4), then Lemma 3.7.5 shows that X is
orthonormalizable. Now tensoring X over A with the exact sequence (3.7.7), and
taking into account the flatness of X over A (Lemma B.6 (1), and the isomorphisms
X/pX — X, and X/JX — X, of Lemma 3.7.5, we obtain an exact sequence

1 1 1
0> A o4X — —SXp X TVJ — TVJ/VJ,
w w w
where the third arrow is defined by (u,v) — ¢(u) — v. The lemma follows. O

The next result gives a characterization of those A-modules of the type con-
structed in the preceding lemma. Before stating it, we note that passing to trans-
poses induces a natural isomorphism

A =Homy(A, A) = Homy (A’ A).

Thus if X is any orthonormalizable A-module, it follows from Lemma B.6 (3) that
there is a natural isomorphism

(3.7.9) X 5 Homa (A, A" @4 X).
3.7.10. Lemma. IfV is an A-module, then the following are equivalent:

(1) There exists an orthonormalizable A-module X and an isomorphism

A, X 5V
(2) Homy(A',V) is an orthonormalizable A-module, and the natural map
A" @4 Homy (A, V) -V
s an isomorphism.
Furthermore, any isomorphism as in 1 induces an isomorphism
X =5 Homu (A, V).
Proof. Obviously 2 implies 1. Conversely, any isomorphism as in 1 induces the
second in the sequence of isomorphisms
X 5 Homu (A", A" ®4 X) — Hom(A', V),

the first being the isomorphism (3.7.9). Thus 1 implies 2, and the final statement
of the lemma also holds. O

We are finally ready to explain how the previous results can be used to construct
certain deformations of G-representations.

3.7.11. Proposition. Let V be a G-representation on an m-adically complete A-
module, and let T be a semi-simple object of Modglm(A). Suppose that:



LOCAL-GLOBAL COMPATIBILITY IN p-ADIC LANGLANDS FOR GLy/q 39

(1) There ezists a deformation Xy of ® over A/ J such that (A)J) ®a4,;X; —
VIJl.
(2) Vip] is a deformation of ™ over O.
(3) For each Serre weight U, the embedding © — (V;/wVy)[m] — (V/@wV)[m]
induces an isomorphism
s0C(v) Homgr, (z,) (U, T) — socyyy Homgr, z,) (U, (Vi /@ V) [m]).

(We refer to Definition 3.5.1 for the definition of Serre weight, to Defini-
tion 3.5.2 for the definition of H(U), and to Remark 3.5.3 for the definition
of the action of H(U) on the functor Homgr,z,)(U, -). If W is a GL2(Qy)-
representation, then we write socy ) Homgy, z,) (U, W) to denote the socle
of Homgr,(z,)(U, W) as a H(U)-representation.)
Then there is a deformation X of T over A and a G-equivariant A-linear isomor-
phism A’ ©4 X — V.

Proof. Write C to denote the cokernel of the inclusion V[J] < V, so that we have
a short exact sequence
(3.7.12) 0-V[J]—-V->C—=0
of A[G]-modules. Since
O/w" — A/(p+J),
it follows that the class in Extz[c](C, V[J]) represented by (3.7.12) is annihilated

by multiplication by w®, and hence that there is a map of A[G]-modules ¢ : C' —
L[J]/w®L[J] such that (3.7.12) is obtained by pulling back the short exact sequence

(3.7.13) 0— V[J] — %V[J] - %V[J]/V[J} ~0

via ¢.

Let K denote the kernel of ¢. Note that K may also be described as the max-
imal submodule of C' such that pull-back of (3.7.12) along the inclusion K — C
splits; this alternate description of K shows that surjection V' — C restricts to an
isomorphism
(3.7.14) Vip] = K.

Choose t to be maximal such that K C @'C; note that @w*C C K, and thus
that s > t. There is an embedding ¢' : @ 'K/K — V|[J]/w!V[J], defined as the
composite

& K/K 25 (C/K)w'] & (V)@ V[])[=']
= V)@ V]I = VI V]J].
Pulling back (3.7.12) via the inclusion w 'K — C yields a short exact sequence
(3.7.15) 0= V[J]—-W —w 'K -0,

obtained by pulling back the short exact sequence (3.7.13) along the embedding ¢'.
Suppose now that s > ¢t. We claim that (W/@wW)[m] — 7 & 7, and (conse-
quently) that the exact sequence

0— (V[J]/WV[JD[WL} — (W/wW)[m] — (wftK/wftJrlK)

is then in fact short exact (i.e. exact on the right as well), and split.
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To see this, suppose first that ¢ = 0. In this case (3.7.15) is split, and the claim
is evident. Suppose next that s >t > 0. Write
(3.7.16) B = {(z,y) € A/J x O|1(x) =y mod w'}.
It follows from Lemma 3.7.8 that there is an orthonormalizable B-module Y such
that B’ @3 Y — W. We then compute that

(W/wW)[m] — (B/mB)" ® (Y/mY).
Since s > t, there is an isomorphism B/mB —— k @ k. On the other hand,
Y/mY —= (Y/J)/m(Y/J) — X;/mX; — 7.

This proves the claim when ¢ > 0.

Continuing to suppose that s > ¢, we see that by virtue of our choice of ¢, the
map (w 'K /w T K) — C/wC is not identically zero, and thus we find that the
image of the natural map (W/wW)[m] — (V/wV)[m] has a non-zero projection
into C/wC. Since 7 is semi-simple as a G-representation, so is (W/wW)[m], and
thus so is its image in (V/@wV)[m]. Thus this image contains an irreducible G-
subrepresentation, say Y, which embeds into C'/wC. If U is a Serre weight lying
in the GLy(Z,)-socle of Y, then the composite

SOCH(U) HomGLQ(ZP) (U, Y) — SOCH(U) HomGLQ(ZP) (U, (V/wV)[m})
— SOCH(U) HOHIGL2 (Zp) ([]7 C/WC)
is injective, and consequently socy () HomGL2(Zp)(U, Y’) does not lie in the image
of the embedding
SOCH(U) HomGL2(Zp) (U, (VJ/WV])[m]) — SOCH(U) HomGLg(Zp) (U, (V/wV)[m])

This contradicts the third hypothesis in the statement of the proposition, and hence
we conclude that necessarily s = ¢. Thus K = w*C, hence w *K = C and ¢' = ¢,
and so in fact W = V. The proposition now follows from Lemma 3.7.8. (]

4. LOCAL LANGLANDS AT PRIMES £ # p

For any finite set ¥ of primes distinct from p, write G, = [[,cy, GL2(Qu).
This section is devoted to the representation theory of the groups Gy, with p-adic
and mod p coefficients, or more generally with coefficients in objects of Comp(O).
More precisely, after recalling the definition of the Kirillov functor, we describe
various aspects of the local Langlands correspondence in these contexts. Our main
reference is the paper [43].

4.1. The Kirillov functor. In this subsection we recall the definition of the Kir-
illov functor on smooth Gy, -representations.

4.1.1. Definition. Write
a b
P, ;{(O 1) lae [ z;,ve I] zo} ¢ [] GL2(Z0) € G,

LeXy LeXo LeXlg
For each ¢ € Xy, define the operator U; € O[GL2(Qy)] C O[Gyx,] via the formula

= (5 )

=0



LOCAL-GLOBAL COMPATIBILITY IN p-ADIC LANGLANDS FOR GLy/q 41

If X is a smooth representation of Gy, over an object A of Comp(Q), then one easily
checks that the operators Uy preserve the A-submodule of Py-invariant vectors X .
Define

Fs (X)) ={x € X™ U =0 for each ¢ € ¥} c X,

The formation of Fy (X) is evidently functorial in X (with values in the category
of A-modules), and we refer to Fy, as the Kirillov functor.

The following result summarizes the key properties of Fy,,.

4.1.2. Theorem. (1) The functor Fx, is exact on the category of smooth Gs, -
representations over A.
(2) If X is finitely generated over A[G|, then Fx,(X) is finitely generated
over A.
(3) If X is an absolutely irreducible representation of Gy, over k, then Fx (X)
s at most one-dimensional over k.

4.1.3. Definition. We say that a representation X of Gy, over k is generic if X
contains no non-zero subrepresentations W for which Fyx (W) = 0.

4.1.4. Lemma. Let f: W — X be a Gx,-equivariant map from one smooth admis-
sible G, -representation over k to another. Suppose that:
(1) W is generic.
(2) The map f induces an injection Fx (W) — Fx, (X) after applying the
Kirillov functor Fx,,.

Then Fx,, is injective.

Proof. Let U denote the kernel of f. Since Fy, is exact, we see from condition 2
that Fx, (U) = 0. Condition 1 then implies that U = 0, as required. O

4.2. Classical local Langlands for GL3(Q). Let A be an object of Comp(O).
Suppose that A is furthermore a domain, with field of fractions X, and that
K is of characteristic zero. Let £ # p be prime, and consider a representation
pe : Gg, — GL2(K) which is continuous, in the sense that it is obtained from a con-
tinuous representation Gg, — GL2(A) (the target being equipped with its m-adic
topology) via extension of scalars. In [43] we define a local Langlands correspon-
dence py — 7(pe), where m(pe) is an admissible smooth representation of GL2(Qy)
over K. As usual, this correspondence is defined by first passing from the Ga-
lois representation py to a Weil-Deligne representation (see [27, §8] and [43]), then
Frobenius semi-simplifying, and then applying a suitably normalized version of the
local Langlands correspondence relating Frobenius semi-simple Weil-Deligne rep-
resentations and admissible smooth GL2(Qg)-representations. There is one caveat
that we should draw attention to, however: in [43] we apply a generic version of this
correspondence. As a consequence, m(py) is always generic, but in certain situations
is not irreducible.

To be clear, let us recall a more explicit description of the correspondence of [43]:

(1) If pe = x1 D X2, labelled so that x;x5 " # | |, then

m(pe) : X1l |e ® xa.

(This representation is irreducible if y1x5' # | ¢, and is a non-trivial
extension of x; o det by (x1 o det) ® St otherwise.)

— IHdng (@Z)
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(2) If pg is a non-split extension of x5 by x1, then either x1 = x2 = X, in which
case oL
m(pe) == Indg> @ x| @,

orelse x1x3 ' =| ¢, in which case

7(pe) := (x1 o det) ® St.

(3) If py is absolutely irreducible, then 7(pg) is a cuspidal representation, with
central character equal to det(pg)| |e-

Given py as above, we let 7(p;) denote the smooth contragredient representation
to m(pe).

4.3. Mod p local Langlands for GL2(Qy). In [43], we construct a mod p local
Langlands correspondence, whose key properties are summarized in the following
theorem:

4.3.1. Theorem. There is a map p, — 7(p,) from the set of isomorphism classes
of continuous representations p, : Gg, — GLa(k) to the set of isomorphism classes
of finite length admissible smooth GLa(Qy)-representations satisfying the following
conditions:

(1) For any p,, the associated GLo(Qy)-representation T(p,) is generic, in the
sense of Definition 4.1.3 (equivalently, 7(p,) contains no finite-dimensional
subrepresentations).

(2) If K is any finite extension of Q, with residue field k, and if p; : Gg, —
GL3(K) is a continuous representation lifting p, : Gg, — GLa(k), then
there is a GL2(Qg)-invariant integral lattice w(pe)° contained in w(p;) (the
admissible smooth GLa(Qy)-representation over K attached to py via the
local Langlands correspondence of the preceding section), whose mod w re-
duction T(pe)° admits a GLo(Qy)-equivariant embedding T(pe)° — T(p,).
Furthermore, the lattice w(pg)° is uniquely determined up to multiplication
by an element of K*.

(3) The representation T(p) is minimal with respect to satisfying conditions (1)
and (2), i.e. given any representation T of GL2(Qy) satisfying these two
conditions with respect to p, there is a GLa(Qy)-equivariant embedding
m(p) — 7.

Furthermore, the correspondence p, — T(p,) is characterized by these conditions.

Given p, as in the statement of the theorem, we let %(m) denote the smooth
contragredient representation to 7(p,).

4.4. Local Langlands in p-adic families for the groups Gy,. Let A be an
object of Comp(Q) with maximal ideal m and suppose that A is reduced and flat
over O (so that every minimal prime of A has residue characteristic zero). For each
point p € Spec A, let x(p) denote the fraction field of A/p.

Let 3 be a finite set of primes not containing p, and suppose given a continuous
representation p : Gg — GLa(A). If p € Spec A, then we write p(p) = k(p) @4 p.
In the case of the maximal ideal m, we also write p:= p(m) =k ®4 p.

In [43] we prove the following result:

4.4.1. Theorem. There is (up to isomorphism) at most one coadmissible (in the
sense of Definition C.23) smooth G, := [[,cs, GL2(Qu)-representation X satisfy-
ing the following conditions:
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(1) The Gy, -representation (X/wX)[m] is generic, and furthermore the k-
vector space Fy, ((X/wX)[m]) is at most one-dimensional.
(2) There is a Zariski dense subset of closed points II C Spec A[1/p], such that:
(a) For each p € 11, if for some £ € ¥y, the Galois representation p(p)GQe
is a non-generic principal series representation, then p is a minimal
prime of A.
(b) For each p € 11, there is a k(p)-linear, Gx, -equivariant isomorphism

E®o X[pl = Q) 7(p(p) ey, )-
JASDIN)

(¢) The closure in X (in the sense of Definition C.28) of the saturation
in X (in the sense of Definition C.6) of 3_, oy X[p] coincides with X
itself.

Any such X satisfies the following additional conditions:

(3) X is cotorsion free as an A-module (in the sense of Definition C.37).
(4) For each minimal prime a of A, the tensor product k(a)®4 X is k(a)-linearly
and GLa(Qy)-equivariantly isomorphic to ®gex,T(pe(a)).
(5) For every closed point p of Spec A[1/p], there is a Gx,-equivariant embed-
ding
E®o X[pl — &) 7(p(p) ¢, )-

£eXg

4.4.2. Definition. If a coadmissible smooth representation X of Gy, over A satis-
fying the conditions of Theorem 4.4.1 exists, then we denote it by 75, (p), and we
let Ty, (p) denote the smooth contragredient to s, (p).

In the case when S = {{} consists of a single prime, we write m;(p) and 7,(p)
rather than 7y (p) and 7y (p) (assuming that they exist). In [43] we prove that
75, (p) exists if and only if 7,(p) exists for each ¢ € ¥y, and that s, (p) may be
identified with the maximal A-torsion free quotient of ®gex,7¢(p).

The preceding discussion applies in particular to the case when A = O. In this
case, we have the following result.

4.4.3. Proposition. Suppose that p : Gg — GL2(O) is continuous, and write
pE = E®ep for the associated E-valued representation. In this case the admissible
smooth Gy, -representations ms,(p) does exist, and is an admissible smooth Gy, -
representation over O, which is characterized by the following properties:

(1) There is an E-linear, G-equivariant isomorphism
E®0 ms,(p) — ® m(PE|Gq,)
ey

(where w(pg ‘GQ[) is the GLo(Qy)-representation over E attached to pg \Ga,
via the local Langlands correspondence discussed in Subsection 4.2).
(2) The quotient s, (p)/wrs,(p) is generic, in the sense of Definition 4.1.3.

Proof. For each ¢ € X, let m(pp|c,,)° denote the GL2(Q¢)-invariant O-lattice in
W(pE‘GQe) satisfying condition 2 of Theorem 4.3.1, and set

s, (p) 1= @rex,m(PE|G,)° -
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The representation s, (p) satisfies the conditions of Theorem 4.4.1 with respect to p
(taking IT to consist of the zero ideal of O). Thus 7g,(p) exists. By construction, it
satisfies conditions 1 and 2 of the proposition, and is easily seen to be characterized
by those conditions. (I

5. w-ADICALLY COMPLETED COHOMOLOGY AND HECKE ALGEBRAS

In this section we recall the basic definitions and results related to the w-adically
completed cohomology of modular curves, and the associated w-adically completed
Hecke algebras. For further details the reader may consult [36] and [38].

5.1. fl(lg and some related spaces. For any compact open subgroup Ky of the
adelic group GLa(Af), we let Y(K) denote the modular curve

Y (Ky) == GL2(Q\((C\R) x GLa(Ay)) /K.

As is well-known, Y (Kt) admits a canonical model as an algebraic curve over Q,
which we again denote by Y (Ky). We write

HY(Kp)a = Hi (Y(Ky),5,A),

/Q
where the subscript ét denotes étale cohomology, and where A denotes one of E, O,
or O/w*O for some s > 0. (Mostly we will have s = 1, in which case O/wO = k.)
There is a natural action of Gg on H*'(Kf) .
If KP is some fixed compact open subgroup of GLQ(A?)7 then we write
HY(KP) 4 :=lm H' (K,K") 4,
Kp

where the inductive limit is taken over all compact open subgroups K, of G :=
GL2(Q,), and where again A denotes one of E, O, or O/w*O. There are natural
commuting actions of G and Gg on H*(KP) 4.

For each s > 0 there is a natural G x Gg-equivariant isomorphism

(5.1.1) HY(KP)o/w* H (K?)o — H' (K)o /w:0-
We write

H'(K?)o = lim H'(K?)o /@* H' (K?)o — lim H'(K")o /w0

to denote the w-adic completion of H!(KP)p. Since the formation of w-adic com-
pletions is functorial, the Gg x G-action on H!(KP)p extends to a w-adically
continuous Gg x G-action on H'(K?)p. The G-action on H'(K?)o makes it a
w-adically admissible G-representation over O, in the sense of Definition 3.1.1.
(See [36].) The isomorphisms (5.1.1) induce a natural Gg x G-equivariant isomor-
phism
(5.1.2) HYKP)o/w*H (K?)o = HY (K)o /w0
for each s > 0.

We write

HY(KP)p := E®o H' (K?)e.

This is an E-Banach space, having fll(K”)o as unit ball, and equipped with a
continuous action of Gg x G. The G-action makes it a unitary admissible Banach
space representation of G over E.
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If Ais one of E or O, then we write
H) = lim H' (K?) 4,
KP
and equip it with the O-linear inductive limit topology.'® It is also equipped with
a continuous action of Gg x GLg(Ay). For any s > 0, we also write
HY oo = lm H' (K?) 0 /me0 = lim H' (K)om0
KP Kf
(the first inductive limit being taken over all compact open subgroups of GLq (A’f’),
and the second over all compact open subgroups of GLy(Ay)). It is equipped
with a smooth action of Gg x GL2(Ay). (The case when s = 1, with coefficients
O/wO = k, will be of most interest.) The isomorphism (5.1.2) induces a natural
isomorphism
Ho/w Ho = Hp e
which is Gg x GLa(A f)-equivariant.!

Suppose that X is a finite set of primes not containing p, write X := ¥ U {p},
and write G, = [[;ex, GL2(Qr). Let K¥ = [Tegs GL2(Z¢). If Ky, is an open
subgroup of G, then we write

H' (Kg,)a = H" (K5, K7 a,
for A= FE or O, and

H' (Ks,)o/we0 = H (K5, K§)0 /w0

for any s > 0. In particular, when s = 1, we have

H'(Ksy )i = H' (K5, K )1

We also write R R
Hyy = lim H'(Kx,)a,
; e

0

for A= FE or O, and

H(l’)/wSO,E = lim Hl(KEo)O/wS(%

KEO

for s > 0. The modules ﬁihz are equipped with a continuous action of GgxGx Gy,
for A = F or O, while the modules H(lo/wso,z are equipped with a smooth action
of the same group.

There are analogues of all the above constructions with compactly supported
cohomology in place of usual cohomology; we denote the resulting spaces by in-
cluding an extra subscript ¢ (as usual), thus H g,o’ etc. There are also analogues

with cohomology in degree zero rather than degree one, which we denote by fAI(OQ,
etc. (See [36, §4] and [38, §7.2].)

We finish this section by noting the following lemma (which can already be found
in the proof of [38, Thm. 7.10.7]).

10T.e. we take as a basis of neighbourhoods of the origin in ﬁ}x those O-submodules U such
that U () H(KP) 4 is w-adically open in H(KP), for cach tame level KP. When A = E, this is
the usual locally convex inductive limit topology.

1 As remarked in Section 2, the G’ and GL2(Af)-actions that we consider in this paper are
obtained from those considered in [16] by applying the automorphism g+ (g—1)*.
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5.1.3. Lemma. The space ﬁ}g contains no one-dimensional G-subrepresentations.

Proof. If U is a one-dimensional G-invariant subspace of I?T};, then cupping U with
an appropriately chosen element of H 9., if necessary, we may assume that the action
of GL2(Z,) on U is trivial, and hence in particular that U is locally algebraic. (Cf.
the proof of [38, Lem. 7.3.19].) However, it follows from [38, Thm. 7.4.2], together
with the fact that the local factor at p of the GL2(A f)-representation attached to a
modular newform is generic [51, p. 354], that ﬁ}f cannot contain a one-dimensional
locally algebraic G-subrepresentation. This proves the lemma. (I

5.1.4. Remark. Although we will not need the result in this paper, we note that
the proof of the preceding lemma extends to show that I/-j}; contains no non-zero
finite-dimensional G-subrepresentation. (Use the fact that any finite-dimensional
representation of SLy(Q,) over E is locally algebraic, as follows from [78, LG 5.42,
Thm. 2].)

5.2. Hecke algebras. Fix a compact open subgroup K? of GL2(AZ;). If K, is a
compact open subgroup of G, then we let T(K, K?) denote the O-algebra of Gg x G-
equivariant endomorphisms of H 1(KpK P)p generated by the Hecke operators Sy
and Ty for those primes ¢ distinct from p and unramified in K?. If K, C K, is
an inclusion of compact open subgroups of G, then there is a natural surjection
T(K,KP) — T(K,KP?).

5.2.1. Definition. We define T(KP) := lim T(K,K?), and we equip T(KP) with its
Kp

projective limit topology, each of the O-algebras T(K,KP) being equipped with its

w-adic topology.

The O-algebra T(KP?) is then topologically generated by the Hecke operators Sy
and Ty, and acts faithfully on ﬁl(Kp)o, and so also on lfll(Kp)E.12

The O-algebra T(KP) is reduced, commutative, and complete with respect to its
natural topology, and in fact decomposes as the product of finitely many complete
local O-algebras, which are in bijection with the (finitely many) Galois conjugacy
classes of systems of Hecke eigenvalues arising from modular forms of level K?
defined over k. Furthermore, its natural topology coincides with the product of the
m-adic topologies on each of its finitely many local factors, and so in particular, it is
a compact topological ring. (These claims are easily deduced from Definition 5.2.1.)

For any inclusion K?' C KP, there is induced a continuous morphism T(K?') —
T(KP) taking S, and Ty in the source to S; and Ty in the target, for £ # p and
unramified in K?’, and compatible with respect to the natural closed embedding
HY(K,)g — H'(K?)g and the action of T(K?) (resp. T(K?')) on its source (resp.
target).

We now fix a continuous absolutely irreducible representation p : Gg — GL2(k),
and a finite set ¥y of primes, not containing p, chosen so that p is unramified
outside ¥ := ¥g U {p}. Assume that p is modular. (As conjectured by Serre, and
proved by Khare, Wintenberger, and Kisin [53, 54, 55, 60], this is implied by the

12The topological O-algebra T(KP) admits the following alternative definition: namely, when
regarded as an algebra of endomorphisms of H (KP)E, it coincides with the weakly closed O-
algebra of Gg X G-equivariant endomorphisms of H! (KP)E topologically generated by the Hecke
operators Sy and Ty for those primes ¢ distinct from p and unramified in KP. However, we won’t
need this interpretation in what follows.
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a priori weaker assumption that p is odd.) If Ky, is a compact open subgroup
of Gy, and if K3 has the same meaning as in the preceding subsection, then we
write T(Kzo) = T(KEOKE)

5.2.2. Definition. We say that a compact open subgroup Ky, C Gy, is an allow-
able level for p if we may find a maximal ideal m of T(Ky, ), having residue field k,
which is associated to p in the usual sense, namely

T, mod m = trace(p(Froby)), €S, mod m = det(p(Froby))

for ¢ ¢ 3 (or equivalently, if there exists a newform of tame level Ky, whose
associated Galois representation lifts p).

If Ky, is an allowable level for p, then we write T(Ks,)s = T(Kx,)m to de-
note the completion of T(Kx,) at m; note that T(Ky, )5 is simply a direct factor
of T(Ky,), which by construction has residue field k. Since p is assumed to be
modular, any sufficiently small Ky, C Gy, is an allowable level for p.

5.2.3. Remark. The preceding claim merits some explanation. Indeed, if modular
is simply understood to mean that p arises from some modular form, then a prior:
one could think that it might be necessary to enlarge ¥ first. However, it is known
that p arises from a modular form of level equal to the Artin conductor of p, and so
in particular of level divisible only by primes in 3. (This follows from the proof of
Serre’s conjecture in [53, 54, 55, 60]. Of course, for p > 2, and for most cases when
p = 2, it was known earlier, under the rubric “the weak Serre’s conjecture implies
the strong Serre’s conjecture” — see [74] and the references therein.)

As is well-known, for any allowable level Ky, we may construct a deformation
p(Ks,) : Gg — GLao(T(Kx,)5) of p, unramified outside of ¥, uniquely determined
by the requirement

trace(p(Kx, ) (Froby)) =Ty,  det(p(Kx,)(Froby)) = S;

for ¢ ¢ ¥. (For example, for any compact open subgroup K, of G, if we write

T(K,Ks,)5 = T(Ks,)p @1(ky,) T(KpKs,K7), then [18, Thm. 3] constructs a

deformation p(K,Ks,) : Gg — GL2(T(K,Kx,)5), whose characteristic polynomial

on Froby equals X? — T, X + £Sy, for £ ¢ 3. Since T(Kx, )5 := lim T(K,Kx,)5 (by
Kp

Definition 5.2.1), we may construct the deformation p(Ky,) as the projective limit

of the deformations p(K,Kx,).)

Let R; s denote the complete local Noetherian O-algebra with residue field k&
that parametrizes deformations of p, unramified outside of 3, over complete local
O-algebras. Let p" denote the universal deformation of p to a continuous represen-
tation p" : Gg — GLa(Rpx). If we write

ty = trace(p“(Frobg)) € Rss, s0:= ¢~ det (p“(Frobg)) € Rp»

(¢ ¢ ¥), then R5y is topologically generated by the elements ¢, [18]. For each
allowable level Ky, the deformation p(Ky,) of p determines, and is determined by,
a local O-algebra homomorphisms ¢(Ks,) : Rp s — T(Kx,)s. This latter map is
uniquely determined by the requirement that ¢(Kx,)(t¢) = Ty for £ & 3. One has
in addition that ¢(Kx,)(s¢) = S¢, and hence that ¢(Kyx,) is surjective, since the
elements Sy and Ty topologically generate T (K, )5. (And one concludes that in fact
T(Ks, )7 is topologically generated by the elements T, alone; this is well-known,
and also follows directly from the results of [18].)
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5.2.4. Lemma. (1) If Ky, C Ky, is an inclusion of allowable levels, then
the induced map T(Ky, ); — T(Ks,); is a surjection of complete local
Noetherian O-algebras.

(2) If furthermore Ky, is a sufficiently small allowable level, then the induced
map T(Ky, )5 — T(Ks,)s of part 1 is an isomorphism.

Proof. Claim 1 follows from the fact that the image of T(Ky, )z in T(Kx,)s is
closed (since T(Ky, )7 is compact) and contains a set of topological generators of
T(Ks,)s (namely, the elements Ty, for £ ¢ ). (Alternatively, one may regard each
of T(Ky,); and T(KY, ); as quotients of R; s — see diagram (5.2.6) below.) As
for claim 2, recall that, as is explained in [17] and [63], there is a positive integer
Ny, divisible only by the primes in ¥, with the property that for any modular lift
p of p, unramified away from X, the prime-to-p-part of the conductor of p divides
Ny, Thinking of both T(Ky, )7 and T(Kx, )5 as quotients of R 5, we thus see that
they coincide as quotients of Rj s, provided (for example) that Ky, is contained
in the congruence subgroup of level Ny, . O

5.2.5. Definition. We write T; sy, = lim T(Ky, )z, the projective limit being taken
Ky,

over the allowable levels Ky, of Gx,. If { ¢ ¥, we write T; to denote the element

of Tp» uniquely determined by the requirement that it map to the element T} in

each of the algebras T(Kx,)5.

Part 1 of Lemma 5.2.4 shows that the transition maps in the projective limit
defining T5 » are surjective, while part 2 of the lemma shows that they are eventu-
ally isomorphisms. In particular, we see that T5; s is a complete local Noetherian
O-algebra.

If K5, C Ky, is an inclusion of allowable levels, then we obtain a commutative
diagram

(5.2.6) R5»

H(K
oot

T(Ks,)s — T(Ks,)s,

Passing to the limit over all Ky, we obtain a local surjection of complete local
O-algebras ¢x : Rz — T;x, uniquely characterized by the requirement that
(,252(15[) = Tg for /¢ ¢ >

5.2.7. Definition. We let p¥! denote the deformation of p over T; s associated
to ¢E~

Referring again to Lemma 5.2.4, one sees that p§i coincides with p(Ky,) for
sufficiently small Ky, .

As usual, for a point p € Spec T; 5, we will write £(p) to denote the residue field
of p. We recall in particular that if p is a closed point of Spec T3 x[1/p], then x(p)
is a finite extension of E.

5.2.8. Definition. We say that a closed point p € SpecTs x[1/p] is a classical
closed point if the system of Hecke eigenvalues Spec T3 5[1/p] — £(p) determined
by p arises from a classical cuspform of weight k& > 2.
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5.2.9. Definition. For any p € SpecT; 5, we write p(p)° := p& /ppR, and p(p) :=
K(p) @1y 5 P = K(P) @1, 5/ £(P)°-

Thus p(p) is a two-dimensional representation of Gg over x(p), and p(p)° is a
Gg-invariant lattice in p(p), free of rank two over the integral domain T5 5 /p.

5.3. The p-part of ﬁ(lg We continue to fix 5, X, and ¥ := ¥ U {p} as in the
preceding subsection.

5.3.1. Definition. For each allowable level Ky, C Gyx,, and for A = E or O,
we write ﬁl(KZO)Aﬁ = T(Kx,)5 Or(xs,) f[l(KEO)A. Similarly, if K, is a fixed
compact open subgroup of G, and if K; = K, Kx, K}, then we write HY (Kf)az =
T(Ks, )5 @r(ks,) H' (Kf)a-

Since T(Ky, )5 is a direct factor of T(Ky,), we see that I/‘jl(Kgo)A’p is natu-
rally a direct summand of H(Kx,)4. Since the T(Ks,)-action on H!(Ky, )4 is
G x G-equivariant, we see that HY(K 5 ) A5 18 Gg X G-invariant. (Here, as in Defi-
nition 5.3.1, A = E or O.) If m denotes the maximal ideal in T(Ky,) corresponding
to p (so that T(K'x, )5 is the m-adic completion of T(Kx,)), then ﬁl(Kgo)oyp may
also be described as the m-adic completion of H(O, Kx,).

If K’EO C Ky, is an inclusion of allowable levels of G5, then the closed em-
bedding H(Kx,)a — fIl(K’EU)A restricts to a closed embedding ﬁl(Kzo)A’p —
ﬁ[l(K’EO)A’ﬁ (again for A = E or O).

5.3.2. Definition. For A = E or O, write }AI}LE’E = lim ﬁl(KgO)A@ where the
Ky,
inductive limit is taken over all allowable levels Ky, C Gx,.

One immediately sees that H }1@2 is a Gg x G x Gy, -invariant direct summand
of ﬁ}x,y The natural surjection T 5 — T(Kx,); (for each allowable level K5, C
Gy,) allows us to regard H Y(Kyx,)a7 as a T;s-module, for any allowable level
Ky, C Gs,, and this structure is compatible with the embeddings H'(Ks,)a7 —
Hl(Klzo)Af- Thus H} 5 is also naturally a T s-module, and the Gg X G X Gs,-
action on H}l,ﬁ,Z is evidently T; s-linear.

We also have a mod @w® analogue of the preceding constructions for any s > 0,
which we denote by H'(Kx,)o =05 (for any allowable level Ky, C Gy,) and
H(lo/wso,p,z’ defined in the evident manner. The isomorphism (5.1.2) gives rise to
an isomorphism

(5.3.3) H'(Ks,)oz/@ H (Ks,)oz — H'(Ks,)0/=05

and hence also an isomorphism

(5.3.4) Hp /@ Hb 55— Hp jo0 5500

for each s > 0. (In the particular case when s = 1, which will be of the most interest,

the preceding isomorphism may be written as Hp 5 o /wHg 55 — Hj 5 5.)

5.3.5. Lemma. For any allowable level Ky, C Gy, for p, the module }AII(KZO)@@
is a w-adically admissible representation of G over T .
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Proof. Since H'(Ks,)op is a direct summand of H'(Kx,)o, it is a w-adically
admissible representation of G over 0. In order to prove the lemma, it then suffices
to observe (taking into account the isomorphism (5.3.3)) that for any ¢ > 0, each
element of ﬁ<197ﬁ,2 /wiffaﬁz is annihilated by some power of the maximal ideal

of Tﬁ72. O
5.3.6. Lemma. Let K5, C Gx, be an allowable level.
(1) The natural map
H'(Ks,)p5 — (Hpz3)
s an isomorphism.
(2) If K, is a compact open subgroup of G, then, writing Ky := KI,KZDKSJ,
the natural map

—~ Kp
HYKf)pp; — (H'(Ks,)55)

s an isomorphism.

Proof. Claim 1 follows from [36, Prop. 2.2.13]. Claim 2 follows from the isomor-
phism [36, (4.3.4)], taking the representation W appearing there to be the trivial
representation. O

5.3.7. Definition. If 7 € C\ R, then let GLy(Q), denote the stabilizer of 7
in GL2(Q). We say that a compact open subgroup K of GLy(Af) is neat if the
intersection GL2(Q), (N gKsg~! = {1} for each 7 € C\ R and each g € GLa(Ay).
(This condition ensures that GL2(Q) acts on (C\R) x GLa(Af)/K; without fixed
points.)
5.3.8. Lemma. Let K5, C Gy, be an allowable level.

(1) The natural map

HY(Ks,)op — (Ho )
s an isomorphism.

2) If K, is a compact open subgroup of G, and if K¢ := K,Kx, K2 is neat
( p pact op group , f p K5, Ky :
then the natural map

HY K)oz — (H'(Ks,)o5)

s an isomorphism, as is the natural map

Ky

K, K
HY (Kf)ojm0p5 = (Hojmeops) 0

for any s > 0.

Proof. We begin by putting ourselves in the situation of 2. Thus we choose a
compact open subgroup K, C G, and write Ky := KpKEOKOE. We furthermore
assume that Ky is neat. If KI’) C K, and K'EO C Ky, are normal open subgroups,
and if we write K} = KZ’)K'EOKOE, then the Hochschild—Serre spectral sequence
gives, for any s > 0, a short exact sequence

0— H' (K¢/K}, H(Y (K}),0/w*0)) — H (Y(Ky),0/w*0O)
— H'(Y(K}),0/=*0)" = 0.
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(Note that our assumption that Ky is neat implies that Ky/K} acts freely on
Y(K }), so that we in a context to which the Hochschild-Serre spectral sequence
applies.) Since p is assumed to be irreducible, localizing at p yields an isomorphism

~ K
(5.3.9) H' (Kf)ojmo0p — (H'(K})o/w07)

Passing to the inductive limit over K, and Ky, in (5.3.9), one obtains the second
of the isomorphisms in 2.

Taking K, = K, in (5.3.9), then passing to the inductive limit over K, and
then to the projective limit over s, one obtains an isomorphism

~

PN = K
H' (Ks,)op — (H'(Kxy)oz) .

Passing to the inductive limit over K'EO yields the isomorphism of part 1.
Passing to the inductive limit over Kz/> in (5.3.9), then to the projective limit
over s, and then to the inductive limit over K/EU, one obtains an isomorphism

~ KK
HY (Kf)op — (Hozs) " .

In combination with the isomorphism of part 1, this yields the first of the isomor-
phisms of part 2. O

5.3.10. Remark. A lemma of Carayol [17] shows that even when K is not neat,
claim 2 of the preceding result holds as long as p is not induced from a character

of Gow=1) °r Gaw=3-

5.3.11. Proposition. For any s > 0, the space Hé)/wso 5.5 s an admissible smooth
representation of G X Gx, over O/w*O.

Proof. This follows from part 2 of the preceding lemma, and the fact that the space
Hl(Kf)O/wsap is finitely generated over O/w®*O. O

5.3.12. Remark. In fact, the preceding proposition holds generally, without lo-
calizing at p; i.e. Hclo/wso s, is an admissible smooth representation of G x Gx,.
However, the analogue of Lemma 5.3.8 does not hold in general.

5.3.13. Proposition. If K, is any compact open subgroup of G, then (ﬁé@z)]{p
is finitely generated as an E[Gx,|-module.

Proof. If p is any lift of p, then for any prime ¢ # p, the conductor of p at £ is
bounded in terms of the conductor of p of ¢ [17, 63]. Thus if we fix some power p”
of p, any classical lift p of p that is unramified outside ¥, and whose conductor at
p is bounded by p”, in fact has bounded conductor. It follows that there are only
finitely many such non-isomorphic lifts of any given weight k > 2.

In particular, there are only finitely many lifts p of p that are classical of weight 2,
unramified away from ¥, and for which 7(p|g,, ) (the representation of GL2(Qp)
associated to p Ga, via the classical local Langlands correspondence at p) has non-
zero Kp-invariants. Replacing F by a finite extension, if necessary, we may assume
that all such lifts p are defined over E. It then follows from [38, Thm. 7.4.2] and
the main theorem of [16] that there is an isomorphism

(ﬁéﬁ,E)Kp — @ﬂp(p|G@p)Kp ® '/TZO(P),
p
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where the direct sum runs over all such lifts p. Since the direct sum is finite,
since each of the spaces wp(p‘GQP)KP is finite-dimensional, and since each of the
Gy, -representations 7y, (p) is finitely generated, the proposition follows. O
VK

5.3.14. Corollary. If K, is any compact open subgroup of G, then (ﬁ%)ﬁ’z LT

finitely generated as a k[Gx,]-module.

Proof. Tt follows from Lemma 5.3.8 that reduction modulo w induces an isomor-
phism

(H(lo,ﬁ,E)Kp/w(H(lo,ﬁ,E)Kp - (Hli,ﬁ,2>Kp'
Thus Proposition 5.3.13 shows that (H,%%E)KP is the reduction modulo w of a
Gy, -invariant O-lattice in a finitely generated admissible smooth representation of
Gy, over E. Since any such lattice is finitely generated over O[Gy,], we conclude
that (H ,iﬁz)KP is finitely generated over k[Gs,], as required. O

5.3.15. Proposition. If K, is a compact open subgroup of G, and if Kx, C Gx,
is an allowable level, chosen so that KPI(EO.K'OE is neat, then, for each s > 0,
Hl(KZO)o/wsovﬁ is injective as a smooth representation of K, over O/w®O.

Proof. Let M be any finitely generated smooth representation of K, over O/w*0O,
and write MY := Homg /w0 (M, O/w*O) to denote the Pontrjagin dual of M.
Since KPKEOKOZ is neat, the representation M" induces a local system MY on
cach of the modular curves Y (K, Kx,K{'), as K, ranges over the normal open
subgroups of K. Since M is finitely generated and smooth, if KZ’, is sufficiently
small, then K 1’0 acts trivially on M, and so MV is the constant local system. Thus,
if we write
H' (Kx,)0/w:0 — lim HY (Y (K, K5 K7 ), 0/w°0),
Kp

where Kzl> runs over all sufficiently small normal open subgroups of K, then we

find that

(5.3.16) Hompg, (M,H" (Kx,)0/m0)
= lim Homg, (M, H' (Y (K, K5, K{'),0/w*O))
Kp
o lim HY(Y (K K, K3), MY) ™7
Kp
On the other hand, the Hochschild-Serre spectral sequence yields, after passing to
the limit over all KZ’), a short exact sequence

0— lim H' (K,/K], H'(Y (K, Kz, Ky),M")) — H'(Y(K,Kz,K{), M)

K,
P_)O,

— lim H' (V(K, Ks,Ky), M)

Ky
which, when combined with (5.3.16), may be rewritten as the short exact sequence

0 — Tim H* (K, / K, HO(Y (Kp K, K5'), MY)) = H' (Y (K Ky, Kg), M)

’
KP

— Homp, (M, H (Ks,)0/w-0) — 0.



LOCAL-GLOBAL COMPATIBILITY IN p-ADIC LANGLANDS FOR GLy/q 53

If we localize at the maximal ideal in the Hecke algebra corresponding to p, the
HO terms in this short exact sequence vanish, since p is absolutely irreducible by
assumption, and so we obtain a natural isomorphism

(5.3.17) H (Y (K,Kx, K, M) = Homg, (M, H'(Ks,)o/m:07)-

Now if 0 — My — M; — M> — 0 is any short exact sequence of finitely generated
smooth K-representations over O/w®QO, then we obtain a corresponding short
exact sequence of sheaves

0— My — MY - My — 0,
and hence a long exact sequence of cohomology
0— HO(Y(KPKEOKOE)vM¥> - HO (Y(KPKZOKOE)’MY)
— H°(Y (K, Kz, Kq), M) — H' (Y (K, Kz, K), M3)
— H'(Y(K,Ks,K3), MY) — H' (Y (K, K5, K}), Mg) — 0.

Again, localizing at the maximal ideal associated to 7 annihilates the H° terms,
and hence we obtain a short exact sequence

0 — H'(Y(KpKs, Ky), My), — H' (Y (K, Ks, Ky ), MY )
— H' (Y (K,Ks,Ky), My) — 0.

The natural isomorphism (5.3.17) then shows that the corresponding exact sequence
of Homs

0— HOHle (]\427 Hl(KZO)(’)/wSO,ﬁ) — HOIHKP (Ml, Hl(KZO)(’)/wSO,ﬁ)
— Homg, (Mo, H'(Ks,)0/=:0,5)

is also exact on the right. Thus Homg, (*,Hl(KEO)O/wsO,ﬁ) is an exact functor
(on the category of finitely generated smooth K,-representations over O/w®0O,
and hence on the category of all smooth K ,-representations over O/w®*Q), and so
HY(Ks,)0/w:07 is indeed injective as a smooth K-representation over @. This
completes the proof of the proposition. ([l

5.3.18. Remark. The method of proof of the preceding proposition is a standard
technique in the study of the cohomology of sheaves on modular curves, which can
be summarized by the statement that H! becomes an exact functor after localizing
at a non-Eisenstein maximal ideal of the Hecke algebra. The interpretation in terms
of injectivity is a useful way to express this technique (and its many consequences)
via a simple structural statement.

5.3.19. Corollary. If K, is a pro-p open subgroup of G, and if Kx, C Gx, is an
allowable level, chosen so that KpKz;OKOE s neat, then, for some r > 0, there is an
isomorphism H' (Kx,)o5 = C(K,, O)" of w-adically admissible K,,-representations
over O.

Proof. 1t suffices to show that there is an isomorphism of admissible smooth rep-
resentations of K, over O,

(5.3.20) H'(Ks,)oz/@ H (Ks,)o5 = C(K?,0/w*O)",
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for some r > 0, and each s > 0. It will then follow that r is independent of s, and we
can pass to the projective limit in s to establish the isomorphism in the statement
of the corollary.

Since K, is a pro-p group, the completed group ring (O/w®*O)[[K,]] is a (non-
commutative) local ring. Thus, if M is any non-zero finitely generated projective
(O/w*O)[[Kpl]-module, then M is isomorphic to (O/w*O)[[K,]]" for some r > 0.
Dualizing, we find that if 7 is a smooth admissible K,-module over O/w®*O that
is also injective, then there is an isomorphism 7 = C(K?,O/w*O)" of admissible
smooth representations of K, over O, for some r > 0. Consequently, to obtain the
isomorphism (5.3.20), it suffices to show that H'(Ks,)o5/@" H(Kx,)o.5 is injec-
tive as an admissible smooth representation (or equivalently, by [40, Prop. 2.1.6],
simply as a smooth representation) of K, over O/w®0. Taking into account the
isomorphism (5.3.3), we must equivalently show that Hl(KZO)O/msowﬁ is injective,
for each s > 0. This follows from the preceding proposition. O

5.4. A density result. Recall that for any G-representation V, we write Vj alg
to denote the G-subrepresentation of V' consisting of locally algebraic vectors, and
that Var,(z,)—alg denotes the subspace of V' consisting of vectors which are algebraic
under the action of GL2(Z,).

5.4.1. Proposition. If Ky, C Gy, is an allowable level, then the space of GLa(Z,)-

algebraic vectors (ﬁl(KZO)E@) is dense in ﬁl(KEO)E,ﬁ-

GL2(Zp)—alg
Proof. Let K, be a compact open pro-p-subgroup of G, chosen to be normal in
GL3(Z,), and also chosen so small that K,Ks KJ is neat. Corollary 5.3.19 then
shows that ﬁl(KZO)Eﬁ &~ C(K,, E)" for some r > 0, and hence that the topological
dual ﬁl(Kgo)’Eﬁ is free as a module over E ®o O[[K,]).

This implies in turn that ﬁl(KEO)}Eﬁ is projective as an E ®o O[[GL2(Zy)]]-
module. Indeed, we have a natural isomorphism of functors

Hom geo o[(GLs (z,))) (H ' (Ks) 550 )

- = GLa2(Zp)/ Kyp
— Hompgg, o[k, (Hl(KZo)IE,ﬁF) ’

(where the superscript indicates passage to invariants under the natural action of
GL2(Zy)/ K, on Hompg, o[x,)] (ﬁl(KZO)/E’ﬁ,f))7 the target of which is exact (by
virtue of the freeness of f[l(KEO)’Eﬁ over E®p O[[K,]], together with the fact that
passage to invariants under the finite group GL2(Z,)/ K, is exact).

Since any projective module is a direct summand of a free module, undoing the
duality we find that ﬁl(Kgo)EW may be GLo(Zp)-equivariantly embedded as a
topological direct summand of C(GL2(Z,), E)S for some s > 0, and thus it suffices
to show that C(GLz(Zp)’E))GLz(Zp)—l.alg is dense in C(GLQ(ZP)’E)GLQ(ZP)—I.alg'
The space C(GLQ (Zp), E) GLa(Zy)—alg is evidently equal to the space of polynomial
functions (with coefficients in E) on GL2(Z,) (regarded as the Z,-points of the

affine group scheme GL3). Since the theory of Mahler expansions shows that these
are dense in the space C(GLQ(ZP)7 E)7 the proposition follows. (I

5.4.2. Remark. In fact the proceeding result remains true even without local-
izing at p. That is, for any compact open subgroup KP? of GLQ(A’;), the space

fAfl(Kp)E,GLQ(Zp)_alg is dense in the E-Banach space H'(K?)g. To see this, note
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that it suffices to prove the proposition after replacing K? by an open subgroup K?’,
since averaging over a set of coset representatives of K?' in K? induces a continuous
projection from ﬁl(Kp’)E onto fIl(Kp)E which commutes with the G-action on
these spaces (by [36, Prop. 2.2.13] and its proof). Thus we may shrink K? if neces-
sary so that K; := GLy(Z,)KP? is neat. The proof of [36, Thm. 2.1.5] — together
with the fact that each modular curve Y (K) is homotopic to a finite simplicial
complex of dimension one — shows that H L(KP)g fits into a right exact sequence
of GL2(Z,)-representations on E-Banach spaces

¢(GLx(Z,), E)" — ¢(GL2(Z,), E)

S

— HY(KP)g — 0
(for some 7, s > 0), and the surjection C(GL2(Z,), E)s — H'(KP)g induces a map
C(GL2(Zp), E) Gy, ) —aig — H' (KP)B,GLy(2,)-als-

As we already observed in the preceding proof, the space C(GLQ(ZP), E) GLo(Z,)—alg
P
is dense in C(GLQ(ZP),E)7 and so it follows that Hl(K”)E’GLZ,(ZP),alg is indeed

dense in H' (KP?)E,GLy(2,)—alg, as claimed.

5.4.3. Remark. The space H! (KP)g may be regarded as a cohomological analogue
of the space of p-adic modular forms of tame level K, with coefficients in F. The
preceding result is then analogous to the result of Katz [52, Thm. 2.1], which
shows that the space @, ., My (K?, E) is dense in the space of p-adic modular
forms. (Here My (KP, E) denotes the space of weight & modular forms of level
GLs(Z,)KP.)

We fix p, X, and ¥ := ¥y U {p} as in the preceding subsections.

5.4.4. Definition. If Ky, C Gy, is any allowable level for p, then we let C(Ksx,)
denote the subset of closed points p € SpecT(Kx,)5[1/p] that are classical and
whose associated Galois representations are crystalline locally at p. Similarly, we
let C denote the subset of closed points p € SpecT; x[1/p] that are classical and
whose associated Galois representations are crystalline locally at p.

5.4.5. Corollary. (1) If Kx, C Gy, is any allowable level for p, then the direct
sum @pec(Kzo) Hl(KX/‘,\O)E,ﬁ[p]l.alg is dense in fil(Kgo)Eﬁ.
(2) The direct sum @, Hé‘ﬁ’z[p]l.alg is dense in Hé,ﬁ,z'

Proof. Proposition 5.4.1 shows that H' (Ksy)E,GLy(2,)—alg 1S dense f[l(Kgo)E.
Tensoring with T (K, )5 over T(Ky, ), we find that ﬁl(KZO)E,ﬁ,GLQ(Zp)—aIg is dense
in f[l(KEO)E’ﬁ. Thus E[G]ﬁl(Kgo)E@GLz(Zp),alg (i.e. the E[G]-representation

generated by ﬁl(KEg)E,E,GLQ(ZP)—aIg) is also dense in ﬁl(Kgo)EVﬁ. From (38,
Thm. 7.4.2] we deduce that

E[GIH" (Ks,)p.5.GLa(2,)—als = @D H' (Kx,) £.5(p)1alg,
p

where the sum is taken over all classical closed points p € Spec T5 5 corresponding
to modular forms of weight k£ > 2 and prime-to-p conductor. The main result of
[75] shows that the set of such p is precisely the set C(Ky,), and so part 1 of the
corollary is proved. Part 2 then follows by passing to the inductive limit in Ky,,. O
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The next corollary is a well-known result, which follows (for example) from the
result of Katz recalled in Remark 5.4.3. It is also easily deduced from the preceding
corollary.

5.4.6. Corollary. The set C is Zariski dense in SpecTp 5.

Proof. Suppose that ¢ € (), ¢ p. Then tAannihilates Dyec ﬁé7ﬁ’2[p]. The preceding
corollary shows that this subspace of H%:,ﬁ,z (in fact, even its subspace of locally
algebraic vectors) is dense in all of ﬁ}j’ﬁ’z. It follows that ¢ thus annihilates all
of I;T},;@Z, and hence (since Tj x5 acts faithfully on ﬁ};’ﬁ)z, by virtue of its very
definition) that ¢ = 0. O

The final result of this subsection gives a technical strengthening of the pre-
ceding result. Before stating it, we define an important class of closed points in

Spec T s [1/p].

5.4.7. Definition. We say that a closed point p € Spec T5 x2[1/p] is allowable if it is
a classical closed point for which the local representation p(p) Ga, is crystabelline
and absolutely irreducible, and is not exceptional in the sense of Definition 3.3.18.

5.4.8. Remark. It is expected (and is a consequence of Tate’s conjecture [21]) that
in fact every point p of C for which p(p) |Gg, 1 absolutely irreducible is allowable.

We now state our result.

5.4.9. Lemma. (1) If Kx, C Gy, is any allowable level for p, then the set of
allowable points p € Spec T(Kx, )5(1/p] is Zariski dense in Spec T(Kx,)5.
(2) The set of allowable points p € Spec T4 x2[1/p] is Zariski dense in Spec T5 5.

Proof. If p € C(Ksx,) is not allowable, then the theory of the eigencurve allows us to
write it as the limit of a sequence of points p,, € C(Ky,) which are allowable. The
first claim of the lemma follows from this observation together with the preceding
corollary. The second claim follows from the first and the fact that T(Kx,); —
Tp,x for a sufficiently small choice of Ky, . ([

5.5. The Galois action on ﬁéyﬁyz. We continue to fix p, Yo, and ¥ := Xg U {p}
as in the preceding subsections. In this subsection we show that it is possible to
“factor out” the Galois action from H(lg,ﬁ’zo. To this end, we define
m 77l
Us, := Homr, cq(p%, Ho 55)-
There is a natural evaluation map
(5.5.1) P8 @1, Us — Hp 55

Reducing each side of this map modulo w, and passing to m-torsion parts, we obtain
a map

(5.5.2) P @k (Us/wUs)[m] — Hj 5 5[m].
5.5.3. Proposition. The evaluation map (5.5.1) is an isomorphism.

Proof. If K, is an allowable level for p, then Lemma 5.3.8 provides a natural
isomorphism

(5.5.4) ﬁl(Kxo)o,p) - (ﬁ(lo,p,z)KE(’,
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from which we in turn deduce a natural isomorphism

K ~ m iy
(5.5.5) Ug™ — Homr, 5(6q) (pE J Hl(Kzo)Oﬁﬁ)'

Passing to Ky, -invariants in the source and target of (5.5.1) thus yields a map
m K 77
(5.5.6) PR @r,, Ug ™ — H' (Ks,)op-

To prove the proposition, it suffices to show that this map is an isomorphism for
each allowable level Ky, .
We begin by considering the map

m K 7
(557) E ®O Px ®TF,E UE >0 — Hl(KEO)Eyﬁ.

obtained by tensoring (5.5.6) with E over O. If p € Spec T x[1/p] is any classical
closed point, then ﬁl(KEO)Eﬁp[p]l_alg (which the isomorphism (5.5.4) shows is nat-
urally isomorphic to (ﬁ}syﬁ,E)Kzo [P]i.alg) is isomorphic (as a Gg-representation) to
a direct sum of copies of p(p) [38, Thm. 7.4.2]. Thus the map

P(p) Dnp) (B @0 Uy ™ [p]) — H'(Kx,)p5lp],

oAbtained by passing to p-torsion parts in the source and target of (5.5.7), contains
HY(Ks,)Eg5[plalg in its image.

Now Ky, acts smoothly on ff};,p,ga and so averaging over Ky, induces a contin-
uous projection onto the space of Ky, -invariants, which by (5.5.4) we identify with
HY(Ks,)g.p. It thus follows from Corollary 5.4.5 that D, HY(Ks,) g 5[plialg (where
p ranges over the classical closed points of Spec T5 x[1/p]) is dense in H! (Ks,)E 50
and hence we see that the map (5.5.7) has dense image.

There are natural isomorphisms

(Us)*¥0 5 Homr, (6 (0%, H' (Kx,)o0.5)

~ /m = G
= ((pR)Y @15, H' (Kxy)o5)

Since H(K $,)05 1 a _w-adically admissible representation of G over O, the same
is true of (p2)Y @1, H'(Kx,)o,5 (which is isomorphic as a G-representation to a
direct sum of two copies of H 1(Ks,)0.5), and thus of its closed and saturated sub-
representation ((p%)" ®r, ., ﬁl(Kgo)o,ﬁ)GQ, by [39, Prop. 2.4.13]. Hence (Us)%=o
is an admissible G-representation over O, and thus so is p% @, Ug 0 (which is iso-

morphic as a G-representation to a direct sum of two copies of Ué( ). Thus (5.5.7)
is a continuous G-equivariant E-linear map between admissible continuous repre-
sentations of G over F, and so necessarily has closed image (as follows from the
results of [77]; see [34, Prop. 6.2.9] or Proposition 3.1.3 above for explicit state-
ments). Since we have already seen that the map (5.5.1) has dense image, we
conclude that it is in fact surjective.

Thus, in order to show that (5.5.6) is an isomorphism, it suffices, by Lemma 3.1.6,
to show that the map

(5.5.8) p @k (Us/@Us)[m] — Hy 5 s[m],

obtained by reducing (5.5.6) modulo @ and passing to m-torsion parts of the source
and target, is injective. A consideration of the isomorphism (5.5.5) shows that there
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is a natural embedding
K K _
(UZ o /WUE o ) [m] - Homk[GQ] (p7 Hl (KZo)k,ﬁ)v
such that the natural evaluation map
P @k Homyao) (0, H (Ko )k ) — H (Ksy ks

extends (5.5.8). The injectivity of (5.5.8) is thus proved once we note that this
evaluation map is injective, since p is an absolutely irreducible Gg-representation.
|

5.5.9. Corollary. The evaluation map (5.5.2) is an isomorphism.

Proof. This follows by reducing the isomorphism (5.5.1) mod @ and passing to
m-torsion parts. [l

5.5.10. Remark. The analogue of Proposition 5.5.3 for cohomology at finite levels
has been proved by Carayol [18, Thm. 4].

5.5.11. Remark. In Section 6, we will use a similar method to furthermore “fac-
tor out” the G-action from H, (19@2 (under some appropriate additional hypotheses
on p).

5.6. Ordinary forms. We present an interpretation of one of the main results
of the theory of p-adically ordinary modular forms, namely the reducibility of the
associated Galois representations locally at p, from the representation-theoretic
view-point of this note. (See Remark 5.6.10 below for an indication of the connec-
tion between the statements we give and the more traditional formulation in terms
of p-adically ordinary eigenforms.)

To begin with, suppose that 7 is a smooth representation of G over E, which
contains a w-adically separable G-invariant O-submodule 7% (more succinctly, a
G-invariant O-lattice) which is admissible, in the sense that 7°/cwr? (and hence
70 /w70 for any n > 0) is an admissible smooth representation of G. Note that
7 itself is then necessarily admissible. Although the G-representations 7 or 7¥ do
not quite fit into the context considered in [39] (since the coefficients of m are E,
while the O-module 7 will typically not be p-adically complete), we will begin by
observing that the basic definitions of that paper apply to them.

Indeed, if we write Ny := ((1) le> C GL2(Z,), and then set TT = {t €
TtNot~* C Ny}, then [39, Def. 3.1.3] applies perfectly well to 7 and 7, and so
we may define the Hecke TF-action on 7o and Wévo (and, of course, the Hecke
TT-action on the latter is the restriction of the Hecke T -action on the former).

5.6.1. Remark. Since 7 is an admissible smooth G-representation over E, it is
in particular an admissible locally analytic G-representation over G, and so the
discussion of [35, §3.4] applies to define an action of 7% on 7™¥o. This action is
closely related to the Hecke T -action on 7™V0 defined in the preceding paragraph.
Indeed, it differs from it simply by a twist by the modulus character | [, ®| [;'.
(Since the definition of the T"-action in [35, §3.4] involves an averaging which does
not appear in the definition of the Hecke T -action given by [39, Def. 3.1.3].)

1 = .
0 1) } Note that if
t € Tt thentl,t~! C I, for each r > 0, and so the Hecke T -action on 7 (resp. 7/V0)

For each integer r > 0, write I, := {g € GLy(Z,) |g = (
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preserves 7! (resp. ") for each r > 0. We define A, to be the image of O[T*] in
Endo (7!7) under the mapping induced by the Hecke 7" -action. Since A, preserves
the separated sublattice ﬁé”' of the finite-dimensional E-vector space w", we see
that A, is a finite O-algebra, and so there is an isomorphism A, — A, ,, where m
ranges over the finitely many maximal ideals of A,. We say that a maximal ideal
m is ordinary if the image of 7" is disjoint from m, write A, o;q 1= Hordinary mArm
(a direct factor of A,), and let e, orq denote the idempotent in A which projects
onto Agrq.

5.6.2. Definition. Define Ordg(7) := U, eroram’" and Ordpg(m) := U, er,ordwér.
Note that Ordg(w) (resp. Ordp(mg)) is naturally an E[T]-module (resp. an O[T]-
module).

Evidently E ®o Ordg(my) — Ordp(w). The following lemma shows that the
formation of Ordpg is similarly compatible with reduction modulo powers of w.

5.6.3. Lemma. For any integer n > 0, the surjection mg — mo/w™ny induces an
embedding Ordp (7o) /" Ordg(mg) — Ordp(m/w"r) (where Ordg(mg) is defined
according to Definition 5.6.2, while Ordpg(mo/w™my) is defined according to [39,
Def. 3.1.9)). If the natural map ©)° — (mo/w"m)No is furthermore a surjection,
then this embedding is in fact an isomorphism.

Proof. Clearly
(5.6.4) Ordp(mo) /@™ Ord g (o) — | eroralmy /@ m0")

(the union taking place in mp/w"mp). The proof of [39, Lem. 3.1.5] provides a
natural isomorphism
erora(my /@ my") < Hom(ojen o)+ ((O/@"O) [T, my w7y
= Hom (o /om0 [1+] ((O/w o)1, 7To Wi o )T—ﬁn

for each > 0 (where the equality holds since 7} /w"nl" is a finite O/w"O-
module), and thus a natural isomorphism

(5.6.5) Uemrdwo/w e

AN ]lI_I} HOm(O/wno)[T+] (((’)/w”(’))[T], 7Té7'/wr7T(I)")T7ﬁn.

Since 1) = U, w7, and hence 70" /"m0 = U, (w0 /w"m)™" (the union taking
place in mg/w"m), it follows from [39, Lem. 3.2.2] that
(5.6.6) lingOm(o/wn(g)[Tﬂ((O/wnO)[ } 7TO /wr I )T—ﬁn

= Hom(ownoyr+) ((O/@"O)[T], 0w NO)T,ﬁn
< Homo/mn o)r+1 ((O/@"O) [T, (w0 /w"m0)¥) =: Ordg(mo/w" o).
The isomorphisms (5.6.4) and (5.6.5), together with the embedding (5.6.6), pro-

vide the required embedding, which is clearly an isomorphism if Wévo /wwévf’ =
(mo /womg)No. O
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5.6.7. Lemma. If 7 is absolutely irreducible as a G-representation, then Ordg(m)
is either zero or one-dimensional. In the latter case, if a ® 3 denotes the char-
acter through which T acts on Ordp(m), and WD(7) denotes the representation
of the Weil-Deligne group attached to w wvia the local Langlands correspondence
(normalized as in Section 2), then there is a Weil-Deligne-equivariant embedding
a — WD(7) (where we regard o as a representation of the Weil-Deligne group via
the tsomorphism ng = Q, of local class field theory).

Proof. Write mh° := E[T] ®pr+) ™. (Here the subscript fs stands for “fi-
nite slope”.) It follows from the discussion of Remark 5.6.1 together with [35,
Prop. 4.3.4] and its proof that the natural projection @ — 7 induces an isomor-
phism of T-representations Wgo — 7y @ (] [;'®] [p). (This is a reformulation
of Casselman’s theory of the canonical lifting of the Jacquet module [19, §4].)
Since 7 is absolutely irreducible, its Jacquet module 7y is either zero, one, or
two-dimensional, and thus the same is true of m°. Clearly Ordp(n) is identified
with that subrepresentation of m° on which T acts (possibly after an extension
of scalars) via unitary characters (i.e. characters with values in O, rather than
merely in E*). In the case when 7y is two-dimensional, if x1 ® x2 is one character
appearing in 7y, the other is equal to x2| |, ®x1]| |§1, and thus the representation
v ® (| [, ®] [p) can contain at most a one-dimensional subspace on which 7
acts via a unitary character. Thus in all cases Ordp(7) is at most one-dimensional.
If Ordg(m) = o ® 3 is one-dimensional, then we obtain an embedding «| |, ®
Bl |,* — mn, and so indeed an embedding o < WD(r), as claimed. O

In the following lemma, we change our notation. Namely, we will let 7 denote a
cuspidal automorphic representation of GLy(A) attached to a weight two cuspidal
newform defined over E, and let 7y denote the finite part of m (i.e. the restricted
tensor product of the local components m, for all finite primes ¢), which is an ad-
missible smooth representation of GL2(A ) which we can take to be defined over E
[20, Prop. 3.2]. (Here we are implicitly using our chosen identification C — @p, as
well as our embedding F — @p.) If KP is any compact open subgroup of GLQ(A’;),
then 71';( " is an admissible smooth representation of G' to which the previous results
apply. (Note that W}{p embeds into H'(K,)s, which contains the admissible G-
invariant O-lattice H' (K)o, and thus ﬂff " also contains an admissible G-invariant
O-lattice.)

5.6.8. Lemma. As in the preceding paragraph, let m be a cuspidal automorphic
representation of GLa(A) attached to a weight two cuspidal newform defined over
E, so that 7y is an admissible smooth representation of GLa(Ay) over E. If pr :
Gg — GLy(E) denotes the w-adic Galois representation attached to m, then for
any compact open subgroup KP of GLQ(A?), the action of Gg, on the cokernel of
the natural embedding

(px ®p Ordp(rf"))

factors through G&Z. (We refer to Definition 3.6.2 for an explanation of the nota-
tion (—)2b5.)

Proof. Let 77? denote the restricted tensor product of the local components m; (with

ab,S < pr 5 Ol"dB(’]T‘)Ic{p)

€ # p), so that 7y = 1, ®p 7%, and hence W;(p =7, ® (ﬂ];)KP. Evidently, then, we
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have that Ordp(rf") — Ordp(r,) ©r (W?)Kp, and so

~

(pr @5 Ordp ()™ 2 (pr @5 Ordp(my)) ™" @ (7).

Thus, to prove the lemma, it suffices to prove that the action of Gg, on the cokernel
of the embedding

(5.6.9) (pr ®E Ordp(m,))
factors through G&E

5, pr @p Ordp(r,)

Lemma 5.6.7 shows that Ordg(m,) is either zero or one-dimensional. If Ordg(m,)
vanishes, then there is nothing to prove, and so we may suppose that Ordpg(mp)
is one-dimensional, with the T-action begin given by the character a ® . Note
that S then acts on Ordg(m,) via a. It follows from the main result of [75] that,
if WD(p, |G@p) denotes the Weil-Deligne representation attached to the potentially
semi-stable Dieudonné module of pr |G, , then WD(pr|c,, ) and WD(m,) coincide
up to Frobenius semi-simplification, and Lemma 5.6.7 then implies that « is a
subrepresentation of WD (pr g, ). Since v is a unitary (i.e. O*-valued) character
of Q,, we see that in fact p, Ga, is reducible, and contains « as a subrepresentation
(now thinking of av as a character Gg, — 0*). Thus a® gOrdp(m,) is a subspace of

(pr ®p Ordp (wp))ab’s, and hence the cokernel of (5.6.9) is a quotient of (p./a) @g
Ordp(m,). Since pr/a is a one-dimensional representation of G, , the Gg,-action
on this space certainly factors through Gat;. O

5.6.10. Remark. One needn’t appeal to [75] to deduce the reducibility of p, in the
7Zx 0
P

0 1) I, then when restricted

preceding argument. Indeed, if we write J,. := (

to ﬂ'gr, the Hecke action of the matrix corresponds precisely to the action

p

0 1
of the Up-operator on modular forms of level I'; (p”) (together with some auxiliary
tame level); see e.g. [36, Prop. 4.4.2]. Thus Ordg(7,) is non-zero if and only if the
newform attached to a twist of 7 is a ordinary at p, in the sense that it (or one of
its p-stabilizations, if its conductor is prime-to-p) has a p-adic unit U,-eigenvalue.
The fact that p, is reducible locally at p is then well-known, and is due to Deligne
in the case when the conductor of 7 is prime-to-p [28], and to Wiles in general
[85, Thm. 2] (building on earlier results of Mazur—Wiles [66, §8, Prop. 1]). Indeed,
Lemma 5.6.8 is essentially a reformulation of [85, Thm. 2] (taking into account the
fact that we use cohomological conventions for p, and geometric conventions in our
normalization of the reciprocity maps of class field theory, while in [85] the opposite
conventions are used).

5.6.11. Theorem. For any n > 0, the action of Gg, on the cokernel of the embed-
ding

Ordp (ﬁ(lmnz/wnﬁ(l:),ﬁ,z)ab’s — Ordp (ﬁ(lo,ﬁ,z/wnﬁ(lo,ﬁ,z)
factors through G%‘;. (We refer to Definition 3.6.2 for an explanation of the nota-
tion (—)2b5.)

13Thus the theory of ordinary parts [39] is not quite an abstraction of the theory of ordinary
modular forms, but rather of what are usually called nearly ordinary modular forms.
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Proof. Since ﬁ(loﬁz/wnﬁ(lo,ﬁ,z = lim HY(Ks, )05/ " H (Ks,)o0 5, where Ks,
KZO
runs over all allowable levels for p in Gy, it follows from [39, Lem. 3.2.2] that there

is a natural isomorphism

hm OrdB( (Kgo)o p/w (KZO)O p) — OrdB(HO pE/w A(19,p72)'

KZO

Thus, to prove the theorem, it suffices to prove that the action of Gg, on the
cokernel of the embedding

)ab,S

Ordp (H'(Ks,)o05/" H' (Ks,)o5 — Ordp(H'(Kx,)o5/@"H' (Kx,)o,5)

factors through Ky, , for each allowable level Ky, .

The smooth G-representation H' (K, ) g 5 contains H'(Kx,)o 5 as an admissible
G-invariant O-lattice, and so Definition 5.6.2 applies to each of H!(Ky,)g; and
H'(Ks,)o7.** Lemma 5.3.8 implies that the natural map

n . 77 nIr L.
HY(Kx,)§5 5/@" " H (K,)8 5 — (H' (Ks,)o5/@" H' (Kz,)0,5)

is an isomorphism for each r > 0 (indeed, both spaces are naturally identified with
HY(I,Ks,K§)o/mno5)- Passing to the inductive limit over r, we find that the
natural map

n N
HY (K,) 8%/ H (Kx,) 5% — (H' (Ks,)o /@ " H' (Ks,)05)

is surjective, and hence, by Lemma 5.6.3, that

Ordp(H'(Kx,)o3)/@"Ordp (H" (Ks,)o0,5)
= Ordp (H' (Kx,)o5/@"H' (Ks,)0.5)-

Consequently, it suffices to prove that Gg, acts on the cokernel of the embedding

)ab,S

Ordp (Hl(Kzo)o’ﬁ — OrdB(Hl(KEO)O;ﬁ)

through Ga‘;, or equivalently, that Gg, acts on the cokernel of the embedding

)ab,S

(5.6.12) Ordp(H'(Kx,)E 7 — Ordp (H'(Kx,)E5)

through G&t;

We may write H'(Kx,)g; as the inductive limit of its finitely generated G-
subrepresentations V, and so it suffices for each such V' to show that the Ggq,-
action on the cokernel of Ordg(V)**® < Ordg(V) factors through G&Z. Now if
we extend scalars sufficiently, we may write

= @WPW®WKE°K ,

The only reason to cut down to a fixed auxiliary level Ky, is to be be able to apply the
preceding results, which, for the sake of simplicity, were developed in the context of an admissible
representation of G, rather than in the context of an admissible representation of GL2(Ay).
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where 7 ranges over a finite collection of cuspidal automorphic representations
of GL2(A) corresponding to a cuspidal newforms of weight two.'® The required
property of the cokernel of (5.6.12) is now seen to follow from Lemma 5.6.8. (]

5.6.13. Corollary. The action of Gg, on the cokernel of the embedding
Ordp(Hp 5.5)™ < Ordp(Hb ;)
factors through Gak;.

Proof. This follows directly from the preceding theorem, by passing to the projec-
tive limit over n. (]

5.7. Multiplicities of weights in H ,1@2. We give a representation-theoretic re-
formulation of the classical “mod p multiplicity one” results related to the ap-
pearance of Galois representations in the mod p (or more precisely, in our setting,
mod @) cohomology of modular curves.

5.7.1. Definition. Let V be a Serre weight, as in Definition 3.5.1. We say that V
is a global weight of p if Homqr,z,)(V; H,iﬁ,z) is non-zero. We let W8!(p) denote
the set of global Serre weights of p.

5.7.2. Remark. Since every element of the T; s-module H, 11,5,2 is annihilated by
some power of m, the same is true of the T;s-module Homgr,(z,)(V, Hli7ﬁ72)'
Thus Homgr, z,)(V; Hj 5 5) is non-zero if and only if Homgr,,(z,)(V, H,%’ﬁ’z[m])(:
Homgp,z,)(V, H/i,ﬁ,z) [m]) is non-zero.

We will frequently impose the following hypothesis on p:

5.7.3. Assumption. The representation p is non-scalar locally at p, i.e. the restric-
tion p |, is not the direct sum of two copies of the same character.
Qp

5.7.4. Remark. It is known that Wel(p) = W(p) (here, to ease notation, we are
writing W(p) = W(E‘G@y) to denote the set of Serre weights attached to PiGa,
as in Subsection 3.5); indeed, this is the weight part of Serre’s conjecture. (See
[14, Thm. 3.15].) However, we will not need this result in this paper (other than
in the proof of Theorem 3.3.22); we will we only need the simpler result that
Wel(p) C W(p). For those p whose restriction to Gg, satisfies Assumptions 3.3.1,
the results of this paper will then give a new proof that W8(p) = W (p). (See
Remark 6.2.15 below.)

If V. e We(p), then Remark 5.7.2 shows that Homgy,(z,)(V, Hi ; x[m]) is a
non-zero k-vector space. It is equipped with commuting actions of H(V) (see
Remark 3.5.3), Gg, and Gyx,, and so is an H(V)[Gg x Gg,]-module. We write
socy vy Homgr,z,)(V; H,i)ﬁ)z[m]) to denote the socle of Homgr,(z,)(V, H/i,ﬁ,E[m])
as an H(V')-module. This is again an H(V)[Gg X Gyx,]-module.

15T he reason for restricting attention from H!(K o) E,p to its finitely generated subrepresen-
tations is just to be sure that only finitely many 7 contribute to V ® g @p, so that we may indeed
find a common finite extension of E over which they are all defined. This is a purely technical
issue, related to the fact that all our definitions have been made in the context of a finite extension
of @p, rather than (say) in the context of @p.
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5.7.5. Definition. We say that a weight (Sym”k?)Y ®j det® in W#!(p) (where
0<r<p-1land0<s<p-—2)isgood if either r <p—1, or r = p— 1 and the
weight det® does not lie in W& (p).

5.7.6. Remark. Note that W#!(p) always contains a good weight. Indeed, if
(Sym"k?)Y @y det® is a weight in W#l(p) that is not good, then it must be the
case that 7 = p— 1 and that det® is also a weight in W#!(5); the weight det® is then
good.

5.7.7. Theorem. (1) Wel(p) c W(p).

(2) If p satisfies Assumption 5.7.3, if V€ W8\(p) is a good weight (in the
sense of Definition 5.7.5), and if we write socyvym(V,p) to denote the
H(V)-socle of the H(V') module m(V,p) defined in Definition 3.5.4 (to ease
notation, we write m(V,p) rather then m(V,ﬁ‘G@p)), then there is an iso-

morphism of H(V')[Gg|-modules
Fy, (SOCH(V) (Homy(cr,(z,) (Vs Hy 5.0 [m]))) = D @ socy vy m(V, p).

(3) If p satisfies Assumption 5.7.3, then for any weight V € W8(p), the Gy, -
representation Homy g,z (V, H,iﬁz[m]) is generic (in the sense of Def-
inition 4.1.3).

Proof. The proof of part 1 is standard, but for completeness, we recall it here (in
a form adapted to the representation-theoretic view-point of this paper). At the
same time, we will prove that any simple H(V')-submodule of

socyy(vy Homyjar,z,) (Vs Hi 5 5 m])

also appears in socy(yy m(V,p).

First of all, since the formation of W8!(p) and W (p) are compatible with twist-
ing p, we need only consider the case when V' € W#!(p) is of the form (Sym"k2)V.
For any allowable level Ky, for p, reduction modulo @ induces a map of T; »[Ggl-
modules

(5.7.8)  Homoar,z,y ((Sym"0?)Y, HY(Ksx,)o5)
— Homy (g, (z,) (V. H' (K5, )k,5)

which, if Ky, is chosen to be sufficiently small, is surjective, by Proposition 5.3.15.
If we write Kf := GL2(Z,)Kx,, and let V, denote the locally constant sheaf on the
curve Y (K ) corresponding to the representation Sym”E? of GL3(Q), then there
are isomorphisms

E ®0 Homojar,(z,) ((Sym"0%)", H' (Kx,)o)
AN HomE[GLz(ZP)] ((SymTEQ)V, ﬁl(Kgo)E)
= HY(Y(K§),V,) s

where the last isomorphism follows from [36, (4.3.4)]. Recall from Subsection 3.5
that H(V) = k[T, Z, Z~1], which we regard as a quotient of the ring O[T, Z, Z~!]
in the evident way. We make H' (Y (Ky),V,) a module over O[T, Z, Z~*] by having

T act via the classical Hecke operator T}, and Z act via the matrix <](9) 2) . One
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then verifies that this action of O[T, Z, Z~!] preserves
Homogr,(z,) ((Sym™02)Y, H' (Kx,)o5),

and that the map (5.7.8) is a map of O[T, Z, Z~!]-modules.

Since, by part 2 of Lemma 5.3.8, the space Homygr,z,) (V. H* (Ks,)kp) is
finite-dimensional, the same is true of Homyar,(z,)] (V, H'(Kx,)k5m]). Thus, by
extending scalars sufficiently, we may assume that the H(V)-socle of this latter
space is a direct sum of one-dimensional H(V')-submodules. Fix a non-zero H(V)-
eigenvector in Homygr, z,)) (V, H' (K, )k,5[m]), on which H(V') acts via the system
of eigenvalues A : H(V) — k. Taking into account the surjectivity of (5.7.8), the
Deligne—Serre lemma shows that, extending scalars further if necessary, we may
lift this eigenvector to an eigenvector for T(Ky,)[T, Z] in H' (Y (Kjy),V;) . This
latter eigenvector corresponds to a weight r + 2 cuspidal eigenform f of level Ky,
defined over E, with T)-eigenvalue a,, that is congruent to A(T") mod w, and whose
associated Galois representation py lifts p. Since 2 < r+2 < p+1, the known results
relating the weight r + 2 and the eigenvalue a, to the structure of p := py mod w
(see e.g. [33]) then imply that V' € W (p) (proving 1), and that A appears in m(V, 5).

We turn to proving part 2 of the theorem. Let V € Wel(5), and hence, by
what we have already proved, in W(p). Again, by twisting, we may assume that
V = (Sym"k?)Y for some 0 < r < p—1. Extending scalars, if necessary, we may also
assume that socy vy m(V,p) is spanned by H(V)-eigenvectors. Let A : H(V) — k
be a system of eigenvalues appearing in socs vy m(V,p). Assumption 5.7.3 implies
that the A-eigenspace of m(V,p) is one-dimensional. We will show that there is an
isomorphism

(5.7.9) Py, (Homycr, z,) (V. Hi 5 5[m]) " V)=2) = 5,
Since we have shown that any irreducible constituent of

socy(vy Homyar, z,) (V, Hy 5 s [m])

is an irreducible constituent of socy vy m(V,p), this will serve to establish part 2
of the theorem.
As in Definition 4.1.1, write

P, ;—{(8 ;’) lae [ z;,ve I] ze} ¢ [] GLa(Ze) € G,

LEX) leX LeXy

To see that the isomorphism (5.7.9) holds, fix an admissible level K, for p contain-
ing Py, and chosen small enough for K¢ := GLy(Z,)Ksx, to be neat. Let V. denote
the locally constant sheaf on Y (K ) corresponding to the representation Sym"k?
of GLy(F,), and then note that

(5.7.10) Homy(gr,z,) (v Hl(KEo)k,ﬁ) — H' (Y(Kf)a Vr)m

(using the Hochschild—Serre spectral sequence as in the proof of Lemma 5.3.8 (2),
and taking into account the fact that p is irreducible). As we already noted above,
under this isomorphism the action of H(V') becomes identified with the classical
Hecke action at p. It then follows from the classical mod p multiplicity one results
for modular curves (see [33] for example) together with the isomorphism (5.7.10)
that

V)=AU=0VLES, L,

H
Homk.[GLQ(Zp)] (V, Hl(Kgo)k’p[m]) ( pP.
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Passing to an inductive limit over all K, containing Py, and recalling the definition
of Fy, (see Definition 4.1.1), we obtain the isomorphism (5.7.9).
Part 3 of the theorem follows from Thara’s lemma. Indeed,

Homy g1, 2,y (Vs Hi 5 x[m]) = VY @ Hj 5 s,[m],

and so it suffices to show that this latter representation is generic as a Gyx,-
representation. If it is not, then it contains a finite-dimensional representation
of GL2(Qy), for some ¢ € Yy, contradicting Thara’s lemma. This completes the
proof of the theorem. O

6. LOCAL-GLOBAL COMPATIBILITY AND THE STRUCTURE OF H(lgﬁz

In this section we first introduce a local-global compatibility conjecture, namely
Conjecture 6.1.6, which refines Conjecture 1.1.1. We also recall from [42] the (some-
what more technical) Conjecture 6.1.4. The remainder of the section is then devoted
to stating and proving our main results in the direction of these two conjectures.
The statements of the main results are presented in Subsection 6.2, and we explain
there how they follow from the more technically involved results that are the sub-
ject of the following subsections. Subsection 6.2 also contains the derivations of
Theorem 1.2.1 and Theorem 1.2.6 from these results.

Throughout this section we fix an absolutely irreducible modular Galois rep-
resentation p : Go — GLa(k), whose restriction to G, we furthermore assume
satisfies Assumption 3.3.1. We also fix a finite set of primes Xy, not containing p,
such that ¥ := ¥oU{p} contains all primes at which 7 is ramified. We freely employ
the notation related to p, ¥, and ¥ that was introduced in the preceding section.

6.1. A refined local-global compatibility conjecture. Our goal in this sub-
section is to state a refinement Conjecture 1.1.1, and to establish some of its conse-
quences. In order to state the conjecture, we will need to apply the local Langlands
correspondences, both at p and away from p, to py. We begin with the local
correspondence at p.

By construction, p%' is a deformation of p over T x. Furthermore, it follows from
Corollary 5.4.6 that the restriction pg\G@p lies in the subgroupoid Def®¥*® (ﬁ|GQp) of
Def(p | Q,,)' Thus, if we let ™ denote the admissible smooth G-representation over
k attached to PG, by Theorem 3.3.2, then Theorem 3.3.13 shows that there is
a deformation 7§ of T to an admissible G-representation on an orthonormalizable
T5,s-module, uniquely determined, up to isomorphism, by the requirements that
MF (7)) — PY| Go, and that 73 admits det(p5; Go, )€ as a central character.

We introduce the following notation, in analogy with the notation related to p%
that was introduced in Definition 5.2.9.

6.1.1. Definition. For any p € Spec T3 5, we write m(p)° := 73 /pr}s, and 7 (p) :=
K(p) @1, 5 T = K(p) @1, - /p T(p)°. (Note that if p is a closed point of Spec T; s,
then by construction 7(p) = B(p(p) |G@p); see Remark 3.3.19 above.)

We now consider the local correspondence away from p, related to which we have
the following result.

6.1.2. Theorem. The coadmissible smooth representation myx,(p%) of Gx, over
T5.x (as defined in Definition 4.4.2 above) exists. Furthermore, if p > 2 then there

is an isomorphism (s, (p%)/wrs, (PR))[m] — ®zgzoﬁ(ﬁ|gw).
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Proof. This is proved in [42]. In the case when p satisfies Assumption 5.7.3, the ex-
istence of my, (p%) also follows from Corollary 6.4.13, together with Theorems 6.4.16
and 6.4.20, below. O

6.1.3. Remark. I expect that the second statement of Theorem 6.1.2 holds also
when p = 2, but this is currently not known in general; we have only the weaker
statement that, for each ¢ € X, there is a Gy, -equivariant embedding

(g, ) = (me(p2) fome(pi)) ],
which is an isomorphism when PiGa, is non-scalar, and has cokernel of dimension

at most one otherwise. Lassina Dembélé [29] has provided computational evidence
that this map is indeed an isomorphism even in those cases when PiGa, is scalar.

If p € SpecT;x[1/p] is a closed point, then by Theorem 4.4.1 (5) there is an
embedding £ ®o 75, (p%)[p] = @ees,me(p(p) |6q,)- In [42] we made the following
conjecture:

6.1.4. Conjecture. For any closed point p € SpecT5 x[1/p], there is an isomor-
phism

o (plﬁl)[p} = TS, (p(p)o)u
and hence also an isomorphism

E @0 5, (p%)[p] = 75, (p(p)) (= @ecs,me(p(p) 6y, ))-

6.1.5. Remark. In order to prove Conjecture 6.1.4, it suffices to show that, if
¥p® C Xy denotes the set of primes at which p(p) is non-generic principal series,
and if x : Gg — E* is a character chosen so that x ® p(p) is unramified at each
¢ € %, then x ® p(p) is promodular of level divisible only by primes in g \ Xg®.

We now state the main conjecture of this section.

6.1.6. Conjecture. There is a Gg X G x Gy, -equivariant, T5 s;-linear isomorphism
A - =~
(617) Pg ®TF,E Wg@ﬂ'ﬁ,zﬂzo (Pg) - HCIQ,E,E'
A
(Here ® denotes the completed tensor product of Definition C.43.)

We will also state a slightly weaker variation of this conjecture, but before doing
so, we introduce some further notation.

6.1.8. Definition. If § is a deformation of 7 over T x, then for any p € Spec T3 5,
we write (in analogy with the notation related to 7% that was introduced in Defi-
nition 6.1.1):

0(p)° := 0/p0,

and
0(p) :== K(p) @1, 5 0 = K(p) O, 1 /p O(p)°.

6.1.9. Conjecture. There is a deformation 0 of T over Ts s, such that for every
closed point p € SpecT; x[1/p] there is an isomorphism 6(p) = w(p), and such that
there is a Gg X G x Gy, -equivariant, Tp x-linear isomorphism

A PN
(6'1'10) pgll ®TF,E 9@11‘?7):7'('20 (pgll) - H(lﬂ,ﬁ,E'

A
(Here ® denotes the completed tensor product of Definition C.43.)
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6.1.11. Remark. If p, and thus 7 (by [61, Lem. 2.1.2]), has only trivial endomor-
phisms, so that Def(7) is representable, then the condition that 6(p) = 7(p) for all
p € SpecT; »[1/p] implies that § = 7' (since the closed points of SpecT; x[1/p]
are Zariski dense in SpecT5 x). Thus in this case Conjecture 6.1.9 is equivalent to
Conjecture 6.1.6.

In general, Conjecture 6.1.6 implies Conjecture 6.1.9 (as one sees by taking
0 = 7). The reason for considering Conjecture 6.1.9 is that, on the one hand,
we will be able to establish this conjecture in some situations in which we cannot
establish the stronger Conjecture 6.1.6, and on the other, it is already strong enough
to imply the main results described in the introduction.

In order to relate Conjectures 6.1.4 and 6.1.9 to Conjecture 1.1.1, we establish a
slight strengthening of [12, Prop. 3.2.3] and [38, Prop. 7.7.7]. Let p : Gg — GLa(E)
be a continuous, absolutely irreducible representation, unramified outside the finite
set of primes ¥. Let Ky, be a compact open subgroup of Gs,, and let p denote
the ideal in T(Kx,)[1/p] generated by the elements T; — trace(p(Froby)) for £ ¢
(so p is either a closed point of Spec T(Ky,), if p is promodular of tame level Ky,
or else is the unit ideal).

6.1.12. Proposition. The inclusion

HomE[G@] (:Ov Erl (KEO )E[p]) - HomE[G@] (pv ﬁl (KEO)E)
is an equality.

Proof. The map Frob, — £S5, (for ¢ ¢ ¥) extends to a continuous character Gg 5, —
T(Kx,)™, where Gg s denotes the Galois group of the maximal extension of Q in
Q unramified outside ¥.

Define U := Hompjq, (p, fIl(KEO)E). The T (K, )-action on ﬁl(KgD)E induces
a T(Kx,)-action on U. Evaluation gives a map

(6.1.13) p@pU — H' (Ks,)z,

which is injective, since p is absolutely irreducible, and is T(Kx,)[Gg]-linear, if
T(Kyx,)[Gg] acts on the tensor product through the action of G on the first factor
and T(Ky,) on the second factor. Applying the Eichler—Shimura relations as in the
proof of [12, Prop. 3.2.3], we find that

(6.1.14)  p(Froby)(v) ® (T; — trace(p(Froby)))u + v @ (€S, — det(p(Frobg))u = 0

for every v € p, u € U, and £ ¢ X. If £ is such that p(Frob,) does not act by a
scalar, then by choosing v so that p(Froby)(v) and v are linearly independent, we
conclude that

Ty — trace(p(Froby)) = £S, — det(p(Froby)) =0

on U. Since the second of these quantities is the difference of two continuous
characters on Gg x, and since the Frob, for which p(Froby) is not scalar generate
a dense subgroup of Gg s (by Cebotarev density, together with the fact that p
is absolutely irreducible, and so in particular not identically scalar), we conclude
that these two characters coincide identically on Gg 5, and thus in particular that
£S, = det(p(Froby)) on U for every ¢ ¢ ¥. From (6.1.14) we conclude that Ty =
trace(p(Froby)) on U for every ¢ ¢ ¥, and thus that (6.1.13) has image lying in
ﬁl(KZO)E[p]. This proves the proposition. O
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6.1.15. Remark. Although we will not need it in what follows, we note that the
preceding proposition shows that if Homgg,(p, ﬁ};z) # 0, then necessarily p is
a proper ideal of T(Kx,)[1/p], and thus p is promodular. (This is a strengthening
of [38, Cor. 7.7.9].) In particular, Conjecture 1.1.1 implies that every odd irre-
ducible continuous two-dimensional representation of Gg over E is promodular.
(Theorem 1.2.3 provides strong evidence in this direction.)

6.1.16. Corollary. For each closed point p € Spec T3 x[1/p], each of the inclusions

Hom (g, (p(p), H 5 5[p]) — Hompic (p(p), Hy 5 5) — Hompgay (p(p), Hg 5)
is an equality.
Proof. We may verify the claim of the equality after making an extension of scalars,
if necessary, and thus we may assume that x(p) = E. The claim of the corollary
is then seen to follow from Proposition 6.1.12, by passing to the limit over all
compact open subgroups Ky, of Gy, taking into account the fact that the inclusion
H}E@E[p] CH }S,E[p] is an equality, since the ideal p is associated to the deformation

p(p) of p. O

‘We now prove the following proposition, which relates Conjectures 6.1.4 and 6.1.9
to Conjecture 1.1.1.

6.1.17. Proposition. If Conjectures 6.1.4 and 6.1.9 hold for our fixed choice of p,
and for every possible choice of ¥, then Conjecture 1.1.1 holds for every promodular

Lift V' of p.

Proof. Let V be a promodular lift of p over E, and let p denote the closed point of
Spec T; 5, corresponding to V. Corollary 6.1.16 yields the equality

(6.1.18) Hom gy (V, H 5 5 [p]) = Hompgy (V, H ).

Tensoring with E over O, then passing to p-torsion parts, and taking into account
Lemma 6.1.19 below, together with Conjecture 6.1.4, the isomorphism (6.1.10) gives
rise to an isomorphism

Hp 5[] =V @5 B(Vig,,) ©5 @ m(V),
JASIN
from which we deduce an isomorphism
Homp(c)(V, HE 5 5[p]) — B(Vig,,) @5 @) me(V).
LEX
Combined with the equality (6.1.18) and passing to the inductive limit over all ¥,
this yields the isomorphism of Conjecture 1.1.1. (]

6.1.19. Lemma. If Conjecture 6.1.4 holds, if 0 is an orthonormalizable admissible
representation of G over Tg s, and if p is a point of Spec T5 x[1/p], then there is
an isomorphism

A ~ o o o
(pIZn ®Tﬁ,z 9®T5,27T20 (,0%1))[13] - p(p) ®Tﬁ,2/p o(p) ®Tﬁ,z/p 71'20(%)(]3) )
Proof. By definition,
A 3 m
PR A1, 5 0 @1, 573, (%) = lim p @, . 0 S, 75, (08) "
H

)
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where H runs over the open subgroups of G5, and so it suffices to prove that

(pg ®Tﬁ,): 9®Tﬁ.2ﬂ-20 (pgl)H)[p] — p(p)o ®T5,2/P e(p)o ®'JT5,):/P Trzo(p(p)o)Ha

for each open subgroup H. Since py is free of rank two over Tpx, while 0 is
an orthonormalizable admissible G-representation over Ty, the tensor product
Py @1, 0 is again an orthonormalizable admissible G-representation over T; s,
and thus (taking into account our assumption that Conjecture 6.1.4 holds) the
required isomorphism is provided by Lemma 3.1.17, applied with M := T5 5 /p,
X =75, (p2)H, and 7 := p%% @1, ; 0. (Note that we may and do omit the w-adic
completion on the right hand side of this isomorphism, since s, (p(p)°)* is a free
O-module of finite rank.) |

We write H,i’ﬁ[m] = lim H;,ﬁ,z [m]. Conjecture 6.1.9 has the following implication
=0
for the structure of the mod w cohomology space H, é’p[m].

6.1.20. Proposition. If Conjecture 6.1.9 holds for our fixed choice of p, and for
every possible choice of Xo, and if p > 2, then there is a Gg x GLa(Af)-equivariant,
k-linear, isomorphism

P T @ Q) T(Po,) — Hikplm),
t#£p
where, for each £ # p, the representation ﬁ(ﬁ\GQZ) of GL2(Qy) is attached to Pcq,
via the mod p local Langlands correspondence of Theorem 4.3.1.

Proof. Reducing the isomorphism (6.1.10) modulo w and then passing to m-torsion
parts, and taking into account Lemma C.45 and the second statement of Theo-
rem 6.1.2, we obtain an isomorphism

POk T @ T, (p) — Hi 5 5[m).

Passing to the inductive limit over all finite sets ¥y then induces the required
isomorphism. ([l

6.1.21. Remark. I expect that the preceding proposition also holds when p = 2; see
Remark 6.1.3. From the weaker statement made in that remark relating ﬁ(ﬁ‘Gw)

and (me(pR)/wme(p2))[m], for each ¢ € ¥y, we may deduce a correspondingly
weaker statement relating p @ T @k @y, " 7(P|c,, ) and Hj, 5[m]. In particular, we
see that the former always embeds into the latter.

6.1.22. Remark. In the context of Proposition 6.1.20, in the case when p Ga, is not
scalar, we see that Conjecture 6.1.9 has as a consequence various classical “mod p
multiplicity one results”; see Remark 1.2.8 above. On the other hand, in the case
when ﬁm% 1s scalar, the representation 7 is the direct sum of two copies of the
same parabolically induced representation (see Remark 3.3.3 (1)), and so we find
that Conjecture 6.1.9 implies a mod p multiplicity two result for such p. This is
consistent with [84, Cor. 4.4 and 4.5], which establish unconditionally a mod p
multiplicity > 2 result for such p.

6.1.23. Remark. Suppose (for the duration of this remark) that the restriction to
G, of the absolutely irreducible modular representation p does not satisfy Assump-
tion 3.3.1. We nevertheless expect that there will be a Gg x GL2(A f)-equivariant,
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k-linear, isomorphism

POk T Qp ®/f(ﬁ\c@z) = Hy
LF#p

where, just as in the statement of Proposition 6.1.20, for each ¢ # p, the repre-
sentation ﬁ(ﬁ‘g@g) of GL2(Qy) is attached to PG, Via the mod p local Langlands
correspondence of Theorem 4.3.1, and where 7 is some representation of G over k
which depends only on p, Ga, However, in this case, we do not expect remark 3.3.4
to hold, i.e., we do not expect that the semi-simplification of 7T will match with
PG, via the semi-simple mod p local Langlands correspondence of [8].

As an example, we will describe the form that we expect T to take in the case

when p > 5,
_ 1 =*
p|GQpNX® 0 g

for some k-valued character x of Ggq,, and p is indecomposable: Let 1 denote
the trivial character of GG, and let St denote the Steinberg representation of G.
The space Ext!(1,St) is two-dimensional, and so we may construct the universal
extension

0—-St—-U—->W —0,
where W = Ext'(1, St)V is a two-dimensional k-vector space equipped with trivial
G-action. We then expect T to be a non-split extension

0— (XOdet)®(Ind%€_1®E) — T — (xodet) @ U — 0.

(Any two such non-split extensions are isomorphic.)
We expect a similar phenomenon to occur in the context of Conjecture 1.1.1,

1
when V‘G@p ~X® ( 0

of the type stated in the conjecture to hold, we don’t expect B(V|G@p) to be the
representation associated to V|G@p via the p-adic local Langlands correspondence
as described for the reducible representation Vg, in [38], but rather to be a
slightly longer representation (longer in the sense that it will have an additional
one-dimensional topological Jordan—-Holder factor). Thus, in such a case, we don’t
expect Conjecture 1.1.1 to be true in the precise form that it was stated in [38].

- ) . Namely, while in this case we expect a formula

6.2. Main results. We begin with the following result, which gives some informa-
tion about the multiplicity spaces Hompgg, (p, HllE,ﬁ,E)’ for promodular liftings p
of p.

6.2.1. Theorem. If p is a closed point of SpecT; x[1/p|, then there is a non-zero
continuous G-equivariant map B(p(p) |G@p) — Homg(g,)(p(p), HE@E).

Proof. Remark 6.4.3 below shows that there is a non-zero Gg x G-equivariant ho-

momorphism p(p) @ p) T(p) — ﬁl}gﬁ’g[p]. Since B(p(p) |G@p) = 7(p), the present
theorem follows. O

Related to the preceding theorem, we have the following result, which extends
[12, Thm. 5.7.2]. The latter result treats the case when p is a classical point
for which p(p) Gg, 18 reducible, and potentially crystalline with distinct Hodge—
Tate weights, but in fact its proof applies directly to the more general situation
considered in Proposition 6.2.2. We present a slight variant of that proof here.
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6.2.2. Proposition. If p is a closed point of Spec T3 [1/p] for which p(p) Gg, U5
neither the direct sum of two characters, nor an extension of a character by itself,
then any non-zero continuous k(p)-linear, G-equivariant map

B(p(p) Gq,) — Hompey(p(h), Hi 5 5)

1is necessarily a closed embedding.

Proof. Tf p(p) ¢y, is irreducible, then the same is true of B(p(p)|cy, ), by Proposi-
tion 3.3.24, and the proposition is immediate. Thus we may assume that p(p) Ga,
is the non-split extension of two distinct characters, say an extension of y2 by x1.

If X1X2_1 # ¢, then Proposition 3.4.2 shows that B(p(p) \G@p) is a non-split exten-
sion of Ind% X2®x1€ by Ind% X1®X2€, these two representations being topologically
irreducible, while if y;x5 ' = €, then Proposition 3.4.5 shows that B(p(p) |G%) is
a non-split extension of the topologically irreducible representation Ind% X2 ® X1€
by a representation which is itself a non-split extension of a one-dimensional rep-
resentation by the topologically irreducible representation (i o det) ®g St.

We claim that any x(p)-linear, G-equivariant map

B(p(p) |y, ) — Hompay(p(p), H 5.5)

which is not an embedding must factor through the quotient Ind% X2 ® x1€ of
B (p(p) Ga, ) This is obvious in the first case. In the second case, it follows from the
fact that ﬁ}; contains no one-dimensional G-invariant subspaces, by Lemma 5.1.3.

The adjointness between induction and the functor of ordinary parts provides
an isomorphism

(6.2.3)  Hom,(p)(c)(Ind% x2 ® x16, Hompia,) (p(p), Hp 55
= Homy,,(p7) (X2 ® x1€, Ordp(Hom gy  (p(p), Hp 5.5)))

5 Homy, () o x 71 (P(P) @r(py (X2 @ 1), Ord 5 (H} 5 5,)).-

We claim that the target of this isomorphism vanishes. Granting this, we find that
the source also vanishes, and the proposition is proved.
To see the claimed vanishing, first recall that, by Corollary 5.6.13, the Gq,-

action on OrdB(fIbﬁE)/OrdB(ﬁgﬁ’z)ab’s factors through Ga';. On the other
hand, since p(p) |G, 18 non-split (by assumption), the Gg,-action on p(p) does not

factor through G&i. It follows that the image of any non-zero x(p)[Gg x TJ-linear
map

¢ p(p) Ru(py (X2 ® X18) — OTdB(fIé,ﬁ,z)
(which is necessarily injective, since p(p) is injective as a Gg-representation) must
have non-trivial intersection with Ordp (ffbﬁz)ab’s. On the other hand, since x; #
X2 (again by assumption), we see that (p(p) ®,() (x2 ® Xla))ab’s = 0. Thus the

image of ¢ necessarily has trivial intersection with Ordp (H}E@E)ab’s , and hence
any such ¢ in fact vanishes, as claimed. Il

6.2.4. Theorem. Conjecture 6.1.4 holds.

Proof. As noted in Remark 6.1.5, in proving Conjecture 6.1.4, we may replace the
closed point p by the closed point p, for which p(p,) = x ® p(p), chosen so that
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p(py) is unramified at each prime ¢ € X%, and then (now writing p rather than p, )
we must prove that p(p) is promodular of level divisible only by primes in X\ $g®.

We will remove the primes ¢ € 33® from the level of p(p) one at a time. Thus we
fix such an £, write 3§ := %\ {¢}, and similarly write ¥* := X\ {{} = Z5U{p}. Let
J¢ denote an Iwahori subgroup of GLa(Z¢). (We use the letter J to avoid confusion
with Iy, the inertia subgroup of Gg,.) Since p(p) is unramified non-generic principal
series at ¢, we see that p(p) is in fact promodular of tame level Ky JeK§, for some
compact open subgroup Ky of G .

Write Ky, := Ky Ji, an open subgroup of Gy,,. Remark 6.4.3 below shows that
there is a non-zero Gg-equivariant map (which is necessarily an embedding, since
p(p) is irreducible)

(6.2.5) p(p) — H'(Ks,)p5(p).

Our goal is to show that p is promodular of level Ky:, and we will do this by
showing that ﬁl(Kg;;)E,p[p] is non-zero.

Of course, we have to use the fact that p(p) |Gg, 1 unramified non-generic princi-
pal series. More precisely, we will use the following facts: p(p) is unramified locally
at ¢, so that p(p)(Froby) is defined, and the ratio of the eigenvalues of p(p)(Froby)
is equal to £*!, so that in particular p(p)(Froby) is not a scalar.

To begin with, we define an extension T(Kx,); of T(Ks,)z, by adjoining the
operator U, (whose definition was given in Definition 4.1.1). If f, € Gg, denotes
a choice of lift of Frob, € Gg,/I;, and if 2% 4+ ax + b € T(Kx,)5[x] denotes the
characteristic polynomial of p(Ks,)(fe), then U? + alUy + b = 0, and so T(Ks,)5
is finite over T(Ky,)5. Since also p(p) is an irreducible Gg-representation, we see
that we may find a prime p* of T7 g lying over p, such that (6.2.5) may be refined
to an embedding

p(p) — H'(Ks,)p5lp"]-

Since p(p) is unramified locally at ¢, in fact this embedding factors through an
embedding

(6.2.6) p(p) — H'(Ks,)% 507
Below we will construct an exact sequence

(6.27) 00— (ﬁl(Kzo)g«’ﬁ) = ﬁl(Kzo)gﬁ - (ﬁl(Kgo)gﬁ) 0

—
£—new £—old

of T(Kx,)5[Gq, x G]-modules, with the following properties: the action of Frob,
on (Hl(KEO)gaﬁ)Z—new
an isomorphism of T(Ky,);[Gq, x G]-modules

is scalar, given by the element U, € T(Kx, )3, and there is

~

(6.2.8) (Erl(KEO)JIEZ'ﬁ)Zfold - (ﬁl(KXS)E’ﬁ)

If (6.2.6) were to factor through (ﬁl(Kzo)g,ﬁ)zfncw then we would find that
p(p)(Froby) is equal to a scalar, namely the image of U, modulo p*. On the other
hand, we have already observed that p(p)(Frob,) is not a scalar. Thus (6.2.6)

must not factor through (H 1)Znew
the map ﬁl(Kzo)gﬁhﬂ*] — (HI(KEo)%,ﬁ)e_om[p*] must be non-zero, and so in

particular (ﬁl(Kzo)Zfﬁ [px] # 0. A consideration of the isomorphism (6.2.8)

®2

[p*], consequently the composite of (6.2.6) with

)Zfold
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then shows that H '(Kx:)e,plp] # 0, and thus we conclude that p(p) is promodular
of tame level Ky, as required.

It remains to construct the exact sequence (6.2.7). This essentially arises from
a consideration of the nearby cycles spectral sequence for computing the p-adic
étale cohomology of the modular curves X (K,Ks, K¢') over SpecZ, (for compact
open subgroups K, of G). However, since we have to work with finite and integral
coeflicients, we will find it simpler, and more concrete, to instead consider the
p-power torsion in the Néron models of the Jacobians of these curves.

Fix, for the moment, a compact open subgroup K, of G' chosen small enough
to ensure that KPKESKOE* is neat, in the sense of Definition 5.3.7. For any
compact open subgroup K; of GL2(Ay), we let X (Ky) denote the completion
of the modular curve Y (Ky); it is a projective smooth curve over Q, we write
J(Ky) := Pic? (X(Ky)), an abelian variety over Q, and we let J(Ky) denote the
Néron model of J(Ky) over Z;. The modular curve X (K, Ks- K&") has good reduc-
tion at £, while the modular curve X (K,Ks, K{') admits a semi-stable model over
Spec Zg, with special fibre equal to the union of two copies of the special fibre of
X(K, Ky Kj"). Thus J(KpKs; K7") is an abelian scheme, while the special fibre
of J(K,Ks,Kj) is an extension of a finite étale group scheme by a semi-abelian
variety. More precisely, we have an exact sequence

(629) 0 T(KKs, K, — T (KK, K3z, — @ 0,

where the superscript 0 denotes the connected component of the identity, and ®,
the group scheme of connected components of J(K,Ks,K{') JF,, is a finite étale
group scheme over Fy, as well as an exact sequence

(6.2.10) 0— T — J(K,K5,Ky)J,
— j(KpKZZ;KOE*)/Fg X j(KpKE(”;KE*)/FZ — 0,

where 7T is a torus.

We now tensor with O over Z,, and then localize at the maximal ideal m of
T(Ky,) corresponding to p. Since the Hecke action on & is Eisenstein [73, Cor.,
p- 140] (note that our assumption that K, Ks: K 5" is neat ensures that condition (i)
of the corollary is satisfied), while m is associated to the absolutely irreducible Galois
representation p, we see that (6.2.9) gives rise to an isomorphism

(0 ®z, T (Ks,K5) 5, I07),, — (0 ®z, T(Ks,Ky) r,[P"])

and hence that (6.2.10) gives rise to a short exact sequence of T(Ksx,)3[Gq,/1,)-
modules

m’

(6.211) 0— (0®z, Tp")),, — (O ®z, T(K,Ks,K) /s, [p"]),,

= (0®z, T, K5y K5 ) e, [07]) % (O @2, T(KpKsy K5 ) e, [P']),, — O-
It is known (see e.g. [72, Prop. 3.8]) that Frob, (the geometric Frobenius) acts on
(O @z, T[p"]),, via £71U,.

Now for any smooth projective curve X over a field k, with separable closure £°,
there is a natural isomorphism Hg (X 3+, Z/p"Z) — Pic®(X)[p"](—1), where (—1)
denotes a twist by the inverse cyclotomic character. In particular, there is an
isomorphism H' (X (Kx,Kg),Z/p"Z) — J(Kx,K{)[p"](—1). Furthermore, under
this isomorphism, the I,-invariants on the left hand side are identified with the
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subgroup J (Ks, K§) /r,[p"] of the right-hand side. Thus we may rewrite the inverse
cyclotomic twist of (6.2.11) as a short exact sequence of T(Ksx,)5[Gq,,1,]-modules

0 (H'(X(K,Ks,K5),0/p"0),!)

{—new
— H'(X(K,K5,K5),0/p0),,

= (H' (X(KyKs,K3),0/5°0) 1) =0,
™/ t—old
with the properties that Frob, acts on the first non-trivial term via Uy, and that
there is a T(Kx,)5(Gq,,/1,]-equivariant isomorphism

D2

H (X (K, K5, KD), O/p’"o)if) -, (Hl (X (K, Ks: K3*),0 /p’"o)m)

£—old
Passing to the inductive limit over K, and then to the projective limit over r,
and noting that, since we have localized at a non-Eisenstein maximal ideal, we may
replace the closed modular curves by the corresponding open ones without changing
the spaces we are computing, we obtain the desired short exact sequence (6.2.7). O

6.2.12. Remark. The preceding argument is a p-adic analogue of the argument
used to prove [72, Thm. 6.1], an argument sometimes known as “Mazur’s principle”.
Another approach to proving Conjecture 6.1.4 is via promodularity theorems. For
example, if p > 2, PGy o) is absolutely irreducible, and p is p-distinguished, then
Conjecture 6.1.4 follows from Theorem 1.2.3. Indeed, that theorem shows that any
lift of p that is ramified at only finitely many primes, and is unramified at a prime
£ # p, is promodular of level prime-to-£, and Conjecture 6.1.4 follows from this, as
was noted in Remark 6.1.5.

6.2.13. Theorem. If p is p-distinguished (i.e. if the semi-simplification of Pl

D
is not the direct sum of two copies of the same character), then Conjecture 6.1.6
holds.

Proof. This follows from Corollary 6.4.13 and Theorems 6.4.9, 6.4.16, and 6.4.20
below. ]

Proof of Theorem 1.2.1. Let V be a promodular two-dimensional representation
of G unramified away from a finite set of primes, as in the statement of the
theorem, and let 7 := V denote the reduction mod w of V. By hypothesis, p
satisfies the running assumptions of this section, and V corresponds to a closed
point p € SpecT; x[1/p] for some ¥ containing the ramified primes for V' as well
as p. Theorem 6.2.1 shows that there is a non-zero map

(6.2.14) B(Vig,,) — Hompiay (V, H, ; 5 [p)-

If V\G@p is neither the direct sum of two characters, nor an extension of a character
by itself, then Proposition 6.2.2 shows that (6.2.14) is in fact an embedding. Ar-
guing as in the proof of [38, Prop. 7.8.7], we then see that (6.2.14) gives rise to a
map

B(Vig,,) @5 Q) me(V) — Hompgy (V, Hp),
tgs
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which is an embedding if (6.2.14) is. This proves claim 1 of the theorem. Claim 2 of
the theorem follows directly from Theorems 6.2.4 and 6.2.13 and Proposition 6.1.17.

O
Proof of Theorem 1.2.6. This theorem follows from Theorem 6.2.13 and Proposi-
tion 6.1.20. O

6.2.15. Remark. In the proof of Theorem 1.2.6 we used various mod p multiplicity
one theorems, but we did not use level-lowering at the prime p (i.e. [72, Thm. 6.1]
in the case when ¢ = p, and its generalizations), the existence of companion forms
[48], or the more difficult part of [86, Thm. 2.1 (ii)] in which the mod p nebentypus
character has conductor prime to p. Furthermore, each of these results is easily
deduced from Theorem 1.2.6 (for those p satisfying the hypotheses of the theorem).
In particular, Theorem 1.2.6 gives a new proof that W#!(p) = W (p) for those p to
which it applies.

Of course this last-mentioned result is now well-understood, both in the context
of proving that “the weak Serre’s conjecture implies the strong Serre’s conjecture”,
and as a part of the much stronger result that any odd p is in fact modular [53, 54,
55, 60]. Nevertheless, it seems interesting to note that it can also be proved by the
methods of the p-adic Langlands program.

6.3. The T; x[Gs,]-modules X (). In this subsection we begin our investigation
of Conjectures 6.1.6 and 6.1.9. Throughout the subsection we fix a deformation 6
of 7 over Tp 5, and use the notation of Definition 6.1.8. The deformation 6 will
always be assumed to satisfy the following key hypothesis:

6.3.1. Assumption. If p € SpecT; x[1/p] is an allowable closed point , then there
is a k(p)-linear G-equivariant isomorphism 6(p) = w(p).

6.3.2. Remark. If Endg(7) = k, then Def(7) is representable, and so, since
the allowable closed points p € SpecT; x[1/p]| are Zariski dense in SpecT; 5 (by
Lemma 5.4.9), we see that Assumption 6.3.1 implies that 6 = 7. However, this
need not be true in general (i.e. if Def(7) is not representable).

6.3.3. Lemma. For any closed point p € Spec T x[1/p], there is an isomorphism
O(p)™ = 7(p)™.

Proof. Applying M F to 0, we obtain a deformation ¢ of p over Spec T3 5;. For each
point p € SpecTp 5, we write 1 (p) := x(p) @, , 1. Assumption 6.3.1 implies that
P(p) = p(p) for each allowable closed point p. Lemma 5.4.9 shows that these points
are Zariski dense in Spec T5 s, and hence we conclude that the characters of ¢ and
Py coincide on Spec T; 5. The lemma follows from this. g

Our goal is now to introduce, and to begin the study of, a certain T; x[Gx, |-
module, denoted X (#), the investigation of which is intimately connected to the
investigation of Conjectures 1.1.1 and 6.1.6.

6.3.4. Definition. Write X (0) := Homr,  (¢ox@]—cont (P3 @1,y 0, ﬁé’ﬁ’z), the
T5,s-module of T3 x-linear, Gg x G-equivariant homomorphisms from p% @, . 75
to fI(lg’ﬁE that are continuous, when the source is given its m-adic topology and the
target is given its O-linear inductive limit topology. The module X (6) is equipped
in a natural way with a T; s-linear action of Gy, (induced by the action of Gy,

on ﬁ(lo,ﬁ,z)-
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6.3.5. Remark. Ideally, for the purposes of this paper we would like to be able to
restrict our attention to the case when 6 = 7§{i'. However, due to limitations in our
methods, we have to develop our results for more general 6 (satisfying Assump-
tion 6.3.1).

6.3.6. Remark. For any allowable level K, for p, Lemma 5.3.8 yields an identifi-
cation

(6.3.7) X(0)50 5 Home_ (6 @) —cont (0% @15 0, H' (Kx,)0.5)-

6.3.8. Remark. If p € SpecT5 »[1/p] is a closed point, then from the definition of
X (0) we obtain natural isomorphisms

(6.3.9) X(0)[p] > Homyigy a1 (p(p)° ©0 0(p)°, HY 5 5p]).

and

(6.3.10) E Ko X(9)[p] - Homn(p)[GQXG]fcont(p(p) ®/{(p) 9(p)a ﬁé‘,ﬁ,ﬁ)[p])'

(We do not need to include a continuity condition in the space of homomorphisms
considered in (6.3.9) only because the source and target are both naturally endowed
with the w-adic topology, with respect to which the indicated homomorphisms,
being in particular O-linear, are automatically continuous.)

Also, there is an induced embedding

(6.3.11) (X (0)/wX(8))[m] — Homygyxq)(p @5 7, HE 5 5 [m])
— Homyg, ) (P Ok T, Hzi,ﬁ,z)-

6.3.12. Theorem. The T5 x;-module X (8) is a cofinitely generated and coadmissible
smooth representation of Gs,, over Tp s, (in the sense of Definitions C.23 and C.32).

Proof. We begin by showing that X () is a smooth representation of Gx,, that
is, that X(0) = UKz;O X (0)5=0  where Ky, runs over all allowable levels for p in
Gs,. Equivalently, taking into account the isomorphism (6.3.7), we have to show
that any continuous T s-linear, Gg x G-equivariant map ¢ : pg @, 75 — H(9 55
factors through H Y(Kx,)o.5, for some allowable level K, .

It follows from Lemmas 5.3.6 and 5.3.8 that

H'(Ks,)o5 = H'(Ks,)p5( | Ho 5%

(the intersection taking place in }AI}Q@Z), and thus it suffices to show that any
continuous T; s-linear, G X G-equivariant map ¢ : p§ ®r, 75 — ITI}E@Z (where
the source is given its m-adic topology and the target is given its locally convex
inductive limit topology) factors through o (Ks,)E,p, for some K. In fact we will
show that this is true of any O-linear continuous map. Since ﬁ}; 5,5 is the inductive
limit of the Banach spaces H! (Ks,)E5 7 with closed transition maps, any bounded
subset of HE = is contained in some Hl(KZO)E 5 [76, Prop. 5.6]. Thus it suffices
to show that the image of ¢ is bounded. For this, let U be an open neighbourhood
of 0 in Hl(KZO)EW. Then ¢~*(U) is a neighbourhood of 0 in p @, 7%, since
¢ is continuous, and so contains m?® (pg ®t, ﬂ%‘) for some s > 0. In particular it
contains @* (p% @r, 7%), and hence @*¢(p% @1, 7%) C U. Thus the image of ¢ is
indeed bounded, as claimed.
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We now turn to showing that X (6) is cofinitely generated and coadmissible as
a smooth representation of Gy, over T5x. Again taking into account the isomor-
phism (6.3.7), we see that for each allowable level Ky, for p, the T;s-module
X (0)%=0 inherits the properties of being w-adically separated and complete, and
O-torsion free, directly from the corresponding properties of H (19@2. Furthermore,

the continuity property that the elements of X (6)%=0 are assumed to satisfy implies
that the action map T; 5 x X (0)%% — X (0)%=0 is continuous, when T 5, is given
is m-adic topology and X (0) is given its w-adic topology. Thus, in order to prove
that the smooth Tj »[Gx,]-module X () is cofinitely generated and coadmissible,
it suffices, by Lemma C.25 and Proposition C.33, to prove that the smooth k[Gx,]-
module (X (0)/wX (6))[m] is finitely generated and admissible. Taking into account
the embedding (6.3.11), it suffices in turn to show that Homyq, x ) (PQ#T, H,%%E) is

a finitely generated admissible smooth Gy, -representation over k. If we let W C 7
denote a finite-dimensional k-vector subspace of 7 that generates 7 over G, and
if we let K, C G denote a compact open subgroup that fixes W pointwise, then
restriction to p ®; W induces an embedding

(6.3.13) Homy, gy ) (P @k T Hpy 5 5) = 0¥ @k WY @k (Hp 55) "7

It follows from Proposition 5.3.11 and Corollary 5.3.14 that the target of (6.3.13)
is a finitely generated admissible smooth representation of G, over k, and thus so
is its source. (]

6.3.14. Definition. If p € SpecT; x[1/p] is a classical closed point, then we let
M(p)g denote the closure in Hy, 5 [p] (or equivalently, in Hp, ;) of Hp - 51[p]Lalg-
Write M (p)o := M(p)e() ﬁ}gﬁ,z (the intersection taking place in ﬁ}f,ﬁ,z).

Note that M (p)g and M (p)p are each invariant under Gg x G x Gy, and that,
by construction, M (p)e is saturated in H(lgﬁz.

6.3.15. Proposition. Let p € Spec T3 [1/p] be a closed point which is allowable in
the sense of Definition 5.4.7.

(1) There is a Gg x G x Gx, -equivariant isomorphism
M(p)e — p(p) @6 7(p) @& 75, (p(p))-

(2) The inclusion M(p)g — ﬁéyﬁz[p] induces an isomorphism

Hompga,xa(p(p) @ 7(p), M(p)£) = Hompga,xa(p(p) @ 7(p), ﬁiﬂ,p,z[ﬂ)-

Proof. Let 7,(p(p) IG@p> be the locally algebraic representation attached to p(p) G, »
as in the statement of [38, Conj. 3.3.1 (7)]. Since p(p) G, 18 crystabelline, abso-
lutely irreducible, and not exceptional, the E-Banach representation 7(p) of G
associated to p is isomorphic to the universal unitary completion (in the sense of
37]) of @p(p(P)|Gg,) [3]- 1t then follows from [38, Thm. 7.4.2], together with the
main results of [16] and [75], that there is an isomorphism

M(p)g — p(p) @5 7(p) @& 75, (p(p)),

proving 1.
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Again using the fact that 7(p) is isomorphic to the universal unitary completion
of the locally algebraic representation 7,(p(p) G, ), we find that

Hom picyxq) (p(p) @& 7(p), H 5. [p])
= Hompgyxa) (0(P) @5 Tp(p(P) (6o, ) HE 5,5 1P])
= Hompe, <) (p(p) ®2 Tp(p(b) (6o, ) H 55 [P)1alg)
= Hompg|g,xqj (P(P) @ Tp(p(p) |G@p)7 M(P))
= Hompg(g,xq (P(P) ®F 7(p), M(P)E),
proving 2. O

The preceding proposition, together with Assumption 6.3.1, allows us to rewrite
the isomorphism (6.3.10), for those p satisfying the hypotheses of the proposition,
as an isomorphism

(6.3.16) (E®o X(0))[p] — Homr, ,(goxa)(p(p) @6 7(p), M(p)E).

6.3.17. Corollary. Ifp € SpecTs [1/p] is a closed point which is allowable in the
sense of Definition 5.4.7, then there is a G, -equivariant k(p)-linear isomorphism

(6.3.18) E®o X(0)[p] — ms,(p(p)),

and evaluation induces an isomorphism

(6.3.19) p(p) @p7(p) @5 (E o X(0)[p]) — M(p)p-

Proof. Both claims follow from the isomorphism (6.3.16), together with the isomor-
phism of part 1 of Proposition 6.3.15. d

The following proposition provides a refinement of Corollary 6.3.17, for certain
points p.

6.3.20. Proposition. Suppose that p € SpecT; x[1/p] is a closed point which is
allowable in the sense of Definition 5.4.7. Furthermore, suppose that E —— k(p),
and that p satisfies Assumption 5.7.3. Then the isomorphism (6.3.18) induces a
Gy, -equivariant O-linear isomorphism

(6.3.21) X(0)[p] — s, (p(p)°)

(where ms, (p(p)°) is the admissible smooth representation of Gyx, over O attached
to p(p)° by the local Langlands correspondence of Section 4).

Proof. The assumption that E — k(p) implies that O — T, x/p. Thus X (6)[p]
is an O-lattice in the admissible smooth Gy, -representation £ ®o X (0)[p]. The
inclusion X (0)[p] C X () induces an embedding

X(O)[pl/=X (0)[p] — (X(0)/wX(0))[m],

and it follows from Corollary 6.3.24 below that X (0)[p]/wwX (0)[p] is a generic Gy, -
representation, in the sense of Definition 4.1.3. The proposition follows from this
and Corollary 6.3.17, together with the characterization of ms, (p(p)°) provided by
Proposition 4.4.3. [

6.3.22. Proposition. If p satisfies Assumption 5.7.3, then Homg (T, H,i@z[m]) is
a generic Gx, -representation.
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Proof. Suppose first that 7 is irreducible, and let V' be a weight in socgr,(z,) T
(the GLa(Zy)-socle of 7). In the case when socgr,(z,) contains a one-dimensional
representation, we furthermore choose V' to be one-dimensional. Since 7 is irre-
ducible, V' generates ™ over G. Thus the restriction map Homeg (7, H ,17572[111]) —
Homgp,z,)(V, H,i’ﬁ,z[m]) is injective. If the target is non-zero, then we find that
V belongs to the set of global weights We!(p). It is furthermore good, and so the
proposition follows in this case from part 3 of Theorem 5.7.7.

Suppose next that E‘G@p is an extension 0 — x; — p — X2 — 0, and that
X1X2 ! -4 . The representation 7 then sits in a short exact sequence 0 — 7T —
T — g — 0, where T, = Ind% X1 ® X2 and 7Ty = Ind% X2 ® x1€ are irreducible
principle series. In this case we choose V; to be a weight in socqr,(z,) 7 (in fact,
socqr,(z,) i 18 irreducible, so there is a unique choice for V:). There is an exact
sequence

(6.3.23) 0 — Homg(72, Hy 5 n[m))
— Homg (T, Hli,ﬁ,z[m]) — Homg (71, Hli,ﬁ,z[m])a
and for each ¢ = 1,2, an embedding
Homg (7, H}, 5 5:[m]), = Homgr, z,)(Vi, Hj, 5 [m)]).

If either of the spaces HomGLz(ZP)(Vi,Hé’ﬁ’Z[m]) is non-zero then V; is a weight
in Wel(p), which is automatically good. Part 3 of Theorem 5.7.7 then shows that
Homgr,(z,)(Vi, H,;ﬁz[m]) is a generic Gy, -representation. The same is thus true
of its subrepresentation Home (7;, H, %’ﬁ’z[m]). A consideration of the exact se-
quence (6.3.23) then shows that Home (7, Hj ; 5;[m]) is generic.

L — 0, for some

Suppose, finally, that PiGa, is an extension 0 — x — p — X&~
character y. Assumption 3.3.1 guarantees that this extension is non-split. The
representation 7 then sits in a short exact sequence 0 — T — 7T — T2 — 0, where
71 itself sits in a short exact sequence 0 — (x o det) ®x St — 73 — x odet — 0,
while 7y = Ind% Y1 ® x&. Now SOC@L,(z,) T2 contains a single weight which does
not lie in W(p), and hence Homg (2, Hj, ; w[m]) = 0. Thus restriction induces an
injection

Homg (7, H,iﬁ’z[m}) — Homg (71, H,i’ﬁ’z[m]),
and it suffices to show that the latter G, -representation is generic.

If PiGa, is a trés ramifieé extension, then W (p) contains no one-dimensional
representations. Consequently, Homg(x o det,H,i’ﬁ’E[m]) = 0, and so if we let
V = socaL,(z,) ((X odet) ® St), then restriction to V' induces an injection

Homg (71, Hl%,p,z[m]) - HomGLz(Zp)(Va Hli,ﬁ,z[m])'

If the target of this map is non-zero, then V is a weight in W#!(p), automatically
good because p is trés ramifieé. Thus the proposition in this case again follows from
part 3 of Theorem 5.7.7.

If PiGq, is peu ramifieé, then we may find a GL2(Z,)-equivariant splitting of the
surjection 71 — x odet . If V denotes the image of this splitting, then V' generates
71 over (G, and so restriction to V induces an injection

Homg (71, H%,E,E[m]) - HomGLz(ZP)(Va H%,p,z[“‘])
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If the target of this map is non-zero, then V is a weight in W#!(p), and V is good,
since it is one-dimensional. A last application of part 3 of Theorem 5.7.7 proves
the proposition in this case. O

6.3.24. Corollary. If p satisfies Assumption 5.7.3, then the Gy, -representation
(X(0)/wX(0))[m] is generic, in the sense of Definition 4.1.3.

Proof. The corollary follows from the existence of the embedding (6.3.11), together
with Proposition 6.3.22. (]

6.4. Evaluation maps. If Conjecture 6.1.6 holds, then the isomorphism (6.1.7)
gives rise to an embedding of 7y, (p%) as a saturated, coadmissible T; x[Gx,]-
submodule of X (7), and (6.1.7) can in turn be recovered by restricting the natural
evaluation map

A ~
pIXI)] ®Tﬁ,z ng@)Tﬁ,zX(ﬂgl) - H(19,ﬁ,2

to p§ ®r, ’/Tgéjyﬁzﬂ'zo (p%). Thus, in order to study Conjecture 6.1.6, it is natural

to study the coadmissible T x[Gx,]-submodules of X (7%), and the corresponding

evaluation maps. In fact, as in the last section, we work in a more general context,

in which we fix a deformation § of 7 over T5 5 satisfying Assumption 6.3.1, and

study submodules of X (6) and the associated evaluation maps. This will allow us

to establish cases of the weaker conjecture 6.1.9, in situations where we are not able
to prove Conjecture 6.1.6 itself.

6.4.1. Definition. If Y is a coadmissible T3 [Gx,]-submodule of X (6), then we
let evy denote the restriction of the natural evaluation map

A ~
pgll ®T;,E 0 ®T?,2X(0) - H}Q,ﬁ,z

A
to py @1, 0@, Y. (Note that, by Lemma C.48, the inclusion of Y into X (6)

A A
induces an embedding p%} @, 0 @1, .Y — p¥ Q. 0 @1, . X(0).) We introduce
further notation for various maps induced by evy.

(1) We denote by

A ~
evpy : E®o py, @1, 5 0 @1, .Y — H};@E

the map obtained by tensoring evy with E over O.
(2) If Ky, is an allowable level for 5, then evy induces a map

ev(Ks, )y : p @1, 5 0 @1, Y0 — H' (Kz,)o0,
as well as a map
eV<KEo)E,Y E®o przrll 2% 9®Tﬁ,2YKEO - ﬁl(KZo)Eﬁ'
(3) If p € Spec T3 [1/p] is a closed point, then evy induces a map
ev(p)y : p(P) Dn(p) 0(p) On(p) (E @0 Ypl) — Hp 55p]-

(4) Reducing evy modulo w and passing to m-torsion parts, and taking into
account Lemma C.45, we obtain a map

ev(m)y @i T Ok (/) [m] — H}; ofm
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as the composite

5@ T @k (Y/@Y)[m] = p @5 7 @ (X(0)/X (0))[m] —
P @k T @ Homygy ) (P @k 7, H 5 5. [m]) — Hj 5 5[m],

where the first arrow is induced by the inclusion of Y in X (), the second
arrow is induced by the embedding (6.3.11), and the third arrow is the
natural evaluation map.

The following result gives an important characterization of faithful and saturated
coadmissible T 5;[Gs,]-submodules of X (6).

6.4.2. Proposition. IfY is a saturated coadmissible T; 5 [Gx,]-submodule of X (6),
then the following conditions are equivalent:

(1) Y is a faithful T5 x-module.

(2) For each allowable level Ky, C Gx, for p, the submodule of invariants
Y520 is a faithful T(Ks,)z-module.

(3) For each classical closed point p € Spec T x2[1/p] which is allowable in the
sense of Definition 5.4.7, the inclusion E @0 Y[p] C E @0 X (0)[p] is an
equality.

(4) For each allowable level Kx,, C Gy, for p, and for each classical closed point
p € SpecT(Kx,)5[1/p] which is allowable in the sense of Definition 5.4.7,
the inclusion E @0 YE®0[p] C E ®0 X(0)K=0[p] is an equality.

(5) If X(0)ctt denotes the mazimal Ty x.-cotorsion free submodule of X (6) (fol-
lowing Definition C.39), then X (0)cf C Y.

Proof. Note that if Y is saturated in X (6), then Y is cofinitely generated over
T5.%[Gs,], by Theorem 6.3.12 and Corollary C.34. It is clear that 2 implies 1, and
that 3 and 4 are equivalent. Corollary 6.3.17 shows that for any point p € Spec T3 »
satisfying the requirements of condition 3, the Gy -representation E ®o X (0)[p] is
irreducible. Thus for any such point p, we have that F ®o Y[p] # 0 if and only if
E®0Yp|=FE Q0 X(0)[p]. Proposition C.36, together with the facts that T3y is
reduced, and that the allowable closed points p € Spec T »2[1/p] are Zariski dense in
Spec T3 52 (by Lemma 5.4.9), then shows that 1 and 3 are equivalent. If condition 4
holds, then Corollary 6.3.17 shows that Y %=o[p] # 0 for each allowable closed point
p € Spec T(K, )5. Since these points are Zariski dense in Spec T(K7x, )5 (again by
Lemma 5.4.9), and since T(Kx, )5 is reduced, it then follows from Proposition C.22
that 4 implies 2.

It remains to show that 5 is equivalent to the first four conditions. This is a
consequence of the following

Claim: X (0)cs is the unique saturated, coadmissible T; 5 [G]-submodule of X (6)
which is both faithful and cotorsion free over T; 5.

Indeed, Proposition C.40 shows that Y. satisfies condition 1 if Y does. The
claim then implies that Yeis = X (0)ctr, and hence that X (0)cr C Y. Thus 1 im-
plies 5. As for the converse, the claim implies that X (). satisfies condition 1.
Hence, if X (0)s C Y, we deduce that Y also satisfies condition 1. Thus 5 implies 1.

It remains to prove the claim. Since X () evidently satisfies condition 4, it must
also satisfy 1. Proposition C.40 then implies that X (). also satisfies condition 1,
and so is indeed a faithful T s-cotorsion free Tp 5[Gs,|-submodule of X (#). Now
if Y is any saturated, coadmissible Tj 5[Gx,]-submodule of X (6) which is faithful
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and cotorsion free over Ts s, then certainly Y C X (6)c. Also, since we have
already shown that 1 implies 3, we see (taking into account Lemma 5.4.9) that the
inclusion E ®p Yp] C E ®0 X (0)ce]p] is an equality for a Zariski dense set of
points p € Spec T; 5;. Proposition C.41 thus implies that ¥ = X (6)c. (]

6.4.3. Remark. As we already noted in the proof of Proposition 6.4.2, X(6) it-
self satisfies condition 4 of the proposition, and thus satisfies all the equivalent
conditions of the proposition. In particular, if p € SpecT;x[1/p] is a closed
point, then Proposition C.36 shows that F ®o X (6)[p] # 0. From the isomor-
phism (6.3.10), we conclude (taking, e.g., § = 7, which certainly satisfies As-
sumption 6.3.1) that for any such p, there is a non-zero Gg x G-equivariant homo-

morphism p(p) ®y(py 7(p) — Hb 55 [p]-

We give an alternative description of X (0).t¢, after making a preliminary defini-
tion.

6.4.4. Definition. We will say that an ideal I C T;yx is allowable if it is of the
form T := (N, p;, where each p; is an allowable closed point of T5 x[1/p], in the
sense of Definition 5.4.7.

Clearly the intersection of any two allowable ideals of T 5, is again an allowable
ideal. Thus the allowable ideals form a directed set, ordered by inclusion. Thus
Us altlowable X (0)[1] is a T5 5 [Gx, ]-submodule of X (¢) (the union, as indicated, being
taken over all allowable ideals).

6.4.5. Lemma. The closure (in the sense of Definition C.28) of U X(0)[1]

I allowable

in X(0) coincides with X (0)cs.

Proof. Let I be an allowable ideal of T5x, and as in Definition 6.4.4, write I :=
(i, pi, where each p; is a classical closed point of T x[1/p] for which p(p;) Gg, 18
crystabelline and absolutely irreducible, and not exceptional. If Y is a saturated,
coadmissible Tj 5;[Gx,]-submodule of X (#), which is faithful as a T;x-module,
then Proposition 6.4.2 shows that Y. | X(0)[p;] C Y. Since X (0)[I] is equal to the
saturation of . | X (0)[p;] in X (6), we see that in fact X ()[I] C Y. Thus, if we let
W denote the closure |J; .jiowanle X (7)[] in X (0), in the sense of Definition C.28,
then we find that W C Y. On the other hand, W is a saturated, coadmissible
T5,5[Gs,]-submodule of X (6) (by Lemmas C.30 and C.31), which is faithful as a
T x-module (by Lemma 5.4.9), and so W is the minimal such submodule of X (6).
In particular, W = W, and so W is cotorsion free over Ty x. Since W satisfies
condition 1 of Proposition 6.4.2, it must also satisfy condition 5 of that proposition,
and so X (0)tr C W. We conclude that W = X (0)t¢, as claimed. ]

We will need the following strengthening of Lemma 6.3.3.

6.4.6. Proposition. Suppose that there exists a saturated coadmissible T5 5 [Gsy,]-
submodule Y of X (0), satisfying the equivalent conditions of Proposition 6.4.2, and
for which evy is injective. Then if p € SpecT; x[1/p] is a closed point for which
p(p) is an extension (possibly trivial) of distinct characters, there is an isomorphism

0(p) = m(p).

Proof. Write p(p) as an extension 0 — x1 — p(p) — x2 — 0, with x1 # x2. Since
Pl Satisfies Assumption 3.3.1, we see that X1X2—1 # 71, while if X1X2—1 = ¢, then
Qp
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p>>5and ﬁ‘G@p is a twist of a non-split extension of Z=! by 1. In particular, in this
latter case ﬁIG@p’ and so also 7, has trivial endomorphisms, the deformation functor
Def(7) is representable, hence 6 = 78 (see Remark 6.3.2), and, in particular,
0(p) = 7(p). Thus we may assume that y;x5 ' # 1,e*!.

Choose an allowable level K, for p so that T(Ks,)7 — T s, and hence such
that Y%= is faithful as a Ty x-module (by Proposition 6.4.2 (2)). The evalua-
tion map evy is assumed to be an embedding, and thus so is the evaluation map
ev(Ky,)y. This latter map in turn induces an embedding

PR @ (0/p70) @1, 5 Y [p"]  HY(Kx))o 50"

Since Ordp is a left-exact functor, Corollary 5.6.13 then implies that the action of
G, on the cokernel of the embedding

PR @1, 5 Ordp ((0/p"0) @, 4 jpn Y2 [p"])
ab,S
(% @15 01 ((0/976) @1, o Y= [07]))

factors through G&Z. The claim of the proposition now follows from Proposi-
tion 3.6.4. g

We now begin our study of evaluation maps.

6.4.7. Theorem. Let Y be a saturated coadmissible T x[Gs,]-submodule of X (0)
satisfying the equivalent conditions of Proposition 6.4.2, and suppose furthermore
either that = 7§ andY = X (7)), or that evy is injective. Then the map evy, g is
surjective (or equivalently, for each allowable level Kx,, C Gx,, the map evy (Ks,)r
is surjective).

Proof. The equivalence of the two conditions is seen by alternately passing to K, -
invariants, and passing to the inductive limit over all K. Suppose that they hold.
We claim that the image of evy g contains @pec ﬁlg,ﬁ’z[ph_alg, where C is the set of
closed points of p € Spec T(Ky, )5,x[1/p] which are classical, and whose associated
Galois representations are crystalline at p. Since ﬁ};,p,g[lﬂ]l_alg is an irreducible
Gg x G, x Gy, -representation, by [38, Thm. 7.4.2], it suffices in fact to show that
the image of ev(p)y contains a non-zero locally algebraic vector, for each p € C.

If the Galois representation p(p) associated to p € C is irreducible locally at p,
and is not exceptional at p (in the sense of Definition 3.3.18), then the isomor-
phism (6.3.19) of Corollary 6.3.17, together with the equality £ ®o Y[p] = F ®o
X (0)[p] given by part 3 of Proposition 6.4.2, shows directly that the image of ev(p)y
contains H é’ﬁ’z[p]l.alg Suppose next either that p(p) is irreducible locally at p, but
is exceptional at p (note that, as a special case of the Tate conjecture, this is in fact
conjectured never to occur; see e.g. [21]), or else that p(p) is reducible, but non-
split. Note that in the latter case, since p is classical, the two characters of which
p(p) is an extension must be distinct. The hypothesis of the theorem, together with
Proposition 6.4.6, shows that 0(p) = 7(p). Theorem 3.3.21 then implies that 6(p)
contains locally algebraic vectors, and Proposition C.36 implies that E®o Y [p] # 0.
Taking into account Proposition 6.2.2 (which does apply, since, as already noted,
in the case when p(p) is an extension of two characters, the characters are distinct),
we conclude that the image of ev(p)y contains a non-zero locally algebraic vector.

Suppose now that p(p) is the direct sum of two characters. The representation
O(p) = 7(p) may then be decomposed as a direct sum 6(p) = m € ma, where 71
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is equal to the universal unitary completion (in the sense of [37]) of the locally
algebraic representation m,(p(p) G,,) attached to p(p)|c,, as in the statement of
[38, Conj. 3.3.1 (7)]. (See the discussion of Subsection 3.4.) If evy is an injection,
then the same is true of the induced evaluation map ev(p)y. Since Proposition C.36
implies that F ® Y[p] # 0, we see again in this case that the image of ev(p)y
contains a non-zero locally algebraic vector. Finally, we consider the case when
Y = X(r3). Since m is the universal unitary completion of 7,(p(p)|cq, ), We
see from [38, Thm. 7.4.2] that there is a non-zero Gg x G-equivariant embedding
p(p)®pT — b 4[] Composing with the projection p(p) ®p(p) — p(p) ®rm,
we obtain an element of E @ X (m%)[p] whose image contains a non-zero locally
algebraic vector. Thus the image of ev(p) X(rz) contains a non-zero locally algebraic
vector in this case as well. R R
Since, by Corollary 5.4.5, the direct sum Gapec H}J%E[p]l.alg is dense in HL, we

have proved that the image of evy g is dense in I;T}; On the other hand, it follows
from Theorem 6.3.12, together with Lemma 3.1.16, that p @1 6 ®r, ; (X (6))" =0
is a w-adically admissible representation of G' over T; s for any allowable level
Ky, . The same is true of ﬁl(KZO)E’p’27 by Lemma 5.3.5. It follows from Propo-
sition 3.1.3 that the image of ev(Kx, ),y is closed. Passing to the limit over all
Ky, we find that the image of evg y is closed. This proves the theorem. O

6.4.8. Remark. As remarked in footnote 9, in the case when p > 2, Paskiinas [68]
has extended the results of [3] to cover the exceptional cases. Thus in this case
it is possible to avoid the appeal to Theorem 3.3.21 in the proof of the preceding
theorem. (Note that in the case when p(p) is reducible it is easy to show directly
that 7(p) (and hence 6(p)) contains non-zero locally algebraic vectors, whether or
not p(p) is split).

On the other hand, it is possible to replace the application of the density results of
Subsection 5.4 in the proof of Theorem 6.4.7 by instead making a wholesale appeal
to Theorem 3.3.21. Indeed, if p is a classical closed point of Spec T(Kx, )z x[1/p]
corresponding to a modular form of weight two, then Theorem 3.3.21, together with
Remark 3.3.23, shows that 7(p) contains non-zero smooth vectors, and so, arguing
just as in the proof given above, one finds that the image of evy, g contains all of the
smooth vectors of ITI}E@E. These are dense in fl}ﬂ’ﬁ’z by construction, and hence
the argument can again be concluded via an appeal to Proposition 3.1.3.

6.4.9. Theorem. Let Y be a coadmissible Tp |Gy, ]-submodule of X (6). The fol-
lowing are equivalent:
(1) The map evy is an isomorphism.
(2) Y is a faithful T5s-module, and the map evy (m) is injective.
If Y satisfies these equivalent conditions, then furthermore:

(3) Y = X(0)cts-

Proof. Suppose first that evy is an isomorphism. Since ff(lgﬁz is a faithful Tp x-
module, we see that ¥ must be a faithful T5 s;-module. Reducing the map evy
modulo w, and then passing to the m-torsion in the source and target, we find that
evy (m) is again an isomorphism, and so in particular, is injective. Thus 1 implies 2.

Conversely, if evy(m) is injective, then by Lemma C.46, we see that evy is
injective, with saturated image. Lemma C.52 then implies that Y must be saturated
in X(#). If Y is furthermore faithful as a T5 »-module, then Theorem 6.4.7 shows
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that evg,y is surjective. It follows that evy is in fact an isomorphism, and so 2
implies 1.

Suppose now that evy satisfies conditions 1 and 2. As we have already noted, it
follows that Y is saturated in X (), and so condition 5 of Proposition 6.4.2 shows
that

(6.4.10) X(0)etr C Y.
Since X (0)tr is saturated in X (6), and so in Y, we conclude that the induced map
(X(O)ett/@wX (0)ctt ) [m] — (V/@0Y)[m]

is an embedding, and thus that evx (), (m) is injective, since evy(m) is. The
equivalence of 1 and 2 of the present proposition, applied now to X ()., then
shows that evx ()., is an isomorphism. Thus the inclusion (6.4.10) induces an
isomorphism

m m A ~ m m A

s ®Tﬁ,>: s ®T?,EX(9)th — Ty ®Tz,z s ®Tp,zy

It follows from Lemma C.51 that the inclusion (6.4.10) is an equality, i.e. that part 3
holds. (]

6.4.11. Theorem. Suppose that p satisfies Assumption 5.7.3. If evx ()., 5 an
isomorphism, then there is an isomorphism X (0)cts = 75, (p%).

Proof. We will let IT denote the set of closed points p € SpecT; x[1/p] that are
allowable in the sense of Definition 5.4.7, and will show that X ().t and II together
satisfy the conditions of Theorem 4.4.1. That proposition will then show that

X(0)etr — 5o (p)-
Since X (0)ctr is saturated in X (6), there is a natural embedding

X(O)ctr /X (0)ers — X (0)/wX(0),
and hence also an embedding
(X (0)ctt /X (0)ctt ) [m] — (X (0)/wX(0))[m].

A consideration of the embedding (6.3.11), together with Proposition 6.3.22, then
shows that (X (0)esr/wX (0)cer) [m] is a generic representation of Gy, .

Our assumption on evx g).,;, together with the equivalence of conditions 1 and 2
in Theorem 6.4.9, shows that the map evx g),,,(m) induces an embedding

(6.4.12) P&k T @k (X(0)ett /X (0)et) [m] — Hf 5 5 [m)].

Choose V' to be a good weight in W8l(p) (in the sense of Definition 5.7.5). It
follows from part 1 of Theorem 5.7.7 that V lies in W(p). Lemma 3.5.5 gives an
isomorphism

m(V,p) — Homgr,z,)(V,7) — Homg(c—IndGy, s, ) V. 7).

Thus, applying the functor Fx, socy vy Homgr,z,)(V, ) to the embedding (6.4.12)
yields an embedding

P @x socy vy m(V,p) @ Fx, ((X(9)ctf/fDX(9)ctf) [m])
< Fx, socy vy Homgr, (z,) (V) H%@z[m])

— D ®% socy vy m(V, p),
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where the isomorphism is provided by part 2 of Theorem 5.7.7. We conclude that
Fy, ((X(G)th/wX(G)ctf) [m]) is at most one-dimensional. Combined with the result

of the preceding paragraph, this shows that condition 1 of Theorem 4.4.1 holds.
Since each point of II is a classical closed point, the associated local represen-
tations p(p)|g,, (¢ € Xo) are always generic [51, p. 354]. Corollary 6.3.17 and
Lemma 6.4.5 together show that for each p € II, we have a G5 -equivariant isomor-
phism (and so in particular a G, -equivariant map) 7s, (p(p)) — E®0 X (0)ett[p]-
Lemma 6.4.5 also shows that the saturation of 7 X (6)ct[p] (Where p ranges over
all elements of IT) is dense in X (6)c¢r. Thus conditions 2 (a), (b), and (c) of Theo-
rem 4.4.1 all hold. As already noted, this completes the proof of the theorem. [

6.4.13. Corollary. If there is an isomorphism of T5 5[Gg x G x Gx,]-modules

A o o~
(6'4'14) pIXIJI ®Tﬁ,2 0 ®Tﬁ,27‘-20 (pIZIJ]) — H(19,ﬁ,27

then X (0)cir = s, (p%), and the evaluation map evx g),,, is an isomorphism. Con-
versely, if evx ()., is an isomorphism, and if p satisfies Assumption 5.7.3, then
X(0)etr = 3, (pR), and there is an isomorphism of the form (6.4.14).

Proof. If there is an isomorphism of the form (6.4.14) then it gives rise to an
embedding 7y, (%) — X(6), such that, letting ¥ denote the image of this map,
the evaluation map evy is an isomorphism. Theorem 6.4.9 then shows that Y =
X(e)ctf~

Conversely, if evx(g),,, is an isomorphism, and if p satisfies Assumption 5.7.3,
then Theorem 6.4.11 shows that X (0)cir = 7, (o), and so evx(g),,, gives rise to
an isomorphism of the form (6.4.14). O

The preceding results are most easily applied in the case when ﬁ‘GQp has only
trivial endomorphisms (in which case, as we noted in Remark 6.3.2, we necessarily
have that 6 = pR).

We first prove a lemma.

6.4.15. Lemma. Suppose that 71 and 7o are smooth representations of G over
k, that U is a k-vector space, and that f : T3 ®x U — T2 is a G-equivariant k-
linear map (the G-action on the source being defined via its action on the first
factor in the tensor product). If furthermore 71 is admissible and soc(wy) (the
G-socle of T1) is multiplicity free, and if for every non-zero element u € U, the
map T —— T @ (k- u) — T2 induced by f is an embedding, then f itself is an
embedding.

Proof. Write soc(m1) = @;_, 71, where the 71, are pair-wise non-isomorphic
irreducible admissible smooth G-representations. We have the evident isomorphism

S
@ﬁl,i @k U — soc(71) @ U — soc(7y @y, U).
i=1
If f has a non-zero kernel, then this kernel has a non-zero socle, and so has non-zero
intersection with 71 ; @, U for at least one value of i (since the 7 ; are pair-wise non-
isomorphic), and so contains 7T ; ®y, (k- u) for some non-zero u € U. Consequently,
the map T ® (k- u) — To is not injective, contradicting our assumption. [

We now prove our main theorem in the case when p|;, ~has only trivial endo-
p
morphisms.
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6.4.16. Theorem. If PG, has only trivial endomorphisms, then the evaluation
map evx(xmy s an isomorphism, and hence Conjecture 6.1.6 holds.

Proof. It we show that evx(;m) is an isomorphism, then part 3 of Theorem 6.4.9
and Corollary 6.4.13 together imply that Conjecture 6.1.6 holds. To prove that
evx(nm) is an isomorphism, it suffices, by 2 of Theorem 6.4.9, to prove that the map
ev(m) X(xm) I8 injective. For this, it suffices in turn to prove that the evaluation
map

(6.4.17) P @k T @k Homycyw ) (P @k T, Hyy 5 51[m]) — Hji 5 5[m]
is injective. Since p is absolutely irreducible, the evaluation map
P @ Homyay) (9, Hzi,z,z[m]) - H}i,p,z[m]

is injective, and so to prove the injectivity of (6.4.17), it suffices in turn to prove
that the induced map

(6.4.18) 7 @k Homygyxa) (P @k 7, H/i,p,z[m]) — Homyg, (P, H/i,p,z[m])
is injective.

By Lemma 6.4.15, to prove the injectivity of (6.4.18), it suffices to prove that
any non-zero G-equivariant map

T — Homyq, (p, H, %,p,z [m])
is injective. Since
Homk[G@] 2 H;,E,Z[m]) — ﬁv Ok H/i,ﬁ,z — Hli,ﬁ,E[m] D Hli,ﬁ,E[m]

(the latter G-equivariant isomorphism being obtained by choosing a k-basis for p),
we see that it in fact suffices to show that any non-zero G-equivariant map

(6.4.19) 7 — Hj 5 5[m]

is injective. If PiGg, and hence 7, is irreducible, this is clear. If not, then write
PiGg, @ an extension
O0—x1—=p—x2—0.

Since p is assumed to have only trivial endomorphisms, we have y; # X2, and this
extension is non-split. By Assumption 3.3.1, we also have Xlxgl # 71, Thus
if xixs 1 £ %, then 7 is an extension of Ind% X2 ® x1€ by the non-isomorphic
representation Ind% X1 ® X2&, with each of these principal series representations
being irreducible. The GL3(Z,)-socle of the first of these principal series consists
of a single Serre weight, which does not line in W (). Taking into account part 1 of
Theorem 5.7.7, we find that there is no embedding of Ind% X2 ® X1Z into H,%@E[m],
and thus that indeed any non-zero map of the form (6.4.19) is injective.

If X1X§1 = g, then, writing y := x1, we find that 7 is a non-split extension of
Ind% X&' ® xZ (which is irreducible) by a representation 7; which itself sits in a
non-split short exact sequence

0 — (x odet) ®; St — 7 — x odet — 0.

The unique Serre weight in the GL3(Z,)-socle of Ind% X2 ! ® x& does not lie in
W (p), and so a non-zero map of the form (6.4.19) cannot contain all of 7 in its
kernel. On the other hand, if it contains just (x o det) ®j St in its kernel, then we
find that H ,i’ﬁ’z contains a one-dimensional G-invariant subrepresentation, which
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is impossible, by Thara’s Lemma. Thus any non-zero map of the form (6.4.19) must
in fact be injective. This completes the argument. ([

When p)g, is the sum of two distinct characters, we can establish a slightly
Up
weaker result.

6.4.20. Theorem. Ifﬁ|GQ is isomorphic to the direct sum of distinct characters,
then Conjecture 6.1.9 holds.

The somewhat lengthy proof of the theorem is presented in the following sub-
section.

6.5. Proof of Theorem 6.4.20. Throughout this subsection we suppose that
7= x1® x2, with x1x5* # 1,51, (The arguments typically apply more generally,
but we have no need for them other than in this case.) We introduce the following
hypothesis on a point p € Spec T3 =[1/p]:

6.5.1. Assumption. The closed point p is allowable, in the sense of Definition 5.4.7,
and E = k(p) (or, equivalently, O — T5 5 /p).

The following result lies at the heart of our argument.

6.5.2. Proposition. If p € SpecT; x[1/p] satisfies Assumption 6.5.1, then there is
an isomorphism of O[Gx, x G]-modules

p(p)° ®o m(p)° — Fx,(M(p)o)
(where we refer to Definition 6.3.14 for the definition of M(p)o).

Proof. Applying the functor F;, to the isomorphism of part 1 of Proposition 6.3.15,
we obtain an isomorphism

(6.5.3) Fs,(M(p)p) — p(p) ®5 7(p).

Thus Fy,, (M (p)e) is a bounded open Gg x G-invariant lattice in p(p) @ g 7(p). Since
p is absolutely irreducible, any such lattice is of the form

p(p)° ®o 7°,
for some bounded open G-invariant lattice 7° in 7(p). In particular, we may write
Fy,(M(p)o) — p(p)° @0 7°,

for some lattice m°. Our goal is to show that 7° —— m(p)°.
Since M (p)o is saturated in H}Q@Z, we see that the induced embedding

p(b)° ®o m° = Fyy(M(p)o)) = Fro(Ho 5.5)
is saturated, and hence that reduction modulo w” induces an embedding
(p(p)° /=" p(P)) @0y (1° [@"7%) = Fro(Hp 55/ Ho 55),
for any n > 0. Taking ordinary parts, we obtain an embedding
(p(p)° /%" p(p)) @0 o Ordp(n® /w"n%) = Ordps (Fiy (Ho 5.5/ @" Ho 5,5))
= Fy, (Ordp(Hp 55/ " Hp 55))-
From Theorem 5.6.11, we conclude that the action of Gg, on the quotient

(p(p)°/@"p(p)) ©0 mn Ordp(r°/w"°)
(p(p)°/@"p(P)) ®0jwn Ordp(m° /wmm)2>5
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factors through Ga‘;. The theorem is now seen to follow from Proposition 3.6.3. O

Before stating our next results, we introduce some notation.

6.5.4. Definition. We write T,ﬁ,z = Homo_cont(’]l"ﬁz) to denote the space of O-
linear, m-adically continuous maps from T3 5 to O.

6.5.5. Definition. Suppose that I is an allowable ideal in T;x, and write I =
(i, pi, where the p; are distinct allowable closed points of Spec T3 x[1/p]. There

is an embedding @, M (p;)p — ﬁ}s,ﬁ,zo- Since
E&o (T;2/I) = [[ E @0 (T5.5/p:),
i=1
we see that the image of this embedding may be identified with the closure of
the space Hé,p,z[f J1.alg of locally algebraic elements of H}, 5% that are annihilated

by I. Generalizing the notation of Definition 6.3.14, we denote the image of this
embedding by M(I)g, and write M(I)o := M(I) g\ Hj 5 5-

Following Proposition 5.5.3, we make the factorization
P8 @1, Us == Hp 55,

where Us; := Homr, ;6] (0%, Hb 5 5) is a G x Gy, -representation. This factoriza-
tion induces a corresponding factorization

P5 @1, 5 Home, 6o (5, M(I)o) — M(Io.
6.5.6. Definition. If I C T; 5 is an allowable ideal, then we write

Wr = Fy, (HomTﬁ,E[G@] (pglla M(I)O)) - Homr, ;1¢q] (p%’ Fx, <M<I)O))’

and
0; := Homr ((Tﬁ,E/I)/7 Wr)

(where, following the notation introduced in Subsection 3.7, we write (T5 x/I)" ==
Homop(T55/1,0)), so that there is a natural evaluation map

(657) (Tﬁz/l), ®Tﬁ,>: 0 — Wry.

Both W; and 6 are naturally G-representations over T5 5 /I, and (6.5.7) is a map
of (T5,5/I)[G]-modules.

6.5.8. Lemma. If J C I is an inclusion of allowable ideals in T5x, then there is a
natural isomorphism Wy — Wr[J].

Proof. Evidently the inclusion M (J)o C M(I)e induces an isomorphism
M(J)o — M(I)olJ].

The lemma follows directly from this and from the definition of W; and W in
terms of M(I)p and M (J)e. O

We immediately deduce the following corollary from Proposition 6.5.2.

6.5.9. Corollary. If p € SpecT; x[1/p] satisfies Assumption 6.5.1, then there is a
G-equivariant isomorphism Wy = w(p)°.



LOCAL-GLOBAL COMPATIBILITY IN p-ADIC LANGLANDS FOR GLy/q 91

Our goal is now to prove a partial generalization of the preceding corollary for
a general allowable ideal. In the course of the argument it will be necessary to
make an extension of scalars (so that we may put ourselves in a situation where
the prime ideals under consideration satisfy Assumption 6.5.1), and so we begin by
introducing some notation, and proving a lemma, related to such an extension.

Suppose that E’ is a finite extension of F, let O’ be the integral closure of O in E’,
and let k" be the residue field of O’ (a finite extension of k). Write p' := k' ®y, p.
We define ﬁ}z,ﬁ/2, ITI}D,’F’E, and Ty x in analogy with ﬁéﬁz, ﬁ(lgﬁ,g, and Ty 5.
We furthermore define p’ and 7§ in analogy with p%2 and 7. Thus p§’ denotes
the universal promodular deformation of 7" over T 5, while 7% is defined so that
MF(m%/) — p‘zn’l G, with ng Go, admitting the central character det(pg" G@p)e.

There are natural isomorphisms E' @ Hp, 55 — H1/7ﬁ,72, O ®@o Hp 55 —
Hp 55 0" ®0 Tpx — Ty .z, O' @0 pf — p¥', and O @0 7§ — 7',

6.5.10. Lemma. IfI is an allowable ideal (in the sense of Definition 6.4.4) in T5 5,
then I' :== O’ ®¢ I is an allowable ideal in Ty 5.

Proof. Write I = (1, p», as in Definition 6.4.4. If we tensor the embedding
Tos/I — H K(ps)
i=1
with O over O, we obtain an embedding

0’ @0 (Tsx/I) = [[ E' ® £(p:).
i=1
Since E’ and each x(p;) are fields of characteristic zero, the target of this embedding
is reduced. Thus so is the source. From the isomorphism

Tﬁ’,Z/I/ ;) O/ ®O (Tﬁ,2/1)7
we conclude that I’ is a radical ideal, say I’ = ﬂ§:1 q;. Each q; contains one of
the p;, and since Ty x is a finite extension of T5 5, the corresponding residue field
extension k(q;)/k(p;) is finite. Thus g, is a classical closed point of T 5, and there
is an isomorphism p(q;) — %(q;) @ (p,) P(pi)- (If p; corresponds to a cuspidal Hecke

eigenform defined over (p;), then q; corresponds to the same Hecke eigenform, but
regarded as being defined over k(q;).) Thus I’ is allowable. O

We now state and prove our generalization of Corollary 6.5.9.

6.5.11. Proposition. If I is an allowable ideal, then 01 is a deformation of T over
Tsx/I, and the evaluation map (6.5.7) is an isomorphism.

Proof. Write I = (;_, p;, as in Definition 6.4.4. Choose E’ to be a finite Galois
extension of E, sufficiently large so that each of the residue fields x(p;) admits an
embedding into E’. Lemma 6.5.10 shows that I’ := O’ ® I is an allowable ideal
of Ty x, and if we write I’ = ﬂ;:1 q;, then by virtue of our choice of E’, each of
the residue fields x(q;) is equal to E’.

Clearly there are natural isomorphisms Wy — @' @ W; and 8 := O’ ®¢ 07,
and the evaluation map

(6512) (Tﬁ',Z()/I/)I ®Tﬁ/,20 91, — W[/.
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is obtained from the map (6.5.7) by tensoring with O’ over O. Thus it suffices to
prove the proposition with E, p, I, etc., replaced by E’, p', I’, etc., and hence,
replacing F by E’, p by p’, I by I’, and so on, it is no loss of generality to assume
from the beginning that for each p; appearing in the decomposition of I, the residue
field k(p;) is equal to E, and we do so from now on.

We will now prove the statement of the theorem (under the additional assump-
tion that x(p;) = E for each i = 1,...,n) by induction on n. The base case n = 1
follows from Corollary 6.5.9. Suppose now that n > 1, and write J := ﬂ?z_ll Pis
p = p,. By induction, 6; is a deformation of T over T5x/J, and the evaluation
map (Tpx/J) @, 05 — W is an isomorphism.

Lemma 6.5.8 provides isomorphisms W;[J] — W; and W;[p] — W,, and
so it follows from the induction hypothesis, Theorem 5.7.7, Lemma 3.5.5 (2), and
Proposition 3.7.11 that W := (T;2/I) ®7,, X for some deformation X of 7
over T;x/I. It then follows from Lemma 3.7.10 that X — 6, showing that
61 is a deformation of 7 over T; /I, and that the evaluation map (6.5.7) is an
isomorphism. (I

We note one particular corollary of the preceding result.

6.5.13. Corollary. If J C I is an inclusion of allowable ideals, then there is a
natural isomorphism 61 /J0; = 0.

Proof. Proposition 6.5.11 shows that the natural evaluation maps provide isomor-
phisms

(6.5.14) (Tp5/1) @1, 5 01 — Wi
and
(6.5.15) (Ts5/J) @r, 5 05 — W;.

Now consider the composite of the sequence of isomorphisms:

(Tos/J) @1, 01/T01 — (Tp5/J) @1,5 01 — (Tpn/I) 1,5 0r)[J]
= WilJ] = W; = T, 5[J] @, 0,

of which the first is evident, the second is obtained by applying part 3 of Lemma B.6
with A taken to be T5 /I, M taken to be T;x/J, and N taken to be (T x/I),
the third is (6.5.14), the fourth is obtained from Lemma 6.5.8, and the fifth is
the inverse of (6.5.15). Applying Homr, ., (T% 5[J],—) to the source and target of
this composite isomorphism, and taking into account Lemma 3.7.10, we obtain the
required isomorphism of deformations 6;/J0; — ;. [l

We are now ready to give the:

Proof of Theorem 6.4.20. Corollary 6.5.13 allows us to form the projective limit

¢ := lim 01, the projective limit being taken over all allowable ideals I of T5 s, to
I

obtain a deformation 6 of T over T; x. — lim T 5;/I. By construction, §/16 — 6;

I
for any allowable ideal I C T; 5. In particular, if p is an allowable prime ideal, we
compute that

~

6(p) — E ®p b0, — Fs,(Homg, (p(p), M(I)g)) — m(p),
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the final isomorphism following from part 1 of Proposition 6.3.15. Thus 6 satis-
fies Assumption 6.3.1. Our goal is to prove that evx ()., is an isomorphism; the
claims of the theorem will follow from this, together with Corollary 6.4.13 and
Proposition 6.4.6.

Proposition 6.4.2 shows that X (6)c is a faithful T5 s-module, and so by Theo-
rem 6.4.9, it suffices to prove that ev(m)x ()., is injective. Since, by Lemma 6.4.5,
X (0)cts is the closure of | J; X (0)[1], with I ranging over the allowable ideals in T5 5,
we see that (X (0)/@X(0))[m] — U;(X(0)[1]/wX (6)[I])[m], and thus it suffices
to prove that the evaluation map

7@, T (X(O)[1]/@X O)[1])[m] — Hy 5

is injective, for each allowable ideal I. By Lemma 4.1.4 and Corollary 6.3.24, for
this it suffices in turn to show that

P&k T @ P, (X(0)1]/wX (0)[1]) [m] — F, (Hj5)

is injective, which itself will follow in turn if we show that, for each I, the evaluation
map

(6516) pgl ®TF,E 0 ®Tﬁ2 FEO (X<9)[I]) - FEO (ﬁé,ﬁ,E)
is injective, with saturated image.
Now

(6.5.17) X (0)[1] = Homy, (cqxc) (08 @1, 0, H 5.5)[1]
;) HomTﬁ,g[GQXG] (pgl ®Tﬁ,2 6/197 H(lg,ﬁ,2>'
If we write I = ﬂ:;l p;, where the p; are distinct allowable prime ideals, then since
M(I)o = (@?:1M(pi)E) N ﬁ(lo,p,z,

we conclude from the isomorphisms (6.3.16) (applied to p = py,...,p,) and (6.5.17)
that we have an isomorphism

X(0)[1] — Homr, (6oxq) (pF @155 0/10, M(I)0),

which in turn induces an isomorphism
(6.518)  F, (X(0)[1]) = Home, yiaqxcr (48 ©r, s 0/10, Fs, (M(1)o) ).

Since by construction M (I)ep is a saturated O-submodule of }Al(lgﬁz, we see that
Fs, (M(I)o) is saturated in Fy, (ﬁéﬁz) Hence, in order to verify that (6.5.16) is
injective with saturated image, it suffices to verify that the evaluation map
(6519) pg)l ®Tﬁ.): 0/19 ®Tﬁ,2 FEO (X(a)[l]) - FEO (M(I)O)a

which arises from the description of Fy, (X (6)[I]) provided by (6.5.18), is injective,
with saturated image.

Now Fy, (M(I)o) — p® @1y, Wy, and so we may rewrite (6.5.18) as an isomor-
phism
(6520) Fgo (X(G)[ID - Hom'ﬂ‘p,z[G] (H/IG,W[)
This in turn gives rise to an evaluation map

(6.5.21) 0/16 ®r, ,, Fs, (X(0)[1]) — Wy,
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from which (6.5.19) is obtained by tensoring with pi over T5 x. It thus suffices to
show that (6.5.21) is injective, with saturated image.

As already noted, there is an isomorphism 6/I6 — 0, while Proposition 6.5.11
gives an isomorphism (T35 /1) ®r,. , 07 — W;. Thus we may rewrite the isomor-
phism (6.5.20) as

Fy, (X(0)1]) = Homr_ () (07, (T55/1) @1y, 01),
and hence rewrite the evaluation map (6.5.21) as the evaluation map
(6.5.22) 01 @1, 5 Homy, () (01, (T55/1) @1, 01) — (Tpx/1) @1, 0.
It follows from Lemma 3.1.19 that the natural map
(Tp.5/1)" — Homy, ;61 (01, (Tp.2/1) @1, 5, 01)

is in fact an isomorphism, and hence that (6.5.22) is also an isomorphism. In
particular it is injective with saturated image, and so we are done. O

7. APPLICATIONS

7.1. Applications to the Fontaine—Mazur conjecture. In this subsection, we
prove the following theorem, which is a rephrasing of part 2 of Corollary 1.2.2.

7.1.1. Theorem. Let p : Gg — GL3(E) be a pro-modular lift of the absolutely
irreducible representation p : Gg — GLq(k), unramified outside of the finite set of
primes S U {p}, and suppose that
_ 1 =«
W P, #x (g 2):
(2) Ifp Ga, 1s isomorphic to the direct sum of two characters, then these char-
acters have non-isomorphic reductions modulo w;
(3) P |Gy, s de Rham with distinct Hodge—Tate weights.
Then p is a twist of the Galois representation attached to a classical cuspidal eigen-
form of weight k > 2.

Proof. Tt follows from Theorem 1.2.1 (1) that there is a G-equivariant embedding
B(p) < Homp(q)(p, FIb).

By Theorem 3.3.21, the space B(p)1.alg is non-zero, and thus Homgq,(p, ﬁ}z’l‘alg)
is non-zero. The theorem is thus seen to follow from [38, Thm. 7.4.2]. g

7.2. Applications to a conjecture of Kisin. In this subsection, we prove the
following theorem, which is a rephrasing of part 1 of Corollary 1.2.2.

7.2.1. Theorem. Let p : Gg — GL2(E) be a pro-modular lift of the absolutely
irreducible representation p : Gg — GLa(k), unramified outside of the finite set of
primes S U {p}, and suppose that

— 1 =*
(1) p|GQp 76 X® (O 5) ;
(2) piag, is trianguline.

Then p is a twist of the Galois representation attached to an overconvergent p-adic
cuspidal eigenform of finite slope.
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Proof. We begin by recalling some constructions from [38, §7.5]. For any tame
level K7, the locally analytic Jacquet module Jg((H'(K?)g)an) is an essentially
admissible locally analytic representation of T', corresponding to a rigid analytic
coherent sheaf £(KP) on the space T of locally analytic characters of T. Since Jp
is a functor, the Hecke algebra T(K?) acts on Jp ((f[l(Kp)E)an), and so on E(KP),
and generates a coherent sheaf of endomorphisms of £(K?), which we denote by
A(KP). Suppose now that (in the notation of Subsection 5.2), the tame level K? is
of the form Ky, K3, where Ky, is a compact open subgroup of G,,. We then write
E(Kx,) = E(KP) and A(Ky,) := A(KP). If Ky, is chosen to be allowable for p,
then ﬁl(Kgo)E,ﬁ is a direct summand of ﬁl(KEO)E, and so JB((I;TI(KEO)EE)MI)
is a direct summand of Jp ((ﬁl(Kp)E)an). We write (K, )5 and A(Ks, )5 for the
associated direct summands of £(Ky,) and A(Kx,).

Let p € SpecT5 5 denote the kernel of the map Tsy — E corresponding to p.
Theorem 1.2.1 (1) shows that there is a non-zero G-equivariant map

B(p) - HomE[GQ] (pv ﬁl(KEO)E,ﬁ[p})v

for a sufficiently small choice of Ky,,. Passing to locally analytic Jacquet modules
for B, we obtain a T-equivariant map

JB(B(p)an) — Hompgcy) (P, JB ((ﬁl (KEO)E,ﬁ[P])an)) .

Since p is trianguline, the locally analytic vectors in each topological Jordan—-Holder
factor of B(p) have a non-vanishing Jacquet module (see [38, §§5.2 and 6]), and so
(by left-exactness of the functor Jp((~)an)) this map is again non-zero. Thus we
conclude that

J5((H (Ks,)p5)an) [Pl = J5 (H (Ks,)£50p])an) # 0,

and hence that the system of Hecke eigenvalues attached to p appears in the space
Spec A(K?)5. Tt then follows from [38, Thm. 7.5.8] that p is a twist of the Galois
representation attached to a finite slope overconvergent p-adic cuspidal eigenform.

We note that the proof of [38, Thm. 7.5.8] is only sketched, and so the above
argument may rightly be regarded as incomplete. However, we can avoid the appeal
to [38, Thm. 7.5.8] as follows: As is explained in the beginning of the proof of [38,
Thm. 7.5.8], to conclude that every point of Spec A(K, )5 (and so in particular, the
Galois representation p) arises as the twist of a point corresponding to a finite slope
overconvergent p-adic cuspidal eigenform, it suffices to show that Spec A(Kx, )7 is
equidimensional of dimension two. For this, it suffices in turn to show that the
support of £(Kx, )z is equidimensional of dimension two, and that £(Kx, )z has no
embedded primes as a module over its support, i.e. that the support of every non-
zero section of £(K, )5 has dimension two. Since (K, )5 is the coherent sheaf on
T associated to JB((ﬁl(KEO)Eﬁ)an), this follows from Corollary 5.3.19 and [35,
Prop. 4.2.36]. (In fact, as stated, this last result shows merely that the support of
E(Ks,)p is of dimension two. But in fact the considerations in its proof suffice to
establish the stronger result that each non-zero element of £(K7y, )5 has support of
dimension two.) O

7.3. Promodularity. In this subsection we present the:
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Proof of Theorem 1.2.3. As we noted prior to stating this theorem, its proof is a
synthesis of results and methods due to Bockle, Diamond-Flach-Guo, and Khare—
Wintenberger and Kisin. (In particular, the p-adic Langlands correspondence plays
no role in its proof!)

As in the statement of the theorem, let V' be a continuous odd irreducible rep-
resentation of Gg over E, whose reduction V satisfies the given conditions 1 and 2.
Serre’s conjecture (proved by Khare-Wintenberger and Kisin [53, 54, 55, 60]) im-
plies that V' is modular, and thus we may apply the results (and more generally
the methods) of Bockle [4] to study the deformation space of V, parametrizing
deformations of V unramified outside X.

In the case when V|G@p is absolutely reducible, Theorem 1.2.3 follows from [4,
Cor. 3.8]. (Note that our condition 2 ensures that the condition “fi, # X,” of that
result is satisfied.) Thus we may assume that V\G@p is absolutely irreducible.

If V|G@p is furthermore finite flat (up to a twist), then Theorem 1.2.3 again
follows from [4, Cor. 3.8]. In this (the finite flat) case, the proof of [4, Cor. 3.8]
depends on two ingredients: the main theorem of Wiles [86] and Taylor—Wiles [83],
as strengthened by Diamond [30], which identifies the universal deformation ring of
V parametrizing deformations that are finite flat locally at p with an appropriate
(weight two) Hecke algebra, and the result of Ramakrishna [70] showing that the
universal deformation ring of V|G@p parametrizing finite flat deformations of fixed
determinant is formally smooth of relative dimension one over O.

Both of these ingredients have since been extended to the case of an arbitrary V'
for which V\G% is absolutely irreducible, by Diamond, Flach, and Guo [31]. More

precisely, twisting V' if necessary, we may assume that V is in the image of the
Fontaine-Laffaille functor [45], i.e. arises from a two-dimensional Fontaine-Laffaille
module with coefficients in k, having filtration indices 0 and k — 1, with 2 < k <
p. In [31] it is proved that the universal deformation ring of V, parametrizing
deformations over objects A of Art(O) that locally at p arise from a rank two
Fontaine-Laffaille module with coefficients in A having filtration indices 0 and k —
1, may be identified with an appropriate (weight k& — 1) Hecke algebra (see [31,
Thm. 3.6] and its proof; note that although this result includes the hypothesis k < p,
the proof is in fact valid in the case k = p also). Furthermore, the corresponding
universal deformation ring of V‘G@p is shown to be formally smooth of relative
dimension one over O [31, Cor. 2.3]. With these two ingredients at hand, the
argument proving [4, Cor. 3.8] in the finite flat case extends to handle the case
of arbitrary V for which V|G@p is absolutely irreducible, which in turn suffices to

prove Theorem 1.2.3 for such V. a

7.4. Locally algebraic vectors. In this subsection we present the:

Completion of the proof of Theorem 3.3.22. Colmez has proved the theorem in
the case when Vg is crystabelline or the twist of a semi-stable representation [25,
Thm. VI.6.50]. Thus we assume that Vg is potentially crystalline but not crysta-
belline. Let Dperys(VE) denote the potentially crystalline Dieudonné module of Vi,
and let a > b denote the Hodge—Tate weights of V.

Colmez has shown [25, Thm. VI.6.42] that B(Vg)1.a1g depends only on Dyerys (Vi)
as a (p, IV, Gg, )-module, together with the pair of weights a, b (i.e. it is independent
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of the Hodge filtration on Dgr(VE)). Equivalently, it depends only on the Weil-
Deligne representation WD(Vg) attached to the (¢, N,Gq,)-module Dperys(VE),
together with the pair of weights a and b. Equivalently again, it depends only on
the admissible smooth GL2(Q,)-representation m,(Vg) attached to WD(Vg) via the
classical local Langlands correspondence, together with the pair of weight a and b.
Thus in order to prove the theorem, it suffices to construct a single two-dimensional
continuous representation Vy of G, over E, with Hodge-Tate weight a and b, such
that m,(V5) = mp(Ve), and such that

B(Vi)alg — Sym* "' E? @ det’ @ m,(Vg).

Indeed, it suffices to do this after making an extension of scalars from E to some
finite extension E’, since the formation of locally algebraic vectors is compatible
with the extension of scalars. We may also replace Vg by an unramified twist, since
the formation of locally algebraic vectors is compatible with such twisting.

We now set about constructing such a V},. Note that our assumption that Vg
is potentially crystalline, but not crystabelline, implies (indeed, is equivalent to
requiring) that m,(Vg) be cuspidal. Let o be the minimal type of m,(Vg) [49],
and let og be a GLy(Z,)-invariant Og-lattice in o. Write 7y := Sym“ib*lOQE R0y
det’ ®0p (thought of as a GLy(Z,)-representation) and 7 := E ®¢,, 7o, and let W
be a Jordan—Hélder constituent of the reduction 74 /wy.

Choose a modular p such that PiGa, is irreducible and such that W € W(p),
i.e. W is a Serre weight of p. (It is easy to find such a p, e.g. as the reduc-
tion of the induction of a Grossen-character of the appropriate weight, for some
quadratic imaginary extension of Q in which p is inert.) Let X be the set of
primes at which p is ramified, together with p, and let K(3) be an allowable
level for p, chosen so that GLa(Z,)K (Xo)Kj is neat. We use the notation of Sec-
tion 5; thus we let m denote the maximal ideal in T(Ky,) corresponding to p.
Since W is a Serre weight of p, the weight part of Serre’s conjecture shows that
there is a GL2(Z,)-equivariant embedding W — H'(Ksx, )7 x[m]. It then fol-
lows from Proposition 5.3.15 that we may lift this to a GLo(Zy)-equivariant map
0 — ﬁl(Kgo)oE@Z, which in turn gives rise to a GLg(Z,)-equivariant map
r — H Y(Ks,)E 55, which is necessarily an embedding, since 7 is irreducible
as a GLg(Zj)-representation over E. The space Hompgqr,(z,) (7, }AII(KZO)E@E)
is finite-dimensional over E, and is a T(Kx,)z-module, and hence we may find
p € SpecT(Ks,)5[1/p] such that Hompgr,z,) (7, H (Ks,)epx)[p] is non-zero,
or, in other words, such that there is an embedding

(7.4.1) T HY(Ks,)p5x[p)-

Since ﬁl(Kzo)Eﬁz[p] contains non-zero locally Sym® "' E? @5 det’-algebraic
vectors (e.g. those in the image of the embedding (7.4.1)), we see that p is a classical
point of Spec T(Kx, ), corresponding (up to a cyclotomic twist) to a classical Hecke
eigenform defined over E’ := k(p), a finite extension of E. The local factor at p
of the corresponding automorphic representation 7 then has o as a type, and so
must coincide with E' ®g 7,(VE), up to an unramified twist. To ease notation,
we replace F with E' and Vg with an appropriate unramified twist (which, as was
noted above, we may do without changing the problem), and thus assume that
k(p) = E and that the local factor at p is equal to m,(Vg).
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If we let N denote the conductor of 7, and let

K?P(N):= {(CCL Z) € HGLQ(Zg) |[c=0mod N,d =1mod N},
t#p
then it follows from [38, Thm. 7.4.2] that there is a Gg x GL2(Q))-equivariant
isomorphism
B (KI(N)) oo~ p(9) @ Sym® " E2 0 det” 0 7, (V).

On the other hand, Theorem 1.2.1 shows that there is a Gg x GL2(Q,)-equivariant
isomorphism

p(p) @5 B(p(p)iao,) — H' (KT(N)) 1 s[b].
Hence
p(p) QF B(p(p)\GQp)l_alg - ﬁl (Kf(N))Eﬁ,E[p]l.alg
= p(p) @p Sym* P E? @ det’ @p m,(Vi).
As remarked above, this serves to complete the proof of the theorem. (I

7.4.2. Remark. We don’t need the full strength of Theorem 1.2.1 in order to prove
the preceding result. Indeed, it suffices to have a Gg x GL2(Q),)-equivariant map

p(p) @ B(p(p)ico,) = H' (KY(N)) ;. [p]

(which will then necessarily be an embedding, by Proposition 3.3.24), the existence
of which is guaranteed by Remark 6.4.3. Such an embedding induces a correspond-
ing embedding

’o(p) ®E B(p(p)‘GQp)l.alg - ﬁl (Kf(N))E7ﬁ7Z[ph.alg
=5 p(p) @p Sym* "' E? @ det’ @p m,(Ve).

Since the target of this embedding is irreducible, and the source is non-zero [25,
Thm. VI.6.18], it is then necessarily an isomorphism.

APPENDIX A. BANACH MODULES

Let A be a complete Noetherian local ring with maximal ideal m, and let p €
Spec A be a prime ideal of A. We will define the notion of a Banach module over Ay,
after first making some preliminary definitions.

A.1. Definition. If V is an Ap-module, then we say that two A-submodules W; and
W of V are commensurable if there exists a € A\ p such that aW; C W C a=1Wj.

One immediately checks that commensurability is an equivalence relation on the
set of A-submodules of any given A,-module.

A.2. Definition. If V is an A,-module, we say that an A-submodule W of V' is an
A-lattice in V if W generates V' as an Ap-module, or, equivalently, if the natural
map A, ®4 W — V is an isomorphism.

A.3. Definition. A Banach module over A, consists of an Ap-module V, together
with the choice of a non-empty commensurability class of m-adically complete and
separated A-lattices in V. (Note that we are not suggesting that any lattice com-
mensurable to a given m-adically complete and separated A-lattice in V' is itself



LOCAL-GLOBAL COMPATIBILITY IN p-ADIC LANGLANDS FOR GLy/q 99

necessarily complete and separated. Rather, we are considering commensurability
as a relation on the set of complete and separated A-lattices in V.)

If V is a Banach module over A, and if W is a member of the chosen commen-
surability class of m-adically complete and separated A-lattices in V', then we will
sometimes refer to W as a choice of unit ball in V.

A.4. Remark. If A= O and p is the zero ideal, so that A, = E, then the notion
of Banach module over F reduces to the standard notion of a Banach space over E.
(Here, and throughout the paper, by a Banach space over E we mean a complete
topological vector space whose topology can be defined by a norm; we do not regard
a Banach space as having a fixed choice of norm defining its topology, and thus its
unit ball is well-defined only up to commensurability.)

APPENDIX B. ORTHONORMALIZABLE AND PRO-FREE MODULES
Let A be a complete Noetherian local ring.

B.1. Definition. We say that an A-module V is orthonormalizable if V' is m-
adically complete and separated, and if the quotient V/m'V is free over A/m?, for
each 7 > 0.

We begin by showing that an A-module V is orthonormalizable if and only if
its isomorphic to the m-adic completion of a free A-module, or equivalently, if and
only if its admits an orthonormal basis in a sense analogous to that used in the
theory of p-adic Banach spaces.

B.2. Lemma. Let V be an orthonormalizable A-module, let {€;};cr be a basis of
V/mV, and let {e; }ic1 denote some choice of lifts of these basis elements to elements
of V. If F denotes the A-submodule of V' generated by {e;}icr, then:
(1) F is freely generated by {e;}icr, i.e. F is a free A-module with {e;}icr as
a basis;
(2) For each r >0, the natural map

(B.3) F/m"F - V/m"V

18 an tsomorphism. In particular, zfﬁ denotes the m-adic completion of F,
then the natural map F' — V is an isomorphism.

Proof. Evidently, V = F + mV. Iterating this, we find that V= F +m"V for any
r > 0. Thus the map (B.3) is surjective. This proves a part of 2.

Now consider the map 2 : AT — V defined by 21((ai)): > icr aiei. We intend
to show that ¢ is an embedding. If » > 0, then reducing » mod m” yields a map
1 (A/m")T — V/m"V between free A/m"-modules, which when reduced mod m
becomes an embedding. One easily concludes that ¢, is itself an embedding. Since
r > 0 was arbitrary, we find that ¢ is an embedding, and thus that the image F' of
1 is free. This proves 1.

Finally, we note that the preceding argument shows that the map F/m"F —
V/m"V is injective for any = > 0. This completes the proof of 2. O

B.4. Definition. In the context of Lemma B.2, we refer to {e;};cr as an orthonor-
mal basis for the orthonormalizable A-module V. (The terminology is motivated
by the obvious analogy with the usual notion of an orthonormal basis of a p-adic
Banach space.)
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B.5. Remark. If F is the free A-module generated by a basis {e;};cr, then the
m-adic completion F' of F' admits the following concrete description:

F = {(a;)ier € A'|a; — 0 m-adically },

where we write a; — 0 m-adically to denote that for any r > 0, there exists a finite
subset J C I such a; € m" if i € I\ J. Consequently, if {e;};c; is an orthonormal
basis for an orthonormalizable A-module V', then V admits the same concrete
description.

The following lemmas establish some elementary facts regarding orthonormaliz-
able modules.

B.6. Lemma. Let V be an orthonormalizable A-module.

(1) V is flat.

(2) If M is a finitely generated A-module, then M ® oV is m-adically complete.

(3) If M and N are A-modules, with M being finitely generated, then the nat-
ural map

HOHIA(M,N) RKaV — HOInA(M,N(@A V)

s an isomorphism.
(4) If B is a finite local A-algebra, than B ®4 V is an orthonormalizable B-
module.

Proof. Fix an orthonormal basis {e;} for V, and if M is any finitely generated
A-module, define

F(M) := {(mi)ier € M |m; — 0 m-adically }.

The formation of F(M) is functorial on the category of finitely generated A-
modules, and it follows from the Artin—Rees lemma that it is an exact functor.
Since F(A) = V (see Remark B.5), we conclude that F(M) ~» M ®, V for
any finitely generated A-module M. (Apply each of the right exact functors F' and
- ®4 V to a presentation A* — A" — M — 0 for M.) Thus —®4 V is exact
on the category of finitely generated A-modules, and hence on the category of all
A-modules. (Since tensor products commute with inductive limits, any A-module
is the inductive limit of finitely generated A-submodules, and the formation of in-
ductive limits is exact.) Claim 1 follows. Obviously F(M) is m-adically complete,
and so 2 also follows.

We turn to proving 3, and so fix A-modules M and N, with M finitely generated.
If we note that the functors Homa(M,-) and — ®4 V are compatible with the
formation of inductive limits (the former since M is finitely generated over A,
and the latter as a general property of tensor products), we see (writing N as an
inductive limit of finitely generated A-modules) that we may in addition assume
that N is finitely generated over A. Since Homu(M,N) @4V and N ® 4 V are
both m-adically complete, by 2, we see that the natural map Homs (M, N)®4V —
Homy (M, N ® 4 V) may be computed as the projective limit over r of the maps

(HOHlA(M, N)/m" Hom 4 (M, N)) DA/mr (V/m"™V)
— HomA(M/mTM, (N/mTN) PA/mr (V/mTV))
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We may factor each of these maps in the form

(Homa (M, N)/m" Homu (M, N)) @ /mr (V/m"V)
— HomA(M/mrM, N/mTN) ®A/m7‘ (V/mTV)
— Homa (M/m" M, (N/m"N) @ 4/ (V/m"V)).

The second map in this factorization is evidently an isomorphism, since V/m"V is
free over A/m" for each r > 0, and the first of these maps yields an isomorphism
after passing to the projective limit over r, since by the Artin—Rees lemma, the
map of projective systems

{Homa (M, N)/m"Homyu (M, N)}, — {Homa(M/m"M,N/m"N)},

is an equivalence, in the sense that in both its kernel and cokernel, the composition
of sufficiently many consecutive transition maps vanishes. This proves 3.

To prove 4, we note that, if n denotes the maximal ideal of B, then the m-adic
and n-adic topologies on B coincide. Thus to show that B ®4 V is orthonormal, it
suffices to show that (B4 V)/m"(B®4V) is free over B/m" B for each v > 0. This
follows from the isomorphism (B&aV)/m"(B®aV) — (B/m"B) ®a/mr (V/m"V),
and the fact that V/m"V is free over A/m” by assumption. O

B.7. Lemma. Let U and V' be orthonormalizable A-modules. If M is any finitely
generated A-module, then the natural map

M @4 Homa (U, V) — Homa(U,M ®4 V)
is an tsomorphism.
Proof. Choose an orthonormal basis of U, and let F' C U be the free A-submodule
spanned by this orthonormal basis, so that U is the m-adic completion of F. Since
V and M ®4 V are m-adically complete (the latter by part 2 of Lemma B.6),
there are isomorphisms Hom 4 (U, V) — Hom (F,V) and Homa(U,M ®4 V) —
Homy (F, M ® 4 V). Thus it suffices to prove that

M &4 HomA(F, V) — HOHIA(F,M XA V)

is an isomorphism.
Applying the exact functor Hom 4 (F,—) to the tensor product with V' over A of
a presentation A° — A" — M — 0 of M yields an exact sequence

A° @4 Homu(F, V) — A" @4 Homa (F, V) — Homa(F,M @4 V) — 0.

On the other hand, tensoring this presentation of M with Hom 4 (F, V') over A yields
an exact sequence

A® ®4 Homa(F,V) — A" ® 4 Homa(F,V) — M ®4 Homa (F,V) — 0.
Comparing the two exact sequences yields the desired isomorphism. ([
B.8. Lemma. If A is flat over O, and if V is a non-zero orthonormalizable A-

module, then A = (E ®o A)(\Enda(V), where the intersection takes place in
El’ldE@oA(E ®(9 V)

Proof. Choose an orthonormal basis for V', and let F' be the free A-submodule F' of
V spanned by this orthonormal basis, so that V' is the m-adic completion of F. If
a/w' € (E®p A)(Enda(V), with a € A and i > 0, then oF C F( @'V = @'F,
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and hence (since F' is non-zero and free over A) we see that in fact a/w’ € A. The
lemma follows. ]

The next lemma establishes a certain faithfulness result for completed tensor
products with orthonormalizable modules.

B.9. Lemma. Let M be an A-module which is w-adically separated, and with the
property that any element of M/wM is annihilated by some power of m. If the
w-adically completed tensor product M& AV wvanishes for some orthonormalizable
A-module V', then either V=0 or M = 0.

Proof. We will suppose M &4V = 0 and that V # 0, and deduce that M = 0. Since
M is w-adically separated, by assumption, it suffices to show that M/wM = 0. If
we consider the composite

(M&AV)]w(M&AV) — (M @4 V)/w(M s V)~ (M/wM)®,4V,

the first arrow being the natural surjection, we deduce that (M/wM)®4V = 0.
Also by assumption M/wM — lim(M/wM)[m’], and so (since tensor product

commute with inductive limits) we have an isomorphism

0=(M/wM)®,V —> 1;@(M/wM)[mi] ®a V.

Since V is A-flat, by Lemma B.6, the transition maps in the indicated inductive
system are injective, and so we conclude that (M/wM)[m'| ®4 V = 0, for each
1 > 0. There is an evident isomorphism

(M/wM)[m'] @4V = (M/wM)[m'] @ 4/mi (V/m'V),

and thus (M/wM)[m']| ® 4 /m: (V/m'V) = 0, for each ¢ > 0. Since V' is a non-zero
orthonormalizable A-module, its quotient V/m'V is a non-zero free A/m‘-module.
We conclude that (M/@wM)[m?] = 0 for each i > 0, and passing to the inductive
limit over ¢, that M/wM = 0, as required. O

Finally, we give a “dual” description of orthonormalizable A-modules.

B.10. Definition. We say that a profinite A-module M is pro-free if it is topologi-
cally isomorphic to a direct product of copies of A, each factor being equipped with
its m-adic topology.

B.11. Proposition. (1) If V is an orthonormalizable A-module, then
Hom 4 (V, A)/m’ Homa(V, A) — Hom 4 /s (V/m'V, A/m"),

for each i > 0.

(2) If for any orthonormalizable A-module V we equip Hom4(V, A) with the
topology of point-wise convergence, with respect to the m-adic topology on
A, then the functor V — Hom 4 (V, A) induces an equivalence of categories
between the category of orthonormalizable A-modules and the category of
pro-free profinite A-modules.

Proof. Part 1 follows from Lemma B.7, applied with M = A/m’ and U = A.
Part 2 is easily verified by the reader. A quasi-inverse functor is provided by
M +— Homg _cont (M, A), where the target is the space of continuous A-linear maps
from M to A (where A is given its m-adic topology). O
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APPENDIX C. COADMISSIBLE REPRESENTATIONS

Throughout this appendix we let I' denote a topological group which contains
a profinite open subgroup whose pro-order if prime-to-p. The example we have in
mind is I' = Gy, where Xy is a finite set of primes distinct from p, and, as in the
body of the paper, we have written Gs, = [],cy, GL2(Q¢). However, in view of
possible future applications, it seems sensible to write this appendix in the natural
level of generality with respect to which its results hold.

Our goal in this appendix is to introduce, for any object A of Comp(O), the
notion of a coadmissible smooth representation of I' over A, and to describe some
simple results and constructions pertaining to such representations.

Coadmissible smooth representations are dual to admissible smooth representa-
tions, in an appropriate sense, and so, in order to define them, it is necessary to
first define a class of A-modules that are dual to finitely generated O-torsion free
A-modules.

C.1. Definition. We say that an A-module X is cofinitely generated if it satisfies
the following conditions:

(1) X is w-adically complete and separated.

(2) X is O-torsion free.

(3) The action map A x X — X induced by the A-module structure on X is
continuous, when A is given its m-adic topology, and X is given its w-adic
topology.

(4) (X/wX)[m] is finite-dimensional over k.

C.2. Remark. (1) Condition 3 of Definition C.1 is equivalent to the require-
ment that for each i > 0, and each element 7 € X/w'X, there is a j > 0
such that m/ annihilates Z.

(2) From the fact that A/m’ has finite length, for any j > 0, one easily in-
fers that condition 4 of the Definition C.1 is equivalent to the apparently
stronger condition that for every i, j > 0, the O-module (X/w'X)[m/] is of
finite length.

As already intimated, an important fact about cofinitely generated A-modules
is that they are dual (in an appropriate sense) to finitely generated O-torsion free
A-modules. In order to prove this, and to exploit it to prove further results about
cofinitely generated A-modules, we must recall some facts about duality for w-
adically complete and separated, O-torsion free modules.

If X is any O-torsion free, w-adically complete and separated O-module, then
its O-dual Homp (X, O) has a natural profinite topology, namely the topology of
pointwise convergence. If we write M := Home (X, O), then we have the following
natural isomorphisms:

(C.3) M/w'M = Homp (X/w' X, 0/w'0),
for each i > 0. Each of the spaces M/w'M is again equipped with a natural

profinite topology of pointwise convergence, and there is a topological isomorphism

(C.4) M = lim M /@' M.
The functor X — Home (X, O) induces an anti-equivalence of categories between
the category of O-torsion free, w-adically complete and separated O-modules and



104 MATTHEW EMERTON

the category of O-torsion free, profinite linear-topological’® O-modules, with a
quasi-inverse functor given by M — Homo_cont (M, O), where Homo _cont (M, O)
denotes the space of continuous O-linear maps from M to O. (This is proved in
the course of proving [77, Thm. 1.2].)

Suppose now that X satisfies conditions 1, 2, and 3 of Definition C.1. The A-
action on X induces a transposed A-action on M := Home (X, O), making M a
profinite linear-topological A-module. The reader may easily verify that the functor
X — Homp (X, O) induces an anti-equivalence of categories between the category
of A-modules satisfying conditions 1, 2, and 3 of Definition C.1 and the category
of O-torsion free profinite linear-topological A-modules; of course, a quasi-inverse
functor is again provided by M +— Homp_cont (X, O).

We now give the promised description of cofinitely generated A-modules in terms
of their duals.

C.5. Proposition. If X is an A-module satisfying conditions 1, 2, and 3 of Def-
inition C.1, then X is cofinitely generated over A if and only if Home (X, O) is
finitely generated over A. Furthermore, the functor X — Home (X, O) induces
an anti-equivalence between the category of cofinitely generated A-modules, and the
category of O-torsion free finitely generated A-modules, with a quasi-inverse func-
tor being provided by M — Homeo _cont (M, O) (where M is equipped with its m-adic
topology).

Proof. Note that any profinite linear-topological A-module that is finitely generated
over A is necessarily equipped with its m-adic topology. Thus, in light of the above
discussion, it suffices to show that (X/wX)[m] is finite-dimensional over k if and
only if M := Homp (X, O) is finitely generated over A.

Since any profinite linear-topological A-module is necessarily m-adically com-
plete, we see that M is finitely generated over A if and only if M/mM is finite-
dimensional over k. The isomorphism (C.3) (in the case ¢ = 1) induces an isomor-
phism between Homo ((X/@wX)[m], k) and M/mM. Thus (X/wX)[m] is indeed
finite-dimensional over k& if and only if M/mM is finite-dimensional over k. The
proposition follows. ([

C.6. Definition. As usual, we say that a submodule Y of an O-torsion free O-
module X is saturated if the quotient X /Y is O-torsion free. If X is an O-module,
and Y is an O-submodule of X, then we let satx (Y') denote the saturation of ¥ in
X, ie satx(Y):={z € X |w'z € Y for some i > 0}.

We note the following simple lemma.
C.7. Lemma. If X is a w-adically complete and torsion free O-module, and if

Y is a saturated O-submodule of X, then the w-adic closure of Y in X is again
saturated.

Proof. Let Y denote the w-adic closure of Y in X, and suppose that w'z € Y for
some x € X. For any j > ¢, there exists x; € X such that wir — wjxj € Y. Since
Y is saturated in X, we infer that z — @’ ~“z; € Y. Letting j — oo, we find that
x €Y, and thus Y is saturated in X, as claimed. O

The following results record some additional properties of cofinitely generated
A-modules, and of maps between them.

161 ¢, having a neighbourhood basis of the origin consisting of open O-submodules.
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C.8. Proposition. If ¢ : Y — X is an A-linear map between cofinitely generated
A-modules, then both ¢(Y') and satx (d)(Y)) are cofinitely generated A-modules, as
are the kernel of ¢ and the quotient X /satx (¢(Y)) (which is the mazimal O-torsion
free quotient of the cokernel of ¢). Furthermore, the O-torsion submodule of the
cokernel of ¢ is of bounded exponent.

Proof. We begin by noting that morphisms in the category of A-modules satis-
fying conditions 1, 2, and 3 of Definition C.1 admit kernels, cokernels, images,
and coimages. If ¢ : Y — X is a morphism in this category, then the categor-
ical kernel of ¢ coincides with the usual module-theoretic kernel of ¢, and the
categorical coimage of ¢ coincides with the usual module-theoretic image. The
categorical image of ¢ coincides with the w-adic closure of satx (¢(Y)) in X, and
the categorical cokernel of ¢ coincides with the quotient of X by the categorical
image of ¢. Similarly, the category of O-torsion free, profinite linear-topological
A-modules admits kernels, cokernels, images, and coimages (as it must, in light of
the anti-equivalence described above), which may be described in the same manner,
namely: if ¢ : M — N is a morphism in this category, then its categorical kernel
coincides with its usual module-theoretic kernel, its categorical coimage coincides
with its usual module-theoretic image (equipped with the quotient topology), its
categorical image coincides with the closure in N of saty (qb(M )), and its categorical
cokernel coincides with the quotient of N by its categorical image. Of course, the
anti-equivalence X — Homep (X, O) interchanges categorical kernels and cokernels,
and categorical images and coimages.

Suppose now that ¢ : M — N is a morphism of finitely generated A-modules.
The Artin-Rees Lemma shows that saty ((b(M )) is closed in NNV, and so coincides
with the categorical image of ¢. Furthermore, the quotient saty (¢(M))/¢(M),
which is torsion as an (O-module, is finitely generated over A, and so of finite
exponent. Thus wisaty (¢(M)) C ¢(M) C saty(¢p(M)) for some i > 0. Both
saty (¢(M)) and ¢(M) (which is the categorical coimage of ¢) are finitely generated
over A, being submodules of N. The kernel of ¢ is also finitely generated over A,
being a submodule of M, as is the quotient N/saty (QS(M)) (which is equal to the
categorical cokernel of ¢).

Applying the anti-equivalence of categories of Proposition C.5, we find that if
¢ Y — X is an A-linear morphism of cofinitely generated A-modules, then the
categorical coimage of ¢, the categorical image of ¢, the categorical kernel of ¢, and
the categorical cokernel of ¢ are all cofinitely generated over A; that is, ¢(Y), the
w-adic closure in X of satx ((;S(Y)), the kernel of ¢, and the quotient of X by the
w-adic closure in X of satx (q’)(Y)) are all cofinitely generated over A. Furthermore,
if we write Z to denote the w-adic closure in X of satx (¢(Y)), then we find that
@w'Z C ¢(Y) C Z for some i > 0. This shows that in fact Z C satx (¢(Y)), and
thus that Z = satx (¢(Y)), i.e. that satx (¢(Y)) is already w-adically closed in X,
and is cofinitely generated over A. Furthermore, we see that satx (¢(Y))/¢(Y) is
of bounded exponent. This proves the proposition. [l

C.9. Proposition. If X is a cofinitely generated A-module, and if Y is an A-
submodule of X, then the following are equivalent:
(1) Y is a cofinitely generated A-module.

(2) Y is w-adically closed in X, and the O-torsion submodule of the quotient
X/Y is of bounded exponent.



106 MATTHEW EMERTON

(3) Y is w-adically closed in X, and the w-adic topology on X induces the
w-adic topology on'Y .

Proof. The reader may easily check that if X is any O-torsion free O-module,
and if Y is a submodule of X, then the w-adic topology on X induces the w-adic
topology on Y if and only if the torsion submodule of X/Y is of bounded exponent.
Indeed, the following conditions are equivalent (for some i > 0): @H' X Y C wY;
o XNY C @Y for all j > 0; any O-torsion element of X/Y is annihilated
by w’. In particular, we conclude that conditions 2 and 3 of the proposition are
equivalent.

Suppose now that condition 1 holds. Applying Proposition C.8 to the inclusion
Y C X, we find that X/Y has bounded exponent. The observation of the preceding
paragraph shows that the w-adic topology on X induces the w-adic topology on Y.
Since Y is w-adically complete (being cofinitely generated over A), we see that Y
is w-adically closed in X. Thus condition 2 (and so also condition 3) holds.

Suppose conversely that conditions 2 and 3 hold. Since satx(Y)/Y is equal to
the O-torsion submodule of X/Y, we see that

(C.10) wisatx (Y) C Y Csatx(Y)

for some ¢ > 0. From this we conclude that satx(Y') is also w-adically closed
in X, and of course, since satx(Y) is saturated in X, by construction, the -
adic topology on X induces the w-adic topology on satx(Y). Thus satx(Y)
satisfies conditions 1, 2, and 3 of Definition C.1. Furthermore, the natural map
(satx (Y)) /@ (satx (Y))[m] — (X/wX)[m] is injective, and thus the source of this
map is finite-dimensional over k, since the target is so. This shows that satx (V) is
cofinitely generated over A.

Now condition 3 shows that Y is w-adically complete, and thus Y also satisfies
conditions 1, 2, and 3 of Definition C.1. From (C.10), we obtain an embedding

Homo (Y, O) — Home (w'satx (Y),0) — Home (satx (Y), O).

Since satx (V) is cofinitely generated over A, Proposition C.5 shows that the target
of this embedding is finitely generated over A, and thus so is the source. Another
application of the same proposition then shows that Y is cofinitely generated over A,
i.e. that condition 1 holds. ([

C.11. Proposition. If M is a finitely generated A-module and X is a cofinitely
generated A-module, then Homa (M, X) is a cofinitely generated A-module. Fur-
thermore, there is a natural isomorphism

(M ®4 Homp (X, 0)) /(M ® 4 Homo (X, 0))[@™] = Home (Hom (M, X),0).

Proof. The fact that Hom4 (M, X) is cofinitely generated over A can be verified
directly from the definition. Indeed, the fact that Hom 4 (M, X) is w-adically com-
plete and separated and O-torsion free follows directly from the corresponding
properties of X. The continuity condition on the A-action is also easily verified.
Finally, there is a natural embedding

(Hom (M, X) /e Hom 4 (M, X)) [m] < Homy(M/mM, (X /wX)[m]).

Since M is finitely generated over A, the quotient M /mM is finite-dimensional over
k, while (X/wX)[m] is finite-dimensional over k by assumption. The target of this
embedding is thus finite-dimensional over &, and hence so is the source.
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We now give another proof of the cofinite generation of Hom 4 (M, X), which also
establishes the claimed description of Home (HomA(M, X), (9). To this end, choose
a finite presentation A* — A" — M — 0 of M. Applying the functor Hom 4 (-, X),
we obtain an exact sequence

0 — Homu(M,X) - X" — X°.

It now follows from Proposition C.8 that Hom4 (M, X) is cofinitely generated, since
it is the kernel of an A-linear map between cofinitely generated A-modules. On the
other hand, tensoring this presentation of M with Home (X, Q) over A yields an
exact sequence

Homp (X, 0)° — Homp(X,0)" — M ® 4 Homp (X, 0) — 0,

and the same proposition (or, more precisely, its proof), shows that there is an
isomorphism between Home (HomA(M7 X), (’)) and the quotient of Home (X, O)"
by the saturation of the image of Home (X, ©)*, or, more canoncically, that the
natural map
M ®4 Homo (X, 0) — Home (Hom4 (M, X), 0)
induces an isomorphism
(M ®4 Homo (X, 0)) /(M ®4 Homo (X, 0))[@w™] — Home (Homy (M, X), 0),

as claimed. (]

C.12. Lemma. If A — B is a finite morphism between objects of Comp(O), and if
X is a B-module, then X is cofinitely generated as a B-module if and only if X is
cofinitely generated as an A-module.

Proof. This is easily verified directly, and also follows from the fact that the B-
module Home (X, O) is finitely generated over B if and only if its finitely generated
over A. 0

C.13. Proposition. Let A — B be a finite morphism between objects of Comp(QO),
and let X be a cofinitely generated A-module.

(1) Homu (B, X) is a cofinitely generated B-module.
(2) If X is faithful as an A-module, and if B is reduced, then Hom4 (B, X) is
faithful as a B-module.

Proof. Proposition C.11 shows that Hom4 (B, X) is cofinitely generated as an A-
module, and Lemma C.12 then shows that it is also cofinitely generated as a B-
module. This proves (1).

To prove (2), note that if M = Home (X, O) and N = Home (Hom (B, X), 0),
then by Proposition C.5, there is an isomorphism X —— Homo _cont (M, O) (resp.
Hom (B, X) — Homo _cont (NN, 0)), and hence X (resp. Hom 4 (B, X)) is faithful
as an A-module (resp. B-module) if and only if the same is true of M (resp. N).
Also, by Proposition C.11, there is an isomorphism

(BoaM)/(B®a M)[w™] = N.
Thus in order to establish (2), it suffices to show that if M is a faithful A-module,
then (B®4 M)/(B ®4 M)[w™] is a faithful B-module. Since B is reduced, it
suffices for this to show this quotient has non-zero localization at each minimal

prime of B. Since B is flat over O, the localization of B at each of its minimal
primes is torsion free as an O-module, and thus the localization of this quotient at
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such a prime coincides with the localization of B® 4 M itself at that prime. Since B
is finite over A, and since M is faithful as an A-module, this localization is indeed
non-zero, and (2) follows. O

Since A is a complete local ring, its localization A[1/p] is a Jacobson ring. A
point p € Spec A[1/p] C Spec A is closed if and only if A/p is a finite O-algebra,
or equivalently, if and only if k(p) (= A/p[1/p], the fraction field of A/p) is a finite
extension of F.

C.14. Lemma. Let X be a cofinitely generated A-module. If p € Spec A[1/p] is a
closed point, then E @0 X[p] and £(p) ® 4 Home (X, O) are dual finite-dimensional
k(p)-vector spaces.

Proof. There is a natural isomorphism X [p] — Hom4(A/p, X), and so Proposi-
tion C.13 (1) shows that X|[p] is cofinitely generated over A/p. The equivalence
of categories of Proposition C.5 (applied with A replaced by A/p) implies that
X[p] == Homp _cont (M, O) for some finite generated torsion free A/p-module M.
However, the ring A/p is finite over @, and hence M is in fact finitely generated
as an O-module. The same is thus true of Homp_cont (M, O), and hence of X|[p].
This immediately implies that E ®» X [p] is finite-dimensional over F, and so also
over £(p).
Proposition C.11 also provides an isomorphism

(A/p) ® 4 Homop (X, 0)/((A/p) ®4 Homo (X, 0))[@™] — Homoe (X [p], 0),
and hence an isomorphism
k(p) ®4 Homp (X, 0) = Homg(E ®0 X[p], E).
Linear algebra provides a x(p)-linear isomorphism
Homp(E ®0 X[p], E) — Homy,) (E @0 X|pl, 5(p)),
and so we see that E®e X[p] and k(p) ® 4 Home (X, O) are dual x(p)-vector spaces,

as claimed. O

We now prove some results regarding the completed tensor products of orthonor-
malizable and cofinitely generated A-modules.

C.15. Lemma. Let be f : Y — X be a A-linear map of cofinitely generated A-
modules, and let V' be an orthonormalizable A-module.
(1) If f is an embedding, then the induced map

V&Y - VeaX

of w-adically completed tensor products is again an embedding.
(2) If f furthermore has saturated image, then the same is true of the induced
map
V&Y - VoaX.

Proof. Suppose given an embedding f : Y — X, with cokernel C. We then have a
short exact sequence
0-Y—->X—->C-—0,

which upon tensoring by V over A yields a short exact sequence

(C.16) 0—=VRAY >V X->Ve,sC—0,
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since since V is A-flat, by Lemma B.6. Proposition C.9 shows that O-torsion
submodule of C' has bounded exponent, say w@® for some i > 0, and thus (again
using the fact that V is flat over A) the O-torsion submodule of V ®4 C has the
same bounded exponent. Thus passing to w-adic completions in (C.16) preserves
exactness, i.e. we obtain a short exact sequence

(C.17) 0= V@4Y - VEaX = VeasC — 0.

In particular, the second arrow is injective, and so part 1 is proved.

If C is O-flat (i.e. if we can take ¢ = 0), then the preceding discussion shows
that the same is true of V ®4 C, and hence of its w-adic completion V& ,C. A
consideration of (C.17) then shows that the second arrow is not only injective, but
has saturated image, proving 2. O

C.18. Lemma. Let be f :' Y — X be a A-linear map of cofinitely generated A-
modules, and let V' be a non-zero orthonormalizable A-module.

(1) If the induced map V&Y — V&aX of w-adically completed tensor prod-
ucts is an embedding (with saturated image), then f is an embedding (with
saturated image).

(2) If the induced map V@Y — V@aX of w-adically completed tensor prod-
ucts is an isomorphism, then f is an isomorphism.

Proof. Consider the short exact sequence
0-K—-Y—-X—-C-—0

(so K, resp. C, is the kernel, resp. cokernel, of f). Tensoring with the A-flat (by
Lemma B.6) module V| we obtain an exact sequence

(C.19) 0=VRUK—=VR4Y =VsX—-V®sC—0.

Now K, Y, and X are O-torsion free, while Proposition C.9 shows that the O-torsion
submodule of C' has bounded exponent, and hence the same is true of the O-torsion
submodule of V®4 C (since V is A-flat). Thus w-adically completing (C.19) yields
an exact sequence

(C.20) 0= VRIK - V&Y -5 VR4X - VR4C — 0.

Proposition C.9 shows that K is cofinitely generated over A, and so in particular,
any element of K/wK is annihilated by some power of m. The same is true of the
elements of C/wC (since this is a quotient of X/w X, and X is cofinitely generated
over A). Consequently Lemma B.9 shows that V@K (resp. V®4C) vanishes if
and only if K (resp. C) vanishes, and also that V& 4C is O-torsion free if and only
if C is. These facts, taken together with the exact sequence (C.20), serve to prove
the lemma. O

We now introduce the notion of cosupport for cofinitely generated A-modules.

C.21. Definition. If X is a cofinitely generated A-module, then we define the co-
support of X (which is a subset of Spec A) to be the support of its dual Home (X, O)
(which is a finitely generated A-module).

Thus if I denotes the annihilator ideal in A of X, so that I is simultaneously the
annihilator ideal in A of the finitely generated A-module Home (X, ©O), then the
cosupport of X is equal to the closed subset Spec A/I of Spec A.
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C.22. Proposition. If X is a cofinitely generated A-module, then a closed point
p € Spec A[l/p] is contained in the cosupport of X if and only if X[p] # 0, or
equivalently, if and only if E ®o X|[p] # 0.

Proof. By definition, p lies in the cosupport of X if and only if p lies in the support
of Home (X, O). Since this latter module is finitely generated over A, Nakayama’s
lemma shows that p lies in its support if and only if x(p)® 4 Home (X, O) is non-zero.
The proposition then follows from Lemma C.14. (I

We now introduce the class of coadmissible smooth I'-representations over A.

C.23. Definition. We say that a smooth I'-representation on an O-torsion free A-
module X is coadmissible if for each open subgroup Ky, of I', the space of invariants
X% is a cofinitely generated A-module.

C.24. Definition. If X is a smooth representation of I' on an O-torsion free A-
module, then we write X to denote the smooth contragredient to X, i.e.

X := {¢ € Hom(X, 0)| ¢ is fixed by some compact open subgroup of I'}.
(Here I" acts on Homp (X, Q) via the contragredient action.)

C.25. Lemma. Let X be a smooth representation of I' over A, that satisfies the
following conditions:

(1) X is O-torsion free.

(2) For each (or equivalently, for a cofinal collection of) open subgroups H of T,
the space of invariants X is w-adically complete and separated.

(3) The action map A x X — X induced by the A-module structure on X is
continuous, when A is given its m-adic topology, and X is given its w-adic
topology.

Then the smooth T-representation X is coadmissible if and only if (X/wX)[m]
(which is a smooth representation of T' over k) is admissible.

Proof. Let H be a open subgroup of I'.  Conditions 1, 2, and 3 of the lemma
imply that X satisfies conditions 1, 2, and 3 of Definition C.1. Now choose H
to be a compact open subgroup of I', and so small that its pro-order is prime-to-p.
Reduction modulo m commutes with the formation of H-invariants, and thus we
see that X satisfies condition 4 of Definition C.1 for every such H if and only if
(X/wX)[m] is admissible. O

C.26. Lemma. The functor X — X induces an anti-equivalence of categories be-
tween the category of coadmissible smooth representations of I' on O-torsion free
A-modules, and the category of admissible smooth representations of I' on O-torsion
free A-modules.

Proof. If X is a coadmissible smooth representation of I'" over A, and if H is a
compact open subgroup of I', chosen so that the pro-order of H is prime-to-p, then

X .= Home (X, 0) =5 Home (X, 0).

Thus Proposition C.5 shows that XH ig finitely generated over A, and hence X is
an admissible smooth representation of I" over A. The claimed anti-equivalence of
categories is easily verified by the reader, taking into account the anti-equivalence
of categories of Proposition C.5. ]
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C.27. Lemma. If X is a coadmissible smooth A[[']-module and Y is a coadmissible
A[l]-submodule of X, then satx (Y) is again a coadmissible A[T']-module.

Proof. If H is any compact open subgroup of I, then satx (Y ) = satx (Y)H. The
present lemma is thus seen to follow from Proposition C.8. O

C.28. Definition. If X is a coadmissible smooth A[l']-module, we say that an
A[l'}-submodule Y of X is closed if Y is w-adically closed in X*# for any compact
open subgroup (or equivalently, for a cofinal collection of compact open subgroups)
H of I. If Y is any A[l']-submodule of X, then we define the closure of ¥ to
be the intersection of all closed A[l']-submodules of X (in the preceding sense)
containing Y. (More concretely, the closure of Y is equal to the union, over all
compact open subgroups H of I', of the w-adic closure of Y# in X )

C.29. Remark. If X is a coadmissible smooth A[I']-module, then there is a nat-

ural isomorphism lim X H ™, X, where H runs over all (or equivalently, a cofinal
H

collection of) compact open subgroups of I'. Equipping each X with its w-adic
topology, we may then endow X with the resulting O-linear inductive limit topol-
ogy.!” One may then prove that an O-submodule Y of X is then closed in X, with
respect to this topology, if and only if Y is w-adically closed in X ¥ for each H.
This gives some justification for the preceding definition.

C.30. Lemma. If X is a coadmissible smooth A[l'|-module, and if Y is a saturated
A[T]-submodule of X, then the closure of Y in X is again saturated.

Proof. If we let ¥ denote the closure of Y in X, then it suffices to show that Y

—H
is saturated in X!, for each compact open subgroup H of I'. Since Y coincides
with the w-adic closure of Y in X and since the assumption that Y is saturated
in X implies that Y is saturated in X, this follows from Lemma C.7. (I

C.31. Lemma. Let X be a coadmissible smooth A[l'|-module. If Y is a saturated
A[l]-submodule Y of X, then Y is coadmissible if and only if Y is closed in X, in
the sense of Definition C.28.

Proof. This follows directly from Proposition C.9. O

C.32. Definition. A coadmissible smooth A[I']-module X is called cofinitely gen-
erated over A[l'] if X is finitely generated over A[L.

C.33. Proposition. A coadmissible smooth A[l'|-module X is cofinitely generated
over A[T] if and only if (X/wX)[m] is finitely generated over k[T'].

Proof. Recall that an admissible smooth representation W of I' over k is finitely
generated if and only if it is of finite length. Since W is of finite length if and
only if the same is true of its smooth contragredient fﬂZ we conclude that W
is finitely generated if and only if W is. In particular, since (X/wX)[m] is the
smooth contragredient to X /mX, we see that (X/wwX)[m] is finitely generated over
k[T if and only if X /mX is. The proposition thus follows from the fact that the
admissible smooth A[T']-representation X is finitely generated over A[T'] if and only
if X/mX is finitely generated over k[I] [43]. O

7] e. we take as a basis of neighbourhoods of the origin in X those O-submodules Y such that
YH is w-adically open in X* for each H.
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C.34. Corollary. If X is a coadmissible smooth A[L|-module that is cofinitely gen-
erated over A[l'], and if Y is a saturated coadmissible A[T']-submodule of X, then
Y is again cofinitely generated over A[T).

Proof. The assumption that Y is saturated in X implies that the natural map
Y/@wY — X/wX is injective. The corollary then follows from the preceding
proposition, and the fact that a subrepresentation of a finitely generated admis-
sible smooth T'-representation over k is again finitely generated. (Indeed, as was
already noted in the proof of the preceding result, finitely generated admissible
smooth I'-representations over k are necessarily of finite length.) (Il

C.35. Lemma. If X is a coadmissible smooth T -representation over A, and if p €
Spec A[1/p] is a closed point, then E @ X|[p] is naturally isomorphic to the smooth
contragredient of the admissible smooth T'-representation k(p) @4 X over k(p).

Proof. As already noted in the proof of Lemma C.26, if H is a compact open
subgroup of I' of pro-order prime-to-p, then

X .= Homp (X, 0) =5 Home (X7, 0).
Lemma C.14 then yields the second of the pairs of isomorphisms
S\H ~ SH o~
(5(p) ®a X)" = 5(p) ® X == Hom,p) (E ®0 X7 [p], 5(p)).
(The first follows from the fact that H has pro-order prime-to-p.) Letting H run

over a cofinal set of compact open subgroups of ', we find that x(p) ® 4 X and E®o
X|[p] are indeed mutually dual admissible smooth representations of T" over k(p). O

C.36. Proposition. If the ring A is reduced, and if X is a coadmissible smooth
D-representation over A which is cofinitely generated over A[l'], then the following
are equivalent:
(1) X[p] # 0, or equivalently, E ®o X|[p] # 0, for every closed point p €
Spec A[1/p].
(2) X[p] # 0, or equivalently, E ®o X[p] # 0, for a Zariski dense subset of
closed points p € Spec A[1/p].
(3) X is a faithful A-module.

Proof. Clearly the annihilator of X in A coincides with the annihilator of X in A,
and Lemma C.35 shows that E ®o X[p] # 0 if and only if x(p) @4 X # 0, for any
closed point p € Spec A[1/p]. Thus it suffices to verify that (1') x(p) ®4 X # 0 for
every closed point p € Spec A[1/p] if and only if (2') k(p) ®4 X # 0 for a Zariski
dense subset of closed points p € Spec A[1/p] if and only if (3) X is faithful as an
A-module.

By assumption, X is finitely generated over A[I], and thus is generated over
A[T] by XH _ for some sufficiently small compact open subgroup H of G. Shrinking
H if necessary, we may assume that the pro-order of H is prime-to-p. Since XH
is finitely generated, the following are equivalent: (1”) x(p) ®4a XH # 0 for every
closed point p € Spec A[1/p]; (2”) k(p) @4 XH # 0 for a Zariski dense subset of
closed points p € Spec A[1/p]; (3") X is faithful as an A-module.

We now note that x(p) @4 X # 0 if and only if x(p) ®4 X7 # 0. Indeed,
k(p) ®a X is generated over x(p)[[] by w(p) ®4 X, and so the only if direction
is clear. On the other hand, XH ig a direct summand of )Z', since p doesn’t divide
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the pro-order of H, and thus s(p) ®4 X is a direct summand of s(p) ®4 X.
This establishes the if direction. Consequently (1') and (1”) are equivalent, as are
(2') and (2”). Since X generates X over A[T], conditions (3') and (3") are also
equivalent. This completes the proof of the proposition. O

C.37. Definition. Suppose that A is reduced. We say that a coadmissible smooth
A[l']-module X is cotorsion free if X is torsion free as an A-module (i.e. if multi-
plication by any non-zero divisor of A induces an injection on X).

C.38. Proposition. If A is reduced, and if X is a coadmissible smooth A[T']-module,
then X contains a unique mazimal cotorsion free coadmissible A[l'|-submodule,
which is furthermore saturated in X .

Pmof Let )?tor denote the maximal A-torsion submodule of )? and let )~(tf =
X /Xtor denote the maximal A-torsion free quotlent of X. Clearly Xtor is an A[l)-
submodule of X, and is saturated in X. Thus Xy is an A[T'-module, and is O-
torsion free. It is admissible, since Xi is, and corresponds under the anti-equivalence
of Lemma C.26 to the sort-after submodule of X. (Il

C.39. Definition. If A is reduced, and if X is a coadmissible smooth A[I']-module,
then we let X denote the maximal cotorsion free coadmissible A[l']-submodule
of X whose existence is guaranteed by the preceding proposition.

C.40. Proposition. If A is reduced, and if X is a cofinitely generated coadmissible
smooth T'-representation over A, which is faithful as an A-module, then X i is also
faithful as an A-module.

Proof. Passing from X to X , it suffices to show that if X is a finitely generated
smooth A[l']-module, which is faithful as an A-module, then Xyt (the maximal
A-torsion free quotient of X ) is again faithful as an A-module. If we choose a
compact open subgroup H of I" such that XH generates X over A[T], then we find
that X must be a faithful A-module. Since X* is finitely generated over A, this
implies that (X " )it is again a faithful A-module. The inclusion X X < X induces
an embedding (X Hy g s th Thus th contains a faithful A-submodule, and so is
itself faithful as an A-module. O

C.41. Proposition. If A is reduced, if X is a coadmissible cotorsion free smooth
A[l)-module, and if Y is a saturated coadmissible A[l']-submodule of X with the
property that Y[p] = X|[p] (or equivalently, since Y is saturated in X, that E ®o
Yp] = F ®o X|p|) for a Zariski dense set of closed points p € Spec A[1/p|, then
Y =X.

Proof. If H is a compact open subgroup of I' whose pro-order is prime-to-p, then
YH is a saturated cofinitely generated A-submodule of the cofinitely generated
A-module X* | and thus the induced map of finitely generated A-modules

(C.42) Homop (X, 0) — Home (Y, 0)

is surjective. By assumption Y [p] = X [p] for a Zariski dense set of closed points
p € Spec A[1/p], and so from Lemma C.14, we conclude that the induced surjection

k(p) ®4 Homo (X, 0) — k(p) ®4 Home (Y, 0)
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is an isomorphism for a Zariski dense set of closed points p € Spec A[1/p]. Thus the
kernel of the surjection (C.42) is torsion. The A-submodule X is a direct summand
of X, since the pro-order of H is prime-to-p, and consequently Home (X, O)
is a direct summand of X. Thus Home (X#,0) is also torsion free as an A-
module, and hence so are all of its submodules. In particular, the kernel of (C.42)
is simultaneously torsion and torsion free as an A-module, and so must vanish.
Consequently, the surjection (C.42) is in fact an isomorphism, and thus Y# = X#,
Taking H to be arbitrarily small, we conclude that in fact Y = X, as claimed. O

C.43. Definition. If V is any A-module, and if X is a coadmissible smooth A[T']-
module, then we write
VOAX = limVEAXH
H
where H runs over the collection of open subgroups of I', and V@ 4 X denotes the
w-adic completion of the tensor product V @4 X.

A
The formation of V®4X is evidently functorial in both V and X, and the I'-

A
action on X induces a corresponding I'-action on V®4X. In the remainder of this
appendix, we prove some simple lemmas involving this functor.

C.44. Lemma. If V is an orthonormalizable A-module, X is a coadmissible A[T']-

~ A
module, and H is an open subgroup of T', then the natural map V@, X7 — V@, X
is an embedding with saturated image.

Proof. Let H' C H be an inclusion of open subgroups. Since X is evidently
saturated in X, it is saturated in X¥', and hence, by part 2 of Lemma C.15, the
induced map V&, XH — Vo, XH is injective, with saturated image. Passing to
the inductive limit over all H’, the lemma follows. O

C.45. Lemma. If V is an orthonormalizable A-module and X is a coadmissible
representation of I' over A, then there is a natural isomorphism

V/mV @ (X/wX)[m] =5 (VELX)/w(VELX))[m].

A .

Proof. Since V@, X = lim V&XH where H runs over the open subgroups of I,
H

we see that

(VELX)/m(VEAX) <5 lim(V @4 XY /@V @4 XT) 25 V/wV @4jma X/wX
H

(the last isomorphism holding since tensor produces commute with inductive limits).
We now apply the functor (—)[m], which is isomorphic to the functor Hom 4 /o 4 (k, —),
to the composite of these isomorphisms, to obtain the first in the sequence of
isomorphisms

(VEAX)/@(VEAX)) ] > (V/@V ©1/ma X/@X)[m]

— V/@V @ama (X/wX)[m] — V/m @y (X/wX)[m];

the second isomorphism is given by part 3 of Lemma B.6, which applies, since
V/wV is orthonormalizable over A/wA, by part 4 of the same lemma, while the
third isomorphism is evident. The composite of this sequence of isomorphisms
yields the required isomorphism. (I
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C.46. Lemma. If V is an orthonormalizable A-module, X is a coadmissible rep-
resentation of T' over A, and W is an O-flat A-module, then an A-linear map

A
Ve@aX — W is injective, with saturated image, if and only if the map V/mV ®y
(X/wX)[m] — (W/wW)[m] obtained by reducing it modulo w and passing to m-
invariants (and then applying the isomorphism of Lemma C.45) is injective.

A
Proof. A map V®4X — W is injective, with saturated image, if and only if the
induced map

(C.47) (VEuX)/w(VELX) — W)W

is injective. Now, as was noted in the proof of the preceding lemma, there is a
natural isomorphism

(V/@V) @4 (X/wX) 2o (VELX)/w(VELX).

Since each element of (X/wX) is annihilated by some power of m, the same is thus
true of each element of the source of this isomorphism, and thus also of each element
of its target. An easy argument then shows that (C.47) is injective if and only if
the induced map on m-torsion submodules is injective. This proves the lemma. [

C.48. Lemma. LetY — X be an A-linear, I'-equivariant embedding of coadmissible
A[L)-modules. If V is an orthonormalizable A-module, then the induced map

A
(C.49) VELY — VEuX
is again an embedding.

Proof. WriteY — lim YH, X = lim X H \where H runs over the open subgroups

H H
of I'. The map (C.49) is the inductive limit of the maps V&4Y — V&4X, which
are injective, by Lemma C.15. Thus (C.49) is also injective, as claimed. (]

C.50. Lemma. Let H be a compact open subgroup of I' whose pro-order is prime-
to-p. If V is a w-adically complete A-module and if X is a coadmissible smooth

A[T]-module, then the induced map VX" — (VéX)H is an isomorphism.

Proof. We may write X — lim X N where N runs over normal open subgroups of
N

H, and that VéAX — lim V&4 XN, Passing to the H-invariants, we find that
N
(VEAX)T " lim(VELXY)T 5 lim Ve, X T 5 Ve XA,
N N
as required. (I

C.51. Lemma. LetY — X be an A-linear, I'-equivariant map between coadmissible
smooth A[T']-modules, and let V' be an orthonormalizable A-module. If the induced

A A
map VRAY — VRaX is an isomorphism, then the same is true of the given map

Y - X.

Proof. Let H be a compact open subgroup of I' whose pro-order is prime-to-p.
Lemma C.50 shows that the map V@Y H# — V&4 X is an isomorphism. Part 2
of Lemma C.18 then shows that the map Y — X# is an isomorphism. Passing
to the inductive limit over all H, we find that Y — X, as claimed. ([
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C.52. Lemma. Let V be an orthonormalizable A-module, let Y — X be an em-
bedding of coadmissible A[L']-modules, let W be an A-module, and suppose give an

A-linear map VéAX — W. If the composite
A
VEAY = VEAX —» W

has saturated image, then the embedding Y — X has saturated image.

Proof. Tt suffices to show that the induced embedding Y < XH has a saturated
image, for each open subgroup H of I'. Now Lemma C.44 shows that the natural

A~ A
map V&AYH — V®4Y is an embedding, with a saturated image. Thus so is the
composite

N ~ A
VoaYH S Vo X - Ve X — W,

and hence so is the first of these maps. Part 1 of Lemma C.18 then implies that
the embedding Y# < XH has a saturated image, as required. O
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