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1. LECTURE1

1.1. Unique Factorization. We will first recall some facts about the number theory for
the integers and then we will generalize this to a more atts$itting.

Notation1.1. Z represents the integers abdrepresents the natural numbers (note that
0eN).

Axiom 1.2 (Well-ordered) Every non-empty subsetNfhas a minimal element.
Definition 1.3. ajbif Ics.t.ac=h.

Definition 1.4. pis a prime, ifc|p < c=+1or £ pandp# +1.

Lemma 1.5. pis a prime, n£0 = 3k > 0s.t. flnand g ¢n.

Definition 1.6. ordyn =k wherek is as above.

Theorem 1.7(Unique factorization)

n = (_1)s(n) I—l pordpn
primesp>0

We will prove this below.

Lemma 1.8(Division with remainder) Fora,be Z, b >0 = Jq,r € Z such that a=
bg+rwhere0 <r <h.

Proof. ConsiderS= {a—bx/x € Z} and find a way to apply the well-ordered axiom for
to define the value af O

Definition 1.9. If ay,...,a, € Z the we define thaleal
(a1,.--,an) = {axa + -+ anXn|X € Z} .
Lemma 1.10.Va,be Z,3d € Z s.t. (a,b) = (d).

Proof. Apply the well-ordered axiom to the s@, b) to obtain a numbed. Show that the
definition of the ideal give$d) C (a,b). Then use division with remainder to show that
(d) 2 (a,b) hence(d) = (a,b). O

Definition 1.11. Fora,b € Z, d is agcd of a andb if dja andd|b and if cja andc|b then
cld.

Lemma 1.12. (a,b) = (d) < disagcdofaandb

Definition 1.13. Fora,b € Z, mis alcm of a andb if ajmandbjmand ifajc andb|c then
mc.

Corollary 1.14. (a)n(b) = (m) <= misalcmofaandb
Lemma 1.15. If albc and(a,b) = 1= alc.

Proof. Since(a,b) =1, Ix,y s.t. ax+by= 1. Multiplying by ¢ we getacx+ bcy= c.
Show thata divides both summands on the left to get the answer. O

Corollary 1.16. If p is prime gbc=> p|b or p|c.
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Proof. (p,b) = 1 or p. From either case the result follows. O
Corollary 1.17. If p is prime, ab € Z = ordyab = ord,a+ordyb.

Proof. Let a = ord,a andp = ordyb soa = p®a andb = pPb/ wherepta andptb'.
Then just multiply. O

Proof. Theorem 1.7, Unique FactorizatiokVe claim|n| is a product of primes: if not take
a minimal counterexample. Eitheris prime or it isn’'t. If it is we are done. Otherwise
n = niny with ng, Nz < n. This gives us a contradiction.

So,n= (—1)¥M ] .o pAP). Letqbe a prime, then ogh = €(n) - ordy(—1) + 3 p-.o &(p) Ordy p.
Then almost all of the summands are zero except for whenp in which case we get
ordyn = a(q). This gives us the desired formula. O

Definition 1.18. R[x] =set of polynomials with real coefficients, i.e.

R[X = {anx"+--- +aola; € R}

Definition 1.19. If f(x) = anx"+---+ag with a, # 0 then ded = n. We set deg@= —oo.
Proposition 1.20. deq f - g) = degf + degg anddeq f + g) < maxdegf,deqg).

We can now apply all of the above wifR[x] instead ofZ. We see that the prime el-
ements are the irreducible polynomials suchxas3 andx? + 1. In the division with re-
mainder theorem we have to make some changes. Everythirgwprto multiplication
by constants and the condititat> 0 must be replaced with being a monic polynomial
(i.e. a polynomial whose highest degree term has coeffidiprithe condition 6Xr < b
will be replaced with the condition degOdegr < degb.

Motivated by this we will now develop a general framework jethwill retain most of
the nice properties of the integers listed above.

Definition 1.21. A commutative ringR with unit is anintegral domainf ab=0—a=
0 orb=0. This is equivalent to the cancellation rule:

ax=bx=x=0o0ra=h.

Definition 1.22. Ris a Euclidean domainf R is an integral domain with a functiok:
R\ {0} — N s.t.Va,bwith b # 0, theredq,r s.t.

a= bg+ rwithA(r) < A(b).

Definition 1.23. | C R, with | # 0, is anideal if a,be|l = a—bel and ifr e Rand
aclthenrael.

Definition 1.24. | is aprincipal idealif | = (a) = aR= {a-x|xe€ R}.
Lemma 1.25. If R is a Euclidean domaindR= Ja s.t. I=aR

Proof. Hint: Letabe the smallest elementinUseA to make sense of the word, smallest.
O

Definition 1.26. Ris aprincipal ideal domain (PID)f every ideal is principal.
Definition 1.27. Fora,b € R, a|b if 3¢ such thatac= b. In other wordgb) C (a).

Definition 1.28. An elementu € Ris aunitif u|1. In other wordgu) = Ror u™?! exists.
2



Definition 1.29. We writea ~ b (a andb areassociatekif a = ubfor some uniu. In other
words(a) = (b).

Definition 1.30. An elementp € Risirreducibleif ajp—a~ porais a unit.

Definition 1.31. If p € Rsuch thaip # 0 andpis not a unit therpis primeif plab— pla
or p|b. In other wordsab e (p) = aec (p) orb e (p).

Lemma 1.32. If R is a PID then p irreducible=>- p is prime.

Proof. Itis easy to see prime=- irreducible.

For the other direction, without loss of generality, supppgb and p t a. We have
(a,p) = (d) = d is a unit ord ~ p = (a,p) = R Now we have(ab, pb) = (b) =
(b) C (p) = plb. O

Definition 1.33. A ring R satisfies thascending chain condition (AC@)for every chain
of ideals(a;) C (a2) C ... there existk such tha{ak) = (axi) Vi > 0.

Lemma 1.34. If R is a PID, then it satisfies the ACC.

Proof. Letl =J(a). Thenl is an ideal=>- | = (a) anda € (ax) for somek which implies
(@) = (&) O

Definition 1.35. A ring is Noetherian if it satisfies the ACC. This is equivalent to the
condition that every ideal is finitely generated (Try to prakis!).

Lemma 1.36.R is a PID= every non-unit element s divisible by a non-unitirredleib

Proof. Assumea € Ris a non-unit. Ifa € Ris notirreducible it decomposes into a product
aiby, with a3 andb; not units. Ifa; is not irreducible we can decompose it as a similar
product. Proceeding in this way we can repeatedly faatmto a product of more and
more terms. If this process didn’t terminate we can consan@scending chain of ideals:
Suppose that we can decompose the first tarrindefinitely, then we hava = ajb; =
aphoby = aghsbyb; = ... which gives uga) C (a1) C (a2) C (ag) C ... This chain must
stabilize, which means for sonkeay is irreducible. O

Lemma 1.37. R is a PID—> every element is a product of irreducibles.

Proof. If a€ Ris a unit we are done. If not we can use Lemma 1.36 to veriteaib;
with a; an irreducible non-unit antd; a non-unit. Ifby is irreducible then we are done.
If not we can apply the lemma again ba, which gives usa = ajaxby. As long asbyp

is decomposable we continue in this way and wate- aja;...azh, where thea are
irreducible. This process must terminate, otherwise wegedaan ascending chain of ideals
(a) C (by) C (b2) C .... When this chain stabilizes b we have thaby is irreducible and
we are done. O

Theorem 1.38(Unique Factorization Theorem for PID’s).et P be a set of primes in R
such that for any prime g R there exists a g P such that pv g, and such that no two
primes in R are associated. Theéa# 0

a=u erip
pe
where u is a unit and thgiare natural numbers.

Proof. Put it together from the above. O



