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3. LECTURE3
3.1. Fun Problems.

Problem 3.1. Given a countable graph such that every finite subgraph can be colored
using k colors, can the whole graph be colored with k colors?

Solution. Yes. Enumerate the vertices of the graph, &ayvs,...,vn,...}. Construct a
tree whose vertices in threth level are all thé-colorings of the subgrapfwi,...,va} and
which has an edge between colorings if a coloringwaf ..., vy} extends to a coloring of
{V1,...,Vn,Vnr1}. Thisis atree. Itis locally finite (Why?). It has infinitely many vertices
(Why?). Now apply the lemma on locally finite trees proved last class.

Problem 3.2. Let n be a positive integer. In how many ways can n be written as the sum
of two squares, up to reordering and negatives?

Solution. Suppose we hawe= x? +y?. Then inZ[i], n=ww wherew = x+iy. Therefore
it suffices to find the number of ways of writimgas such a product ii[i] up to units and
conjugation (what do conjugation and multiplication by unit correspond to?).
If
n= o2 I—l p?i I—l qui .
primesp=-1 mod4 Primesg=1 mod4
Using the factorization of Gaussian primes from the last lecture we have the following
decomposition into irreducibles H[i] :
n=(—i)31+i)% M pe M VB
primesp=-1 mod4 Pprimesg=-1 mod4

whereq; = v;V; is the Gaussian factorization unique up to units and reordering.
Note that all thex; should be even (Why?). Recall that

(—)3(L+i)%2 = (1—i)2(1+i)2
Hence it suffices to consider only
i
primesg=—1 mod 4
which has[](Bi + 1) representations (Why?).
3.2. Residue classes and Quotient ringsWe will first work with Z.

Notation3.3.
a=b modnifn|(a—b), n#0
then we say that is congruent td modulon

Lemma 3.4. gy =a modnandh =b, modn — a;+b;=a+b, modn and
a1b1 = azbz modn.

The proof is immediate from definitions.

Definition 3.5. Theresidue clas®fa modn = {x€ Z|x=a modn}
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By the above lemma, we can add and multiply residue classes. Check that this gives a
ring structure on the set of residue classes modulo

Notation3.6. Denote byZ, the ring of residue classes modulo
Lemma 3.7. Zy is a field iff n is prime.
This is a corollary of Lemma 3.9.
Remark3.8 Note that the definitions above are valid in any principal ideal domain (Check).

Lemma 3.9. Suppose R is a P.I.D then f is an irreducible element in R iff the set of residue
classes modulo f is a field.

Proof. Note thata mod f is invertible iff gcd(a, f) = 1. O
From now onR will be a ring and an ideal inR.

Notation3.1Q
a=b modl if (a—b)el.

We generalize Lemma 3.4 to get:

Lemma 3.11. gy = a, modl and by = by, modl — a; +b; = ax+ by, modl and
aib; = axh, modl

Definition 3.12. Theresidue clas®fa modl = {xe Rx=a modI }

Addition and multiplication of residue classes make sense and gives a ring structure on
the set of residue classes modulo

Definition 3.13. Denote byR/I thering of residue classes modulo We call this the
quotient ring ofR modulol.

Definition 3.14. If Ry andR; are rings, a functiorf : Ry — Ry is ahomomaorphisnif
f(a+b)=f(a)+ f(b) and f(ab) = f(a)f(b).
f is anisomorphisnif it is a bijective homomorphism.
Definition 3.15. Thekernelof the homomorphisni is kerf = {x € Ry|f(x) = 0}.
We have the following easy lemma:
Lemma 3.16. The kernel of f is an ideal infRand f(Ry) is a subring of R.

Theorem 3.17.
f(Ry) 2 Ry/kerf.

We shall skip the proof of this theorem.
3.3. The Euler @ function.

Definition 3.18. Forn > 1, let @(n) be the number of positive integers less thaand
relatively prime ton.

We shall find an expression fg(n).
Proposition 3.19. For n > 1, n= ] p we have
In= Zptlxl @Zpgz ®--- @Zpﬁ‘k
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Proof. Letn > 1, andn=[]p" be its prime factorization.
Let

R= chlxl @Zpgz @"'@Zp?v
Define
f:Z—R
X (x modp{l,...,x modpy¥).
Then kerf = (n) (Why?). This= Z, = f(Z) CR
Then we calculate the cardinalities on both sides to concludeZthas isomorphic to
R. ([l
Corollary 3.20. @(n) is multiplicative.

Proof. Follows from the fact that the invertible elementdlare exactly the elements with

invertible coordinates. O
Henceg(n) = [ o(p"). Now g(pf") = pi* — p" " (Check).

Henceq(n) = n[(1—1/p).



