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5. LECTURES
In this lecture, all our groups will be countably generated.
5.1. Free Groups.

Definition 5.1. A groupF is generated freelpy a subseX C F if every mapd : X — G,
whereG is any group, extends to a uniqgue homomorphisn — G and(X) = F.

Definition 5.2. A groupF isfreeif it is freely generated by some generating subtetF.

Definition 5.3. An alphabetis just a countable seX = {aj,az,...,an,...}. It does not
have to be finite.

Definition 5.4. A word wis a finite sequence of pairs
{(ir,kr) e Nx {-1,+1}| 1<r <s}.
It might be empty.
Definition 5.5. Given a wordw and an alphabeX = {ay,...,an,...}, we define thevord

w in the alphabet Xo be

kigke ok
wW(ag,...,an,...) =& ... &

This is a purely formal string and has no algebraic meaning. For example, if
W= ((17 _1)7 (17 _1)7 (27 1))7
then
w(ay,...,an) = a; a; tap.

Definition 5.6. Given a wordw in the alphabeK in which a string of the forna a(l or of
the formq‘la, we can get a new wond by removing that string. If we can do this, then
we will denote it byw — w'.

Definition 5.7. We say that two worda andw’ arerelated by an admissible moifeeither
Wi— W orw — w.

Definition 5.8. Two wordsw andw are equivalent if there is a finite sequence of words
W1,..., W, Withw; =w, w, =w and for 1< i <r—1,w; is related ton; . ; by an admissible
move. What this means is that two words are equivalent if we can get from one word to
another by either adding or removing strings of the twaq?l.

Proposition 5.9. This defines an equivalence relation on the set of words in X.

Definition 5.10. A word w is reducedif it does not contain any strings of the fomna(1

ora la.

Lemma 5.11. Every equivalence class of words in X has a unique reduced representative.

Definition 5.12. The concatenation wivof two wordsw andw’ in X is the word inX
obtained by simply putting the strings corresponding/andw’ together (in that order).

Definition 5.13. The productof two reduced wordsv andw in X is defined to be the
unique reduced word in the equivalence clasaof.
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Theorem 5.14. The set of reduced words forms a group under the product operation de-
fined above. This group is freely generated by-Xay,...,&,...}, and is denoted by
F(a,...,ar,...).

Proof. The uniqueness of reduced words in an equivalence class tells us that the product
operation is well defined. The identity is given by the empty word. We check immediately
that the operation is associative, and that it has inverses. For example, if we have a word
alazafl, thenits inverse is the Wom_az‘lafl. It's clear that the group is then generated by
the set{ay,...,a,...}. So it only remains to prove the universal property in the definition
of a freely generated group.

Suppose we have a map of sets

q) X—G
g — G,
whereG is a group.
We can then define a map

¢:F(ag,...,a,...). —G

al. el gl gl

It's easy to check that this map preserves products and inverses, but the main problem
is to show that it is a map in the first place! The catch is that it might not be well defined.

Take as an example the integ&rsThe set{ 2,3} is a generating set fé&. Define a map
$:{2,3} -Zby¢(2)=0¢(3)=1. Then32-2-3=0,but3 ¢(2) —2-¢$(3) =1#£0.
So¢ cannot be extended to a group homomorphism ffota Z

The problem in this example was that there were relations between the generators: 2
3+ (—3)-2=0. This problem is avoided in the case of our construction: the only way
our 'map’ could not be well-defined is if there was a war@équivalent to the empty word,
which didn’'t map to the identity iiG. But this cannot happen. Sinees equivalent to the
empty word, and the empty word is the unique reduced word in its equivalence class, we
must be able to keep performing admissible movewvaii we get the empty word. That
is, we can keep taking out strings of the foam(l till there’s nothing left inw. But then
$(w) has to be the identity it. This finishes our proof. O

Proposition 5.15. Every group is the homomorphic image of a free group.

Proof. Let G be a group generated by some sub&etConsider the free group freely
generated by . Using the universal property &, lift the inclusion magy — Gto a group
homomorphisnF — G. This map must be surjective (Why?). O

Theorem 5.16. Finitely generated free groups are residually finite.

Proof. Let F be a free group on finitely many lettefay,...,a,}. We have to prove that
if w=£ 1, then there is a group homomorphigmF — G, with G a finite group, such that
o(w) # 1. Supposev = n{‘zlag. By the universal property of the free grobpit's enough
to construct a map

g:{ag,...,an} =G
a— 0.

such thaw(gi,...,dn) # 1. Instead of proving this, we’ll prove something stronger in the
next theorem. O
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Definition 5.17. For a primep € N, a finite p-group is a finite group of ordes”, for some
neN.

Theorem 5.18. Finitely generated free groups are residually finkgroups.
Proof. Will be given in the next lecture. O

Lemma 5.19. If T is a group, and if HG < T are subgroups of finite index, theniiG
also has finite index if.

Proof. We suppose that and G are normal subgroups, because this is the case we’'ll
need for the next Proposition. Thén'G andl"/H are both finite groups. Consider the
homomaorphism

o:Fr—=Tr/Hxl/G
g (gH.9G).
The kernel of is exactlyH N G. This means that
Nr'HNG)<T'/HxT/G

is a finite subgroup, and $6N G has finite index.
What if H andG are not normal? Hint: Consider the actionfobn the coset spaces of
H andG. O

Proposition 5.20. For every finite group G, there exists a non-trivial elemere w(a,b)
such that for all a,a; € G, W(a,ap) = 1.

Proof. There are only finitely many homomorphisngs, ..., ¢, from F(a,b) to G, since
there are only finitely many choices@for whereaandb can be sent. Let =, kerd;;
then by the previous Lemmai is a subgroup o6 of finite index. In particularH # 1,
and so we can find a nontrivial elememt H. But now¢ij(w) =1 G, forall 1 <i<n.
With a little thought, it's easy to see that this is exactly what we wanted to prove. (J

Definition 5.21. A binary rooted treds a directed tre€G, E) with a uniquely identified
vertexr € G, called theroot, and another subsktC G, not necessarily non-empty, which
is called the subset ¢éaves satisfying the following conditions:

(1) Every vertew € G\ {r} has a unique parent in the tree, arfths no parent.
(2) Every vertew € G\ L is the parent of exactly two vertices, and every vertex L
has no children.

(If this is too complicated, just remember the picture from Lecture).

Definition 5.22. A vertexv in a binary rooted tree is in th&" level or thent" generation
if the unique path fromm to v has lengt.

Definition 5.23. A binary rooted tree is called am" level treeif every leafv € L is in

thent" level. Up to isomorphism of graphs (what is an isomorphism of graphs? See the
definition of an automorphism below), there is only one such rooted tree. We denote this
tree byT,,.

Definition 5.24. A binary rooted tree is infinite iE = 0. Again, up to isomorphism, there
is a unique such tree. We denote ity

Lemma 5.25. The infinite binary rooted tree really is infinite! That is, it has infinitely
many vertices.



Proof. Suppose not; then we can find a vertekat has maximal level. But¢ L, because
L = 0. What happens now? O

Definition 5.26. An automorphisnof a graph(G, E) is a bijection$ : G — G which pre-
serves edges in the following sensevilfv, € G are two vertices i such thaf vy, w2} € E
(that is, they form an edge), thép(v1), ¢ (v2)} is also inE.

Definition 5.27. Theautomorphism grouput(G) of a graph(G, E) is the group of all its
automorphisms, with the group operation being given by composition of automorphisms.
The identity map or{G, E) gives the identity in AUG).

Proposition 5.28. For any me NU {0}, Aut(Ty,) acts transitively on the'f generation
vertices, for < m.

Proof. By induction onn: for n= 1, we can just flip the two vertices that are first genera-
tion. Suppose Adf,) acts transitively on thén— 1)t generation vertices, and et and
V2 be twont" generation vertices, with parents andw,. There is someé e Aut(Ty) that
takesws to wy. If §(v1) = vo, we're done; otherwise, we just need one more flip to take
¢(v1) tovy. O

Proposition 5.29. Suppose & NU {0 }; then for any n< m, there is a canonical copy of
T, sitting inside T, just take all the vertices inTthat are in the i' generation or older.
Then the restriction map

Aut(Tm) — Aut(T,)

is a surjective group homomorphism.

Proposition 5.30. )
|Aut(T,)| = 221,
In particular, Aut(Ty) is a 2-group.
Proof. By induction onn: if n= 1, the only automorphism & is the flip. SoAut(T;)| =
2. Now, we have a surjective map
Aut(Tn) — Aut(Tn_l).

What is the kernel of this homomorphism? It consists of all the automorphismig, of
which flip only then" generation vertices, and keep the rest of the vertices fixed. There
are 2" * such flips (Why?); so we see that

IAUL(TH)| = 22" [Aut(Th_q)| = 22" 2711 = 021,
We used the induction hypothesis to plug in the valugAort(T,_1)|. O

Definition 5.31. The boundary BT.) of the infinite binary rooted tree is the set of all
infinite paths inT, originating at the root.



