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5. LECTURE5

In this lecture, all our groups will be countably generated.

5.1. Free Groups.

Definition 5.1. A groupF is generated freelyby a subsetX ⊂ F if every mapϕ : X −→G,
whereG is any group, extends to a unique homomorphismϕ̃ : F −→ G and〈X〉= F .

Definition 5.2. A groupF is freeif it is freely generated by some generating subsetX ⊂ F .

Definition 5.3. An alphabetis just a countable setX = {a1,a2, . . . ,an, . . .}. It does not
have to be finite.

Definition 5.4. A word w is a finite sequence of pairs

{(ir ,kr) ∈ N×{−1,+1} | 1≤ r ≤ s}.
It might be empty.

Definition 5.5. Given a wordw and an alphabetX = {a1, . . . ,an, . . .}, we define theword
w in the alphabet Xto be

w(a1, . . . ,an, . . .) = ak1
i1

ak2
i2

. . .aks
is .

This is a purely formal string and has no algebraic meaning. For example, if

w = ((1,−1),(1,−1),(2,1)),

then
w(a1, . . . ,an) = a−1

1 a−1
1 a2.

Definition 5.6. Given a wordw in the alphabetX in which a string of the formaia
−1
i or of

the forma−1
i ai , we can get a new wordw′ by removing that string. If we can do this, then

we will denote it byw 7→ w′.

Definition 5.7. We say that two wordsw andw′ arerelated by an admissible moveif either
w 7→ w′ or w′ 7→ w.

Definition 5.8. Two wordsw andw′ are equivalent if there is a finite sequence of words
w1, . . . ,wr , with w1 = w, wr = w′ and for 1≤ i ≤ r−1,wi is related towi+1 by an admissible
move. What this means is that two words are equivalent if we can get from one word to
another by either adding or removing strings of the typeaia

−1
i .

Proposition 5.9. This defines an equivalence relation on the set of words in X.

Definition 5.10. A word w is reducedif it does not contain any strings of the formaia
−1
i

or a−1
i ai .

Lemma 5.11. Every equivalence class of words in X has a unique reduced representative.

Definition 5.12. The concatenation ww′ of two wordsw andw′ in X is the word inX
obtained by simply putting the strings corresponding tow andw′ together (in that order).

Definition 5.13. The product of two reduced wordsw andw′ in X is defined to be the
unique reduced word in the equivalence class ofww′.
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Theorem 5.14. The set of reduced words forms a group under the product operation de-
fined above. This group is freely generated by X= {a1, . . . ,ar , . . .}, and is denoted by
F(a1, . . . ,ar , . . .).

Proof. The uniqueness of reduced words in an equivalence class tells us that the product
operation is well defined. The identity is given by the empty word. We check immediately
that the operation is associative, and that it has inverses. For example, if we have a word
a1a2a−1

1 , then its inverse is the worda1a−1
2 a−1

1 . It’s clear that the group is then generated by
the set{a1, . . . ,ar , . . .}. So it only remains to prove the universal property in the definition
of a freely generated group.

Suppose we have a map of sets

ϕ : X −→ G

ai 7→ gi ,

whereG is a group.
We can then define a map

ϕ̃ : F(a1, . . . ,ar , . . .)−→ G

aki
i . . .akr

r 7→ gki
i . . .gkr

r .

It’s easy to check that this map preserves products and inverses, but the main problem
is to show that it is a map in the first place! The catch is that it might not be well defined.

Take as an example the integersZ. The set{2,3} is a generating set forZ. Define a map
ϕ : {2,3} → Z by ϕ(2) = ϕ(3) = 1. Then 3·2−2 ·3 = 0, but 3·ϕ(2)−2 ·ϕ(3) = 1 6= 0.
Soϕ cannot be extended to a group homomorphism fromZ to Z

The problem in this example was that there were relations between the generators: 2·
3+(−3) ·2 = 0. This problem is avoided in the case of our construction: the only way
our ’map’ could not be well-defined is if there was a wordw equivalent to the empty word,
which didn’t map to the identity inG. But this cannot happen. Sincew is equivalent to the
empty word, and the empty word is the unique reduced word in its equivalence class, we
must be able to keep performing admissible moves onw till we get the empty word. That
is, we can keep taking out strings of the formaia

−1
i till there’s nothing left inw. But then

ϕ̃(w) has to be the identity inG. This finishes our proof. �

Proposition 5.15. Every group is the homomorphic image of a free group.

Proof. Let G be a group generated by some subsetY. Consider the free groupF freely
generated byY. Using the universal property ofF , lift the inclusion mapY ↪→G to a group
homomorphismF → G. This map must be surjective (Why?). �

Theorem 5.16. Finitely generated free groups are residually finite.

Proof. Let F be a free group on finitely many letters{a1, . . . ,an}. We have to prove that
if w 6= 1, then there is a group homomorphismϕ : F → G, with G a finite group, such that
ϕ(w) 6= 1. Supposew= ∏n

i=1ar i
ki

. By the universal property of the free groupF , it’s enough
to construct a map

ψ : {a1, . . . ,an}→ G

ai 7→ gi .

such thatw(g1, . . . ,gn) 6= 1. Instead of proving this, we’ll prove something stronger in the
next theorem. �
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Definition 5.17. For a primep∈N, a finitep-group is a finite group of orderpn, for some
n∈ N.

Theorem 5.18. Finitely generated free groups are residually finite2-groups.

Proof. Will be given in the next lecture. �

Lemma 5.19. If Γ is a group, and if H,G≤ Γ are subgroups of finite index, then H∩G
also has finite index inΓ.

Proof. We suppose thatH and G are normal subgroups, because this is the case we’ll
need for the next Proposition. ThenΓ/G andΓ/H are both finite groups. Consider the
homomorphism

ϕ : Γ → Γ/H×Γ/G

g 7→ (gH,gG) .

The kernel ofϕ is exactlyH ∩G. This means that

Γ/(H ∩G)≤ Γ/H×Γ/G

is a finite subgroup, and soH ∩G has finite index.
What if H andG are not normal? Hint: Consider the action ofΓ on the coset spaces of

H andG. �

Proposition 5.20. For every finite group G, there exists a non-trivial element w∈ F(a,b)
such that for all a1,a2 ∈ G, w(a1,a2) = 1.

Proof. There are only finitely many homomorphisms,ϕ1, . . . ,ϕn from F(a,b) to G, since
there are only finitely many choices inG for whereaandbcan be sent. LetH =

⋂n
i=1kerϕi ;

then by the previous Lemma,H is a subgroup ofG of finite index. In particular,H 6= 1,
and so we can find a nontrivial elementw∈ H. But nowϕi(w) = 1∈ G, for all 1≤ i ≤ n.
With a little thought, it’s easy to see that this is exactly what we wanted to prove. �

Definition 5.21. A binary rooted treeis a directed tree(G,E) with a uniquely identified
vertexr ∈ G, called theroot, and another subsetL ⊂ G, not necessarily non-empty, which
is called the subset ofleaves, satisfying the following conditions:

(1) Every vertexv∈ G\{r} has a unique parent in the tree, andr has no parent.
(2) Every vertexv∈G\L is the parent of exactly two vertices, and every vertexw∈ L

has no children.

(If this is too complicated, just remember the picture from Lecture).

Definition 5.22. A vertexv in a binary rooted tree is in thenth level, or thenth generation,
if the unique path fromr to v has lengthn.

Definition 5.23. A binary rooted tree is called annth level treeif every leafv ∈ L is in
the nth level. Up to isomorphism of graphs (what is an isomorphism of graphs? See the
definition of an automorphism below), there is only one such rooted tree. We denote this
tree byTn.

Definition 5.24. A binary rooted tree is infinite ifL = /0. Again, up to isomorphism, there
is a unique such tree. We denote it byT∞

Lemma 5.25. The infinite binary rooted tree really is infinite! That is, it has infinitely
many vertices.
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Proof. Suppose not; then we can find a vertexv that has maximal level. Butv /∈ L, because
L = /0. What happens now? �

Definition 5.26. An automorphismof a graph(G,E) is a bijectionϕ : G→ G which pre-
serves edges in the following sense: Ifv1,v2∈Gare two vertices inGsuch that{v1,v2}∈E
(that is, they form an edge), then{ϕ(v1),ϕ(v2)} is also inE.

Definition 5.27. Theautomorphism groupAut(G) of a graph(G,E) is the group of all its
automorphisms, with the group operation being given by composition of automorphisms.
The identity map on(G,E) gives the identity in Aut(G).

Proposition 5.28. For any m∈ N∪{∞}, Aut(Tm) acts transitively on the nth generation
vertices, for n≤ m.

Proof. By induction onn: for n = 1, we can just flip the two vertices that are first genera-
tion. Suppose Aut(Tm) acts transitively on the(n−1)th generation vertices, and letv1 and
v2 be twonth generation vertices, with parentsw1 andw2. There is someϕ ∈ Aut(Tm) that
takesw1 to w2. If ϕ(v1) = v2, we’re done; otherwise, we just need one more flip to take
ϕ(v1) to v2. �

Proposition 5.29. Suppose m∈N∪{∞}; then for any n≤ m, there is a canonical copy of
Tn sitting inside Tm: just take all the vertices in Tm that are in the nth generation or older.
Then the restriction map

Aut(Tm)→ Aut(Tn)
is a surjective group homomorphism.

Proposition 5.30.
|Aut(Tn)|= 22n−1.

In particular, Aut(Tn) is a2-group.

Proof. By induction onn: if n= 1, the only automorphism ofT1 is the flip. So|Aut(T1)|=
2. Now, we have a surjective map

Aut(Tn)→ Aut(Tn−1).

What is the kernel of this homomorphism? It consists of all the automorphisms ofTn,
which flip only thenth generation vertices, and keep the rest of the vertices fixed. There
are 22

n−1
such flips (Why?); so we see that

|Aut(Tn)|= 22n−1 |Aut(Tn−1)|= 22n−1+2n−1−1 = 22n−1.

We used the induction hypothesis to plug in the value for|Aut(Tn−1)|. �

Definition 5.31. The boundary B(T∞) of the infinite binary rooted tree is the set of all
infinite paths inT∞ originating at the rootr.
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