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8. LECTURES8

8.1. The First Grigorchuk group. In this lecture we shall define the first Grigorchuk
groupl” and prove some of its properties. In fact we shall prove the following theorem.

Theorem 8.1. There exists a group, the first Grigorchuk graugthat is finitely generated,
periodic and residually finite but has infinitely many elements.

We have, then, by the theorem proved in last class, the following corollary:
Corollary 8.2. There exists a finitely generated non-linear group which is residually finite.

We begin with the definition of the grodp. Consider the infinite binary tred&,. We
shall construcE as a subgroup of its automorphism group. Denota the automorphism
of T which flips the children of the root along with their subtrees i.e. the left subtree
becomes the right subtree and the right subtree the left. We shall recursively define three
other automorphismig,c andd. Let

b= (a,c) c=(ad) d=(1,b).

This means the automorphisnfixes the root and acts ason the left subtree and as

on the right subtree. It is easily seen that this is well defined. In fact, we can write down
pictorially howb,c andd act onT. SupposeA denotes the operation of flipping the left
and right subtrees of a vertex, then we have:

(b)c (c)d

FIGURE 1. The automorphisms

It is easy to see from the picture that each of the automorphésih)s andd has order
two. One could prove this by induction. Consider the statemenbthet andd? leave the
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first n levels fixed. This is clearly true for the zeroth level - the root. We have the identity
bz = (aa C) : (a7 C) = (azacz)-

We get similar expressions farandd. Now, a? = Id and hence the statement is true for
then—+ 1st level. Also we see easily from the picture that

bc=cb=d bd=db=c cd=dc=bh.
Hence the subgroug b, c,d >= C, x C, (the Klein four group).

Remark8.3. We can represent the automorphisab, c andd in a finite state automaton
as follows:

FIGURE 2. Finite state automaton

Definition 8.4. We call the subgroup of the automorphism grou afenerated by, b,c
andd asthe first Grigorchuk groupl, .

We see immediately from the definitions thaits finitely generated and residually finite
(SinceAut(T) is residually finite).

Notation8.5. The Stabilizer of the first levadlenotedSt, is the set of elements which fix
the first level. In factSt = { elements which have even number of i's

We check that
St =< b,c,d,abaacaada> .
Note that for(yi,y2) € St,a(y1,Y2)a= (y2,y1). Hence we have
b= (ac) c=(ad) d=(1,b) aba=(c,a) aca= (d,a) ada= (b,1).
Looking at the action of the generators@if on the left subtree at the root, we see that
is a quotient ofSt. But St is a subroup of of index two. Hencé' is an infinite group.

Remark8.6. We note thaf” acts transitively at every level of the tree. In fact, we see this
readily by induction. This is clear at level zero and level one. Suppose we assume the
statement at level — 1. Then given two vertices of the tree at lemelve can by an action

of a assume that they both belong to the left subtree of the root. Hence they are at level
n— 1 of the subtree. By induction and the fact thas a quotient ofSt we are done.

Lemma 8.7. If x2 = y? = 1, then
< XY > Cy,Co x Cy, Dy, 0D
Proof. Consider the possible ordersf. d

We see that if the order ofyis nthen< x,y >2 Dy,.
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Corollary 8.8.
<a,d>=Dyg;<ac>~Dg;<ab>~Djs.
Proof. We have
(ad)? = (ada)d = (b,b).
Similarly,
(ac)? = (da,ad); (ab)? = (ca,ac).

Ouir final task is to prove the periodicity of the grolip
Theorem 8.9. Wy € ', 3n such that?" = 1.

Proof. Fory e I', we denote byy| the length of the shortest word representngVe prove
the theorem by induction on the lendth= |y|. The above corollary implies the statement
for k < 2. We shall give the reduction step.

Case 1lkis odd. Ifystarts and ends with, then it is the conjugate of a smaller element and
we are done. Otherwise= uyy up; u; € {b,c,d}. This is conjugate tq Uxu; =y Uz; U3 €
{b,c,d} which has lesser length and we are done.

Case 2kis even. Thery must be of the form,

y=awawauws...au,l =k/2,u; € {b,c,d}.
Subcase 2.1:is even. Then
Y= (awma)uz(auwga)us. .. (au_1a)u = (y1,Y2).

Now |yi],|yz] <1 <k.
Subcase 2.2:is odd.

V2 = (awa)uz(ausa) . . . (aua)uy (aa)uz(awa) . .. (ay_1a)u = (a,p).
We see thafa|, |B| < k. Infact, if 3j, s.t.u; = d = (1,b), thenada= (b,1) also occurs in

the product and hence the length of bathndp is less thark by one. Similarly, we have
the cases wheu; = c or b. Hence done. O



