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Abstract

An abstract framework for studying the asymptotic behavior of a dissipative evo-
lutionary systen€ with respect to weak and strong topologies was introduced in [8]
primarily to study the long-time behavior of the 3D Navier-Stokes equations (NSE) for
which the existence of a semigroup of solution operators is not known. Each evolution-
ary system possesses a global attractor in the weak topology, but does not necessarily
in the strong topology. In this paper we study the structure of a global attractor for
an abstract evolutionary system, focusing on omega-limits and attracting, invariant,
and quasi-invariant sets. We obtain weak and strong uniform tracking properties of
omega-limits and global attractors. In addition, we discuss a trajectory attractor for
an evolutionary system and derive a condition under which the convergence to the
trajectory attractor is strong.

1 Introduction

Existence of a global attractor is a significant feature of many dissipative partial dif-
ferential equations (PDEs). Often the evolution of solutions to a dissipative PDE can
be described by a semigroup of solution operators. If the semigroup is asymptoti-
cally compact, then the classical theory of semiflows yields the existence of a compact
global attractor (see Hale [14], Ladyzhenskaya [17], or Temam [24]). However, for
some PDEs the semigroup is not asymptotically compact. Some PDEs, such as the 3D
Navier-Stokes equations (NSE), do not even possess the semigroup due to the lack of
unigueness (or proof of uniqueness).

There are several abstract frameworks for studying dynamical systems without
unigueness. See Caraballo, P. Marn-Rubio & Robinson [5] for a comparison of two
canonical ones by Melnik & Valero [18] and Ball [2]. In the first approach, used by
Babin & Vishik [1], and which goes all the way back to the work by Barbashin [4], a
trajectory is a function of time with values in the set of all subsets of a phase space.
The evolutionary systeré considered in this paper is closer to the Ball’'s generalized
semiflowG, where a trajectory is a function of time with values in the phase space and
there may be more than one trajectory with given initial data. Sthdees not contain
the hypotheses of concatenation and upper semicontinuity with respect to initial data,
the Leray-Hopf weak solutions of the 3D NSE form an evolutionary system.

In fact, the notion of an evolutionary system, introduced in Cheskidov & Foias
[8], was motivated by the 3D NSE, which possesses a global attractor with respect to



the weak topology of the natural phase space. This weak global attractor, introduced
by Foias and Temam in [12], captures the long-time behavior of all Leray-Hopf weak
solutions. In particular, it includes the support of any time-average measure of the 3D
NSE (see Foias, Manley, Rosa & Temam [11]).

A phase spacg for the evolutionary systerd is a metric space (whose metric is
called strong), which is compact in some weaker metric. For a dissipative PDE, the
spaceX is defined to be an absorbing ball, and the weak metric is a metric induced
by the weak topology. A global attractor féris the minimal closed attracting set in
the corresponding topology. In [8] it is shown that the weak global attractor always
exists, it is the maximal invariant set, and if the strong global attractor exists, then its
weak closure is the weak global attractor. Moreove§, i§ asymptotically compact,
then the weak global attractor becomes the strong compact global attractor. Applied
to the 3D NSE, this result implies the existence of a strong compact global attractor in
the case where solutions on the weak global attractor are continudifs(see Ball
[2] and Rosa [21] for similar results).

In this paper we continue investigating properties of the evolutionary sy§tem
concentrating on omega-limits and attracting, invariant, and quasi-invariant sets. As-
sume that the evolutionary system is not asymptotically compact. Since the phase
spaceX is weakly compact, we will see that the omega-limits and attracting sets with
respect to the weak metric possess familiar properties known from the classical theory
of semiflows. Our goal will be to examine the corresponding objects with respect to
the strong metric.

The structure of the paper is as follows. In Section 2 we define the evolutionary
system€ and compare it with a semiflow. Attracting sets, global attractors, and omega-
limits are defined and studied in Section 3. We show the existence of a weak global
attractor.4,, and deduce a new necessary and sufficient condition (in terms of the
omega-limits) for the existence of the strong global attragtor

In Section 4 we further study the evolutionary system under the conditio# fisat
asymptotically compact. In this case the situation is the same as in the classical theory
of global attractors. We see that the weak omega-limit of a set uniformly strongly
attracts that set. Moreover, the weak omega-limit coincides with the strong omega-
limit. In particular, we recover a result from [8], which says thatexists, is strongly
compact, and coincides witH,, .

Section 5 mostly focuses on invariant and quasi-invariant sets. We study an evo-
lutionary system with an assumption that the family of all the trajectories is compact
in C([0,00); Xy ). For instance, Leray-Hopf weak solutions of the 3D NSE satisfy
this property. We prove that the weak omega-limit of any set is quasi-invariant (i.e.,
consists of complete orbits) and possesses a weak uniform tracking property (Theo-
rem 5.6). Moreover, in the case where the evolutionary system is asymptotically com-
pact, omega limits possess a strong uniform tracking property (Theorem 5.7), which
holds, for instance, for the 2D NSE supplemented with appropriate boundary condi-
tions. This generalizes the tracking property by Langa and Robinson [19]. Finally, we
prove thatA,, is the strong omega-limit of the phase spateand if A, exists, then it
has to coincide withd,,, i.e., A is automatically weakly closed.

In Section 6 we make one more step towards abstracting results known for the 3D
NSE. We consider an evolutionary system that satisfies the energy inequality and the
strong convergence almost everywhere for a weakly convergent sequence of trajecto-
ries. Again, Leray-Hopf weak solutions of the 3D NSE satisfy these properties. In this



case, the strong continuity of a trajectarft) automatically implies that any sequence

of trajectories that uniformly weakly convergesit() converges in fact strongly. In
particular, this yields thatl, exists and coincides witil,, provided that all the com-
plete trajectories are strongly continuous. See Cheskidov, Friedlander & Raj@pvi

for an implication of this theorem, which is the existence of a strong global attractor
for the inviscid dyadic model of fluid equations introduced by Friedlander & Pavlovi
[13] and Katz & Pavlowt [16]. This fact is a result of an anomalous dissipation due
to the loss of regularity of solutions, as it was conjectured by Onsager [20] for the 3D
Euler equation. See also Cheskidov [7] for an application of this theorem to a viscous
dyadic model.

In Section 7 we study a trajectory attrac®rfor an evolutionary system. The
trajectory attractor, a global attractor in the trajectory space, was first introduced by
Sell [22] for the 3D NSE, and further studied in Chepyzhov & Vishik [6] and Sell
& You [23]. We show that every evolutionary system possesses a trajectory attractor
and discuss its connection to the weak global attractor. Moreover, we prove a strong
convergence of the trajectoriesoin the case where all the complete trajectories are
strongly continuous.

Finally, in Section 8 we show that the Leray-Hopf weak solutions of the 3D NSE
form an evolutionary system satisfying the above mentioned three additional proper-
ties. Therefore, all the results obtained in this paper apply to the 3D NSE.

2 Evolutionary system

Let (X, ds(+,-)) be a metric space endowed with a metti¢c which will be referred
to as a strong metric. Let,(-,-) be another metric oiX satisfying the following
conditions:

1. X isd-compact.

2. If ds(up,v,) — 0 @asn — oo for someu,, v, € X, thendy,(u,,v,) — 0 as
n — o0.

Due to the property 24, (-, -) will be referred to as a weak metric oxi. Denote by
A" the closure of aset C X inthe topology generated lol;. Note that any strongly
compact {s-compact) set is weakly compact,(-compact), and any weakly closed
set is strongly closed.

Let C([a,b]; X,), wheree = s or w, be the space of,-continuousX-valued
functions onfa, b] endowed with the metric

de(fap)xe) (u,v) == sup de(u(t),v(t)).
te(a,b)

Let alsoC([a, >0); Xs) be the space af,-continuousX -valued functions offa, co)
endowed with the metric

1 sup{de(u(t),v(t)) :a <
d . = —
Ol (0 0) = 2 5T T guplda(u(), o(0) @
TeN
Assume that,, u,, € C([T,0); X,o), n € N, are such that, |, 7,) — uli7, 7,7 I
C([T1, T»]; Xo) asn — oo, for someT’ < T; < T». To simplify the notation, in such
cases we will usually write,, — u in C([T1, Tz]; X.).
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To define an evolutionary system, first let
T:={I:1=[T,00) CR, or] =(—00,00)},

and for eacll C 7, let 7(I) denote the set of alk-valued functions od.

Definition 2.1. A map€ that associates to each € 7 a subset€(I) C F will be
called an evolutionary system if the following conditions are satisfied:

1. £(]0,00)) # 0.

2. (I +s)={u(-): u(-—s)e &)} forall s € R.

3. {u()|n, u(-) € E(I1)} C E(Iy) for all pairs I, I, € T, such thatly C I;.
4. £((—00,00)) = {u(-) : u(-)|[r,0c) € E([T,00)) VT € R}.

We will refer to£ (1) as the set of all trajectories on the time interfialrajectories
in £((—o0, 00)) will be called complete. LeP(X) be the set of all subsets &f. For
everyt > 0, define a map

R(t): P(X) — P(X),
R(t)A :={u(t) :u € A,u € £(]0,0))}, AcCX.

Note that the assumptions énmply that R(¢) enjoys the following property:
R(t+ s)A C R(t)R(s)A, ACX, t,s>0. (1)

We will also study evolutionary systendssatisfying the following assumptions:
Al £(]0,00)) is a compact set if([0, 00); Xy ).

A2 (Energy inequality) Assume thaf is a bounded set in some uniformly convex
Banach spacél with the norm denoted by |, such thatls(z,y) = |z — y| for
x,y € X. Assume also that for any > 0, there exist9, such that for every
u € £([0,00)) andt > 0,

lu(®)] < Ju(to)| + €,

fortg a.e. in(t — 4,t).

A3 (Strong convergence a.e.) Letu, € £(]0,00)), be such that,, — u in
C([0,T]; X,) for someT" > 0. Thenu,(t) — w(t) strongly a.e. iff0, 7.

We will see that all the assumptions A1 — A3 hold for an evolutionary system consist-
ing of the Leray-Hopf weak solutions of the 3D Navier-Stokes equations.

Let us now show that a semiflow defines an evolutionary system. In most appli-
cations, the phase spaég (a functional space in which trajectories are defined) is
a separable reflexive Banach space. Consider a semigroup of continuous operators
S(t) : H— H,t > 0 satisfying the following properties:

S(t+s)=5()S(s), t,s>0, S(0) = Identity operator. 2)
A trajectoryu(t) is a mapping fronR™ to H, such that

u(t +s) = S(t)u(s), t,s > 0.
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A ball B C H is called an absorbing ball if for any bounded gdett H, there exists
to, such that
S(t)A C B, Yt > to.

Assume that the semiflow is dissipative, i.e., there exists an absorbing ball. Then, if we
are interested in a long-time behavior of solutions, it is enough to consider a restriction
of the semiflow to the absorbing ball. So, we ;tbe a closed absorbing ball. Since

H is a separable reflexive Banach space, both the strong and the weak topologies on
X are metrizable. Now define the m&pn the following way:

E) :=={ul) s u(t+s) = S(t)u(s) andu(s) € X Vt > 0,s € I}.

Conditions 14 in the definition of the evolutionary systénfollow from the semi-
group properties (2) of (¢). In addition, letT" be such that

SHXCcX  Wt>T.

Then we have
R(t)A = S(t)A, VAC S(T)X, t>0.

3 Attracting sets, w-limits, and global attractors

Forasetd C X andr > 0, denoteB, (A, r) = {u: d¢(u, A) < r}, where

de(u, A) := ;relgd.(u,x), e =158 W.

A setA C X uniformly attracts a seB C X in d,-metric (@ = s, w) if forany e > 0
there existg, such that

R(t)B C Bl(4,¢), Yt > to.
Definition 3.1. A setA C X is ad,-attracting set ¢ = s, w) if it uniformly attracts
X in do-metric.

Definition 3.2. A set4, C X is ad,-global attractor @ = s, w) if A, is @ minimal
de-closedd,-attracting set.

Note that sinceX may not be strongly compact, the intersection of two strongly
closed strongly attracting sets may not be strongly attracting. Nevertheless, later we
will see that if. 4, exists, then it is unique.

Definition 3.3. Thew,-limit (e = s, w) of asetd C X is
we(4):= () | RMA .
T>0t>T
An equivalent definition of they,-limit set is given by
we(A) = {z € X : there exist a sequentg — oo asn — oo andz,, € R(t,)A,
such that,, — x in d,-metric ast,, — oo}.

The following are some properties oflimits that immediately follow from the
definition.



Lemma 3.4. LetA C X. Then
(2) we(A)isde-closed ¢ = s, w).
(b) we(A) C wy(A).

(c) If ww(A) is strongly compact and uniformly strongly attracts thenws(A) =
ww (A).

Proof. Clearly, part (a) follows from the definition. To show part (b), take ang
ws(A). By the definition ofws-limit, there exist a sequeneég — oo asn — oo and a
sequence:;,, € R(t,)A, such that:,, — x strongly as» — oo. In particularx,, — =
weakly asn — oo. Hencer € wy(A), which proves (b).

Now assume that, (A) is strongly compact and uniformly strongly attracts
Take anyzr € wy(A). By the definition ofw,,-limit, there exist a sequeneg — oo
asn — oo and a sequence, € R(t,)A, such thatz,, — x weakly asn — co. Since
wyw (A) strongly attractsd, there exists a sequeneg € wy, (A), such that

ds(mnaan) - 0, as n — o0.

Note thata,, — = weakly asn — co. Sincew,, (A) is strongly compact, this conver-
gence is in fact strong. Hence, — x strongly asn — oco. Thereforex € wq(A),
which proves (c). O

Lemma 3.5. Let A be ad,-closedd,-attracting set ¢ = s, w). Then
we(X) C A.

Proof. Assume that there exists € we(X) \ A. SinceA is d,-closed, there exists
e > 0, such that
z ¢ Bo(4A,¢€). ®)

On the other hand, by the definition etlimit, there exist a sequendg — oo as
n — oo and a sequence, € R(t,)X, such that:,, — z in d,-metric asn — oo.
SinceA is d,-attracting,

R(tn)X C Be(A,€/2),

for n large enough. Therefore;,, € B.(A4,¢/2) and consequently € Bo(A4,¢),
which contradicts (3). O

Now we can show the uniqueness of a global attractor.

Theorem 3.6. If A4, exists ¢ = s, w), then
Ao = we(X).

Proof. Thanksto Lemma 3.5y, (X) C A,. Assume that there exisisc A, \we(X).
Sincea ¢ we(X), there exist > 0 and a time, > 0, such that

R()X N Be(a,€) =0, V>t

Hence, A, \ B.(a,¢€) is ad.-closedd,-attracting set strictly included il,, which
contradicts the definition of a global attractor. O



The above results imply the following characterization of the existence afthe
global attractor.

Theorem 3.7. A, exists if and only ifv, (X) is ad,-attracting set.

Proof. If A, exists, then Theorem 3.6 implies thag(X) = A,. Thereforew,(X)
is ad,-attracting set.

Assume now thab, (X) is ad,-attracting set. Note that, (X) is alsod,-closed
due to Lemma 3.4. Then Lemma 3.5 implies thg{X) is the minimald,-closed
d,-attracting set, i.ew, (X) is thed,-global attractor. O

Now we will studyw,,-limit sets. The following theorem is an extension of a well
known result for semiflows (see [14, 17, 24]).

Theorem 3.8. Let A C X be such that there exists € £([0, c0)) with u(0) € A.
Thenw (A) is a nonempty weakly compact set. In additiog{ A) uniformly weakly
attracts A.

Proof. SinceX is weakly compact,

w(r) = |J R(HA

t>T

is a nonempty weakly compact set for @l> 0. In addition,W(s) c W (t) for all
s>t > 0. Thus,
ww(A) = [ W(T)
T>0
is a nonempty weakly compact set.
We will now prove thatu,, (A) uniformly weakly attractsA. Assume it does not.
Then there exists > 0, such that

V() = W(t) N (X \ Ba(wy(A),€) #0, Vit >0.

SinceV (t) is weakly compact anti (s) C V(t) for s > ¢ > 0, there exists

T € ﬂ V().

t>0

Hence,z € wy(A). However, this together with the definition df(¢) implies that
x ¢ V(t),t >0, a contradiction. O

Finally, from the results of this section we immediately recover the following the-
orem from [8]:

Theorem 3.9. A weak global attractord,, exists. Moreover, if4; exists, thend; =
Ay

Proof. Thanks to Theorem 3.8y, (X) is a weakly closed weakly attracting set. There-
fore, A,, exists andA4,, = wy(X) due to Theorems 3.7 and 3.6.

Assume now thatl, exists. Sinced, " is a strongly attracting set, it is also weakly
attracting. Moreover, since it is weakly closed, Lemma 3.5 implies dhdtX) C

A.". On the other hand, thanks to Theorem 34, = ws(X). Hencewy(X) C
wS(X)W. Thereforewy (X) = wS(X)W = A, due to Lemma 3.4.
O



4 Existence of a strong global attractor

Definition 4.1. The evolutionary systeéis asymptotically compact if for arty, —
oo asn — oo and anyz,, € R(¢,)X, the sequencéz,, } is relatively strongly com-
pact.

Theorem 4.2. Let £ be asymptotically compact. Ldt C X be such that there exists
u € £([0,00)) with u(0) € A. Thenws(A) is a nonempty strongly compact set that
uniformly strongly attractsi, andws(A) = wy (A).

Proof. Since there exists € £([0,00)) with u(0) € A, Theorem 3.8 implies that
ww(A) is nonempty. First we will show that, (A) uniformly strongly attractsA.
Assume that it does not. Then there exist 0, xz,, € X, and¢,, — oo asn — oo,
such that

Tn € R(ta)A\ By(ww(A),6),  ¥neN. (4)

Since¢ is asymptotically compact, we have tHat, } is relatively strongly compact.
Passing to a subsequence and dropping a subindex, we may assume that there exists
x € X, such that

ds(zp,xz) — 0 as n — oo. (5)

Then alsar,, — = weakly asn — oo. Therefore, we have that € w,,(A4). Hence,
thanks to (5), there exisis € N, such that

Zn € Bs(ww(A),€),

a contradiction with (4).

Now note thatus(A) C wy(A) due to Lemma 3.4,. On the other hand, et
ww(A). By the definition ofw,,-limit, there existt,, — oo asn — oo andz,, €
R(t,)A, such that

dw(zpn,2) =0 as n — oo.

Thanks to the asymptotic compactness pthis convergence is in fact strong. There-
fore,z € wy(A). Hencews(A) = wy (A).

Finally, we have to show thai;(A) is strongly compact. Take any sequengec
ws(A). By the definition ofus-limit, there existt,, — oo andz,, € R(t,)A, such that

ds(zp,a,) — 0 as n — 00.

Note that{x,} is relatively strongly compact due to the asymptotic compactness of
&. Hence{a,} is relatively strongly compact and, consequently,A) is relatively
strongly compact. Due to Lemma 34,(A) is also strongly closed. Therefore,(A)
is strongly compact, which concludes the proof. O

In particular, we automatically have the following result proved in [8] for evolu-
tionary systems, which generalizes corresponding results for generalized semiflows
and semiflows [2, 14, 15, 17].

Theorem 4.3. If the evolutionary systerfi is asymptotically compact, thed,, is a
strongly compact strong global attractor.

Proof. Since£(]0,0)) # 0, thanks to Theorem 4.2y:(X) is a ds-compactds-
attracting set andss(X) = wy(X) = A,. Now Theorems 3.7 and 3.6 imply that
Aj exists and4; = ws(X) = A, which concludes the proof. O



5 Invariance and tracking properties
In this section we will further study an evolutionary systéraatisfying property Al:
£([0,0)) is a compact set if’'([0, 00); Xy, ).

In order to extend the notion of invariance from a semiflow to an evolutionary system,
we will need the following mapping:

R(t)A := {u(t) : u(0) € A,u € E((—o0,))}, ACX, teR.
Definition 5.1. A setA C X is positively invariant if
R()AC A,  Vt>0.
Ais invariant if _
R(t)A = A, vt > 0.

Alis quasi-invariant if for every, € A there exists a complete trajectaye £((—o0, 0))
with 4(0) = a andu(t) € Aforall t € R.

Note that the definition of invariance coincides with the classical one in the case
where¢ is a semiflow or Ball's generalized semiflow.
If A is invariant, then clearly is quasi-invariant. Note also that i is quasi-
invariant, then B
A C R(t)AC R(t)A, vt > 0. (6)

This together with Lemma 3.4 imply that
A Cws(4) Cwy(4), A is quasi-invariant. @)

Theorem 5.2. Let £ be an evolutionary system satisfyidd. Thenw, (A) is quasi-
invariant for everyA C X.

Proof. Take anyz € wy(A4). There exist,, — oo asn — oo andz,, € R(t,)A,
such thatz,, — x weakly asn — oo. Then there exist,, € E([—t,,0)) with
un(—t,) € Aandu,(0) = x,. Because of Al and the definition 6f we have that
E([—tn,00)) Is compact inC'([—t,, c); Xy ) and

{ul{—t1.00) 2w € E([=tn, 00))} C E([t1,00))

for everyn. Therefore, passing to a subsequence and dropping a subindex, we obtain
that there exista' € £([—t;,0)), such that

! in C([~t1,0); Xw),

Un|[—t1q,oc) —u

asn — oo. Again passing to a subsequence and dropping a subindex, we obtain that
there exista,? € £([—t2,00)), such that
2 in C([—t2,00); Xw),

un|[7t2,oo) — U

asn — oo. Note thatu'(t) = u?(t) on [~t;,00). By a standard diagonalization
process we infer that there exist a subsequenag, pftill denoted byu,,, andu €



F((—00,00)), such thatu||_r o) € E([-T,00)) andu, — uin C([-T,c0); X,) as
n — oo forall T > 0. Note thatu(0) = x. In addition, by the definition of we have
thatu € £((—o0, 00)).

Now take anyt, € R. Note thatu,(t9) — u(to) weakly asn — oo. Since
un(—t,) € A, we have thau,(ty) € R(to + t,)A for ¢, > —to. Henceu(ty) €
ww(A), i.e., the complete trajectory(t) stays onw,(A) for all time. Therefore,
wyw (X)) is quasi-invariant. O

Applied to a weak global attractor, this theorem will have several important con-
sequences. The following is one of them.

Theorem 5.3. Let £ be an evolutionary system satisfying AL. et X be such that
ww(A) C A. Thenws(A) = wy (A).

Proof. Thanks to Theorem 5.2, we have that(A) is quasi-invariant. Then (6) im-
plies thatwy (A) C R(t)wy(A) for all t > 0. Sincewy(A) C A, it follows that
ww(A) C R(t)A forallt > 0. Thereforewy(A4) C ws(A). On the other hand,
ws(A) C wy(A) due to Lemma 3.4. Thereforg,(A) = wy (A). O

Thanks to this theorem and the fact that(X) C X, we have
Ay = wy (X) = ws(X),

provided€ satisfies Al. Note that ifl; exists, Theorem 3.6 implies that = ws(X).
Hence, we have the following.

Corollary 5.4. Let& be an evolutionary system satisfying ALAlf exists, then
As = Ay

Similarly to the proof of Theorem 5.2, we can also obtain the following extension
of a corresponding result for generalized semiflows (see [2]). Note that due to the lack
of concatenation, the proof of this theorem strongly relies on property Al.

Theorem 5.5. Let& be an evolutionary system satisfying Al. Bet X be a weakly
closed set. Thenl is invariant if and only ifA is positively invariant and quasi-
invariant.

Proof. Clearly, if A is positively invariant and quasi-invariant, thehis invariant.
Assume now thatd is invariant. ThenA is positively invariant. To show that it is
quasi-invariant, consider any € A. SinceA is invariant, there exist, — oo as

n — oo andu,, € E([—t,,00)) with u, (—t,) € A andu,(0) = z. As in the proof of
Theorem 5.2, passing to a subsequence and dropping a subindex, we infer that there
existsu € £((—o0, 0)) with u(0) = , such that,, — u in C([-T, 00); X,,) for all

T > 0. SinceA is weakly closedy(t) € Aforallt € R, i.e.,Ais quasi-invariant. [

Let
T := {up : up = u(0) for someu € £((—o0,0))}.

Clearly,Z is quasi-invariant and invariant. Moreover, it contains every quasi-invariant
an every invariant set. Due to Theorem 5.2, it also follows that

ww(A) CZ, VA C X. (8)
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Now we will show thatw,, (A) captures a long-time behavior of every trajectory
starting inA, provided property Al holds.

Theorem 5.6 (Weak uniform tracking property). Let& be an evolutionary system
satisfyingAl. Let A ¢ X. Then for anye > 0, there existg,, such that for any
t* > to, every trajectoryu € £([0, c0)) with u(0) € A satisfies

dC([t*,oo);XW) (u, ’U) <€,
for some complete trajectory e £((—o0, 00)) withv(t) € wy(A) forall ¢ € R.

Proof. Suppose the claim is not true. Then there exist 0, u,, € £([0,o0)) with
u,(0) € A, andt,, — oo asn — oo, such that

Ao ([tn,00): X ) (Uns V) > €, 9

forall n, allv € E£((—o0, 00)) with v(t) € wy(A), t € R.
On the other hand, consider a sequenges £([—t,,, 0)), Up(t) = un(t + ty).
Thanks to the fact thaf([—t,, c0)) is compact inC'([—t,, o0); Xy, )) for all n, using
a diaganalization process, passing to a subsequence and dropping a subindex, we infer
that there exists € £((—o0, 00)), such that,, — v in C([-T,c0); X ) asn — oo
for all T > 0. In particular,v(t) € wy(A) for all ¢ € R. Finally, for largen we
havedc (jo,): x,,) (Vn; v) < €, which means thadc it 00);x,,) (Un, V(- — 1)) < € @

)

contradiction with (9). O

Theorem 5.7 (Strong uniform tracking property). Let& be an asymptotically com-
pact evolutionary system satisfyinj. Let A ¢ X. Then for anyg > 0 andT > 0,
there existg,, such that for any* > ¢, every trajectory: € £([0, 00)) withu(0) € A
satisfies

ds(u(t),v(t)) <e, Yt e [t*,t* + T,

for some complete trajectory e £((—o0, 00)) withv(t) € ws(A) forall ¢ € R.

Proof. Suppose that the claim does not hold. Then there exist0, 7' > 0, and
sequences,, € £([0, o0)) with u, (0) € A andt,, — co asn — oo, such that

sup  ds(un(t),v(t)) > e, Vn, (10)
tE[tn tn+T]
forallv € £((—o0,00)) with v(t) € ws(A), t € R.
On the other hand, Theorem 5.6 implies that there exists a sequercé((—oo, 00))
with v, (t) € wy(A) for all ¢, such that

lim  sup  dy(un(t),vn(t)) =0. (11)
N0 te [ty tn+ T

Since€ is asymptotically compact, Theorem 4.3 implies thatd) = wy (A). There-
fore, thanks to (10), there exists a sequehce [t,,,t, + T, such that

ds(tn (£n), va(tn)) > €/2, Vn. (12)

Due to the asymptotic compactnes£othe sequences., (t,)} and{v, (t,)} are rel-
atively strongly compact. Therefore, passing to subsequences and dropping a subindex,
we obtain thatun(z?n) — z, vn(fn) — y strongly asn — oo for somez,y € X.
Thanks to (11)x = y, which contradicts (12). O

11



We conclude this section with a summary of the above results applied to the weak
global attractotd,,. The tracking property afl,, connects the global attractor with a
trajectory attractor (see Section 7).

Theorem 5.8. Let £ be an evolutionary system satisfying Al. Theh= 7, and 4,
is the maximal invariant and maximal quasi-invariant set. Moreover, forany0,
there existsy, such that for any* > t,, every trajectory € £(]0, 00)) satisfies

dc([t*yoo);xw)(u,v) <€,
for some complete trajectory e £((—o0, 00)).

Proof. Note thatA,, = w(X). SinceZ contains every quasi-invariant set, Theo-
rem 5.2 implies tha#d,, C Z. On the other hand, thanks to (7), it follows that

T Cww(T) Cwyw(X) = Ay,
Therefore,A,, = Z. The last statement of the theorem follows from Theorem 5[8.

In the case is asymptotically compact, this theorem together with Theorems 4.3
and 5.7 implies the following.

Theorem 5.9. Let € be an asymptotically compact evolutionary system satisfying Al.
ThenA; = 7 and A, is the maximal invariant and maximal quasi-invariant set. More-
over, for anye > 0 and7 > 0, there existg,, such that for any* > t,, every
trajectoryu € £([0, c0)) satisfies

ds(u(t),v(t)) <, Vt e [t*t" + T,
for some complete trajectory e £((—oo, 00)).

Note that the solutions to the 2D Navier-Stokes equations supplemented with ap-
propriate boundary conditions form an asymptotically compact evolutionary system
satisfying Al. Therefore, Theorem 5.9 yields the strong tracking property for the 2D
NSE.

6 Evolutionary system with energy inequality

In this section we will study an evolutionary systénsatisfying A2 and A3. In A2 we
assume thak is a bounded set in some uniformly convex Banach sgéaegith the
norm denoted by- |, such thatls(z, y) = |« — y| for z,y € X. We also assume that
for anye > 0, there existd, such that for every. € £([0, c0)) andt > 0,

lu(t)] < [ulto)] + €

fortg a.e. in(t — 4,t).
In A3, for every sequence,, € £([0,0)), such thatu, — u € £([0,00)) in
C([0,T]; X) for someT" > 0, we assume that,, (t) — u(t) strongly a.e. ir0, 7.

Theorem 6.1. Let £ be an evolutionary system satisfying A2 and A3. dete
E([Ty,)) be such thatu, — u in C([T1,T3]; Xw) asn — oo for someu €
E([Ty,0)). If u(t) is strongly continuous at sonte= ¢* € (T1,T5), thenu,, (t*) —
u(t*) strongly inX.

12



Proof. Thanks to A3, there exists a sBtof measure zero, such that (t) — wu(¢)
strongly on[Ty,75] \ E. Lete > 0. Due to the energy inequalitd2 and strong
continuity ofu(t), there exist$, € [T3,¢*) \ E, such that

[un ()] < Jun(to)l +e,  |ulto)] < [u(t)| +e,
for everyn. Taking the upper limit ag — oo, we obtain

lim sup |uy, (£%)] < |u(to)| + €

n—oo

< |u(t*)] + 2e.
Since this inequality holds for an arbitrarywe have

limsup Ju, ()] < [u(t*)].

Hence, the weak convergencewf(t*) to u(t*) is in fact strong. O

Theorem 6.2. Let€ be an evolutionary system satisfying A1, A2, and A8( (o0, 00)) C
C((—o00,); X5), then€ is asymptotically compact.

Proof. Take any sequences — oo andzx,, € R(t,)X. Without loss of generality,
there existd” > 0, such that,, > T for all n. SinceX is weakly compact, passing
to a subsequence and dropping a subindex, we can assume,thatx weakly as
n — oo, for somex € X.
Sincez, € R(t,)X, there existu,, € &([—t,,0)), such thatu,(0) = z,.
Thanks to Al, using a diagonalization process, passing to a subsequence and dropping
a subindex, we infer that there exist& £((—o0, 00)), such that

Up — U in C([-T,T); Xw).

Sinceu(t) is strongly continuous at= 0, Theorem 6.1 implies that,, = u,,(0) — =
strongly ash — oo. Therefore£ is asymptotically compact. O

This theorem, together with Theorem 4.3, immediately implies the following.

Corollary 6.3. Let& be an evolutionary system satisfying A1, A2, and A3. If every
complete trajectory is strongly continuous, th2possesses a strongly compact strong
global attractor.A;.

It is clear from the above proof that for the strong convergence towards a weak
omega limit we only need the strong continuity of complete trajectories that pass
through the omega limit. More precisely, we have the following result.

Theorem 6.4. Let€ be an evolutionary system satisfying Al, A2, and A3 A et X
be such that there exists € £([0, 00)) with u(0) € A. Assume thak(t) is strongly
continuous at = 0 for everyu € £((—o0,00)) With ©(0) € wy(A). Thenwy (A)
is a nonempty strongly compact set that uniformly strongly attrattsMoreover,
ws(A) = wy (A).

Proof. The proof follows the same lines as the proofs of Theorems 4.2 and 6.2.
O
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Now we show that the strong continuity of a limit trajectory implies a uniform
strong convergence towards the trajectory.

Theorem 6.5. Let £ be an evolutionary system satisfying A1, A2, and A3.ul.et
£([0, 00)) be such thati,, — w in C(]0, 00); Xy ) asn — oo for someu € £([0, 00)).

If u(t) is strongly continuous oD, o), thenw,, — uin L%, ((0,00); H).

Proof. Suppose that,, - win L. ((0,00); H). Then passing to a subsequence and
dropping a subindex we can assume that there exist an inferéalc (0, c0), € > 0,

and a sequendg, € [a, b], such that

ds(un(tn)au(t'rb)) > €, Vn.

Again passing to a subsequence and dropping a subindex, we obtatp that
to € [a,b] asn — oo. Without loss of generality, assume thiat > ¢,/2 for all n.
Consider a sequence of trajectorigst) = un,(t — to + t,), t € [to/2,00). Note
thatu,, € &([to/2,00)) for all n. Sinceu(t) is continuous or{0, co), it follows that
ds(u(tn), u(to)) < €/2 for n large enough. Therefore, sineg(ty) = u,(t,), the
triangle inequality implies that

ds(vn(to), u(tO)) > ds(v

€ —

(to)

u(tn)) - dS(u(tn)7 u(to))

3

(13)

v

)

N
N A

for n large enough.
On the other hand, sinag, — u in C([0, >); Xy,) asn — oo, we have that

A (U (1), u(t)) < dy (vn(£), u(t — to + tn)) + du(ult — to + ), u(t))
= dy (un(t — to + tn), ult — to + ) + dw(u(t — to + tn), u(t))

— 0,

asn — oo, forallt € [tg/2,00). Therefore, thanks to Al, passing to a subsequence
and dropping a subindex, we obtain that — « in C([ty/2, 2to]; Xw) asn — oo.
Sinceu(t) is strongly continuous at= ¢y, Theorem 6.1 implies that, (to) — u(to)
strongly as» — oo, a contradiction with (13). O

Finally, we show that the strong continuity of a trajectory is equivalent to the strong
continuity from the right, provided A2 and A3 hold.

Theorem 6.6. Let& be an evolutionary system satisfying A2 and A3.let&([0, o0))
and¢* > 0. Thenu(t) is strongly continuous at = t* if and only ifu(t) is strongly
continuous from the left at= ¢*.

Proof. Assume thati(¢) is strongly continuous from the left at= ¢t*. Lete > 0. Due
to the energy inequality A2, there exists> 0, such that for every € (¢*,¢* + ¢),
there exists a sequente < t*, t, — t* asn — oo, such that

lu(®)] < fultn)] + €

for everyn. Thanks to the strong continuity from the leftoft) at¢ = t*, we obtain
that
[u(®)] < Ju()] + e,
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forallt € (t*,t* + §). Finally, taking the limit ag — oo, we obtain

lim sup Ju(t)] < [u(t)].
t—t*+

Hence,u(t) is strongly continuous from the right &= ¢*. Thereforewu(t) is contin-
uous at = t*. O

7 Trajectory attractor

A trajectory attractor for the 3D NSE was introduced[22] and further studied in
[6, 23]. In this section we define a trajectory attractor for the evolutionary syStem
and discuss its properties that follow from the results in preceding sections.

Consider an evolutionary systefisatisfying Al. LetF* := C([0,00); Xy ). As
before, a function ir€ ([0, 00)) is called a trajectory. Denote

Kt :=&([0,00)) C FT.
Note thatlC* is compact inF+ due toA1. Define the translation operatéi(s)
(T(s)u)(t) := u(t + 8)0,00) ueFT.
Due to the property 3 of the evolutionary systénfsee Definition 2.1), we have that
T(s)Kt Cc KT, Vs > 0.
For asetP? C KT define
P(t) :== {u(t) : u € P}, t>0.

Note that since we do not assume the uniqueness of the trajecfddess not have to
contain all the trajectories starting B{0). More precisely, by the definition d&(¢),
for all ¢ > 0 we have

P(t) = (T(t)P)(0) C R(t)P(0), PcKkt.
On the other hand,
K (t) = (T(t)KT)(0) = R(t) X, vt >0, (14)

sinceX™ includes all the trajectories in the evolutionary system. For &set F*
andr > 0 denote

B(P,T) = {u € .7:+ : dC([O,oo);XW)(UaP) < ’I“}.

A setP C FT uniformly attracts a sef) C K if for any e > 0 there existg, such
that
T(t)Q C B(P, 6), Vit > tg.

Definition 7.1. A setP C FT is a trajectory attracting set if it uniformly attracts™.

Lemma 7.2. Let P be a trajectory attracting set. TheR(0) is a weakly attracting
set.
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Proof. Indeed, ifT'(t)K* C B(P,¢) for somee, t > 0, then, thanks to (14), we have
R(t)X = (T(t)KT)(0) C (B(P,€))(0) C By (P(0),e).
This concludes the proof. O

Definition 7.3. A set2 C F1 is a trajectory attractor if2l is a minimal compact
trajectory attracting set, and’(¢)2l = 2 for all ¢ > 0.

It is easy to see that the intersection of two compact trajectory attracting sets is
a trajectory attracting set. Therefore, if a trajectory attractor exists, it is unique. Let
K := &((—0,00)), which is called the kernel &. Let also

H+IC = {U()hopo) U e IC}

Theorem 7.4. Let £ be an evolutionary system satisfying A1. Then the trajectory
attractor exists and
A =11, K.

Proof. Since&([—T, o0)) is compact inC'([-T, c0); X,) forall T > 0, using a diag-
onalization process, we obtain tHat, X is compact inF+. Moreover, due to Theo-
rem 5.8,I1, K uniformly attractsC .

Now assume that there exits a compact trajectory attracting seictly included
in I, XC. Then there exist > 0 and

we LK\ B(P,e).

Letv € £((—o0,00)) be such that|y oy = u. Letalsov,(-) = v(- — n)|j0,o)- NOte
thatv,, € KT and
T(n)v, =u ¢ B(P,e€), Vn.

Therefore,P is not a trajectory attracting set, a contradiction.
Finally, the properties 2 and 4 éfimmediately imply thafl’(¢)I1.XC = I1 K for
allt > 0. O

Note that Theorem 5.8 also yields that
Ay = 2U(¢), vt € R.

Finally, we will show that the strong continuity of complete trajectories implies a
uniform strong convergence of solutions toward the trajectory attractor.

Theorem 7.5. Let £ be an evolutionary system satisfying Al, A2, and A3 i
C(]0,0); Xs), then the trajectory attractd uniformly attractsC* in Lo ((0, 00); H).

loc

Proof. Since2 C C([0,0); Xs), Theorem 6.2 implies that the evolutionary system
£ is asymptotically compact. Therefore, Theorem 5.9 yields2haniformly attracts
Kt in L2 ((0, 00); H).

O
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8 3D Navier-Stokes equation

In this section we will apply the above results to the space periodic 3D incompressible
Navier-Stokes equations (NSE)

d
au—VAu—i—(wV)u—&-Vp:f,

V-u=0, (15)
u, p, f are periodic with period. in each space variable,
u, f areinLi (R3)3,

loc
whereu, the velocity, and, the pressure, are unknownsjs a given driving force,
andrv > 0 is the kinematic viscosity coefficient of the fluid. By a Galilean change of
variables, we can assume that the space averagésdfero, i.e.,

/ u(z,t) dx =0, Vt,
Q

whereQ) = [0, L)? is a periodic box.

First, let us introduce some notations and functional setting. Denote Hyand
|- | the L%(Q2)3-inner product and the correspondihg(2)3-norm. Let) be the space
of all R? trigonometric polynomials of periofl in each variable satisfying - v = 0
and [, u(z)dz = 0. Let H andV to be the closures of in L*(Q2)* and H'(Q2)?,
respectively. Define the strong and weak distances by

1 Ju, — vyl
ds(u,v) == |u— v, dw (u,v) = —_—— u,v € H,
ng:s 2051 1 + |, — vy

whereu,, andv,, are Fourier coefficients af andv respectively.

Let alsoP, : L?(Q2)® — H be theL?-orthogonal projection, referred to as the
Leray projector. Denote byt = — P, A = —A the Stokes operator with the domain
D(A) = (H?(2))3 N V. The Stokes operator is a self-adjoint positive operator with a
compact support. Let

] := [AY2ul,
which is called the enstrophy norm. Note tfjat| is equivalent to thé7*-norm ofu
foru € D(A'/?).

Now denoteB(u,v) := P,(u - Vv) € V' forall u,v € V. This bilinear form has

the following property:

(B(u,v),w) = —(B(u,w),v), u,v,w €V,

in particular,(B(u,v),v) = 0 forall u,v € V.
Now we can rewrite (15) as the following differential equatiorVih

%u + vAu+ B(u,v) = g, (16)

wherew is aV-valued function of time ang = P, f. Throughout, we will assume
thatg is time independent ange H.
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Definition 8.1. A weak solution 0{15) on [T, c0) (or (—o0, x0), if T' = —o0) is an
H-valued functionu(t) defined fort € [T, o), such that

dow e Lo([T,001 V'), () € O, 00); H) N Le((T, 00): V),

and
d .
(dtu,v) +v((u,v)) + (B(u,u),v) = (g,v) a.e.int,Yv e V.

Theorem 8.2 (Leray, Hopf). For everyuy € H, there exists a weak solution of (15)
on [T, co) with u(T") = ug satisfying the following energy inequality

t t
wwﬁ+w/nwwﬁwsmmW+z/@wmm»m 17)
to to
forall t > tg, tg a.e. in[T, o).

Definition 8.3. A Leray-Hopf solution of15)on the intervalT’, co) is a weak solution
on [T, o) satisfying the energy inequality (17) for 8l < ¢y < t, tp a.e. in[T, c0).
The setE'z of measurd) on which the energy inequality does not hold will be called
the exceptional set.

It is known that there exists an absorbing ball for the 3D Navier-Stokes equations
(see, e.g., [10]).

Proposition 8.4. The 3D Navier-Stokes equations possess an absorbing ball
B = B4(0, R),
whereR as any number larger thdy|v—1L/(2n).
Let X be a closed absorbing ball

X ={u € H :|ul <R},

which is also weakly compact. Then for any bounded&et H, there exists a time
to, such that
u(t) € X, vt > to,

for every Leray-Hopf solution:(¢) with the initial datau(0) € A. Classical NSE
estimates (see [10]) imply that for any sequence of Leray—Hopf solutigifisot only
for the ones guaranteed by Theorem 8.2) the following result holds.

Lemma 8.5. Let u,(t) be a sequence of Leray-Hopf solutions (@5), such that
un(t) € X forall t > ty. Then

u,, is bounded inL?([ty, T); V),
%un is bounded inL*/3([to, T]; V'),

for all T > ¢,. Moreover, there exists a subsequenge of u,, that converges in
C([to, T)]; Hy) to some Leray-Hopf solution(t), i.e.,

(Un,,v) — (u,v) uniformlyon  [to, 77,

asn; — oo, forallv e H.
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Consider an evolutionary system for which a family of trajectories consists of all
Leray-Hopf solutions of the 3D Navier-Stokes equationXinMore precisely, define

E([T,00)) := {u(-) : u(-) is a Leray-Hopf solution ofil’, co)
andu(t) € X Vt € [T,00)}, T e R,

E((00,00)) := {u(-) : u(-) is a Leray-Hopf solution ofi—o0, o)
andu(t) € X Vt € (—o0,00)}.

Clearly, the properties 1-4 éfhold. Therefore, thanks to Corollary 3.9, the weak
global attractot4,, for this evolutionary system exists. Moreover, we have the follow-
ing.

Lemma 8.6. The evolutionary systegof the 3D NSE satisfies Al, A2, and A3.

Proof. First note tha€ ([0, )) C C([0, 00); Hy) by the definition of a Leray-Hopf
solution. Now take any sequeneg € £(]0,0)),n = 1,2,.... Thanksto Lemma 8.5,
there exists a subsequence, still denoted hythat converges to some € £([0, >))
in C([0,1]; Hy) asn — oo. Passing to a subsequence and dropping a subindex once
more, we obtain that,, — u? in C([0,2]; Hy,) asn — oo for someu? € £([0, 00)).
Note thatu! () = u?(¢) on [0, 1]. Continuing this diagonalization process, we obtain
a subsequence,, of u,, that converges to someec £([0,00)) in C([0,00); H,,) as
n; — oo. Therefore, Al holds.

Now, givene > 0, letd = ¢/(2|g|R). Take anyu € £([0,0)) andt > 0. Since
u(t) is a Leray-Hopf solution, it satisfies the energy inequality (17)

t t
u(t)* + QV/ lu(s)I|* ds < [u(to)|* + 2/ (9, u(s)) ds,
to to
forall0 <ty <t,ty €[0,00)\ Ez, whereEx is a set of zero measure. Hence,
[u(®)* < Ju(to)® +2(t — to)lg| R
< Ju(to)]* + e,

forall ty > 0, such that, € (¢t — 4,t) \ Ex. Therefore, A2 holds.

Let noww,, € £([0,0)) be such that,, — u € £(]0,00)) in C([0,T]; Xy,) as
n — oo for someT" > 0. Thanks to Lemma 8.5, the sequer{esg,} is bounded in
L?([0,T]; V). Hence,

T
/ |t () — u(s)[*ds — 0, as n— oo.
0

In particular,|u, (t)| — |u(t)| asn — oo a.e. on0, T}, i.e., A3 holds. O

Now Theorem 5.8 and Corollary 6.3 yield the following.

Theorem 8.7. The weak global attractad,, for the 3D NSE exists4,, is the maximal
invariant set, and

Ay = wi(X) = ws(X) = {u(0) : u € E((—00,00))}.
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Moreover, for any > 0 there existg, such that for any* > t,, every Leray-Hopf
solutionu € £(]0, o0)) satisfies

de(jv,00):x,) (U, ) <6
for some complete trajectory € £((—o0, 0)).

Theorem 8.8. If every complete trajectory of the 3D NSE is strongly continuous, then
the weak global attractor is a strongly compact strong global attractor. In addition,
foranye > 0 andT > 0, there exists,, such that for any* > ¢,, every Leray-Hopf
solutionu € £(]0, o0)) satisfies

ds(u(t),v(t)) <e, Vit e [t*,t" + T,

for some complete trajectory e £((—o0, 00)).

Finally, we note that all the other results from the previous sections apply to the
3D Navier-Stokes equations as well.
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