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Spector’'s Theorem.

T heorem:[Spector '55] Every hyperarithmetic well
ordering is isomorphic to a computable one.

Definition:

e The Turing degree of a linear ordering X =
(X, <), with X Cw, is
deg(X) @ deg(<y,)
e A computable (hyperarithmetic) linear or-
dering is a linear ordering of computable (hy-
perarithmetic) degree.

e A computable (hyperarithmetic) well order-
ing is a well ordering (X,<x) that is com-
putable (hyperarithmetic) as a linear ordering.

e The order type of a computable well ordering

IS @ computable ordinal.

e w{H is the least non-computable ordinal.



Hyperarithmetic sets.

Proposition: [Suslin-Kleene, Ash]
For a set X C w, the following are equivalent:

e X is A1 =3X1NMNJ.
e X is computable in 0(®) for some a < w{kK.
(0(®) is the ath Turing jump of 0.)
e X = {z : ¢o(x)}, where ¢ is a computable
infinitary formula.
(Computable infinitary formulas are 1st order formulas

which may contain infinite computable disjunctions or
conjunctions.)

A set satisfying the conditions above is said to
be hyperarithmetic.

In particular, every computable, AO, and arith-
metic set is hyperarithmetic.



Theorem:[Spector 1955] Every hyperarithmetic well or-
dering is isomorphic to a computable one.

Spector’s theorem.

Spector’'s theorem doesn’'t directly extend to
linear orderings:

Not every hyperarithmetic linear ordering is iSo-
morphic to a computable one.

Theorem:[Feiner '67] There is a AY l.o. that is
not isomorphic to any computable one.

Theorem: Thereis a linear ordering of Turing
degree a which does not have a computable
copy whenever

o 2/ >1 0"; [Lerman '81]
e ais c.e. and a #7 O, [Jockusch, Soare '91]
e O<ra<0; [Downey '98][Seetapun]
e aZ7 0. [Knight "2000]

But this is not the only way we could extend
Spector’s theorem to linear orderings.



Theorem:[Spector 1955] Every hyperarithmetic well or-
dering is isomorphic to a computable one.

Our main result

Definition:
- Given linear orderings A and B, we say
that A embeds in B if there is a strictly
increasing map f: A— B. We write A < B.
- A and B are equimorphic if A < B and
B <A We write A~ B.

Example:
wt+wtwt+w+r ~ Wt wtwttwt-

Observation: If « is an ordinal and £ ~ «a,
then L is isomorphic to o.

Proof: £L<a = L is an ordinal and L < a.

a<L = o< L and hence L £ a. H

Theorem: Every hyperarithmetic linear order-
Ing is equimorphic to a recursive one.




Hausdorff rank

Definition:

e Given a l.o. L, we define another l.o. L[/
by identifying the elements of £ which have
finitely many elements in between.

e Then we define £(O= ¢, £latl)= (£2) and
take direct limits when « is a limit ordinal.

e rk(L), the Hausdorff rank of L, is the least
a such that £% is finite.

rk(w) =rk(Z) = 1, rk(w®) = «,
‘k(Z+72Z+7Z+---) =2, rk(Q) =

To prove that rk(w®) = «, observe that if we
let vo g 71 <= 71— < w?, then (wa)(ﬁ) = w%/ ~3.

Examples:

Observation: If A < B, then rk(A) < rk(B).
Therefore, A~ B = rk(A) = rk(B)

Proposition:[Cantor, Hausdorff] For a countable
|.o. L, the following are equivalent

e QX L,
e L is not equimorphic to Q,
o rk(L) < wy.



Hausdorff rank

A l.o. Lsuch that Q £ £ is said to be scattered.

Lemma: If £ is a hyperarithmetic scattered
linear ordering, then rk(£) < w{X.
Proof: A standard overspill argument.

Theorem: If L is scattered then
rk(£) < w§{E <= L is equimorphic to a
computable linear ordering.

Proof of «: Use the lemma and the observation above.

Proof of our main theorem using the theorem
above:

Let £ be a hyperarithmetic linear ordering. If Q < C,
then £ ~ Q. Otherwise, rk(£) < w{X, and hence L is

equimorphic to a computable linear ordering.



Lemma: If £ is a hyperarithmetic scattered
linear ordering, then rk(L) < w{X.

Proof: Assume that £ is hyperarithmetic and rk(£) >
CK
R

Given a linear ordering A, and a family E = {~,;: a €
A} of equivalence relations on L, let ¢(A, E) be the
hyperarithmetic formula that says:

e For every a € A there is a pair of non-~,-equivalent
elements, and

e foreverya € A, if x %2, y, then, for every b < a there are
infinitely many elements of L between x and y which
are mutually non-~-equivalent.

Then, for every recursive well ordering «, since rk(£) >

Since the set of recursive well orderings cannot be de-
fined by a Z% formula, there is a recursive non-well-
ordered linear ordering A such that IE(¢(A, E)).

Let £ = {~,;: a € A} and {a;}iev be a descending se-
quence in A.

Construct an embedding f of the dyadic rationals be-
tween O and 1 into £ by recursion, satisfying that for
each n and m < 2", f(Z) #a, f(ZH).



Equimorphism types

Definition: Let L be the partial ordering of
equimorphism types of countable linear order-
ings, ordered by embeddablity.

Theorem: [Fraisé’s Conjecture '48; Laver '71]

L is a well partial ordering.
( i.e., L has no infinite descending )
sequences and no infinite antichains.

Also, for every scattered x € L,
{yeL:y<x}is countable.

Definition: Let L, be the restriction of L to
the linear orderings of rank < a.

Theorem: For every ordinal «,

a < w?K <— Lo IS computably presentable.



Very General Idea of the proof

Definition: Given a countable subset § =
{Lg,L1,..--} CL let

F(+,5) = Lo+ (Lot L1)+ (Lot L1+ L)+
and

F(—,8) =4+ (Ly+L1+Lo)+(L14+Lo)+ Lp.

(F is well defined on sets of equimorphism types.)

Definition: By transfinite recursion on o we

define H, C L:
- Ho = {1},
- Ha = {F(+,8),F(—,5) : § C | Hg}u{1}.

B<a

We let H = | H, be the class of h-indecomposables.
Observe that H, = HNL,.

Theorem:[Laver '71] Every scattered countable
linear ordering is equimorphic to a finite sum
of h-indecomposables.

(So, it is enough to prove that if £ is h-indec. and
rk(£) < w§E, then L is equimorphic to a computable 1.0.)



Very General Idea of the proof

By computable transfinite recursion we build:

e (Hy,<,), @a computable presentation of Hy;

a computable family {Lq(x) : ¢ € Hya}, such
that La(x) is a computable linear ordering in
the equimorphism type corresponding to x.

Example: (H>, <,,L5)

Observe that if we manage to construct
(Ho, <, La), for each a < w{X, we are done.



General Idea of the proof

Suppose we have already constructed (Hpg, <,, Lg),
an we want to construct (Hgt1,<,,,, £3+1),
Recall that Hgyy = {F(+,S5),F(—,S) : S CHz} U{1}.

Key points:
If L H, and £ <X A+ B,
then either L L A or L £ B.
If S,R CH, then
F(+,S) X F(+,R) <= Vre Sdyec R(z X y).
If I is the downward closure of S C H, then
F(+,8) ~ F(+,1).

(downward closed subset of H are called ideals)

F' induces a bijection between

{—l-,—} X {I . I ideal of Hﬂ}7 and HfH‘l

Every ideal I of Hﬁ IS determined by the set
of minimal elements of ]HI5 ~ I, which is an
antichain, and hence is finite because HB IS a
well partial ordering.



General Idea of the proof

Definition: We let

Hgy1={+,—} x {A: A finite antichain of Hg}

and

Lyp1({(+, )= F(+,{Ls(z) : z € I3(A)}),
where Ig(A) = {z € Hg : Vy € A(y £5 )}

Definition of <,,,:
e Note that F(+,I)x F(+,J) < 1CJ,
(when I,J are ideals). SO, we can define
(+,40) <gp; (+,41) —

Vy € A1dz € Ap(x Sﬁ y).

e \When the signs are different we have
F(+,I) S F(—,J) <= F(+,1) € J,

So,

(4, A0) <gyq (= A1) Iff V2 € A1(2 £5 y) where
y € Hg and Lz 1({(+, Ag)) = L(y).

All we need to do is recognize Hg inside Hg q.



Idea of the proof

For both, defining gﬂ and defining H, for limit
a, we need to be able to recognize Hﬁ inside

Hg41-

Recall: _ _
For every set S = {Lo, L1, ...} of equimorphism types,

F(+,S) =Lo+ Lo+ L1)+ Lo+ L1+ L)+
Ho = {F(+,9),F(—,8): S C| JHs} u{1}.
B<a
H = [JH,, the class of h-indecomposables.
Every |.0 is equimorphic to a finite sum of h-indecomposables.

We want to show that for every =z € H,, o < w{¥, there
is a computable £ € z.

e We want to computably define (Hg, <,, L), such that
(Hp, <,) = H, and for each z € Hg, Ls(z) € x.

e F' induces a bijection between
{+,-} x {I: 1 ideal of Hg}, and Hgyq.

e \We code an ideal of H, by the set of minimal elements
of its complement, which is finite.

e Hgy1 = {+4+,—} x{A: A finite antichain of Hg}.



Idea of the proof

Suppose that we have already constructed Hgy ¢
and that we have Hg C Hg 1.

Claim: If we could uniformly find CB+1' the
set of minimal elements of Hg, 1\ Hg, then we
could uniformly recognize Hgq inside Hgyo.

e Suppose we are given y € Hgy1, and we want to find
x € Hpqo such that Lsio(z) = Ls41(y). Let y be given
as (+,A) and let ] = {z € Hg : Va € A(a £, z)}. To
find =z we need to find the set B of minimal elements of
Hgyq 1.

B is the set of minimal elements of AU Cs41.

e Conversely, suppose we are given xz € Hgyo, and we
want to find out whether Lgio(z) € Hgyy. Let z be
given as (+,A) and let I = {z € Hg41 : Va € A(a £,.,,
z)}. Note that rk(Ls42(z)) < B+ 1 iff for every z € I,
rk(Ls+1(z) < B4+1). So La42(x) € Hgyq iff I C Hg. This
happens iff Ve € Cs413a € A(a <, ©).



Signed Trees.

Definition:

A signed tree is a well founded tree T C w<¥
together with a map sp: T — {4+, —}.

e Given a signed tree T, let T; = {0 : i"oc € T}, and let

in(T) = F(sp(0),{lin(T}) : i € w})

Let lin(0) = 1.

The linear orderings of the form lin(T) are ex-
actly the h-indecomposables.

Example: Iin(_/+\_|_> ~ wtw"twtw*...

Definition: Let T and T’ be signed trees.

e h: T — T'is a homomorphism if Vo,r €T
o C 1= h(o) C h(r) and sp(h(o)) = sp(0).
e Let T < T if such an h exists.

Observation: T xT' < |lin(T) < 1lin(T").



T<XT < Ilin(T) L lin(T")

(=) Easy by induction on rk(T"), using the def-
inition of lin(T).

(<) If sp(0) = + and s(0) = —, then, observe
that lin(T") has to be embeddable in lin(T}) for
some i, because lin(T) is indecomposable to
the right and lin(T") is an w* sum of orderings
of the form lin(7}). Then by induction hypoth-
esis T T,

Suppose now that sp(0) = sp(0) = 4. Map
the root of T into the root of T'. Since every
lin(T};) is embeddable into some Iin(TJ’-), by in-
duction hypothesis we have that every subtree
of T embeds in a subtree of 7. Hence T' < T".



Signed Trees - Example.

Given xq,*; € {+,—}, let Ty, «, be a tree of
rank w, whose root is signed xg and the other
nodes are signed 7.

Claim: For every signed tree T of rank > w
there is a o € {+,—}2 such that T, < T.

This would imply that for a linear ordering L
rk(£) > w <= 3o € {+, - }2(lin(T,) < L).

Proof of the claim: Assume, wlog, that T
has rank w. Let xg = sp(0). If for infinitely
many n < w there is some node of T with rank
n and labeled 4, let x1 be 4. Otherwise, let
x1 be —.

It is not hard to show that Ty, < T.



Idea of the proof

Consider o = wg + .-+ wﬁk—l, where bg > ... > by_1.
Definition: Given o € {+,—-}*T1 let T, be

the signed tree of rank o such that every node
x, sT, (x) = o(¢), where ¢ is such that

Theorem: Let S be a signed tree. Then
rk(S) > a <= 3o € {+, -}t (Th, < 9).

Definition: Let Cy = {lin(Ta) : 0 € {4+, —}FT1}.

Note that Cg, ;1 is the set of minimal elements
of H,B-|-1 N Hﬁ

To find {CC c HB_|_1 : ,Cﬂ_|_1(33) c Cﬁ-l—l} is still
not easy.



Recall that a = w) + - + WP, where by > ... > by.

rk(S) > a <= Jo € {+, -}t (Tas < 5)

(<) Easy.

(=) Need to prove the following lemma and
then use induction on k.

Lemma: Let P be a well founded partial order-
ing. Let Py, P1 € P be such that PouUP1 = P.
Then

rk(P) < rk(Pg) @ rk(Py)

( where @ is the ordinal natural sum).
If we also have that Pg and Py are closed up-
ward, then

rk(P) = max(rk(Pg), rk(P1)).



Other extensions

Theorem: Let X be either a Boolean Algebra,
(reduced) p-group or a (compact) countable
metric space.
Then, if X is hyperarithmetic,

it is equimorphic to a computable structure.

Question: Does this theorem hold for any
other class of structures?

Theorem: For each a < w{X, the set &,, of
pairs of indices of equimorphic computable lin-

ear orderings of rank < «, is hyperarithmetic.

Question: What is the complexity of £,7



