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I.E.7) Let λ be an eigenvalue for φψ with eigen-
vector v 6= 0.
Case 1 (λ 6= 0): φψ(v) = λv. So ψφψ(v) = ψ(λv) =
λψ(v). ψ(v) 6= 0 (because λ 6= 0) so λ is an
eigenvalue for ψφ corresponding to ψ(v).
Case 2a (λ = 0): If kerφ 6= 0 then let u 6= 0 ∈ kerφ,
so ψφ(u) = ψ(0) = 0 = λu. If not then φ is an
isomorphism (this uses that V is finite-dimensional),
so φψ(v) = 0 ⇐⇒ ψ(v) = 0. Let u = φ−1(v).
v 6= 0, so u 6= 0. Then ψφ(u) = ψ(v) = 0 = λv.

II.E.2) Let v ∈ Ki. We want that φ(v) ∈ Ki.
From (1) we know that φ commutes with ψλ.
ψi

λφ = ψλψλ . . . ψλφ = φψλψλ . . . ψλ = φψi
λ, so

ψi
λφ(v) = φψi

λ(v) = φ(0) = 0. Thus φ(v) ∈ kerψi
λ,

as desired.

II.E.4) i) λ1: geometric = 1, algebraic = 2.
λ2: geometric = 1, algebraic = 1.
ii) 2: geometric = 2, algebraic = 2.
6: geometric = 1, algebraic = 1.

III.C.2) ii) The minimal polynomial is x4 − 1.
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