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50.17) Let E be the splitting field of a set S of polynomials in F [x]. If E = F ,
then E is the splitting field of x over F . If E 6= F , then find a polynomial f1(x)
in S that does not split in F , and form its splitting field, which is a subfield E1

of E where [E1 : F ] > 1. If E = E1, then E is the splitting field of f1(x) over
F . If E 6= E1, find a polynomial f2(x) in S that does not split in E1, and form
its splitting field E2 ≤ E where [E2 : E1] > 1. If E = E2, then E is the splitting
field of f1f2 over F . If E 6= E2, then continue the construction in the obvious
way. E is a finite extension of F , so this process must eventually terminate with
some Er = E, which is the splitting field of f1f2 . . . fr over F .

50.19) (⇒): Let α ∈ E \ F . irr(α, F ) splits in E since it has a zero (α) over F ,
so E contains all conjugates of α over F .
(⇐): Let σ an automorphism of F fixing F . For each α ∈ E, we must have
σ(α) ∈ E. So σ(E) ⊂ E. σ−1 is also an automorphism fixing F , so we see that
σ−1(E) ⊂ E. Thus E ⊂ σ(E) ⊂ E, so σ restricted to E is onto, and thus an
automorphism of E. By Theorem 50.3, E is a splitting field.

51.11) Let K be a finite extension of E. We need that K is a separable ex-
tension of E. Let α ∈ K. [K : E] < ∞, so α is algebraic over E, and as E
is algebraic over F , we have that α is algebraic over F , so we may consider
irr(α, F ). F is perfect, so α is a zero of irr(α, F ) of multiplicity 1. irr(α, E)
divides irr(α, F ), so α is a zero of irr(α, E) of multiplicity 1, so α is separable
over E. Thus K is separable over E.

51.15) Let f(x) =
∑

aix
i and g(x) =

∑
bix

i.
a) D(f(x) + g(x)) = D(

∑
(ai + bi)xi) =

∑
i(ai + bi)xi =

∑
iaix

i +
∑

ibix
i =

D(f(x)) + D(g(x))
b) F
c) F [xp]

51.16) a) D(af(x)) = D(
∑

aaix
i) =

∑
iaaix

i = a
∑

iaix
i = aD(f(x))

b) (outline only) If deg(fg) = 0 then f, g ∈ F , so f ′ = g′ = 0. Assume for n < k,
prove for n = k > 0. Write f(x) = h(x) = h(x) + arx

r, where deg(h) < deg(f)
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and ar 6= 0 and similarly for g. Multiply, take derivates, apply the induction
hypothesis, and simplify.
c) Induct on m. m = 1: D((f(x))1) = (f(x)0f ′(x) reduces to D(f(x)) = f ′(x).
Assume for m < k. For m = k: D(f(x)k) = D(f(x)f(x)k−1) = f(x)[(k −
1)f(x)k−2f ′(x)]+f ′(x)f(x)k−1 = [f(x)(k−1)f(x)k−2+f(x)k−1]f ′(x) = kf(x)k−1f ′(x)

51.17) f(α) = 0, so in F [x], let f(x) = (x − α)νg(x) where g(α) 6= 0 and
ν ≥ 1. Then by exercise 16, f ′(x) = (x − α)νg′(x) + ν(x − α)ν−1g(x). Since
ν ≥ 1, f ′(α) = 0νg′(α) + ν0ν−1g(α) = ν0ν−1g(α). This is zero iff ν > 1.

51.18) Suppose α is a zero of an irreducible polynomial, f ∈ F [x]. deg f ′(x) <
deg f(x) so f ′(α) 6= 0, so by exercise 17, α is a zero of multiplicity 1. All zeros
have the same multiplicity, so all have multiplicity 1, so f(x) is separable.

51.19) (⇒): If every exponent of q is divisible by p, then q(x) = g(xp) for
some polynomial g over F . Then g(x) = (x − αp)h(x) in F [x]. If q(α) = 0
then g(αp) = 0 so we may factor to get g(x) = (x − αp)h(h) in F [x]. Then
q(x) = (xp − αp)h(xp) = (x− α)ph(xp), so α is a root of multiplicity at least p,
so q is not separable.
(⇐): Following the argument for exercise 18, we see that q′(α) 6= 0 unless q′ = 0.
q′ = 0 iff each exponent of each term in q is divisible by p. If this is not the case,
then q′(α) 6= 0 so α has multiplicity 1 by exercise 17 and so q is a separable
polynomial.
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