Math 205

Integration and calculus of several variables
week 7 - May 11, 2009

10. d 1S FOR DISASTER

We have two formulas for d.

N
(10.1) df = Zl a—xidxi
(10.2) d(fdx + gdy) = (% — g—g)dx A dy

Recall also, we were led to impose relations
dz N\ dy = —dy N dx; dz N\ dzx = 0.

These came because in computing integrals, the order of the d’s told
you the order of the rows in the jacobian determinant, and switching
rows changed the sign of the determinant.

We can rewrite (10.2) above as

(10.3) d(fdx + gdy) = (df) A dx + (dg) A dy.

To check (10.3), we compute

e of Jg dg
(df) Ndx + (dg) Ndy = (axdx + 8ydy) A dz + (axd:c + aydy) A dy
:gdw/\dij%dy/\dx%—@dx/\dy—ir@dy/\dy
ox dy ox oy
_ (09 Of
= (895 ay)d:r/\dy.

Formula (10.3) suggests a definition of dw for any differential form
w. Here is the general formula for a p-form on R".

Definition 1.

d( Z Jirroip(T15 -y Tp)dayy Ndxgy AL A d:vip>

1< << <ip<n

= Z df“ 77777 z‘p(l'l,...,fbn) /\dle /\dl‘l2 /\/\dIZp

1< <2< <ip<n
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Example 2. Let w = fdz + gdy + hdz be a 1-form on R3. Then

(104) dw=df Ndx+dgANdy+ dh Ndz

of of of dg dg 9g
(axd +a dy +azd)/\dx+(axd +8 dy vt dz) A dy

(@d + @dy + %dz) Ndz

ox dy 0z
g of on  of dg
_(&v 5 )dx/\dy—l—(ax 6Z)dx/\d +(ay 8Z)dy/\dz

Example 3. Let n = fdx N dy + gdx N\ dz + hdy A dz be a 2-form in
R3. Then

(10.5) dn=df Ndxe Ndy +dg Ndx Ndz+ dh Ndy N dz

of  of of dg , 99, O
((9 dx +(7 dy —|—a dz)/\da:/\dy—i—(axdx—l—aydy—i-azdz)/\dx/\dz
oh oh oh
<(9_de a—dy—i-a—dz)/\dy/\dz
O g nar ndy+ g oz ndz+ O A dy A d
0z oy Ox
:gdz/\dy/\dz—a—daz/\dy/\dz+@d:v/\dy/\dz
0z oy ox
of 0dg 0Oh
— (ZL %9 P g pdy A de.
(02 8y+3x> TAdy A dz

Notice here that whenever we interchange 2 d’s, we switch signs. Thus

dzNdyNdx = —dxANdyNdz; dzNdxNdy = —dxAdzN\dy = +dxAdyNdz.
Here are some properties of d:

Proposition 4. (i) d(wy + wa) = dwy + dws.
(ii) d(dw) = 0.

Proof. (i) is easy to check. Using it, and renumbering the coordinates
if necessary, we reduce (ii) to showing

d(d(f(x1,...,zn)dzy Adxa A ... Ndxy,)) = 0.



We compute

d(d(f(x1, ..., zn)dzy Adza A ... ANdxy))

- d(;g—id@) Ndzy A Ndx, = ;d@i) Ndz; Adzy A Nda,

=> > daj Ada; Aday AN dy,
=1 j5=1
Notice in this formula, if ¢ # j the second partial a:igaij = 62_281;1_
appears twice, once multiplying dz; A dx; A ... and again multiplying
dxj Adz;.... These two terms cancel. Also, gj i appears multiplying
dz; A dx; A ..., so these terms die as well. We conclude d*(w) = 0 as
claimed. U

Given a p-form w and a ¢g-form 7, we may form their wedge product,
wAm.

Example 5. The product of 1-forms in R? looks like
(fdx + gdy) N\ (Fdx + Gdy) = (fG — Fg)dx N dy.
Even simpler, the product of a 0-form and a 1-form in R? is
f - (Fdx + Gdy) = fFdx + fGdy.

(Of course, the product of O-forms f and g is just their product as
functions fg.) Finally, a typical product of 2-forms is

(fdxy N dxs) A (gdzy A dxy) = fgday Adxs A deg A dzy
= —fgdxy N\ dxo N drs N day.
Proposition 6. d(w A1) =dw An+ (—1)Pw A dn.

Proof. Suppose first that w = f and n = g are O-forms, i.e. functions.
Then

a(f9g) of g
d(fg) = Z 8—a7z~dxi = (Z 8—%d$i>g+fz 8_xz~dxi = (df)-g+f-dg,
proving the proposition in this case. More generally, using linearity, we
reduce the proof to the case
w= fdry N\...Ndx;, n=gdv; N...Ndz;,

(In other words, the general w and 7 are sums of such forms, and one
sees that both sides of the desired equality involve the same sums...)
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To shorten, let me write dz; in place of dx;, A ... A dw;, and similarly
dry=dxj A...Ndx;,. Then
dw = df N dzy; dn =dg Ndxy
dlwAn)=d(fg) Ndx; Ndxy = f(dg) N dxy ANdxy+ g(df) Adxp Adxy
= (df Ndx) A (gdxy) + (=1)P(fdxr) A (dg A dxy)
=dw An+ (—1)’w A dn.
O

Exercise 7. 1. Notice we have used in the proof of proposition 6
that
dg N\ dxy = (—=1)Pdz A dg.
Verify this in detail.
2. Prove d(fdgi Ndga \...Ndg,) = df Ndgi A ... Ndg,. (Hint: use
induction on p, i.e. first consider the case p = 0. Then show if
the assertion is true for p, it is true for p+1.)

Of course, this is mere symbol manipulation; worthless unless it gives
us some insight into the process of integration. What we are heading
for is a proof of Stokes’ formula

/dw:/w
¢ 0

in a more general framework. First however, I want to change slightly

our viewpoint. Let ¢ : I[P — U c R™, and let w be a p-form on U. 1
want to define a p-form ¢*w on I? in such a way that

(10.6) /g5 w= [ ¢w

Ir
In other words, we need a mapping

(10.7) ¢" : {p — forms on U} — {p — forms on I}

such that (10.6) holds. In fact, we have a mapping ¢* defined for forms
of any degree.

Proposition 8. Let ¢ be as above. For q > 0 There exists a unique
mapping

¢* :{q — forms on U} — {q — forms on I"}
satisfying the following conditions

(i) On 0-forms (=functions), ¢*(f) = f o ¢.
(i) 6" (dw) = d(6"w).

(iii) ¢* respects sums, i.e. ¢*(wy + wq) = @™ (w1) + ¢*(w2).
(iv) ¢* respects products, i.e. ¢*(w1 Aws) = ¢*(wq) A ¢*(w2).
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Proof. What we will do is use the conditions of the proposition to get
an expression for what should be ¢*w. Then we will check that this ex-
pression may be used as definition. Let z1, ..., x, be coordinates on U,
and let ¢,...,t, be coordinates on I?. Write ¢(t) = (x1(¢),...,z.(t)).
Apply (ii) to the 0-form x; on U to get

& (day) = d(6*(z:)) = d(wi(tr, ...\ 1,)) = gfldt].

Now apply compatibility with multiplication (iv) above to deduce

(108) ¢*(f“ _____ Z‘quL‘il A dl’iQ VANPIRAN d{L‘iq)

= fir,ig(21(2) Z 826,1 dt Z
7j=1

ox;
2 dt;

Z ax“] dt;)

The most general w is given by a sum of such terms as in definition 1.
Using compatibility with sums (iii) above, we deduce a formula for ¢*w
as a sum of expressions like the right hand side of (10.8) above. The
general formula is a bit painful to write out, but it is clear that such a
formula exists, defining ¢*w.

We're not quite done, because we should check that the ¢* we have
defined in (10.8) satisfies the desired properties (i)-(iv). (Just because
we used these properties to define ¢* doesn’t mean that they will hold
in general.) The only condition that is tricky is (ii). Suppose first the
w = f is a function. Then

A6 (f)) = d(f o 6) = Z%

=3 SLoan > 2 lar, = o),

— o1,

which proves (ii) in this case. (Notice this is just our old friend the
chain rule.) Next assume p > 0. Renumbering the coordinates and
using linearity as before, we can check (ii) for w = fdxq A... Adx,. We
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have (using exercise 7 and (iv))
d(¢*w) = d(¢*(fdzy A ... Ady))
= d(fa@)d () A Ad(,(1))
O A de0) - )

= d(@"() ANd(@™(x1)) A - Nd(9*(xp))
= ¢"(df) N ¢*(dwy) A -A¢(d~"ﬁp)

o (df /\dxl/\.../\d:cp> = ¢*(dw).

O
Exercise 9. Let ¢ : I? — R" be a differentiable map. Show
ox; Oz
¢*(dw; Adxy) =det | 32 822 | dty Adts.
8t1 atz

Prove a similar result for ¢*(dz; A dxj A dxy) when ¢ : I? — R™.

Proposition 10. Let ¢ : [P — U C R"™ be as above, and assume
0<p<3. Letw be a p-form on U. Then

OP'w = /w
Ip ¢

Proof. In fact, this is an easy consequence of exercise 9. Suppose, for
example, just to be nasty that p = 3. The linearity trick we have used
before reduces us to the case w = fdxz; A dx; A dxy. We have from the
exercise

¢'w = [fx(t)¢"(dw; A d; N day)
gh. 8t2‘ (gtg‘
oxy, T axi
oty Oto Ots

On the other hand, by definition

noE o
/w— Pl det | 22 95 95| ap, A dty p dts,
r Oy Oz Oz

ot1 Oto Ots

This is the same as the integral over I® of ¢*w as calculated above. [

We can now prove Stokes” Theorem for 2-forms.
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Theorem 11. Let ¢ : I? — U C R be differentiable, and Let w be a

1-form on U. Then
//dw:/ w.
@ ¢

Proof. All the tools we need are now at hand. Namely
// dw = / * (dw) = // d¢w) 2 [ ¢w= / w.
) 72 12 o012 o

We have used here the fact that we already checked Stokes theorem
on I%2. Once we do the same on I, Stokes’ theorem for 3-forms will be
equally easy. To begin, we invoke the great Fubini:

1 1 1
(10.9) /// gdtl Adta Adts = / dt, ... a—fdti . / dts
I3 atl t1=0 t;=0 atl t3=0

:// (Fltr, .., ty) — ftr, ..., 0, t3))dty ... dt; ... dts.
12

The hat " here means to leave out that differential, and the 0 and 1
occur in the i-th place.

Definition 12.
oI .=
(112, 1) = (11,82,0) ) = (11, 1, ta) = (11, 0,5) )+ ( (182, £5) = (0, 2, )

— (tla t2) 1) - (tla t27 0) - (th ]-7 t3) + (tla O) t3) + (]-7 t27 t3) - (07 t27 t3)
Here e.g. (t1,ta,1) means the 2-chain I* — I3; (t1,ty) — (t1,t2,1).
We always orient these 2-chains by ordering the coordinates t;,t; with
1< 7.

Proposition 13. Let w be a 2-form on I?. Then [[[dw = [/, w.
Proof. Write w = fdty A dty + gdt; A dts + hdts A dts. Compute

_/0f 09  oh
dw-( o at1>dt1/\dt2/\dt3

Now it is just a matter of referring back to (10.9) to compute the
integral over I® of dw. O

Theorem 14 (Stokes’ Theorem for 3-forms). Let ¢ : I* — R", and let
w be a 2-form on R™. Then fff¢dw = ffad)w.

O

Exercise 15. Prove theorem 14.
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Exercise 16. Compute dw in the following examples
w=¢€e"dyNdz; w=dzx/y; w=uzdyNdz+ydr\dz+ zdx Ady
Exercise 17. Compute ¢*w in the following examples
o(t) = (t,t), w =logzdy—e?dx; ¢(t1,t2) = (t1, 12, t1ts), w = xdyNdz.



