Math 205

Integration and calculus of several variables
week 6 - May 4, 2009

9. MORE d FIDDLE
There is a general pattern here. We will define maps for all p
(9.1) d: {p—forms} — {(p+ 1) — forms}.

Before doing that, it is best to think carefully on the level of chains in
order to understand precisely the property our map d should satisfy.
We had defined a p-chain to be a differentiable map ¢ : I — R", where
I? was a p-rectangle in RP. To simplify notation a bit, I will assume
henceforth that I is the unit cube

1" = {(tr,....t,)| 0< t; < 1}.

On the other hand, in the spirit of the great French philosopher Descartes,
whose maxim: “pourquoi faire simple quand on peut faire compliqué?”
has inspired mathematicians ever since, we will generalize the notion
of chain, to permit formal linear combinations of differentiable maps.
In other words, given differentiable maps ¢; : I’ — R™ and ¢; € R, we
will talk about the p-chain
¢ = Z Cii
(2

What does this mean? It does not mean to add the maps ¢; in any
vector sense. Remember that p-chains and p-forms have this sort of
symbiotic relation. A form is that which can be integrated over a
chain, and a chain is that over which a form can be integrated. Ok, so
by definition

(9.2) /d)w::zi:ci/iw.

Now we want to set up a “chain game” which is in some sense dual
to our form game. Recall we have defined O-forms to be functions. Let
us define

Definition 1. A 0-chain p in R™ is a finite, formal linear combination
of points in R™
p:=) clpl;  pieR"
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Remember this is a formal linear combination. Don’t actually try
to add the points. To “integrate” a O-form over a 0-chain, we simply
define

/pf = zi:cz‘f(l?z‘)-

(It occurs to me that the word formal in mathematics has a meaning
similar to its meaning in fashion. You may write down a formal sum
but you never actually add one. In the same way you may own a formal
dress but you never actually wear it.)

Now we define a mapping

(9.3) 0 : {1 — chains} — {0 — chains}
() = ¢(1) — ¢(0); 8(2 cii) == Z ci(¢i(1) — ¢:(0)).
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Our result about d(f) can be rewritten

(9.4) /¢ df = 5 7.

A mathematician would say the mappings d and 0 are dual to each
other.

Exercise 2. 1. Compute df for the following functions
2?4 g?
ii. cos(x)sin(y)
iii. e* 4+ e¥ 4 ¢?
2. For each df from problem 1, compute f¢> df for the paths ¢(t) =
(t,t); 0 <t <1 and ¢(t) = (cos(t),sin(t)); 0 <t < 2.

We now consider 2-chains. To begin with, we define a 1-chain 0I2
on I? as follows.

(9.5) OI* = (t,0) + (1,t) — (t,1) — (0,1)

Here for example (t,0) is short for the path ¢(t) = (0,t); 0 <t < 1.
The picture is:
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Example 3. Let w = 5tidty + Ttodt;. We compute

/ w = / w +/ w — / w — / w
oI12 (£,0) (1,t) (t,1) (0,t)
1 1 1 1 1
:7/ 0dt+5/ 1dt—7/ 1dt—5/ Odt:—2/ dt = —2.
0 0 0 0 0

Definition 4. Given a diferentiable map ¢ : I? — R™, we can define
a 1-chain

a¢ = ¢(t’ O) + ¢(17t) - ¢(t> 1) - ¢(07t)'

More generally, if ¢ =, ci¢; is a 2-chain as above, where ¢; : I* —
R™, we define

Here, for ezample, ¢(t,0) denotes the path t — ¢(t,0); 0 <t < 1.
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Example 5. Suppose ¢ : I — R3 is the 2-chain
G(t1,12) = (t3, tita, 1])
Then O¢ is the 1-chain
o(t,0)+¢(1,1)—¢(t, 1)—¢(0,1) = (0,0,¢*)+(¢%,t,1)—(1,¢,t*)—(£>,0,0).

Here again, note we do not add these as vectors or anything of the sort.
What the notation means is that given a 1-form w, we have

/ w:/ w—i—/ w—/ w—/ w.
o¢p (0,0,t2) (t2,t,1) (1,t,t2) (t2,0,0)

If, for example, w = titodts, we get

1 1 2
/w:—/ td(tZ):—/ 2%dt = —=.
06 0 0 3

Exercise 6. 1. Compute O¢ for the following ¢ : I* — R3:
Gt ta) = (tL +ta, tr — 1, 1);  d(t1,t2) = (€, €2, cos(taty))
2. Show the composition
{2 — chains} 2, {1 — chains} 2, {0 — chains}
18 zero.

Next step is to define the map d from 1-forms to 2-forms as in (9.1).
We define

_(9f2 Oh
(9.6) d(fl(tl,t2)dt1 + fg(tl,tg)dtg) - (a—h . a—h)dtl A dts.
Exercise 7. 1. Compute dw for the following 1-forms w.

tidty + todty;  e“dy;  dr + rcos(6)do.
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2. Let f be a differentiable function on an open set containing I>.
Show

d(d(f)) = 0.

Proposition 8. Let w be a 1-form on an open set in R? containing I>.

Then
o]
2 or2
Proof. We just compute

afQ af1
(9.7) dw = 92 9T iy A dt
//p v / /12 82&1 8152 LAt
B Laf, 0f1
_ /0 dty | Gyt~ / dt, / St

- / (folLota) — fo(0, £2))dt — / (F1(t1,1) — fultr, 0))dt.
Also

(98) / W = fldtl + f2dt2
oI2 o12

- fldtl + fgdtg - fldtg - fgdtg
(£,0)
/ fi(t1,0 dt1+/ Ja(1,to dtz—/ fi(t, 1 dtl—/ f2(0,t5)dts.
The proposition follows by comparing (9.7) and (9.8). O

Finally, Let’s prove the result for an arbitrary 2-chain in R2.

Theorem 9 (Green’s Theorem). Let w be a 1-form on an open set
U C R2. Let ¢ be a 2-chain on U. Then

Jle= )

Proof. We may write ¢ = Y, ¢;¢; where ¢; : I — U. By definition 4
we have d¢ = ). ¢;0¢;. Thus

o] -
[oo5e ],
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so it suffices to prove the theorem in the case ¢ : I? — U. Write

P(t1,t2) = (z1(t1,t2), w2(t1,12))
w = fl(.Tl,ZL’Q)d.Tl + fQ(ZL’l, l’g)dlEQ = W1 -+ Wa; w; = fzdxz

_(9f Of _
dw = <(9—.I'1 — 8—@)(11‘1 A dZEQ = dwl + dwg
ofi Of2

dw1 ——d[El VAN dlL’Q, dCUQ = —dl’l VAN dl’g.
8x 8w1

To simplify the calculation, let’s again break things up and notice

[frm [ [
Joo= Lo L

Thus it will be enough to prove the theorem with w = w;. (Having
proved the theorem for w; and wy, we simply add the results to conclude
the theorem for w.) We will prove the theorem for wy, and leave as an
exercise for the reader to prove the theorem for w,.

So, suppose w = fidxr;. We compute

df1
9.9 dw = ——=dxi Nd
( ) //¢ < // 0z o 2
or1 o1
:// _0h 4, t(atl gg) dty A dty
ox
12 2 ot Oto

8f1 (9&:1 81’2 8;61 8x2
//[2 81’2 8t1 8752 B 8t2 at1>dtldt2

On the other hand

/ w = fldﬂfl fidx+ fidx,— fidx,— fidx,
telo) o(t, 0) #(t,1) #(0,t)

o(1,4)

8;1:1
t —dt 1t —dt
/fl 1,0 8t1 1+/f1 2) 8252 2

/fl x(ty,1) %dtl_/ fi(z(0,t9) %db

(:) f1($(t1>t2))ﬂdt1+f1( (hiz))ﬂdtg.
a12



7

(Note: the identity (*) is crucial. The reader should check it carefully.)
We may now apply proposition 8 to this last path integral

(9.10) (b ) 258t + £ (2t 1)) 2kt —
a12 oty Oty
// fi(z(ti,t2)) _dtl + fi(x (h;h))%dt?) =
12 2
afl 8:[1 8 T (9f1($(t>) 8361
//,2 atg a_tl_fl( <))8t18t2 Yo on

2

0
Fie(t)) 5y ) dndt

_ Ofi(x(t) uy  Ofi(x(t)) Oz,
B //[2 < 8t2 8t1 + atl (9152 )dtldt2
:/ ( afl )) Oy n Of1(x(t)) Oxg\ Oxy
12
(

61‘1 tg 81’2 8t2 8t1

8x1 tl 8[E2 3 (‘3152

8:61 (933'2 8301 81132
- dtidis.
//12 8.261 atl 8152 6162 8751) 1952

Now just note that the bottom lines of (9.9) and (9.10) are the same.
U

n ) dtydis




