Notes for Math 270, Week of May 10-14, 2004

Lectures focused on three ideas:
(1) Holomorphic maps f : C — C.
(2) Conformal maps; the Riemann mapping theorem.

(3) Mébius (or fractional linear) transformations f(z) = %+t

cz+d’

By definition C=CuU {0}, i.e. as a set, C is the complex numbers
together with an extra point which is called co. We give C the structure
of a topological space by describing neighborhoods of co. For R > 0
we consider Dg(00) 1= {oo} U{z | |z| > 1/R}.

Definition 1. A function f : Dgr(co) — C is analytic at oo if the
function g(z) = f(1) is analytic at z = 0.

Intuitively, the mapping z i identifies Dg(0) = Dg(oc). We use
this identification to “carry over” the notion of analyticity which we
know on Dg(0) to the corresponding notion on Dg(c0).

Example 2. The function f(z) = -5 is analytic at 0o, because g(z) =
f(z7") = 25 is analytic at z = 0. What about f(z) = e*?

Let U C C be an open set, and let f : U — C be a function. Suppose
2o € U and f(z) = oc.

Definition 3. f as above is meromorphic at zo if g(z) :=  is ana-
lytic at z = zy.

Strict parallelism would suggest we should call such an f holomorphic
at zp, but it is customary to not use the word holomorphic at a point
where the function has a pole.

Example 4. The function f(z) = % 1s meromorphic at the point

2o = —d/c. (We assume ad — be # 0 # c¢.) Indeed,

o) =1/7(z) = S22

is analytic at —d/c and takes the value O there.

As an exercise you should work out what it means for f to be mero-
morphic when f : Dg(co) — Dgi(00) with f(oo) = co. Then use this
to define what it means for f : C — C to be meromorphic. Finally,
show all linear fractional transformations are meromorphic as maps

C—C.



Conformal Maps

Let U,V be open sets in C, and let f : U — V be an analytic function.
Suppose there exists a g : V' — U such that ¢g(f(z)) = z. The chain
rule then tells us

d
= L) =g () TG

It follows that f’(z) is never zero for z € w.
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Definition 5. An analytic function f on U such that f'(z) is never
0 is said to be conformal on U. U and V are said to be conformally
equivalent if there exist 1 — 1 onto maps [ and g as above.

The main result on conformal equivalence is:

Theorem 6 (Riemann Mapping Thm). Let U,V be open sets in C. We
assume these sets are contractible, 1.e. there should exist continuous
mappings
h:Ux|[0,1] -U; k:Vx[0,1] -V

such that h(u,0) = u,h(u,1) = ug, k(v,0) = v,k(v,1) = vy where
uy € U and vy € V' are fived points independent of u and v. (Intuitively,
this means that U and V' have no “holes”.) We further assume that U
and V are distinct from C, i.e. C—U # 0 # C — V. Then there exist
conformal maps f : U — V and g : V — U which are 1 — 1 onto with
fog=1idy and go f = 1idy. If we fix base points ug € U and vy € V
and we require f(ug) = vy and f'(ug) > 0, then f and g are unique.

Linear Fractional Transformations

I assume everyone has seen the general linear group in dimension 2

GLy(C) = { (‘CL fl) | ad — be # 0, a,b,c,dec}.

If we identify C? with the column vectors (2) with z,y € C then we

can identify G Ly(C) with the group of linear transformations of C? via

(L0 ()= (.

The composition law for these linear transformations is multiplication

of matrices
a b\ (d VY [(ad +bd ab +bd
c d)\d d) \cd+dd cb+dd )"



The inverse is

(CL b> ' — (addbc ad_bbc>
¢ d pr i

We can think of elements of GL4(C) as corresponding to linear frac-
tional transformations:

a b az +b
(C d) =) = cz+d

You should check that the product of matrices corresponds to the
composition of linear fractional transformations

aa' +bc ab +db\  fa b\ (d V B
(1) (ca’ +dd o+ d’d) - (c d) (cf d’) ~ flg(z)) =
a%ZS + 0 (ad + ¢b)z + (abl + d'b)

&= 4 d ~ (ed +d)z + (e +d'd)

The derivative of a linear fractional transformation is given by
az+b\’  ad—bc
(W) - (cz+d)*
It vanishes only at z = —d/c. You should check that a linear transfor-

mation gives rise to a mapping f : C — C which is conformal (at least
away from oco. Note we have not discussed the derivative of a mapping
at infinity) and has an inverse.

Linear fractional transformations carry “circles” to “circles”. By
definition a “circle” is defined by an equation

Ar +By+C(@*+y*)=D; z=x+1iy, A, B,C<DcR

If C =0, our “circle” is a line. To show that linear fractional trans-
formations carry circles to circles, we showed that any linear fractional
transformation could be written as a composition of three types:

zr—az;, zr—z+0b ze—1/z
(Here a,b € C.) Writing a = o + i3, we get
az = (ax — By) + i(ay + Bx).
We want to solve for A’, B, C’, D’ the equation
(2) 0=Az+ By+C(2*+y*)— D=
Aoz — By) + B'(ay + fr) + C'((ax — By)* + (ay + fz)*) - D"

I leave you to work this out. The crucial point is that the cross terms
afxy cancel.



The Ift z — z + b carries circles to circles and lines to lines. This is
evident from the geometric description of addition for complex num-
bers.
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; ; 1 _ =,y
Finally we need to examine z — 1/z. We have el swre el S we
Notice

x -y x 2 Y 2
O A R e (N oy
() $2+y2+ x2+y2+ ( x2+y2 + x2_|_y2 )

(2 +y*) <A/x —~B'y+C' —D'(2* + y2))

This shows that inversion z +— 1/z carries “circles” to “circles”.



