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Limits at Infinity, Infinite Limits, and Asymptotes

Definition. (Limits at Infinity)

1. lim
x→+∞

f(x) = L means that:

given any ε > 0, there is some N ∈ N such that if x > N , then |f(x)− L| < ε.
2. lim

x→−∞
f(x) = L means that:

given any ε > 0, there is some N ∈ N such that if x < −N , then |f(x)− L| < ε.

Definition. (Infinite Limits)

1. lim
x→a+

f(x) = +∞ means that:

given any N ∈ N, there is some δ > 0 such that if 0 < x− a < δ, then f(x) > N .
2. lim

x→a+
f(x) = −∞ means that:

given any N ∈ N, there is some δ > 0 such that if 0 < x− a < δ, then f(x) < −N .
3. lim

x→a−
f(x) = +∞ means that:

given any N ∈ N, there is some δ > 0 such that if 0 < a− x < δ, then f(x) > N .
4. lim

x→a−
f(x) = −∞ means that:

given any N ∈ N, there is some δ > 0 such that if 0 < a− x < δ, then f(x) < −N .

Theorem.

If n > 0, then lim
x→±∞

1
(x− a)n

= 0, lim
x→a−

1
x− a

= −∞ and lim
x→a+

1
x− a

= +∞.

Theorem.

If a > 0, then lim
x→−∞

ax = 0 .

Theorem.

If a > 0, then lim
x→0+

loga x = −∞ .

Definition. (Asymptotes)

1. The line y = L is a horizontal asymptote of the function f(x) provided that:

lim
x→+∞

f(x) = L or lim
x→−∞

f(x) = L

2. The line y = mx + b is a slant (or oblique) asymptote of the function f(x) provided that:

lim
x→+∞

[f(x)− (mx + b)] = 0 or lim
x→−∞

[f(x)− (mx + b)] = 0

3. The line x = a is a vertical asymptote of the function f(x) provided that:

lim
x→a+

f(x) = ±∞ or lim
x→a−

f(x) = ±∞
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