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Differentiation

0.1 Review of Differentiation in One Variable

Definition 0.1.1 Let [a,b] be an interval in R and consider f : [a,b] — R. We say that f is differen-
tiable at a point xg € (a,b) if there exists L € R such that

o f@E ) = @)

h—0 h o

Observe that this definition can be phrased in the following way. The function f is differentiable at
x € (a,b) if there exists L € R such that

i SR~ @)~ L
h—0 h

=0.

The number L is called the derivative of f at x, and is denoted by f'(z) or Df(x).
Exercise 0.1.2 If L exists, show that it is unique.
Exercise 0.1.3 Show that f is differentiable at = € (a,b) iff there exists a constant L such that

i [f@+h) — f(z) — Lh| _

0.
h—0 |h]

Theorem 0.1.4 Suppose f : [a,b] — R is differentiable at a point = € (a,b). Then f is continuous at
z.

Exercise 0.1.5 Let f: R — R be defined by f(x) = 2 if x is rational and 0 if z is irrational. Show
that this function is discontinuous at every nonzero z, and f is differentiable at = 0 and nowhere
else.

Exercise 0.1.6 Consider the function f, defined as follows. Let r > 1 and set

1 _ D
iy = {7 r=gAoma
0 if z =0 or z is irrational.



i. Show that for any r > 1, f,.(z) is continuous at 0 and the irrational numbers and is discontinuous
at the nonzero rationals.

1. If 1 <r <2, show that f,. is not differentiable at any irrational point.
#41. For which r is f, differentiable at x = 0?7

Exercise 0.1.7 Define

x ifx<1/2
fl(x)_{l—x if1/2<a<1,

and extend periodically to [0,00) by fi(z + 1) = fi(x). Then for all n > 2, define f,(z) = 1 f,_1(2x).
Let Spm(x) = 3252y ful@)-

i. Show that S,, is a continuous function on [0, c0) for each m € N.
it. Show that the sequence (S,,)men converges uniformly to a continuous function S.

iii. Show that S is not differentiable at any point in [0, 00).

Theorem 0.1.8 Suppose f : [a,b] — R and g : [a,b] — R are both differentiable at « € (a,b). Then
for any o € R, af 4 g is differentiable at x. Also, the product fg and the quotient 5 are differentiable

at = (for 5 we must have g(z) # 0). We have:
i (af +9)' () = af'(z) + ¢'(2);
ii. (f9)'(z) = f(z)g'(z) + f'(2)g(x);

/
i (L — f'@)g@)—f(@)g' (=)
iid. (g) (x) = ) .

Theorem 0.1.9 (Chain Rule) Let f be differentiable at a point a and let g be differentiable at f(a).
Then g o f is differentiable at @ and D(g o f)(a) = (Dg)(f(a))Df(a).

Exercise 0.1.10 Give a critique of the following supposed proof of the chain rule:

L 90 g @) L eU(@) — g(f(@) f@) — f(@)
T aa e f@)- fla)  w-a

= Dg(f(a))Df(a).

Theorem 0.1.11 Suppose that f satisfies the hypotheses above and f assumes a local maximum or
minimum at a point ¢ € (a,b). Then f'(c) = 0.

Theorem 0.1.12 Let f : [a,b] — R be continuous and suppose that f is differentiable on (a,b).
i. (Rolle’s Theorem) If f(a) = f(b), then there exists ¢ € (a,b) such that f'(c) = 0.
ii. (Mean Value Theorem) In any case, there exists ¢ € (a,b) such that f'(c¢)(b—a) = f(b) — f(a).

iii. (Generalized Mean Value Theorem) If g satisfies the same hypotheses as f, then there exists

¢ € (a,b) such that (f(b) — f(a))g'(c) = (9(b) — g(a))f'(c)-

Corollary 0.1.13 Suppose f is continuous on [a,b] and differentiable on (a,b). If f'(z) = 0 for all
x € (a,b), then f is constant.

Corollary 0.1.14 Suppose f is continuous on [a,b] and differentiable on (a,b). If f'(¢) > 0 for all
¢ € (a,b), then f is monotonic increasing.

Corollary 0.1.15 Suppose f is continuous on [a,b] and differentiable on (a,b). If f'(¢) < 0 for all
¢ € (a,b), then f is monotonic decreasing.



Corollary 0.1.16 (L’Hopital’s Rule) Let I = (a,b) be any open interval in R and suppose f and g
are differentiable on I. Let ¢ € I, and suppose lim, . f(z) = lim,_,. g(z) = 0 and lim, . J;,E g exists.

Then lim,_.. f@) lim, . @
g(x) g'(x)

Exercise 0.1.17 Prove a similar result for limits as x approaches co.

Exercise 0.1.18 Let

0 when z = 0.

2?sin(1/z) when z
ﬂ@_{ (1/2) when @ #0

Show that f’(0) exists, but f’ is not continuous at 0.

Theorem 0.1.19 (Intermediate value theorem for Derivatives) Let f : [a,b] — R be continu-
ous and let f be differentiable on (a,b). Suppose that (¢,d) C (a,b), f'(¢) < 0, and f'(d) > 0. Then
there exists a point = € (¢,d) so that f/'(z) = 0.

Definition 0.1.20 Let f be a continuous function from (a,b) to R. If k is an integer greater than
or equal to 1, we say that f € C*(a,b) if f has k derivatives at each point in (a,b) and each of these
derivatives is continuous on (a,b). We denote the k-th derivative of f by f®*). In particular, f(©) = f.
We say that f € C*®(a,b) if f has derivatives of all orders in (a,b). If U is any open set in R, the
expressions C*(U) and C*®(U) are defined similarly.

Exercise 0.1.21 Let )
e 22 forx#0
0 when z=0"

i. Show that f € C*(R).
i. Using L’Hopital’s rule, or anything you wish, show that f®*)(0) = 0 for all k£ > 0.

Corollary 0.1.22 (Taylor’s Theorem) Suppose f € C**1(a,b) and z¢y € (a,b). Then, for any
€ (a,b), we can write

F@) = flao) + o) —a0) + T @
) (5
+ f k(' 0) ($ N xo)k + (k " 1)!f(k+1)(c)(m _ xo)k+1

where c is a point between x and z.

Definition 0.1.23 What Taylor’s theorem allows us to do is to approximate a C**! function in the
neighborhood of a point by a polynomial of degree k. Usually the remaining term is reasonably small
because of the (k4 1)! in the denominator. The expansion in Taylor’s theorem is called the Taylor
expansion of f about xg.

Exercise 0.1.24 Find the Taylor expansion of the following functions about the indicated point, to
at least 6 terms.

f(z) = sin(z) about xy = m;
it. f(x)= T about g = —1;
iii. f(z)=e"Y/*" about zy = 0;
. f(z) =22+ 1 about 29 = 2.

Theorem 0.1.25 (Liouville’s Theorem) Let a € R be algebraic of degree n > 2. Then there exists
C = C(«) depending on « such that | — p/q| > C/q™ for all p/q € Q.

Exercise 0.1.26 Suppose n > 2 and « is real algebraic of degree n. Show that if » > n, then f, is
differentiable at «.



0.2 Differential Calculus in R"

Definition 0.2.1 Suppose U C R"” is an open set. A function f : U — R™ is differentiable at x € U
if there is a linear map T : R” — R™ such that

i [f@+h) — f@) —Th| _

o A
heR"?

0.

Notice that the absolute value sign in the numerator denotes the standard Euclidean norm in R” while
the absolute value sign in the denominator denotes the standard Euclidean norm in R™. This notation
will be used throughout this chapter. We write T = Df(x) and we call this the derivative of f at x.
We say that f is differentiable on U if f is differentiable at each point in U.

Theorem 0.2.2 Suppose U is an open set in R™ and f : U — R™ is differentiable at a point zg € U.
Then f is continuous at zg.

Definition 0.2.3 Let U C R" be an open set, and let f : U — R be differentiable on U. Let z € U
and v € R™ be a unit vector. The directional derivative of f at x in the direction v is defined as

Dufe) = iy LTI

In the particular case when v = ¢;, a standard basis vector, we obtain the partial deriative in the jth

direction N
D;f(x) = D, f(x) = lim flz+ e;) — f(z)

Exercise 0.2.4

i. Let U C R™ be an open set and let f : U — R™ be differentiable. Write f = (f1, fa,.-., fm),
where f; : U — R is the k' coordinate function of f. Let v € R™ be a unit vector. If z € U,

define
fla+10) = f(x)
t

Show that D, f(x) exists if and only if D, f; exists for all k&, 1 < k < m, and, in this case,
D, f(z) = (Dy f1(x), Dy f2(2), ... Dy fn ().

7. Explain why it is useful for v to be a unit vector.

Duf(z) = tli>m0

Remark 0.2.5 Partial derivatives play a special role, as we shall see below. It is worth observing
that the classical notation for D, f(x) is ng(x) All sorts of theorems and properties can be stated
J

much more easily with the notation D; f(x).

Exercise 0.2.6

i. For a fixed k with 1 <k <mn, let p; : R™ — R be defined by p(z1,2z2,...,2,) = x. Show that
pi is differentiable at any point and that Dpy = py.

ii. Find D,pg(z) for any unit vector v in R™.

Definition 0.2.7 The map py in the above exercise is called the projection onto the k' coordinate.
More generally, if m < n, we can pick indices 1 < i3 < i9 < -+ < i, < n and define a projection
p:R" = R™ by p(x1,Z2,...,&n) = (Tiy, Tiny -+, Tq,, )

Exercise 0.2.8 Show that p is differentiable and find its derivative.

Proposition 0.2.9 If U is an open set in R and f : U — R™ is differentiable, then the derivative of
f is unique.



Proposition 0.2.10 If f: R™ — R™ is a linear map and « € R", then f is differentiable at = and
Df(x) = f.

Proposition 0.2.11 Let U be an open set in R"™ and f,g : U — R™ be differentiable on U. Then
f + g is differentiable on U, and D(f + g)(z) = Df(z) + Dg(x) for z € U.

Proposition 0.2.12 If U is an open set in R, and f : U — R and g:U — R are real-valued
functions which are differentiable on U, then fg is differentiable on U. For = € U, D(fg)(z) =

f(@)Dg(x) + g(x) D f (z).

Theorem 0.2.13 (Chain Rule) Suppose that U is an open set in R® and f : U — R™ is differentiable
on U. Take a point a € U and let V' be an open set in R™ such that f(a) € V. Suppose g : V — RP? is
differentiable on V. Then go f : U — RP? is differentiable at a, and D(g o f)(a) = Dg(f(a)) o Df(a).

Definition 0.2.14 If f: R™ — R™, we can write f(z) = (f1(z), fo(x), ..., fm(x)). Then, for each k,
1 <k <m, the map fr : R"™ — R is called the k-th component function of f.

Corollary 0.2.15 If f: R™ — R™ is differentiable, then the component function f; is differentiable
for each k.

Exercise 0.2.16 Show that if each fj is differentiable on an open set U C R™, then f = (f1, fa,. -+, fm)
is differentiable on U and Df = (D f1,Dfs,...,Dfn).

Proposition 0.2.17 If U C R” and f: U — R is differentiable, then

For h € R™,
Df(x)h = Dy f(x)hs + Daf(x)ha + -+ + Dy f(x)hy.

Exercise 0.2.18 Let U CR” and f = (f1, f2..., fm) : U — R™ be differentiable. If € U and (a;;)
is the matrix of D f(x) with respect to the standard basis, then a;; = D; fi(x).

Definition 0.2.19 The vector-valued function (D;f(z), Daf(x),...,Dynf(x)) is called the gradient
vector and is denoted V f(x). Thus Df(z)(h) = Vf(x) - h.

Exercise 0.2.20 Let U C R™ be open and let f: U — R be differentiable. If x € U and v is a unit
vector in R”, then D, f(z) = Vf(z) - v.

Exercise 0.2.21 Let
0 when (z,y) = (0,0)
flz,y) =

zfiffyz otherwise.

Show that D;f(0,0) = D5f(0,0) = 0, but that f is not continuous at the origin, and hence not
differentiable at (0,0).

Exercise 0.2.22

1. Let
0 when (z,y) = (0,0)
flay) =9 » herwi
Rl otherwise.
Show that f has a directional derivative in every direction at every point, but that these directional
derivatives are not continuous at the origin.

1. Let

0 when (z,y) = (0,0
f(x,y):{ (z,y) = (0,0)

(22 4+ 9?)sin(—=—) otherwise.

Show that Dy f and D f exist at the origin but are not continuous.



Theorem 0.2.23 Let U be an open set in R™ and let f : U — R™ be a function with the property
that D; f; is continuous on U for 1 <7 <m, 1 < j < n. Then f is differentiable on U and, as we might

expect, Df(z) = (D; fi(z))i=1,2,..m,j=1,2,....n-
Exercise 0.2.24 Let f:R3 — R? be defined by

f(x,y, 2) = (x%y + %2, sin(zyz)).
Show that f is differentiable on all of R? and compute D f(x,y, 2).

Theorem 0.2.25 Let U be a open set in R™, and let f : U — R be differentiable. Let x,y be two
distinct points in U such that the line segment joining x to y lies entirely in U. Then, there exists
£ € (0,1) such that

fly) = f(x) = Df(2)(y — x),

where z = (1 — &)z + &y.

Corollary 0.2.26 Let U be a connected open set in R™ and let f : U — R be differentiable. If
Df(x) =0 for all z € U, then f is constant on U.

Theorem 0.2.27 Let U be an open subset if R and let f : U — R™ be differentiable on U. For any
two distinct points x,y € U such that the line segment joining x to y lies entirely in U, and any vector
v € R™, there exists £ € (0,1) such that

v (fly) = f(@) =v- (Df(2)(y — 2)),
where z = (1 — &)z + &y.

Definition 0.2.28 Consider a function f = (f1, fa,..., fm) from an open set in R™ to R™. Then, we
define the mized partial derivative
Dij fr = Di(Dj fx)

assuming that the D; fi has partial derivatives for all j, k.

Theorem 0.2.29 Let U C R" be open and let f : U — R be differentiable. Suppose that D;; and
Dj; exist and are continuous on U. Then D;; f(z) = Dj; f(z) for all x € U.

0 when (x,y) = (0,0),
z3y—zy® .
-4 +y§ otherwise.

Show that f is differentiable. Show that D12 f(0,0), Daq f(0,0) exist, but D15f(0,0) # D21 £(0,0).

Exercise 0.2.30 Let f(z,y) =

In one variable calculus, higher derivatives are defined by differentiating the derivative considered as
a function on some set. In the present situation, where we have function f : R™ — R™, the derivative
is map from R™ to the space L(R™,R™) of linear maps R™ — R™. From our discussion of linear
algebra, we know that L(R™,R™) can be identified with the space R™". We can then intepret the
second derivative D2 f at a point as an element of

L(R", L(R",R™)) = L(R",R™).

This space has mn? dimensions, and the entries of this matrix are the partial derivatives D fr.. We
can continue this process and define the Et® derivative for k > 3.

On the other hand, it will be useful to talk about all orders of differentiation for the partial
dervatives. There is an interesting combinatorial problem that arises here. That is, when we con-
sider the k" partial derivatives, we are considering partitions of k into indices iy, i, ..., such that
i1 + 142+ - - -+ ip, = k. Here there are many possibilities for the mixed partials. For example, we might
consider whether D5 (D2 (Dsf)) = Da(D3(Dsf)). One might expect, of course, that if one set of indices
in a permuation of the other and the mixed partials satisfy an appropriate condition, that his equality
holds.



Exercise 0.2.31
i. How may ways can one partition k£ into an ordered sum of A nonnegative summands?

7. How may ways can one partition k into A nonnegative summands if the order is ignored?

Definition 0.2.32 A function f : R® — R™ is said to be C* if f has all continuous partial derivatives
up to and including order k. f is said to be C'*® or smooth if f has all partial derivatives of all orders.

Exercise 0.2.33 If f is C* and 41,4s, ...,y is a set of indices such that i; + io + --- + i, = k then
for any o € Sy,
Di1,i2,--~7ihf = Da(il)ﬁ(iz),--wa(ih)f’

Exercise 0.2.34 This is to make sure you understand the notation. If f : R — R, and v =
(v1,v2,...,0p), w = (w1, ws,...,w,) are vectors in R™, we know

Df(z)(v) = ZDjf(ﬂf)Uj-

Prove that N
(D f(z)(v)(w) = > Dij f(x)viw,
ij=1

and similarly in higher dimensions. If f : R® — R™, we can write the same equations but D; f(x) is
now a vector in R being multiplied by a scalar v;.

Exercise 0.2.35 If v:[-d,1+ 0] — R" is a straight line path such that 4(0) = 0 and (1) = v, and
f:R® — Ris a C* function, then D*f(0)(v) = D*(f o~)(0)(1). (Remember that D*f(0)(v) is an
abbreviation for D f(0)(v,...,v).)

Theorem 0.2.36 Let U C R™ be convex and open, let f: U — R be C**1 and let 2,y € U. Then

k n j
) = S0+ 5 Y @ - ) - )

U1yt =1 7

1 n 8k+1f
+ (k+ 1) Z m(z)(yh = @iy ) Wi = Tigg)s

U1, tk41=1

where 2z = (1 — tg)x + toy for some tg € (0, 1).

0.3 Max-Min problems

We now consider the problem of finding maximum and/or minimum values of a function from R™ to R
using properties of the derivative. Suppose that f : U — R is differentiable, where U is an open subset
of R™. Then, for any unit vector v we can consider the directional derivative D, f(x) for x € U. The
directional derivative D, f measures the rate of change of the function f in the direction v. So it is
in fact a derivative of a function of one variable g(t) = f(x + tv), for which we can ask “What is the
maximum or minimum value of g on some interval a < ¢ < b such that {x +tv | t € [a,b]} C U?” Since
g is differentiable, we consider the points where ¢'(t) = 0.

Definition 0.3.1 As in the one-variable case, a point where D f vanishes is called a critical point of
f, and f need not have either a maximum or minimum at a critical point.

Example 0.3.2 Show that the function f(z,y) = zy has vanishing derivative at the origin, but has
neither maximum nor minimum there.



Example 0.3.3 If f(z,y) = 22y?/(2® + y*), show that f has all partial derivatives equal to zero at
the origin, yet is not even continuous there.

Theorem 0.3.4 (Second-derivative test for extrema) If f : R” — R is C? and z is a critical
point, let H(z,v) = D?f(x)(v,v) (H(x,-) is often called the Hessian of f at z). If H(x,-) is positive
definite, f has a minimum at x; if H(z,-) is negative definite, f has a maximum at .

0.4 Lagrange multipliers

There is a method, called the method of Lagrange multipliers, for finding relative maxima or minima
of a function f, subject to some constraints. The idea is that you have a function f : R™ — R, and
you have some subset C of R™ on which you wish to find a minimum of f. This subset is expressed as
the set of points where some constraint functions g1, ..., gx vanish—for instance, the line y = x in the
plane has constraint function g(z,y) = « — y. Lagrange’s method makes use of the observation that
the gradient vector to a function is perpendicular to its level surfaces. So if z is a local extremum of f,
the level surface of f touches the constraint surface without intersecting it; thus the gradient vector to
f must be perpendicular to the constraint surface C'. But the space of vectors normal to C is spanned
by the gradients of the functions cutting it out, i.e., g1,...,gx. Hence Vf is a linear combination of
Vgi,...,Vgr. This provides a necessary (not sufficient!) condition for = to be an extreme point of f.

To make everything work out right, we have to assume that Vgi,..., Vgi are everywhere linearly
independent; for the geometric cognoscenti, this assures that C' is a manifold, that is, doesn’t have any
sharp corners. Here is the formal statement of the theorem.

Theorem 0.4.1 (Lagrange multipliers) Let f : R™ — R be C!, and ¢g1,...,g9x : R™ — R be k
C' functions, with & < m. If z is a local maximum or minimum for f on the common zero set C of
g1, --., 9k, and the constraints g; are independent at x in the sense that Vg,..., Vg are everywhere
linearly independent, then there exist £ numbers Ay, ..., \; satisfying the equation

0.5 Inverse and implicit function theorems

Suppose that U is an open set in R and f : U — R is C'. Take a point xo € U. We saw earlier in
the chapter that if f/(z¢) # 0, then f is monotonic in an open interval I around xy. This, of course,
implies that f is one to one on I. Moreover, f(I) is an open interval J contained on R and f=!:J — I

is in C! and (f_l)/(y) = (f/(f_l(y)))_l-

Lemma 0.5.1 Let U C R" be open and f : U — R" be C!. Take xo € U and suppose that D f(x)
is nonsingular. Then there exists a neighborhood W of zy and a constant ¢ such that

[f(y) = f(@)] = cly — x| for all 2,y € W.

Theorem 0.5.2 (Inverse Function Theorem) Let U be an open set in R” and let f: U — R™ be
C'. Let wy € U such that Df(x) is nonsingular. Then there exists a neighborhood W of z such that

i. f:W — f(W) is a bijection;
it. f(W) is an open set in R™;
iii. f71: f(W) — Wis Ct and Df~(f(z)) = (Df(z))~! for z € W.

Theorem 0.5.3 (Implicit Function Theorem) If f : R™ — R" is C*, m < n, and D, f has max-
imal rank m, then (after permuting coordinates) the points (y1,...,yn) on the graph of f above a
neighborhood of = have the form (y,11,..-,yn) = g(y1,-..,ym) for a C! function g.

(©2008 Paul J. Sally, Jr., University of Chicago



