Analysis in R”
Math 205, Section 30
Spring Quarter 2008
John Boller, e-mail: boller@math.uchicago.edu
website: http://www.math.uchicago.edu/~boller/M203

Integration

0.1 Differential Forms

Definition 0.1.1 Let V be a vector space over R. Then V¥ =V x --- x V = {(v1,...,v) | v; €
V,1<i<k}

Definition 0.1.2 If V is a vector space over R, a function 7' : V¥ — R is called multi-linear (or

sometimes k-linear) provided that, for each ¢ = 1,...,k, we have:
T(v1,. v+ 0, vk) = T(or,.o, v, v6) + T (01,000,000 V)
T(vi, ...,y ... v5) = T (v, 05,00, 08)

for all v; € V and all o € R.

Definition 0.1.3 Thespace 7%(V) = {T : V¥ — R | T is k-linear} is called the collection of k-tensors
on V.

Definition 0.1.4 Let V be a vector space over R. The dual space is the collection of 1-tensors and is
denoted V* =TY(V) ={T :V — R | T is linear}.

Exercise 0.1.5
i. Show that V* is a vector space over R.
ii. If V is finite-dimensional, find dim(V*).
ii. 1f V is finite-dimensional, show that there is a natural isomorphism V — (V*)*.

Exercise 0.1.6 Show that 7%(V) is a vector space over R with addition and scalar multiplication
defined as follows:

(T1 +T2)(’U1,...7’U]c) = Tl(vl,...,vk) +T2(’U1,...7’Uk)
(aT)(’Ula v avk) = CkT(’Ul, s ,’Uk)

Definition 0.1.7 We define the tensor product of two tensors as follows. If S € T*(V)and T € T%(V),
then S ® T € TF(V), where

S®T(U17~~-77}k’;vk’+l7-~-avk+Z) = S(Ula--ka) 'T(Uk+1,~~-avk+z)-



Exercise 0.1.8 If S, 51,55, T,T1,T5 and U are tensors and o € R, show the following;:
i SOM+T)=ST+SeTh

i (S1+9)RT=8@T+8®T

iii. (S)@T =a(S®T)=8® (o)

w. SRITU)=(SeT)U
Theorem 0.1.9 If dim(V) = n, then the dimension of 7*(V) is n*.
(Hint: Construct tensors in 7%(V) as tensor products of basis elements of the dual space V*.)
Definition 0.1.10 We say that a tensor 7' € T*(V) is symmetric provided that:

T(v1,.. Ve, Uy ey V) =T (V1,000,000 V4,00, V)

for every vy,...,v, € V and all 1 < i < j < k. The collection of symmetric k-tensors in 7%(V) is
denoted S¥(V).
We say that T is alternating provided that:

T(v1, ..y 0iyee oy Ugye V) = =T (01,0, 05,000, U4y oo, V)

for every vi,...,vp € V and all 1 < i < j < k. The collection of alternating k-tensors in 7%(V) is
denoted AF(V).

Exercise 0.1.11 Show that the standard dot product on V = R" is a symmetric 2-tensor. Here, we
realize the dot product as T: V x V — R given by T'(vy,v2) = (v1,v2).

Exercise 0.1.12 Show that the determinant is an alternating n-tensor on V"= R"™. Here, we realize

the determinant as D : V™ — R given by D(v1,...,v,) =det | v1 -+ vy,

| . |
Exercise 0.1.13 Show that S?(V) & A%(V) = T%(V) by proving the following:
i. S?(V) and A?(V) are subspaces of T2(V).
ii. S2(V)NA%(V) = {0}

iti. S2(V) +A2(V) =T23(V)
(This means that any T € 72(V) may be written as T = S + A with S € S?(V) and 4 € A%(V).)

Definition 0.1.14 If T € T*(V), we define the following operators Sym and Alt as follows:

1
Sym(T)(v1,...,v5) = l Z T(Vo(1)s - -+ Vo(k))
’ O'ESn

AlH(T) (vy,. .. ) = % > sgn(0)T(Vo1ys - - - Vo))
o€ESy
Exercise 0.1.15 Prove the following properties of Sym and Alt:
i. If T € T*(V), then Sym(T) € S*(V).
i. If T € TF(V), then Alt(T) € A*(V).
iig. If T € S*(V), then Sym(T) = T.
w. If T € A¥(V), then Alt(T) =T.



Exercise 0.1.16 If w € A¥(V) and n € AY(V), show by example that it is not necessarily the case
that w @ n € AME(V).

Definition 0.1.17 If w € A*(V) and € A%(V), we define their wedge product as follows:

(k+0)!

WA=

Alt(w ®n).
It is clear from earlier exercises that w A n € A*E(V).

Exercise 0.1.18 If w is a k-tensor, 7 is an ¢-tensor, and « is a scalar, prove the following elementary
facts about the wedge product:

. (Wi tw) An=wi An+wsAn
it. wA(m+m2)=wAn +wAn
iii. (aw) An=alwAn)=wA (an)
. wAn=(-1FnpAw
Theorem 0.1.19
i. If S €TFV)and T € TY(V) and Alt(S) = 0, then

AlS @ T) = Alt(T ® S) = 0.

i fweTFV), neTV), and § € T™(V), then

Alt(Alt(w @) ®0) = Alt(w @1 @ 0) = Alt(w @ Alt(n @ 0)).

i If w € AR(V), n € A%(V), and § € A™(V), then

(k4 £+ m)!

(WA AI=wA(nAO) = v ~Alt(w @1 ®0).

The implication of part iii. is that the wedge product is associative, and we may simply express any
of the three terms as w An A 6.

Theorem 0.1.20 LetV be a finite-dimensional vector space with dim(V) = n. If {¢1,...,¢,} is a
basis for V*, then the set of k-tensors {p;, A---Awp;, | 1 < iy <ig < --- < i <n}is a basis for A¥(V),
which thus has dimension (7 ) = ﬁlk),

Corollary 0.1.21 dim(A™(R™)) =1, and the determinant D (see 0.1.12) is a basis element.

Theorem 0.1.22 Let V be a finite-dimensional vector space over R with basis {v1,...,v,}, and let

w € A™(V). If {wi,...,w,} CV with each w; = 337 a;;v;, then

w(wi, ..., wy) = det(a;;) - w(vi,...,vp).



Definition 0.1.23 For a fixed p € R™, the tangent space to R™ at pis the set (R™), = {(p,v) | v € R"}.
This is a vector space with addition and scalar multiplication defined by (p,v1) + (p,v2) = (p, v1 + v2)
and a(p,v) = (p, av), respectively. This vector space has an inner product (-, - ), : (R"), x (R"), = R
defined in the natural way by ((p,v), (p,w))p = (v, w), where (-, -) is the usual inner product. Often,
for simplicity, we will denote the point (p,v) by vp.

Definition 0.1.24 A wvector field on R™ is a function F' that assigns to every p € R™ a vector F(p) €
(R™),. If (€1)p,-- -, (en)p is the standard basis in (R™),, then any F'(p) may be expressed as F(p) =
Fl(p)-(e1)p+- - F™(p)-(en), for some scalars F''(p),. .., F™(p). The function F is said to be continuous,
differentiable, etc. provided that each of its component functions F? is.

Definition 0.1.25 A differential k-form on R™ is a function w that assigns to every p € R™ a k-tensor
w(p) € A*((R™),). If (€1)p,. .., (€n)p is the standard basis in each (R™), and ¢1(p),...,¢n(p) is the
dual basis, then there exist functions w;, .. ;, : R™ — R such that

wp)= D Wi, ()01 () A A i (D).

i< <,

The function w is said to be continuous, differentiable, C*°, etc. provided that each of the functions

Wiy, ik 1S.

Remark 0.1.26
1. If w and 7 are differential k-forms, then we define w + 1 in the obvious way.

2. If w is a differential k-form and 7 is a differential /-form, then we define w A 7 to be a differential
(k + ¢)-form in the obvious way.

3. If w is a differential k-form and f is a function, then we define f - w in the obvious way. In fact,
we may think of f as a differential O-form, and if we do, then we may denote the product above

by f-w=fAw.

Exercise 0.1.27 If f: R"® — R is differentiable, then Df(p) € A}(R™).
(Don’t write anything down, but think carefully about what Df(p) is.)

Exercise 0.1.28 The map df defined by df (p)(v,) = D f(p)(v) is a differential 1-form.

Definition 0.1.29 Let z; : R™ — R denote the i-th coordinate projection. That is, if v = (vq,...,v,) €
R™, then z;(v) = v;.

Exercise 0.1.30 Show that {dz1(p),...,dz,(p)} is the dual basis to {(e1)p,-- -, (en)p}-

Remark 0.1.31 The previous exercise implies that every differential k-form w may be written as

w = E Wiy ,ig d.’ﬂil VARERIVAN dxl-k
i1 < <ip
for some functions wy, .. ;

1k *

Theorem 0.1.32 If f: R™ — R is differentiable, then df = Dy f -dxy +--- D, f - dx,,.



Definition 0.1.33 Suppose f : V — W is a linear map between finite-dimensional real vector spaces.
Then, for any k € N, we have an induced map f* : 7*(W) — T*(V) defined by

fr ) (w1, sok) = T(f(v1), -5 fvr)),
for any T' € T+(W).
Exercise 0.1.34 Assume f:V — W is a linear map of finite-dimensional real vector spaces.
i. If S and T are tensors, show that f*(S®T) = f*S® f*T.
it. If w and 7 are alternating tensors, show that f*(w An) = f*w A f*n.

Definition 0.1.35 Suppose f : R™ — R™ is differentiable. Then, for each p € R™, we have a linear
transformation D f(p) : R™ — R™. This yields a map f. : (R"), — (R™)y(, defined by

fe(vp) = (Df(P)(v)) £(p)-

As in Definition 0.1.33 above, this linear map induces a linear map f* : AF((R™) () — AF((R™),) as
follows. If w is a differential k-form on R™, then f*w is a differential k-form on R™ given by

(frw)(p) = f*(w(f(p)))-
In other words, if vy, ..., v € (R"),, then
fro@) (v, o) = w(f () (fe(v1), -, felvr))-
Theorem 0.1.36 Let f: R™ — R™ be differentiable. Then:
i. f*(dxi) =325, Djfi-du;

i, f* (w1 +wa) = f*(wi) + f*(w2)

iii. f*(g-w)=(gof) f*(w)

w. frwAn) = frwAf
Theorem 0.1.37 Tf f: R" — R" is differentiable, then

Flg-day A Adan) = (g0 £)(detD f)das A --- A day.

Definition 0.1.38 We define an operator d on differential forms as follows. If w is a differential
k-form defined by

w = E Wiy i - AZiy Ao Nday,,

then dw is a differential (k + 1)-form, called the differential of w, defined by
dw = Z dwi, ... i Ndxgy Ao Ndxg, = Z Z Dj(wiy.. i) -dzj ANdzgy A~ Adx;, .
1< <1k 1 <<t J=1

Theorem 0.1.39 Let w and 0 be differentiable k-forms, n a differentiable ¢-form, and f : R™ — R™
a differentiable function. Then:

dw+6) =dw+db
i dw An) =dwAn+ (—=1)*w Adny
iii. d(dw) =0
i [ (dw) = d(f")



Definition 0.1.40 Let w be a differential k-form. Then w is called closed if dw = 0, and w is called
exact if there exists a differential (k — 1)-form n such that dn = w.

Remark 0.1.41 The previous theorem implies that all exact forms are closed.
Exercise 0.1.42

i. f w= Pdr+ Qdy+ Rdz is a differential 1-form on R3, then compute dw.

ii. f w = fsdx Ady + fodr Adz+ fi dy A dz is a differential 2-form on R3, then compute dw.
Exercise 0.1.43

i. If w= Pdz+ Qdy is a differential 1-form on R?, then compute dw (and simplify!).

ii. If w is as above with P, Q smooth functions on R?, and w is closed, show there is some f : R? — R
such that df = w, that is, w is exact.

iii. fw = 3 i 7 dx + = in dy on R?\ {(0,0)}, show there does not exist f: R?\ {(0,0)} — R
such that df = w.

In the next several statements, we consider restrictions under which closed forms are exact.

Definition 0.1.44 We say that a region A C R" is star-shaped (with respect to a) provided that,
given any x € A, the line segment {tx + (1 —t)a | 0 < ¢ < 1} is also contained in A.

Exercise 0.1.45 Isevery star-shaped region convex? Is every star-shaped region connected? Explain.

Definition 0.1.46 Let A C R™ be an open region that is star-shaped with respect to 0. Let

w = Z Wiy ,ooip Ty N Ada,

i1 < <ig

be a differential ¢-form on A. Then we define the differential (¢ — 1)-form Iw on A by

4 1
Tw(@)= Y Y (-1 (/O t“%___,u(m)dt> T dre, A Ndzg, Ao Adg,,

i1 < <ig =1
where the 7 indicates that the dz;, term is omitted.

Theorem 0.1.47 (Poincaré Lemma)

Let A C R™ be an open region which is star-shaped with respect to 0. Then every closed form on
A is exact. (Hint: Show that d(Iw) + I(dw) = w.)

Exercise 0.1.48 Let U C R", and let f : U — R™ be differentiable with differentiable inverse
f~1: f(U) — R™. Show that if every closed form on U is exact, then every closed form on f(U) is
exact.

Definition 0.1.49 The standard n-cube in R™ is the n-fold Cartesian product [0,1]™ = [0,1] x -+ X
[0,1] € R™ A singular n-cube in A C R™ is a continuous function ¢ : [0,1]" — A. Note that the
standard n-cube may be viewed as a singular n-cube in R™ under the natural map I : [0,1]" — R"
given by I(xz) = z. Finally, we note that we may extend the definition to n = 0 by viewing a singular
0-cube in A as a point in A.

Definition 0.1.50 Let A C R™. An n-chain in A is a formal sum Ele «; - ¢;, where each ¢; is a
singular n-cube, and each «; is an integer. In other words, if S is the set of all singular n-cubes in A ,
then an n-chain is a function f : S — Z such that f(¢) = 0 for all but finitely many ¢ € S.



Exercise 0.1.51 Show that if f and g are n-chains in A and a € Z, then f + g and af are also
n-chains in A under the natural definitions (f + ¢)(c) = f(¢) + g(¢) and (af)(c) = a - f(c).

Definition 0.1.52 If ¢ is a singular n-chain in A, then we define its boundary to be the (n — 1)-chain
Oc as follows. We first make the following definitions for the standard n-cube I™. For each 1 < i < n,
we define two singular (n — 1)-cubes I(’; 0) and I(’;J) by:

I(rzo)(ﬁﬂ) = In(lL'l, e ,xi_l,O,xi, e ,Zl?n_l) = (301, e ,xi_l,(),xl-, e ,.In_l)

1871)(33) = I"(xl,... ,xi_l,l,xi,.. -73;71—1) = (ajl,...,xi_l,l,xi,... ;xn—l)-

Then .
ort=>" " (-1 .

For a general singular n-cube ¢, we define ¢(; o) = co (If; )) and

Z 'L+a Clirar)-

Finally, if ¢ = >_ a;¢; is an n-chain, then we define its boundary as

Oc=00>_arc;) =Y _a;0(c;).
Theorem 0.1.53 If ¢ is an n-chain, then d(dc) = 0. (This idea is often abbreviated by 92 = 0.)

Exercise 0.1.54 Let A = R?\ {(0,0)}, and define ¢ : [0,1] — A by c(t) = (cos2nt,sin27t). Show
that dc = 0 but that there is no 2-chain ¢ in A such that 0¢’ = ¢. (Hint: Use Stokes’ Theorem.)

Definition 0.1.55 (Integration on chains)
Let A C R". If w is a differential k-form (k > 1) on A and c is a singular k-cube ini A, then we

define the integral of w over c as:
/ w= / cw
c [0,1]%

If k = 0, then the differential 0-form w is a function and the singular 0-cube ¢ : {0} — A is a point, so

we define
[ = wteto).

Finally, if ¢ = " a;¢; is a k-chain, we define the integral of w over c¢ as:

Jo=3a] w
Theorem 0.1.56 (Stokes’ Theorem)
Let A C R™ be an open set. If w is a differential (kK — 1)-form on A and ¢ is a k-chain in A, then

/dw—/&



