
ALGEBRAIC TOPOLOGY, FALL 2013, MIDTERM

DANNY CALEGARI

This midterm exam was posted online on Friday, November 1, and is due before class Friday, November
8. Collaboration is not allowed, nor is the use of outside materials and textbooks. Hatcher and your class
notes may be used to remember definitions, but not to copy calculations or proofs.

Problem 1. Give a CW complex structure and a ∆-complex structure on the Klein bottle. Use these
structures to compute

(1) the fundamental group;
(2) the simplicial homology; and
(3) the cellular homology

Describe the isomorphism between cellular and simplicial homology, and the abelianization map from the
fundamental group to H1 (in terms of the presentations you gave above).

Problem 2. Show that the Klein bottle is a K(G, 1) with G the fundamental group, and deduce that the
fundamental group of a Klein bottle is torsion-free.

Problem 3. Let X denote a wedge of two circles. What is π1(X)? For each of the following covering spaces
of X, identify the corresponding subgroup of π1(X), and say whether the cover is regular (i.e. normal) or
not.

2011 GEOMETRY/TOPOLOGY QUALIFYING EXAM

Format: The exam itself is a 1-hour oral exam (or possibly shorter). Most of the
questions you’ll be asked are from the list below, though we will possibly ask a few
other (related) questions. Since the exam is only one hour, not all questions, or
even all areas of the 151 syllabus, will be covered. You are not required or expected
to turn in written solutions at any point.

Do not discuss the questions with anyone else, even after you’ve taken your oral
exam, or give a copy of the exam to other students. You may use your lecture
notes and homework from 151 to help you prepare, plus the textbooks (Hatcher
and Milnor), but no other sources. If you think there is a problem with one of the
questions, or are not sure what it is asking, email Danny in advance.

Questions:

(1) Prove that a CW pair (X, A) has the homotopy extension property (and is
therefore an example of a cofibration). Explain the terminology “cofibra-
tion” here.

(2) Show that a group G is finitely presented if and only if it is isomorphic to
!1(X) for some 2-dimensional CW complex X with finitely many cells.

(3) Give a cell decomposition of a Klein bottle and compute !n, Hn and Hn

(with integral coe!cients) for all n (hint: choose the simplest cell decom-
position you can think of).

(4) Let X denote a wedge of two circles. What is !1(X)? For each of the fol-
lowing covering spaces of X , identify the corresponding subgroup of !1(X),
and say whether the cover is regular or not.

· · · · · ·

(5) Let Sg and Sh be closed, oriented surfaces of genus g and h respectively.
Show that there is a map f : Sg ! Sh of degree 1 (i.e. with f![Sg] = [Sh])
if and only if g " h.

(6) Let M be a closed (i.e. compact without boundary) 3-manifold with trivial
fundamental group. Show that M is homotopy equivalent to S3 (bonus
question: show that M is homeomorphic to S3).

(7) Is the unit tangent bundle of S2 homeomorphic to S3?
(8) Show that any map from Sa+b to Sa # Sb induces a zero map on Ha+b.
(9) Can a closed manifold be homotopy equivalent to a wedge sum of two

manifolds of dimension greater than zero?
(10) The braid group Bn is the fundamental group of the space Cn of unordered

collections of n distinct points in an (open) D2, and the pure braid group

Pn is the fundamental group of the space !Cn of ordered collections of n
distinct points in D2.
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Problem 4. Let Σ2 and Σ3 denote closed, oriented surfaces of genus 2 and 3 respectively. Compute the
homology of Σ2 and Σ3, compute the homology of the product Σ2×Σ3, and compute the maps on homology
induced by projections onto the two factors.

Problem 5. With notation as in the previous problem, find a degree 2 covering map f from Σ3 to Σ2. Let
F : Σ3 → Σ3 × Σ2 be the graph of f ; i.e. the map taking each point s to (s, f(s)). What maps does F
induce on homology? What about on π1?

Problem 6. The Figure 8 knot is the embedded circle in the 3-sphere indicated by the figure below.
Compute (e.g. with Seifert van-Kampen) the fundamental group and the homology of the complement of
the knot in S3.
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Problem 7. State and prove the Five Lemma.
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