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Question: What is the shape of the internet?



Answer: Small and round with long hair.
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A better question:

What does it mean to ask “What is the shape of the internet?” ?



The internet is a network of components; mathematicians call such
an abstract network a graph. The things being connected are
called vertices, and the connections are called edges.
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the connections are called edges.
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A more fundamental question: What is the shape of a graph?



A key difficulty:

A graph is not the same thing as a drawing of a graph.

Ceci n’est pas un graph



The same abstract graph can be drawn in many different ways.

Two different drawings of “the same” graph.



None of the drawings might reflect the “real” shape of the graph.

Which one is the “real” Petersen graph?



One important way to study the intrinsic geometry of a graph is
with spectral theory. The graph can be encoded by an array of
numbers, called a matrix.

If we label the vertices from 1 to n, then we set the ij entry of the
matrix (this is denoted Mij) to be equal to the number of edges
between vertex i and vertex j .

M =


0 1 1 1 0
1 0 1 1 0
1 1 0 1 0
1 1 1 0 1
0 0 0 1 1


3

2

54
1



We can also count the number of paths of length 2 between i and
j ; these are the entries of a matrix M2. Similarly, paths of length 3
are the entries of a matrix M3, paths of length 4 are the entries of
M4 and so on . . .

M2 =


3 2 2 2 1
2 3 2 2 1
2 2 3 2 1
2 2 2 4 1
1 1 1 1 2

 M3 =


6 7 7 8 3
7 6 7 8 3
7 7 6 8 3
8 8 8 7 5
3 3 3 5 3





Theorem: Concatenation of paths is multiplication of matrices.

This can be expressed as a formula: Ma+b = Ma ×Mb (or as a
more complicated formula: Ma+b

ij =
∑

k Ma
ik ×Mb

kj .)

It means that to count the paths of length a + b from i to j , first
split each such path into two paths of length a and length b. The
first path goes from i to somewhere (call it k); the second goes
from k to j .

i
a+b−−→ j = i

a−→ k
b−→ j



Matrices can be added and multiplied, just like numbers. Spectral
theory lets us substitute special numbers called eigenvalues in
place of our matrix, and we can add or multiply these numbers
instead (which is easier!)



The eigenvalues of the matrix are like musical tones, that describe
“resonances” of the graph. There are as many eigenvalues as
vertices.

Changing the labeling of the vertices permutes the rows and
columns of M, but it doesn’t change the eigenvalues!

So the eigenvalues reflect the true shape (or rather, sound) of the
graph.



For M =


0 1 1 1 0
1 0 1 1 0
1 1 0 1 0
1 1 1 0 1
0 0 0 1 1

 the eigenvalues are



−1.330059

−1

−1

1.201639

3.128419

.

(the same eigenvalue can appear more than once). Each of these
eigenvalues satisfies the equation x5− x4− 7x3− 2x2 +8x +5 = 0.



The eigenvalues of Mn are just the nth powers of the eigenvalues
of M. In our example, the eigenvalues of a few powers of M are:

M :− 1.330059, −1, −1, 1.201639, 3.128419

M2 : 1, 1, 1.443938, 1.769056, 9.787006

M3 :− 2.352949, −1, −1, 1.735093, 30.61786

M1000 : 1, 1, 5.946× 1079, 7.427× 10123, 2.113× 10495

From this, we see there are about 2.113× 10495 paths of length
1000 in our graph that end up where they start (the exact number
is obtained by adding together all five eigenvalues).



The eigenvalues encode a lot of the geometry of the graph.

The diameter of a graph is the furthest distance between any two
points.

Theorem: Suppose the diameter of the graph is d . Then there are
at least d + 1 distinct eigenvalues.

In our example, the diameter is 2, and there are
4 ≥ 2 + 1 distinct eigenvalues.



The spectrum of a matrix is closely related to the spectral lines
emitted by an atom.
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One can similarly analyze the “spectral lines” of a graph.
Qualitative features of the graph are reflected in this spectral data.
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In a random graph we put an edge between each two vertices with
some fixed probability p ∈ [0, 1].

random graphs with 20 vertices, and p = 0.3, 0.5, 0.7



Theorem: The biggest eigenvalue of a random graph with n
vertices and edge probability p is approximately np.

Theorem (Wigner’s semicircle law, 1958): Most of the spectrum is
distributed like the height of a semicircle with radius 2

√
pn.

For example, taking n = 50 and p = 0.3 we should expect most
eigenvalues in the range [−7.746, 7.746], and the biggest
eigenvalue should be about 15.



-7.746 7.746 15



The space between the biggest eigenvalue and all the others is
called the spectral gap. A graph with a small spectral gap has
bottlenecks: narrow regions which separate the graph into big
pieces. A random graph has a big spectral gap, and therefore few
bottlenecks.



Random graphs were studied for 50 years before people noticed
that many naturally occurring graphs are “random” in a quite
different sense — they are what is called scale free.

In a random graph, every vertex is connected by approximately the
same number of edges. In a scale free graph, the number of
vertices connected by k edges is proportional to k−γ for some
parameter γ > 1.

In scale free graphs, some vertices are very highly connected
(“hubs”), while some are very sparsely connected (“hair”).



Scale free graphs have been proposed as models of many kinds of
networks, including:

I social networks

I sexual partners

I structure of terrorist organizations

Many networks that grow over time are scale free, for instance, if
new edges are more likely to be added to vertices which already
have lots of edges (this is sometimes called the cumulative
advantage model of network growth).



Theorem (Chung–Lu–Vu, 2003): Most of the spectrum in a scale
free graph is distributed like the height of a triangle.

We first consider Eq. 8. Let us go back to Eq. 3. Now we need
to use the more accurate estimate of !Wl,k! given by Eq. 4 instead
of the weaker but cleaner one in Eq. 5. Define

s!l ,k !
"l

wmin
2k"2l n#n # 1$. . .#n # l$"2k

2l#"2l
l # 1

l $ 1 #l $ 1$4#k"l$.

One can check, with a more tedious computation, that the sum

$
l%0

k

s!l,k

is still dominated by the last term, namely

$
l%0

k

s!l,k ! &1 $ o#1$'s!k,k.

It follows that E(Trace(C2k)) % [1 ( o(1)]s!k,k. On the other
hand, E(Trace(C2k)) & Wk,k!"k. Now comes the important point,
for l % k, !Wl,k! is not only upper-bounded by but in fact equals
the right-hand side of Eq. 4. Therefore,

E#Trace#C2k$$ ! &1 $ o#1$'s!k,k.

It follows that

E#Trace#Cnor
2k $$ ! &1 $ o#1$'" 2

%w! #
"2k

s!k,k

! &1 $ o#1$'n
#2k$!

22kk!#k $ 1$! ,

which implies Eq. 8.
Now we turn to Eq. 9. Consider a term in Trace(C2k(1). If the

closed walk corresponding to this term has at least k ( 1
different edges, then there should be an edge with multiplicity
one, and the expectation of the term is 0. Therefore, we only have
to look at terms with walks that have at most k different edges
(and at most k ( 1 different vertices). It is easy to see that the
number of closed good walks of length 2k ( 1 with exactly l (
1 different vertices is at most O(nl(1). The constant in O
depends on k and l (recall that now k is a constant), but for the
current task we do not need to estimate this constant. The
contribution of a term corresponding to a walk with at most

l ( 1 different edges is bounded by "l&wmin
2k(1"2l. Thus

E(Trace(C2k(1)) is upper-bounded by

$
l%0

k

c
"l

wmin
2k(1"2l nl(1 [10]

for some constant c. To compute the (2k ( 1)th moment of
Wn(x), we need to multiply E(Trace(C2k(1)) by the normalizing
factor

1
n " 1

2%n"
# 2k(1

.

It follows from Eq. 4 that the absolute value of the (2k ( 1)th
moment of Wn(x) is upper-bounded by

$
l%0

k 1
n " 1

2%n"
#2k(1 "l

wmin
2k(1"2l nl(1 % $

l%0

k " 1
2%n"wmin

#2k(1"2l

.

[11]

Under the assumption of the theorem (1&2)n"wmin) % o(1).
Thus, the last sum in Eq. 11 is o(1), completing the proof.

Summary
In this article we prove that the Laplacian spectrum of random
graphs with given expected degrees follows the semicircle law,
provided some mild conditions are satisfied. We also show that
the spectrum of the adjacency matrix is essentially determined by
its degree distribution. In particular, the largest k eigenvalues of
the adjacency matrix of a random power-law graph follow a
power-law distribution, provided that the largest k degrees are
large in terms of the second-order average degree. Here we
compute the spectra of a subgraph G of a simulated random
power-law graph with exponent 2.2. The graph G has 588 vertices
with the average degree w! % 43.88 and the second average
degree d̃ % 61.5804. The largest eigenvalue of its adjacency
matrix is 61.78, which is very close to the second-order average
degree d̃, as asserted by Theorem 1 (see Fig. 1). All the nontrivial
eigenvalues of the Laplacian are within 0.3 * (2&)w! ) from 1,
as predicted by Theorems 5 and 6 (see Fig. 2).
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Fig. 1. The large eigenvalues of the adjacency matrix follow the power law. Fig. 2. The Laplacian spectrum follows the semicircle law.
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Some people have claimed (most
notably Albert-László Barabási)
that the internet is a scale free
graph. This claim has been met
with increasing scepticism in
recent years. Nevertheless, the
internet does have some features
in common with such a graph.

It’s certainly true that some parts
of the internet are more highly
connected than others.

picture credit: Orbis, P. Mahadevan, C. Hubble, D.

Krioukov, B. Huffaker, and A. Vahdat.



The End.
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