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Turing Computable Embeddings

Knight, et al. considered computable languages, and structures
with universes subsets of ω, in order to formulate an effective
analogue of the Borel embedding.

Definition
A Turing computable embedding of (K ,E) into (K ′,E ′) is an
operator Φ = φe such that
• for each A ∈ K there exists B ∈ K ′ such that

Φ(A) = φ
D(A)
e = χD(B), and

• if A,A′ ∈ K , then AEA′ ↔ Φ(A)E ′Φ(A′).

This induces a preordering, denoted by (K ,E) ≤tc (K ′,E ′). If
we do not mention the equivalence relation, then it is assumed
to be isomorphism.
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Examples

• UG, LO,RCF are universal (every class K of countable
structures has K ≤tc UG).

• If the isomorphism classes of K are distinguished by
computable infinitary sentences, then K cannot be
universal.

• Isomorphism for abelian p-groups is not distinguished by
sentences at a single level, yet they are not universal.
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Motivated by the importance of the Σc
α sentences in the

previous work, we define the following equivalence relation.

Definition

• We say that two structures A and B in the same language
are Σc

α equivalent if and only if A and B satisfy the same
Σc
α sentences (denoted A ∼c

α B).
• If for all α < ωCK

1 , A ∼c
α B, then we say that A and B are

computably infinitarily equivalent (A ∼c
ωCK

1
B).

Can we find classes which are universal for ∼c
α, but not for ∼=?
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Abelian p-groups

Fix any prime, p. Let G be a countable Abelian p-group.
• To each group, we associate a sequence from (ω + 1)<ω1

(its Ulm sequence).
• For α < ωCK

1 we can say Uα(G) ≥ k with a computable
infinitary sentence.

Theorem (Ulm, 1933)
Two countable, reduced Abelian p-groups are isomorphic if and
only if they have the same Ulm sequences.
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• In each case, we are essentially coding a set (the set of Σc
α

sentences true in the input structure).
• For bounded α < ωCK

1 , there is a certain length β such that
(K ,∼c

α) ≤tc (ApGβ,∼c
α).

• Finding the appropriate β, and a Φ = φe to witness the
embedding seems very uniform.

• Can we ‘lace together’ all of these embeddings into a
‘master procedure,’ showing that

(K ,∼c
ωCK

1
) ≤tc (ApG,∼c

ωCK
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Theorem (V.)
There is a partial computable function f : ω → ω2, such that if
a ∈ O, then f (a) = 〈e,b〉, where φe is the operator witnessing
that (K ,∼c

|a|) ≤tc (ApG|b|,∼c
|a|).

The proof is by transfinite induction on ordinal notation, and we
will need a few lemmas.
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There is a partial computable function ·O : O ×O → O such
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(Gi )i∈ω
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where G ∼= ⊕i∈ωGi .
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Lemma (V.)
Suppose that α is a computable ordinal of the form ω · β + n,
and let the function g be defined as

g(ω · β + n) =

{
ω2 · β + ω · n

2 if n is even
ω2 · β + ω · n+1

2 if n is odd

Then, for any K , (K ,∼c
α) ≤tc (ApGg(α),∼c

α).
Now we can prove the theorem.
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(operator) witnessing (K ,∼c
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Toward Consistency Result

That is still not quite what we want, so we use new tools.

Definition
A structure A is hyperarithmetically saturated if it satisfies the
following conditions
• for all tuples ā ∈ A, and all Π1

1 sets Γ(ā, x) of computable
infinitary formulas with parameters ā, if every ∆1

1 set
Γ′(ā, x) ⊆ Γ(ā, x) is satisfied in A, then Γ(ā, x) is also
satisfied in A,

• a clause on infinitary disjunctions (technical, needed for
following theorem).
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of Γ (sentences true in all models of Γ) in the language of A are
all true in A, then A can be expanded to a model A′ of Γ.
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Sketch
Sketch:
• Ressayre’s results imply that if ZFC has an ω-model, then

it has a hyperarithmetically saturated ω-model.
• We take the language of set theory, and add a single new

constant, e, to be interpreted as an index for an operator.
• So, let Γ say statements similar to those in the previous

proof, but now add e ∈ ω.
• Since we are in set theory, the following sentence is now

acceptable

∀A, j[(A ∈ K )→ (A � ψj ↔ Uh(β,j)(Φ(A)) = ω)]

• Apply the theorem.
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Thank You!
(References available upon request)



Abelian p-groups

Fix any prime, p. Recall that an Abelian p-group is an Abelian
group where each element has order a power of p. Let G be a
countable Abelian p-group.
• Define inductively: G0 = G, Gβ+1 = pGβ, and Gλ = ∩γ<βGγ .
• G is divisible if every x ∈ G is divisible by pn for all n.
• For each G, there is a length, λ such that Gλ = Gλ+1.
• If Gλ = {0}, we call G reduced.
• Each element obtains a height in this way. The height of x

is the unique β such that x ∈ Gβ but not in Gβ+1.
These can be visualized as trees–this is very useful.
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P-Groups

• To each (reduced) Abelian p-group, we associate an Ulm
sequence, an element of (ω + 1)<ω1 .

• The αth element of the sequence associated to G is
denoted Uα(G.

• Pα(G) = {x ∈ Gα : px = 0}, and
Uα(G) = dim(Pα(G)/Pα+1(G)).

• We can say Uα(G) ≥ k with a computable infinitary
sentence.

Theorem (Ulm, 1933)
Two countable, reduced Abelian p-groups are isomorphic if and
only if they have the same Ulm sequences.
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of length α.
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2 sentences (ψn)n∈ω such that for A � B ∈ K ,
there is an n such that ψn is true in exactly one of A and B.
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Theorem (S. Quinn)
Suppose that α = ω · β, and (βn)n∈ω has limit β. For any K ,
K ≤tc ApGα if and only if there is a computable sequence
(ψβn )n∈ω of Σc

βn
sentences in the language of K such that for

A � B ∈ K , there is an n such that ψn is true in exactly one of
A and B.
Despite these theorems, not all K embed into ApG (daisy
graphs, linear orders, etc.).

Goal:Is ApG universal amongst classes of structures where
isomorphism types are distinguished by Σc

α sentences?
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Toward Consistency Result
Definition
A structure A is hyperarithmetically saturated if it satisfies the
following conditions
• for all tuples ā ∈ A, and all Π1

1 sets Γ(ā, x) of computable
infinitary formulas with parameters ā, if every ∆1

1 set
Γ′(ā, x) ⊆ Γ(ā, x) is satisfied in A, then Γ(ā, x) is also
satisfied in A,

• for all tuples ā ∈ A and all Π1
1 sets Λ of pairs (i , γ(ā)),

where i ∈ ω and γ(ā) is a computable infinitary sentence
with parameters ā, if for every ∆1

1 set Λ′ ⊆ Λ,

A �
∨

i

∧
(i,γ)∈Λ′

γ(ā),
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