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Abstract

We relate asymptotic point counts and arithmetic statistics over finite fields to homo-
logical stability and representation stability over C in the example of configuration spaces
of n points on smooth varieties. In order to accomplish this we must establish subex-
ponential bounds on the growth of the unstable cohomology of such spaces. We apply
this and étale homological stability to compute the large n limits of various arithmetic
statistics of configuration spaces of varieties over F,.

1 Introduction

Let X be a scheme defined over Z. The Weil conjectures provide a fundamental link between
the topology of X (C) and the arithmetic of X (IF,). As first indicated by work of Ellenberg-
Venkatesh-Westerland [EVW], followed by Vakil-Wood [VW], Church-Ellenberg-Farb [CEEF2]
and others, this correspondence should convert homological stability phenomena in topology
to asymptotic point counts on the arithmetic side. We summarize this in the following table,
with the rows going from least to most general.

Topology Arithmetic
H*(X(0)) X(F,)]
homological stability of X,, | asymptotics of | X,,(F,)| as n — oo
representation stability asymptotics of arithmetic
statistics on X, (F,)

One of the main goals of the present paper is to realize the bottom rows of this table
for varieties PConf,,(X) (resp. UConf, (X)) of configurations of ordered (resp. unordered)
n-tuples of points on a smooth variety X. We first state our main theorem, after which we
will define all of the terms appearing in its statement.

Theorem A (Arithmetic statistics of configuration spaces): Let X be a scheme,
smooth over Z[1/N] for some N, with geometrically connected fibers of finite type. Let p be
a prime not dividing N, and let g be a power of p. Let Frob, denote the ¢ power Frobenius.
Let P be any character polynomial, and denote by H:,(PConf(X))p the stable P-isotypic
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part of the étale cohomology of the co-FI-scheme PConf.(X)EI (see ‘g@ below for a precise
definition). Denote by H',(UConf(X)) the stable étale cohomology of UConfn(X)?q. Then

. —ndim X _ 1) i *
nhﬁr)nooq Z P(y) = Z( 1)"T'r(Frobg, © HZ,(PConf(X))p),
y€UConf, (X)(Fq) 1=0

in particular, both sides of the above converge. Specializing to P =1, we obtain

o

dim g XU Cont, (X)(Fy)| = ZO<—1>iTr(Frobq © H,(UConf(X))").

The proof of Theorem A has two main steps:

1. We prove what we call étale homological (and representation) stability for H:t(Xn/Fq5 Q).
This allows us to break up H (X, JF,; Q) into two parts: stable and unstable.

2. We obtain sub-exponential bounds on the growth of the unstable part of H, (X JF, Q).
This allows us to prove that this unstable part does not contribute, via the Grothendieck-
Lefschetz trace formula, to the limiting density of | X,,(F,;)|. As we explain below, the
absence of such bounds is a significant obstruction to understanding the asymptotic
point counts of many families of interest.

In the étale context, stability of each Hét(Xn /ﬁq;(@g) as a (alois representation, not
just as a vector space, is crucial. It is the difference between proving that limits such as
limy, 00 ¢~ 4% | X, (F, )| exist, and actually computing the limiting answer. We now discuss
these two steps in more detail.

Homological stability. A sequence {X,,} of spaces or groups is said to satisfy homological
stability over a ring R if H;(X,; R) or H(X,; R) is independent of n for n > D(i); the number
D(i) is called the stable range. Typically, but not always, there are maps ¢, : X, — Xp+1
or ¢n : Xnt+1 — Xy inducing isomorphisms

(Yn)s + Hi(Xn; R) — Hy(Xn413R) or  ¢f : H'(Xy; R) — H' (X413 R).

Examples of X,, satisfying homological stability include classifying spaces of symmetric
groups S, (Nakaoka), arithmetic groups like SL,Z (Borel), the moduli spaces A, (Borel)
and M, (Harer), and also configuration spaces UConf,, (M) of unordered n-tuples of distinct
points on a manifold M (Arnol’d, McDuff, Segal, Church). Homological stability has been
a powerful tool in topology. It converts an a prior: infinite computation to a finite one.
Further, the stable answer, H;(X,; R) for n > D(i), can often be computed explicitly.
Many natural sequences X,, come equipped with actions of groups G,, by automorphisms.
A basic example is the space PConf,, (M) of ordered n-tuples of distinct points on a manifold
M, on which the symmetric group S, acts by permuting the ordering. Such spaces almost
never satisfy homological stability, but they instead often satisfy representation stability :
the decomposition of H*(X,;Q) into a sum of irreducible S,-representations stabilizes in a
precise sense (see [CEL [CEF1], below, and [Fa] for a survey). When R = Q, plugging the



trivial representation into this theory gives classical homological stability for the sequence
X /Sn- So for example representation stability for PConf, (M) gives classical homological
stability for the space UConf,, (M) = PConf, (M)/S, of unordered n-tuples of distinct points
on M; see [Ch]. The theory of representation stability, initiated by Church, Ellenberg and
Farb, is currently undergoing a rapid development.

Etale homological stability. Consider a scheme Y, smooth over Z[1/N] for some N.
We can extend scalars to C and consider the complex points Y (C), and we can also reduce
modulo p for any prime p { N. This gives a variety defined over F,, and for any positive
power g = p® we can consider both the F,-points as well as the Fy-points of Y, where F,, is
the algebraic closure of Fy.

One of the most fundamental arithmetic invariants attached to Y is its étale cohomology
H:t(Y/F;Qg), where K is a number field or finite field of characteristic prime to N, and
where ¢ # p is prime. The Galois action on Y/f induces a Galois action on each Q-vector
space H, Zt(Y/FS Qy), and this action is a crucial part of the data.

Now let X, be a sequence of schemes that are smooth over Z[1/N] for some N, for example
X, = PConf,(Y) or X,, = UConf,(Y) for Y smooth over Z[1/N]. Given the usefulness of
homological stability in topology, one wants to prove such stability for H, ét(Xn Vs Q) for K
a number field or a finite field with characteristic p t N. There are a number of different
notions of what “stability” means in this context (see §2| below). We adopt the strongest of
these possibilities.

Definition 1.1 (Etale homological stability). We say that a sequence X,, of schemes
satisfies étale homological stability over a field K if for each i > 0 there exists D = D(i) so
that the isomorphism type of Heit(Xn/FS Q¢) as a Gal(K /K)-representation does not depend
onn forn > D. The function D(i) is called the stable range.

When each X, in addition admits an Sj,-action, such as X,, = PConf,(Y) or Y, we have
a corresponding notion of étale representation stability over K. This definition is a bit more
involved; see It implies étale homological stability for the sequence of varieties X,,/.S,,.
To state our results in this direction, we need two different descriptions of representations of
the symmetric groups S,.

Let X; be the class function on all symmetric groups S,,n > 1 given by setting X;(o)
to be the number of i-cycles in the cycle decomposition of . A character polynomial is any
polynomial P € Q[Xy, X2,...]; it is a class function on each S,,n > 1. The degree of a
character polynomial is defined by setting deg X; := i. See below for more details. As
shown by Church-Ellenberg-Farb [CEF1], character polynomials give a compact and uniform
way of describing the character of certain infinite sequences of S),-representations for n =
1,2,....

A partition of n is a sequence A = (A > --- > X, > 0) with ) . A\; = n. The irreducible
representations V() of S, are classified by partitions A - n. A partition A - k gives a
sequence V(A), of irreducible S,-representations for n > k + A; by defining V()\),, to be
the irreducible representation of S,, corresponding to the partition (n —k, A1,...,\;). Every
irreducible representation of S, is of the form V (), for a unique partition \; for example
the trivial and standard representations of S,, are V'(0),, and V' (1), respectively.



Theorem B (Etale representation stability): Let Y be a scheme, smooth over Z[1/N]
for some N, with geometrically connected fibers of finite type. Let K be either a number field
or a finite field of characteristicpt N. For eachi > 0, the sequence Hét(PConfn(Y)/F; Q) of

Gal(K/K)-modules satisfies étale representation stability over K with stable range D(i) =
2i for dimY > 2 and D(i) = 4i for dimY = 1. In particular:

1. Inductive description:  For all n > 0, there is an isomorphism of Gal(K/K)-
representations:

Hét(PConfn(Y)/f; Q) = colimg Hét(PCOHf|S|(Y)/R; Qr) (1.1)

where the colimit is taken over the poset of all subsets S C {1,...,n} such that |S| <
D(i). This gives, for each n > D(i), a recipe for building the Gal(K /K)-representation
Hét(PConfn(Y)/F; Qy) from a fized finite collection of Gal(K /K)-representations.

2. Stability of isotypics: For each character polynomial P, there exists a unique virtual
Gal(K /K)-representation H.,(PConf(Y))p over Qq, linear in P, so that when P = xy(y
for some Ak, there exists D such that for all n > D:

H(PConf(Y))y, ,, = Hé(PConf,(Y) 7 Qe) ®qy(5,] V(A
and the right hand side is independent of n as a Gal(K /K )-representation.

3. Polynomial characters: There exists a character polynomial Q(X1,...,X,) so that
for alln > D(i):

XHét(PCOan(Y)/f;Qg)(U) = Q(Xl (0'), “. ,XT(O')) fOT all o € Sn
where deg(Q) < i if dimY > 1 and deg(Q) < 2i if dimY = 1.

Remarks:

1. Theorems A and B in the special case Y = A! was proved by Church-Ellenberg-
Farb [CEF2]. This special case is much simpler since the eigenvalues of Frob, on
H!,(PConf,(Al) R Q) are known explicitly; they equal ¢'.

2. Our proof of Theorem B uses the theory of FI-modules, developed in [CEF1]. What we
actually prove is that for each i > 0, the FI-Gal(K /K )-module (see below for the
precise definition) HZ,(PConf,(Y); Q) is finitely generated. Items (1)—(3) of Theorem
B then follow from the general theory of Fl-modules, in particular theorems from
[CEF1] and [CEEN]. As one consequence, the proof shows that Item (1) of Theorem
B holds with Qg replaced by Z; or Z/{"Z.

3. Nir Gadish [Gal] has recently isolated a concept of finitely generated I-poset, for a wide
class of categories I, and has used this to prove étale representation stability for a rich
class of sequences of complements of linear subspace arrangements.

1See for the precise definition of étale representation stability.



Plugging in P =1 into Item (2) of Theorem B gives the following.

Corollary B’ (Etale homological stability): With terminology as in Theorem B, the se-
quence Hét(UConfn(Y)/f; Q) satisfies étale homological stability over K : these Gal(K /K)-
representations do not depend on n for n > D(i).

Remarks:

1. Quoc Ho [Ho|] has recently given an independent proof of Corollary B’ for Y smooth
over any ground field. His method is based on factorization homology, and is quite
different from the methods of this paper.

2. Dan Petersen [Pe] has recently extended Theorem B to a wider class of configuration-
like spaces, also dropping the smoothness assumption.

Stability of arithmetic statistics. The application of homological stability to arithmetic
statistics was pioneered by Ellenberg-Venkatesh-Westerland in [EVW]. The fundamental link
is provided by the Grothendieck-Lefschetz Trace Formulaﬂ

1Z(F,)| = ¢ S (1) Tr(Froby  Hy(Z5 Qo) — Hi(Z 55 Q") (12)

i>0
and its twisted version (see (4.1]) below). Given Deligne’s theorem [Dell Theorem 1.6] that
any eigenvalue A of Frob, on Hét(Z/Fq; Q)" satisfies |A| < ¢~"/2 | one can bound the number

|Z(F,)| of F4-points via
2dim Z

Z(Fy)| < ¢™™7 > big 2
1=0

where b; := dim H,(Z IF, Qp)*. Applying this reasoning to a sequence Z,, of smooth varieties

gives
2dim Z,

¢ Zy(F) < Y bin)g (1.3)
=0

where we have emphasized via notation that b; is a function of n. It seems that étale
homological stability, namely the fact that b;(n) is constant for n > D(i), should imply
that the limit as n —— oo of the left-hand side of exists. However, it could be that
dim(Z,) goes to oo with n and that b;(n) grows more quickly than ¢*/2, even for any ¢; this
would imply the divergence of the right-hand side of . This super-exponential growth is
known to occur in natural examples, for example for Z,, the moduli space of genus n smooth
algebraic curves, and also for Z,, the moduli space of n-dimensional principally polarized
abelian varieties. In the latter example, recent work of Lipnowski-Tsimerman [LT] shows
that this growth actually does change the point count |Z,(F,)|, as they show this number
grows more quickly than the expected g™ %».

Thus, in order to apply étale homological stability to obtain the existence of asymptotic
point counts in a given example, it is necessary to prove sub-exponential (in i) bounds

2Here we have assumed that Z is smooth and applied Poincaré Duality to the usual Grothendieck-Lefschetz
Formula.



on b;(n), independent of m. In other words, control of the wunstable étale cohomology
Hét(Zn/FqS Q¢)* is needed.

Proving such bounds is a major obstruction for arithmetic applications; see for a
discussion. This problem is a very special case (namely the case P = 1) of more gen-
eral arithmetic statistics, where one needs a twisted version of the Grothendieck-Lefschetz
formula, and where the control on the “representation unstable cohomology” is even more
difficult to prove; see §3| below. A significant part of this paper, §3] is devoted to overcoming
this problem for the examples X™ and PConf, (X).

Theorem C (Bounding the representation unstable cohomology): Let X be either
a smooth, orientable manifold with dim(H*(X;Q)) < oo (e.g. X compact), or a scheme,
smooth over Z[1/N] for some N, with geometrically connected fibers of finite type. In the
first case let H' denote singular cohomology with Q coefficients; in the second, let H' denote
€tale cohomology with Qp coefficients. Then for any character polynomial P there exists a
function Fp(i), subexponential in i, such that for alln > 1:

(P, (H'(PConf,(X)))s, < Fp(i).

In we apply Theorems B and C to obtain Theorem A.

A different description of the left-hand side of Theorem C, established using analytic
methods, will appear in forthcoming work of Weiyan Chen [Che]. En route to proving
Theorems C and A, we also prove the analogous statements for Sym”(X); see However,
we note that Theorem C requires more than just bounding the betti numbers Sym"(X).

Acknowledgements. It is a pleasure to thank George Andrews, Kathrin Bringmann,
Mark Kisin, and Ken Ono for useful discussions. We thank Nir Gadish and Brian Conrad
for very helpful conversations about twisted f-adic sheaves and transfer. We thank Weiyan
Chen, Jordan Ellenberg and Burt Totaro for numerous helpful comments on an earlier draft.
It is a pleasure to thank Matt Emerton for his careful reading and many detailed comments
on an earlier draft of this paper. Finally, we thank an anonymous referee for making several
suggestions that helped to simplify the proofs in this paper.

2 KEtale Representation stability

In this section, we briefly summarize the theory of representation stability and FI-modules,
as it is used in topology, as well as some of its consequences. This theory was developed
by Church, Ellenberg and Farb [CEl [CEF1], and later with Nagpal [CEEN]|; see [Fa] for a
survey. We refer the reader to these references for details. We then give a general setup for
proving similar stability theorems in étale cohomology.

2.1 Quick summary of representation stability and FI-modules

An FI-module V over a Noetherian ring R is a functor from the category FI of finite sets
and injections to the category of R-modules. Thus to each natural number n we have



associated an R-module V,, with an §,, action, with a map V,, — V,, for each injection
{1,...,m}—{1,...,n}. Recall that the opposite category FI°? is the same as FI but with
arrows reversed. A co-FI module over R is a functor from FI°? to R-modules. We also have
the associated notions of Fl-space, FI-scheme, etc., and the associated co-FI versions.

An FlI-module V is finitely generated if there is a finite set S of elements in []; Vi so
that no proper sub-FI-module of V' contains S. One of the reasons that we care about
finitely-generated FI-modules is the following theorem.

Theorem 2.1 (Structural properties of finitely-generated FI-modules). Let V' be an
Fl-module over a commutative Noetherian ring R. If V is finitely-generated then:

Representation stability ([CEF1]): When R is a field of characteristic 0, finite gen-
eration of V' implies representation stability in the sense of [CE] for the sequence {V,,} of
Sn-representations.
Inductive description ([CEFN]): Let V, be a finitely-generated FI-module over a Noethe-
rian ring R. Then there exists some N > 0 such that for all n € N, there is a natural
isomorphism

Vi = colimge () 151<n Vs
i.e. these isomorphisms commute with homomorphisms of FI-modules. By definition, the
stable range of Vo N (V) is the minimal such N.
Isomorphism of trivial isotypics ([Ch]): Let Vi be a finitely-generated FI-module over

a Noetherian ring R with stable range N(V'). Then for all n > N(V') the map Vi, — Vi1,
given by averaging the structure maps, induces an isomorphism

Vi =V
We remark that the isomorphism of trivial isotypics illustrates one of the key advantages
of considering (co-)FI-spaces: while stabilization maps for many natural sequences of spaces
or schemes do not naively exist, a (co-)FI-space Z, comes equipped with canonical rational

correspondences from Z,,11/Sp+1 to Z,/Sy.
We will also need the following.

Lemma 2.2. Let V, and W, be finitely generated FI-modules, and let N be the sum of their
stable ranges. Then for all n > N, the maps V,, — V41 and W,, — W41 (associated to
{1,...,n} C{1,...,n+ 1}) induce isomorphisms

Vi ®qs,) Wa =V OQ[Sy 1] Wnt1

n+1]
that are natural in both variables with respect to homomorphisms of FI-modules.

Proof. By [CEF1, Proposition 2.3.6], the tensor product V, ®g W, is finitely generated since
Ve and W, are. Applying the co-invariants functor, we obtain the functor

n—V, XQ[S] Wh.
Because stable ranges add under tensor product ([CEF1), Proposition 2.3.6]), and because

the stability degree (cf. [CEFIl Definition 3.1.3]) is less than or equal to the stable range
(ICEE1L, Proposition 3.3.3]), the map

Vi ®qrs,] Wn — Va1 ®qs, 1] Wntt

n+1]

is an isomorphism for n > N. O



Character polynomials. Character polynomials and their degree were defined in the
introduction. Let (P,Q) denote the inner product of S,-characters. The expectations of
character polynomials
1
Eoes, Pa(0) = — > Pu(o) = (Pa,1)
ocESh

compute the averages of natural combinatorial statistics with respect to the uniform distri-
bution on S,,. As shown in Proposition 2.2 of [CEF2], the inner product (P,, @) of character
polynomials P, @Q € Q[X1, Xo,...] is independent of n once n > deg P + deg Q.

One remarkable property of finitely-generated FI-modules V' is that the characters of the
Sp-representations V,, are, for large enough n, given by a single polynomial.

Theorem 2.3 (Polynomiality of characters [CEFN]). Let V be an FI-module over a field
of characteristic 0. IfV is finitely-generated then the characters v, of the Sy-representations
V,, are eventually polynomial: there exists N > 0 and a polynomial P(X,...,X,), for some
r >0, so that

xv, = P(X1,...,X,) foralln>N. (2.1)

In particular, if Q is any character polynomial then (xv,,Q) is independent of n >
deg P 4 deg Q.

We note that evaluating (2.1]) on the identity permutation gives a polynomial P(T") € Q[T
so that

for all n > N.

Etale Representation Stability Given a co-Fl-scheme Z, defined over I, its étale co-
homology H¢,(Z, /Fq;(@g) has additional structure beyond that of an FI-module over Q.
The geometric Frobenius Frob, gives a natural endomorphism of Z, [Fy and this gives rise
to an action of Gal(F,/F,) on the Fl-module Hét(Z./Fq; Qg). As noted in the introduction,
the eigenvalues of Frob, and the action of Gal(F,/F,) are crucial part of the data here.
Weaker than knowing an eigenvalue A of Frob, on Hgt(Zn /Fq;@z) is knowing its weight.
Deligne proved that \ is an algebraic number with |\| = q"/? for some j < r < 2j, with r = j
if Z,, is smooth and proper. The number r is the weight of the eigenvalue A. Similarly, for
Zo defined over a number field K, the action of Gal(K/K) on Z, /& induces an action on

Hét(Z,/]-(; Qp¢), and this action is a fundamental part of the data.
In increasing order of strength, we could ask that for each 4 there exists D so that for all
n > D:

1. The isomorphism type of HE,(Z, /K Qy) as a Qg-vector space does not depend on n;
2. in addition, the list of weights of Frob, on Hét<Zn/R'; Q) does not depend on n;

3. in addition, the list of eigenvalues of Frob, on H%(Z, K Q) does not depend on n.

3 As observed e.g. by Milne [Mi2], the Tate conjecture implies that the eigenvalues of Frob, determine the

Gal(FF4/Fg4)-action. But, this is not known at present.



4. The isomorphism type of H:,(Z, ici Qo) asa Gal(K /K)-representation does not depend
on n.

We have adopted the strongest of these as our definition of étale homological stability.

2.2 Etale representation stability

Let Z be a co-FI scheme smooth over Z[1/N] for some fixed N, with geometrically connected
fibers. Let p{ N be prime, and let ¢ # p be a prime. For each i > 0, the étale cohomology
Hi,(Z /Fp;Zg) is an FI-module. In addition, for each ¢ = p%, the Frobenius Frob, acts on

each Hét(Zn/Fp; Zy), endowing it with the structure of a Gal(F,/F,)-module. The S,-action
on H,(Z, /FP;ZK) coming from its structure as an FI-module commutes with the action of

Gal(F,/F,), as do all automorphisms of Z,. Similarly, for any number field K, the action of
Gal(K/K) on Hét(Z/F; Q¢) commutes with the F'I-structure.

This discussion shows that, for K a number field or a finite field of characteristic prime
to N, Hét(Z/F; Qy) is an Gal(K/K)-FI-module; that is, an Fl-module equipped with an
action of Gal(K/K) by Fl-automorphisms. We have the corresponding notions of finitely
generated Gal(K/K)-FI-module: there is a finite set S C [, H.,(Z, /i3 Qe) so that no

proper sub-Fl-module of H.,(Z /i3 Qe) contains S.

Definition 2.4 (Etale representation stability). We say that a sequence Z,, of Gal(K /K)-
modules satisfies étale representation stability if {1,....,n} — Z, is a finitely generated
Gal(K/K)-FI-module.

Theorem C in [CEFN] gives an inductive description of finitely-generated FI-modules V'
over any Noetherian ring R. Namely, there exists D > 0 such that for all n € N, there is a
natural isomorphism

V,, & colimg Vg (2.2)

where the colimit is taken over the poset of all subsets S C {1,...,n} such that |[S| < D. If V
is a finitely-generated Gal(K /K)-FI-module then gives is an isomorphism of Gal(K /K )-
modules. Thus gives, for each n > D, a recipe for building the Gal(K / K )-representation
V,, from a fixed finite collection of Gal(K /K )-representations.

Etale representation stability for products and configuration spaces.  Attached
to any scheme X there is an associated configuration space PConf, (X) of ordered n-tuples
in X, defined by:

PConf, (X) = {(z1,...,zp) e X" 12 #z; Vi# j} = X"\ A

where A is the fat diagonal and where we write x € X to denote an arbitrary R-point
of X. The group S,, acts freely on PConf, by permuting the coordinates. The quotient
UConf, (X) := PConf, (X)/S, is the configuration space of unordered n-tuples of points in
X.

For any scheme X, denote by X*® the co-FI scheme that sends {1,...,n} to the carte-
sian product X", and associates to any injection between finite sets the natural projection



maps between cartesian powers. The open subsets PConf, (X) C X™ are preserved un-
der the co-FI structure maps, and so we obtain a co-FI scheme PConf,(X). In particular,
H!(PConf.(X); Q) is an FI-module for any i > 0.

With this setup, we can now prove Theorem B from the introduction. The proof also
gives the following result.

Theorem 2.5. Theorem B with PConf, (Y) (resp. UConf, (Y")) replaced by Y™ (resp. Sym"™(Y))
holds.

Proof of Theorem B and Theorem [2.5 This theorem follows from the proofs of [CEFT], The-
orem 6.1.2] and [CEF1), Theorem 6.2.1]. The only difference is that we now work with étale
rather than Betti cohomology.

To wit, the co-FI-schemes PConfs(Y) and Y* give rise to FI-Gal(K /K )-modules by
taking ¢-adic cohomology. The proof of [CEF1, Theorem 6.1.2] carries over verbatim to the
étale setting to show that HZ,(Y®;Qy) is a finitely generated FI-Gal(K /K )-module for all
i > 0; see Theorem 4.1.7 and Remark 6.1.3 of [CEF1] for the stable range and degree of the
character polynomial. Note here that this improved stable range comes from the fact that
X* is a so-called FI#-module.

For PConf,.(Y), the proof of [CEFI, Theorem 6.2.1] applies in étale cohomology just as
for singular cohomology. Indeed, as Totaro discusses in [Tol p. 1064], for any scheme Y
smooth over Z[1/N], the Leray spectral sequence in ¢-adic cohomology for the inclusion

PConf,(Y) — Y™

has Fs-page isomorphic to
qdim(Y')

~2dim(Y) — )

Byt = ) HE (Y75 Q7 (
{J4n | |J|=n—q¢/(2dim(Y)—-1)}
where Y; C Y™ denotes the diagonal where points coincide according to the partition J,
dim(Y") denotes the dimension of the scheme, and if J consists of pieces of size jq, . . . s Jn—q/(2dim(Y)—1)
then
cy = (= D (n-g/@dimr)-1) = D!

See also [We] for a detailed proof of this description of the Leray spectral sequence in the étale
setting. The proof of [CEFI, Theorem 6.2.1] now carries over verbatim to show that for all
i, the FI-Gal(K /K)-module H’,(PConf,(Y); Q) is finitely generated for all i > 0. For the
claimed stable ranges and degree of character polynomial, see [CEF1, Theorem 6.3.1]. O

3 Convergent Cohomology

In this section we provide the necessary bounds for the “representation unstable cohomology”
of X™ and of PConf, (X) that will be necessary for the arithmetic applications in Section
3.1 Definition of convergent cohomology

A function F': N— N has exponential growth rate X if

lm 08S) (3.1)
n—-—» 00 n

10



If holds with A = 0, we say that F' has sub-exponential growth.

Let Z be a co-Fl-scheme over Z[1/N]. For each i > 0, let H*(Z,) denote either the
singular cohomology H'(Z,(C); Q) or the étale cohomology H:,(Z, /i3 Qe) for K a number
field or finite field of characteristic prime to N. In each case H'(Z,) is an FI-module (over
Q and Qy, respectively). For any class function P on S, denote by (P, H(Z,)) the inner
product of (the character of) H(Z,) with P.

In order to compute arithmetic statistics for a co-FI scheme Z, one needs to control the
“representation unstable” cohomology of Z; see 4] More precisely, one needs to prove one
of the following two properties, which were shown to be equivalent in [CEF2] §3]:

1. For each 0 < a < n there is a function Fj(i), subexponential in ¢ and not depending
on n, so that:

dim H(Z,)%=« < F,(i) for all n and 1. (3.2)

2. For each character polynomial P € Q[X1, X, ...] there exists a function Fp(7), subex-
ponential in ¢ and not depending on n, such that:

(P, H'(Zy))| < Fp(i) for all n and i. (3.3)

It is crucial that these bounds hold independently of n. While the second condition is
the one that applies to arithmetic statistics (see 4| below), it is quite difficult to check. Thus
the equivalence with the first condition is quite useful.

Definition 3.1 (Convergent cohomology). We say that the co-FI scheme (or space) Z
has convergent (singular or étale) cohomology if either of the two equivalent properties 1 or
2 in equations or holds. If these properties hold with Fp(i) having exponential
growth 0 < A\ < 0o, we say that Z has weakly convergent cohomology with convergence rate
A

These kinds of bounds are typically not easy to prove. In [EVW] this is accomplishedlﬂfor
the cohomology of certain Hurwitz spaces by obtaining an exponential upper bound for the
number of i-cells, via an explicit cell decomposition. In [CEF2] such bounds for the example
H!(PConf,(C);Q) are obtained by a detailed knowledge of these S,-representations. The
rest of this section is devoted to giving such bounds for two natural classes of co-FI schemes.
We then apply this in §4] to arithmetic statistics for F,-points on these schemes.

3.2 Polynomial bounds on Betti numbers of symmetric products

Let X be a topological space. The n-fold cartesian product X" is endowed with a natural
action of the symmetric group S, given by permuting the factors. The quotient Sym" X :=
X"/8S, is called the the n'' symmetric product of X.

Proposition 3.2 (Growth of Betti numbers of symmetric products). Let X be either
a space with dim(H*(X;Q)) < oo (e.g. X compact), or a scheme over Z[1/N] for some N,
with geometrically connected fibers of finite type. In the first case let H' denote singular
cohomology with Q coefficients; in the second, let H denote étale cohomology with Q; coeffi-
cients. In either case let b; be the associated i*" Betti number. Then b;(Sym™(X)) is bounded
above by a polynomial in i, independent of n.

4[EVWj only needs to deal with the classical, not representation stable, case; that is, the a = 0 case.
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Proof. We claim that if m < n then b;(Sym™ (X)) < b;(Sym"(X)); further, b;(Sym"(X)) =
by (Sym™ (X)) for all ¢ > n. To see the statement for m < n, observe that for any graded
vector space V' (over a field of characteristic 0), a choice of “unit” 1 € V{, determines an
injection
Symm(V)z —d Sym”(V)Z
T IRl -1

In particular, dim(Sym™(V');) < dim(Sym™(V);) for all m < n and i. Considering V =
H*(X;Q), Kiinneth and transfer imply that

Sym"(H*(X;Q)); = H'(Sym"(X); Q)

and the first part of the claim follows. For the second, we note that for a graded vector space
V=VWa&- &V, with Vj = Q, we have

Sym" (V) = @ ® Sym® (Vj)

ap+-am=n j=1

and thus

I

Sym" (V);

m
P &Qsym (V)
(a1y..yam) J=1

where the direct sum is over partitions a; +2as + - - - ma,, = ¢ such that a1 +---+a, =n. In
particular, the number of pieces in the partition is at most n, and since for any i, the largest
number of pieces in any partition is ¢, we see that for n > ¢, the direct sum is independent
of n. We conclude the claim by taking V' = H*(X;Q) and invoking Kiinneth and transfer as
above.

We have just shown that for each fixed ¢ > 0 :

bi(Sym™ (X)) < b;(Sym*(X)) = b;(Sym™ (X)) for all n > 1

To prove the proposition, it is therefore enough to bound b;(Sym® (X)) by a polynomial
in 4. Well, note that the function f(2) := > 52 bi(Sym®™(X))z" is just the Poincaré series
for the symmetric algebra on the vector space H*(X;Q). By an elementary argument, this
Poincaré series is, writing B; := b;(X), the following rational function :

14 2)B1(14+2)Bs...
fz) = (i _+22;Bzgl J_r ZA)L)BAL .

Since each pole of f(z) lies on the unit circle, it follows (see, e.g. [E'S], Theorem IV.9)
that the i coefficient b;(Sym* (X)) of f(z) is bounded above by a polynomial in i.
O

Consequence: bounding the representation unstable cohomology of products.
The following corollary is also a key ingredient in bounding the representation unstable
cohomology of configuration spaces.

12



Corollary 3.3. Let X be as in Proposition[3.3, and use the notation of that theorem. For
each 0 < a < n, we have that dim(H*(X™)%) is bounded above by a polynomial in 1,
independent of n.

Proof. Since the action S,_, leaves invariant the first n — a factors of X" and acts as the
identity on the last a factors, there is, for each ¢ > 0, an isomorphism:

HY(X™)%— = @ H(X" )% @ HI(X). (3.4)
pFHq=i

Since this sum has 7 + 1 terms, it suffices to bound the dimension of each summand by a
polynomial in 7. Since dim H*(X;Q) < oo and since a is fixed, there is a constant C, not
depending on ¢, so that dim(H9(X?)) < C. It thus suffices to bound each HP(X"~ )%~ by
a polynomial in i. But this follows from transfer together with Proposition [3.2], noting that
p < 1. ]

3.3 Bounding the representation unstable cohomology of configuration
spaces

We build on the subexponential upper bounds for products in the last section to prove the
corresponding result for configuration spaces.

Theorem 3.4 (PConfe(X) has convergent cohomology). Let X be either a smooth,
orientable manifold with dim(H*(X;Q)) < oo (e.g. X compact), or a scheme, smooth over
Z[1/N] for some N, with geometrically connected fibers of finite type. Then the co-FI mani-
fold (resp. scheme) PConfe(X) has convergent singular (resp. étale) cohomology.

Proof. For the case when X is a manifold we let H® denote singular cohomology with Q
coefficients; in the case when X is a scheme we let H? denote étale cohomology with Q
coefficients.

Fix a > 0. Denote by S,_, the subgroup S,_, x 1 C S,. We will prove that there is a
function Fy (i), subexponential in 7, so that:

dim (H'(PConf,(X); Q)™ < F,(i)

for all i > 0. Let m be the real dimension of X, and denote by A(n,m) the graded commu-
tative algebra
A(”? m) = Q[{Gab}lga#bgn]/l

where |Gg| = 2m — 1 and I is the ideal generated by the elements

Gab - Gba

GabGac + Gchba + GcaGcb
for a < b < c distinct. The group S, acts on A(n,m) via 0 - Gap := Gy(a)op)- Totaro [Tol
Theorem 4] has shown that H*(PConf, (X); Q) is isomorphic, as a graded S,,-representation,

to a sub-quotient of
H*(X™,Q) ® A(n,m),
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with the natural action on each factor. As Totaro indicates, this result holds for both the
singular and étale cohomology.
Note that, for any short exact sequence of S,-representations

0—Vg— V1 —Vo—0
over a field of characteristic 0, there exists an S,-equivariant splitting
i =V @ Va.

In particular,
dim V;’" = dim Vg™ + dim V",

and, more generally, if V' is any sub-quotient of an S,-representation W, we have
dim V5 < dim W5n.

Let V and W be any two S,-representations. The identity dim(V*") = (xy-,1) and the
Cauchy-Schwarz inequality give:

dim(V ®@ W) = (xvew, 1)
= 3 (o)

’ UESn

IN

- (Z xV<a>2> (Z xw<o—>2)

c€Sh oE€Sy

= \/<XV®27 1><Xw®2, 1>
= \/dim((V®2)Sn) dim((W®2)Sn),

Specializing to our setting, we conclude that it suffices to show that
(dim (H(X(C)";@)%2) ™) - (dim(A(n, m)*)5 ) < Fy (i)

for some F, (i) subexponential in ¢. For the first factor, by Kiinneth and the definition of the
action, we have

(Hi(Xn;Q)®2)Sn,a C H2i(Xn > Xn;Q)Sn,a
= H((X x X)" Q)5
21
= ) HY((X x X)" % Q)5 @ HE (X x X)% Q)
7=0

By transfer, this is isomorphic to

21
P B (Sym™ (X x X); Q) @ H* (X x X)*; Q)
=0

14



Let C' = max; b;(X x X), and let D = C - 2m. By Kiinneth, for all j < 24,
dim H*77(X?* Q) < (2i — j)C“
Combining this with Proposition we see that
. 22 .
dim(H'(X™;Q)®?)%— <} ~dim (H/(Sym" (X x X);Q)) (2i — j)C*
§=0
2%
<3 2P DIP(j)(2i - j)C°
j=0
< 2PDIceqQ(i)

for some polynomials P, Q. It remains to bound dim(A(n, m) ® A(n, m)) . Well,
(A(n,m) ® A(n,m)); = €P (A(n,m), ® A(n,m),) (3.5)
p+q=i

Since the right-hand side of has at most 2i terms, it suffices to bound each [A(n, m),®
A(n,m)y]%"-a. By the Cauchy-Schwartz inequality, as above, it suffices to bound [A(n,m), ®
A(n,m),|%n-a for each 1 < p < i. To obtain this bound, first note that the algebra A(n,m)
is isomorphic to A(n,2) via an isomorphism that takes the p*™® graded piece of A(n,2) to the
(2m — 1)p** graded piece of A(n,m). Since m is fixed and so 2m — 1 is fixed, it suffices to
bound [A(n,2), ® A(n,2),]— in terms of i, for each 1 < p < i.

Lehrer-Solomon [LS] give an explicit description of A(n,2) as a sum of induced represen-

tations
A(n,2), = @ Indy;, ) (6)

where p runs over the set of conjugacy classes in S, of permutations having n—p cycles, ¢, is
any element of the conjugacy class i, and &, is a one-dimensional character of the centralizer
Z(cy) of ¢, in S, (we will not need an explicit description of §,). It follows that

(A(n,2), ® A(n,2)p)%~ = PlIndF;, ,(€.) © IndZ, (&))" (3.6)

wv

where v is defined similarly to p. The summands contributing to the first (resp. second)
A(n,2), factor in correspond to conjugacy classes ¢, (resp. ¢,) in S,, decomposing into
n — p cycles. The number of such conjugacy classes is in bijection with the set of partitions
of p, which is less than the number of partitions of ¢ since p < ¢. The Hardy-Ramanujan
asymptotic for the number [{J - i}| of partitions of i gives C1,Cy > 0 so that

{J F i} < CreC2Vi. (3.7)

Thus the number of terms in the sum on the right-hand side of (3.6) is, by (3.7]), at most

[CleCQ‘f] = C?e 202V As this is subexponential in 4, it suffices to bound the dimension of
7y, (&) © Inds ) (€))7
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Now, a permutation ¢, decomposing into n — p cycles must have at least n — 2p fixed
points. This implies that the centralizer Z (c“) contains the subgroup S, _2,, and thus S, _2;
since p < . It follows that Indg( u)(fu) is a subrepresentation of Indgzi (&u)- Thus

C 21
Indy;, (&) © IndZy, ) (&)]%~ C [Indg , (§,) @ Indg" , (&)]% (3.8)

Let x, and x, denote the characters of §, and §,, respectively. The right-hand side of
(3.8]) consists of the set of bilinear functions f : S,, x S, — C satisfying

flo-g,7-h)=xul0)xu(7)f(g9,h) Yo, € Sp_9; and Vg,h €S,

and
f(gﬁ7h6):f(g7h) VB € Sy—a and Vg,h € 5,.

It follows that the dimension of this vector space is at most the number of double cosets
Snfa\[sn/snfm' X Sn/Sn72z]

We claim that this number is polynomial in . Indeed, it is equal to the number of maps
f:A{1,... a}—{1,...,2i,%}x{1,...,2i,x} such that | f~1(j, k)| < Land |f~L(j4,%)|, |f~L(x, k)| <
(n—24)2. Since a is fixed, this number is bounded by a constant times the number of subsets
of {1,...,2i,x} x {1,...,2i,%} of size < a, which is O(i?®). This completes the proof of
Theorem 3.4 O

4 Stability of arithmetic statistics

Throughout this section we will fix a prime power ¢ = p? and a prime ¢ not divisible by p.

4.1 Point counting and étale cohomology

Let Y be a scheme of finite type (not necessarily smooth) over Z[1/N]. We can base change
to Spec(FF,) for any prime p { N, and for any positive power ¢ = p% we can consider both
the Fg-points as well as the Fg-points of Y, where Fy is the algebraic closure of Fy. The

arithmetic Frobenius morphism Froby: Y — Y acts on Y (F;) by acting on the coordinates
(y1,...,yq) of any affine chart of y via

FrObQ(yla s 7yd) = (y(11> o JJZ[)

A point y € Y(F,) will be fixed by Frob, precisely when y € Y (F,). Thus

Y (F,) = Fix(Frob, : Y/(F,) — Y (IF,)).
Fix a prime £ not dividing ¢, and let Q, denote the f-adic rationals. Let H:t(Y/Fq; Qp)
(resp. H;kt,c(Y/Fq§Q€)) denote the étale cohomology groups (resp. compactly supported étale

cohomology groups) of the base change Y/Fq of Y to Fy (see, e.g., [De2, Mi]). Denote by

Qq(—1i) the rank 1 Gal(F,/F,)-representation on which Frobenius acts by ¢'. _
Let V be a constructible, rational ¢-adic sheaf on Y (see, e.g., [EK]). If y € Y(IF,) is a
fixed point for the action of Frobg, then Frob, acts on the stalk V, over y. Attached to this
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action is its trace Tr( Frob, : V,—V),). The twisted Grothendieck-Lefschetz Trace Formula
([FKl, Theorem I1.3.14] and [De2l, 6.1.1.1]) gives:

2dim(Y)
Y Tr(Froby: V,—V,)) = > (=1)'Tr(Froby : H, (Y;V)— Hi, (Y;V)) (4.1)
yeY (Fy) =0

When Y is smooth, Poincaré duality for étale cohomology [Mi, Theorem 24.1] gives

Hi

et,c

(Y5, V) = HZ 7 (Y 5 5 V(= dim(Y))* (4.2)

Plugging this into Equation (4.1)) gives, for smooth Y

2dim(Y)
Z Tr(Frobq Vy—Vy) = g Z (—1)iTr(Frobq CHL (Y V) — H (Y V)*)
yeY (Fyq) =0

(4.3)

Sp-schemes. Now let Z be smooth and quasi-projective over Z[1/N]. Suppose that the
symmetric group S, acts generically freely on Z by automorphisms, and let p : 7 —Y
denote the quotient map. By [Mu, Theorem p. 63 and Remark p. 65 (Ch. 2.7)], Y is a
scheme. It is typically not smooth even when Z is smooth.

Recall that any finite-dimensional representation of S, over a field of characteristic 0 is
defined over Q. There is a bijective correspondence between isomorphism classes of finite-
dimensional S,-representations and finite-dimensional constructible sheaves on Y that be-
come isomorphic to @?” when pulled back to Z: Given an S,,-representation V over Qy, one
can form an Sp-equivariant, locally constant sheaf V over Z with fiber V. Pushing forward
to Y and taking S, invariants, i.e. (p.V)°", we obtain a constructible sheaf of Q, vector
spaces over Y which is a sheaf-theoretic analogue of the usual topological diagonal quotient
“Z xg, V7.

Suppose that y € Y (F,) is fixed by Frob,. Then Frob, acts on the fiber p~!(y). Now
S, acts transitively on p~!(y) with some stabilizer H (not depending on § € p~'(y)), and
so we can identify p~!(y) with S,,/H. The Frob, action on p~!(y) commutes with this S,
action, and so it is determined by its action on a single basepoint, which we choose once
and for all to be H. Now Froby(H) = o,H for o, € S,. Following Gadish [Gal, for any
Sp-representation V' and any coset o H of S;,, we set

1
xv(oH) = @ Z xv (oh).
With this notation we have:
Tr(Frobg : Vy —V,) = xv(oyH) (4.4)

which we denote simply by xv (Frobg; Vy). More generally:
Definition 4.1. For any class function P, and any y € Y fized by Frob,, define P(y) by:

P(y) = ;ﬂ ;;1 Po,h). (4.5)
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An elementary check shows that the definitions above are independent of the choice of
coset H, since the action of S,, is transitive on fibers.

Plugging Equation (4.4]) into Equation (4.1]) now gives:

2dim(Y)
> xv(Frobg V)= > (=1)'Tr(Frobg : Hiy (Y5 V) — Hiy (Y5 V)) (4.6)
YEY (Fy) i=0

The right-hand side of could be computed from the eigenvalues \;; of Frob, on each
H}; .(Y;Qg). Typically one only has estimates on |Aj|. For example, for ¥ smooth and
proper, the Riemann Hypothesis for finite fields (proved by Deligne) gives that |\;;| = ¢'/2.
Many natural examples Y, including many of those we study in this paper, are not proper,
and finding the A;; is more difficult.

Given that we only have general bounds on the eigenvalues of Frobg, to bound the traces

of Frob, we must determine the dimensions of each Hét,c(Y; V). To do this, we follow the

argument in §3.3 of [CEF2]. First note that the pullback V of V to Z is trivial. We then
compute:

iy (YiV) = H, (Z:D)5 by transfer
= (Hét,c(Z; Q) @ V)*n by triviality of ]7]2
. . (4.7)
= (Hztdlm(z)_l(Z; Q(dim(2)))* @ V)= by Poincare duality
~ dim(Z)—1 . %
= H "0 (2, Qudim(2)))" Bgy0s, V
Because every S,-representation is self-dual, it follows that
dimg, Hl, (Y;V) = (V, H;™ D7 (2, Q0)) . (4.8)

where (V, W)g

n

is the usual inner product of S,-representations V' and W:

<‘/, W> = dier Hong[Sn] (V, W)

4.2 Co-FI schemes with convergent étale cohomology

Now that we have discussed schemes, and S,,-schemes, we are ready to discuss sequences of
Sp,-schemes.

Let Z be a co-FI scheme, smooth and quasi-projective over Z[1/N]. For each i > 0,
the étale cohomology HE,(Z, /ﬁq;(@g) is an FI-module over Qp. We want to consider the
implications of finite generation of this FI-module for point-counting problems over I, for
the sequence of schemes Z,,/S,, (cf. [Mu, Theorem p. 63 and Remark p. 65]).

As discussed in [CEFI1], any partition A of any k& > 1 determines a finitely-generated
FI-module V' (\) with V' (\),, being the irreducible representation of \S,, corresponding to the
partition (n — |[\|) + .
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Definition 4.2. Let K be a field, and let M, be a finitely generated Gal(K /K)-FI-module
over Qp with stable range N . Let A be a partition of n, let V(\) the associated FI-module, and
let D = max{N, \1}. Define the stable M-isotypic part My of M to be the Gal(F,/F,)-module

M)y == Mp ®q,(s,] V(M) D

More generally, for a character polynomial P, we define the stable P-isotypic part of M to
be the Qg-virtual Galois module Mp obtained as a linear combination of the My, with the
sum taken in the representation ring of Gal(K /K) with Qg-coefficients.

Lemma shows that for n > D, there are canonical Galois-equivariant isomorphisms

My, ®qy(5,) V(N —— Mnt1 ®qy(s,11] V(MNnt1

and similarly for the stable P-isotypic parts for n > D.

We can now give the following theorem, which generalizes earlier special cases by Ellenberg-
Venkatesh-Westerland [EVW], Ellenberg [E], and Church-Ellenberg-Farb [CEF2]. Its proof
is along the exact same lines of the previous proofs. We hope that the generality of the
statement here will be useful in future work.

Theorem 4.3 (Convergent Grothendieck-Lefschetz). Let Z be a smooth, quasi-projective
co-FI over Fy, and set Y, := Z,/S, (we do not assume Y, smooth over Z[1/N]). Assume
that for each i > 0 the Fl-module Hét(Zn/Fq§Q€) is finitely generated, and, for a character

polynomzial P, denote by Hét(Z)’;, the dual of the stable P-isotypic part. If Z has convergent
étale cohomology over F, , then for any character polynomial P :

li —dim Y, — 1\t i * )
lim g > P(y) § (=1)"Tr (Froby O H.(Z)p) (4.9)
yeYn(Fyq) =0
and, taking the absolute value :
: > (P, H!
: —dim Y, et
. hmOO q \ g E z/2 < 0. (4.10)

yEYn (]Fq)

If Z only has weakly convergent cohomology with convergence rate A, then (4.9) and (4.10) -
hold for all ¢ > A.

Remark 4.4.

1. Specializing the Theorem [£.3] to the case P = 1 gives

nﬂlwq*dimYn\Y( )|_§( 1)'Tr (Froby O HL(Y)*), (4.11)

where H’,(Y)* denotes the stable rational étale cohomology of the sequence Y7, Ya, .. ..

2. The bound ([4.10)) is sharp, as is seen by taking Z, = (P1)", Y, = P", and P = 1.
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Proof of Theorem[].3 Because all of the equations in the statement of the theorem are Q-
linear in P, it suffices to prove the theorem for P = P,, the character polynomial of the
finitely generated FI-module V' (\)(cf. Theorem [2.3[above). Let V), correspond to the twisted
sheaf on Y,, corresponding to the representation V(A),,.

We show that the left side of converges by showing that the sequences

nq N P(y) (4.12)
yEYn (Fq)
is Cauchy. To start, note that

2dim(Yy)

Z P(y) = Z (—1)"Tr (Frobg: HYy o(Yn: Vi) — Hiy (Y V)
yeYn(Fq) =0

2dim(Zy,) . .
= > (~1)Tr (Froby & HL (2, Qu(dim(Z0)))* @15, VW) )
=0
(by Equation (4.7))
2dim(Zn)
= Z (—=1)'Tr (Frobg O HYy(Zn; Qe(dim(Z,)))* ®q,s, V(A)r) - (4.13)
=0

where the last equation uses the self-duality of S,-representations.
Denote by N(n, P) the slope of stability of H},(Ze;Qg) for V(\), i.e. the number such
that for all i < N(n, ),
Hey(Zn; Qo) @qy15,) V(\n = Hey(Z) p.

Let Fp(i) denote the subexponential function in Deﬁnition guaranteed by the assumption
that Z has convergent étale cohomology. Then, for n > m:

g (Y Py) g (> P(y))

YEYn(Fy) YEYm (Fy)

2dim(Zy)

= Y (=g Ty (Froby O HYy(Zn; Qe(dim(Z,)))" g5, V(N);)
=0
2dim(Zm,)

= Y (=D Iy (Froby O Hiy(Zim; Qe(dim(Zm)))* @g,(s,) V(Am) |

i=0
(by Equations (4.1)) and (4.13))

<N q PP, HY(Z; Qo)) — (P, H(Zm; Q)| (by Deligne)
=0
= Y aPUPHG(Ze; Qo)) — (P Hy(Zin; Qo))
i=N(m,P)
(by étale representation stability)
< Z 2q~" 2Fp(i). (by convergent cohomology)
i=N(m,P)
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Because N(m, P) tends to oo with m, and because Fp(i) is sub-exponential in ¢, we see that
the sequence is Cauchy. Similarly, we see that the right side of
[e.e]
> (=1)"Tr(Frob, O H,(Z)p)
i=0
converges as a consequence of the existence of the stable P-isotypic part, Deligne’s bounds
on the eigenvalues of Frob, and the existence of the sub-exponential bounds Fp(i).
It remains to show that the two limits agree. For this, we have

2dim(Zy)
g YT Ply) = Y (<1)"Tr(Frobg O HY(Z)})] (4.14)
YEYn (Fy) =0
2dim(Zy)
=l Y (=1 (Tr (Froby O Hiy(Zn; Qe(dim(Z,)))* @gys,) V(M)
i=0
— Tr (Froby O HL(Z)p) )| (by Equation (4.13))
2 dim(Zy)
oS (S (T (Froby O B, (Za; Qu(dim(Z))* ©g,5, VVL)
i=N(n,P)+1
— Tr (Froby © HL(2)p) )| (by étale representation stability)
2 dim(Zn)
< Z 2q~ 2Fp(i). (by Deligne and convergent cohomology)
i=N(n,P)+1

Because Fp(7) is subexponential in i, we conclude that (4.14]) becomes arbitrarily small as n
approaches oo, which proves the theorem. ]

We can now prove Theorem A from the introduction, as well as the following.

Theorem 4.5 (Statistics for Sym™ X'). Theorem A with PConf, (Y) (resp. UConf,(Y))
replaced by Y™ (resp. Sym™(Y')) holds.

Proof of Theorem A and Theorem [{.5, Theorem B gives that, for each ¢ > 0, the FI-modules
HY(X*;Qp) and H}(PConfe(X);Qy) are finitely generated. Corollary (resp. Theo-
rem [3.4)) gives that the singular cohomology H*(X*®;Q) (resp. H*(PConf.(X);Q)) of the
co-FI scheme X* (resp. PConf,(X)) is convergent. Now apply Theorem O

In special cases it is possible to compute the right hand side of Equation explicitly.
Example 4.6. When X = A", we can explicitly compute polynomial statistics on UConf,, (A"),
extending the main theorem of [CEF2]. Indeed, the computations of Arnol’d [Ar] and F. Co-
hen [Cohl §2] combine with results of Bjorner-Ekedahl [BE, Theorem 4.9] to show that
H :t(PConfn(A”)Fq; Qp) is a graded algebra generated by classes in degree 2r — 1 with eigen-
values of Frob, equal to ¢". As a result, for any character polynomial Py:

Tr(Frob,: H:,(UConf, (A"); V)* — H’,(UConf, (A"); V)*)

0 if 7 £ k(2r — 1)
q *(Py, Hi,(PConf,(A"); Q) ifi=Fk(2r —1)
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Here we have, as above, applied Poincare duality to replace the compactly supported coho-
mology of the smooth schemes UConf,, (A") with (the Tate twist of) the dual of ordinary
étale cohomology. We thus have, for all P,

i —nr — - _1\i(2r—1) , —ir i(2r—1) r
lim g > P(y)—Z( 1) ¢ (P, H'" Y (PConf(A"))).
yeUConf, (A7) (Fq) =0
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