Real-analytic actions of lattices

Benson Farb and Peter Shalen^∗

Revised, March 6, 1998

1 Introduction

This paper introduces a new approach to the study of lattice actions on compact manifolds.

The group SL(n, Z) acts by real-analytic diffeomorphisms on the sphere S^{n−1} via the action on the space of infinite rays based at 0 ∈ R^n. We believe this action is minimal in the following sense.

Conjecture I: Any smooth action of a finite-index subgroup of SL(n, Z), n > 2, on a compact r-manifold factors through a finite group action if r < n − 1. This is an analogue of a special case of one of the central conjectures in the Zimmer program (see [Zi3, Zi5]), where the minimal action is the standard action of SL(n, Z) on the n-torus:

Conjecture II (Zimmer): Any smooth, volume-preserving action of a finite-index subgroup of SL(n, Z), n > 2, on a compact r-manifold factors through a finite group action if r < n.

Actually the above versions of Conjectures I and II are special cases of general conjectures. In the general versions of Conjectures I and II, the lattice SL(n, Z) is replaced by an an arbitrary irreducible lattice Γ in a semisimple^1 Lie group G of R-rank at least 2, and the integer n is replaced

�_{The first author is supported in part by NSF grant DMS 9704640. The second author}

is supported in part by NSF grant DMS 9626676.

1By a semisimple group G we mean connected semisimple with finite center and no nontrivial compact factors. So we can (up to finite center) assume G is an algebraic group defined over Q.

by a suitable integer h(G) which depends only on G and which is easily computed. More precisely h(G) = min(α(G), β(G)) where :

• α(G) is the smallest integer α for which the Lie algebra of G admits a nontrivial representation into sl(α, R), and

• β(G) is the least integer β such that

β(β + 1)/2 ≥ min{dimC G^′|G^′ is a simple factor of G}.

The conditions r < h(G) − 1 (for Conjecture I) and r < h(G) (for Conjecture II) serve to rule out the known algebraic actions (see [Zi3, Zi5]).

These conjectures may be viewed as part of a program to generalize the Margulis Superrigidity Theorem to a nonlinear context (another aspect of this program may be found in [Hu, KL]). The conjectures have proven to be difficult, even in low dimensions.

Weinberger [We] has shown how to obtain interesting special cases of Conjectures I and II for lattices Γ which contain sufficiently large finite subgroups F . The idea is to use the theory of compact transformation groups to show that F cannot act effectively on M, and then to use the Margulis finiteness theorem (see Lemma 3.1 below) to show that any Γ-action on M must be finite.

In this paper we describe an approach to the general versions of Conjectures I and II for the case of real-analytic actions. Our results apply even when Γ is torsion-free, and go some way toward settling the conjectures in low dimensions.

The techniques used in this paper differ from most other work on Conjecture II, where actions preserving volume as well as extra geometric structures such as a connection or pseudo-Riemannian metric are studied (see [Fe1, Fe2, Zi2, Zi3, Zi4, Zi5]). The latter work uses ergodic-theoretic methods, while our methods are topological. The only other papers based on topological methods seem to be [Gh, We, Wi, FS1]. The work of Weinberger [We] and Witte [Wi] was important motivation for the present work, and ideas from [Wi] play a role in several of our arguments. Although our work was done without knowledge of [Gh], some of our methods are related to Ghys’s.

The arguments of [Gh] and [Wi] exploit the existence of unipotent subgroups to obtain results for nonuniform (i.e. non-cocompact) lattices. One virtue of our method is that it also applies to a wide class of uniform lattices, where nontrivial unipotent subgroups do not exist.

Zimmer [Zi5] showed, based on work of Thurston [Th], that the general version of Conjecture I is true if Γ has a global fixed point. The methods of this paper give information in the presence of a fixed point for a single noncentral element of Γ. In many situations topological methods can be used to show that such a fixed point exists.

The starting point for our arguments is the observation that real-analytic diffeomorphisms which commute with a fixed real-analytic diffeomorphism f : M → M must automatically leave invariant the lowest-dimensional “stratum” of the real-analytic variety F = Fix(f), and this stratum should be a closed, real-analytic manifold. This allows for general inductive procedures using centralizers (see §4 and §7). To establish finiteness of actions by this method, one must show that F is nonempty; we will do this in low-dimensional cases.

Our results will hold for a wide class of uniform and nonuniform irreducible lattices Γ in semisimple groups G of R-rank at least 2, described as follows. We say that Γ is 1-big if either:

• Q-rank(Γ) ≥ 2, or

• The centralizer of some infinite-order element of Γ has a subgroup isomorphic to an irreducible lattice in some semisimple Lie group of R-rank at least 2.

For k ≥ 1, we say that Γ is (k + 1)-big if the centralizer of some infiniteorder element of Γ has a subgroup isomorphic to a k-big lattice.

Examples (see x2 below):

1. Any finite-index subgroup of SL(n, Z) is k-big for n ≥ 2k + 1.

2. More generally let Γ be a lattice in any simple Lie group whose root system is not of type D_4. If Q-rank(Γ) ≥ 2r then Γ is r-big. See Proposition 2.1.

3. Let K be a finite real extension of Q, and let Φ be a nondegenerate quadratic form of type (p, q) with coefficients in K. Let Γ be the group of K-integral unimodular matrices preserving Φ. In many cases Γ is isomorphic to an r-big lattice; for example this always holds whenever Φ is diagonal and (p, q) ≥ (3r + 3, 2r + 2). Furthermore the lattice is uniform if Φ does not represent 0 over K. See §2 for more examples.

Our first result concerns actions on S^1. The general version of Conjecture I for S^1 says that any smooth action Γ → Diff(S^1) of an irreducible, higherrank lattice Γ must factor through a finite group. This particular conjecture has received a good deal of attention. Witte [Wi] proved it for topological actions of lattices of Q-rank at least 2. For convenience we incorporate Witte’s result in the statement of the following theorem, which is new for the case of uniform lattices.

Theorem 1.1 (Actions on S^1). Let Γ be a 1-big lattice. Then any realanalytic action of Γ on S^1 factors through a finite group action.

For general real-analytic actions on surfaces we have the following result.

Theorem 1.2 (Actions on surfaces, I). Let Γ be a 2-big lattice. Then any real-analytic action of Γ on a compact surface other than the torus or Klein bottle must factor through a finite group action.

The nonuniform case of Theorem 1.2 overlaps with [Gh]. In particular Theorem 4.5 of [Gh] states that every nilpotent group of real-analytic diffeomorphisms of the 2-sphere is metabelian. This implies, for example, that for k ≥ 4, no finite-index subgroup of SL(k, Z) admits an infinite real-analytic actions on S^2 (note that Theorem 1.2 implies this only for k ≥ 5). In [Gh], Ghys also discusses the possibility of extending his theorem to compact surfaces of negative Euler characteristic.

Our proof of Theorem 1.2 fails for surfaces of Euler characteristic 0 since we need some element which acts with a fixed point. For area-preserving actions we can find such an element in Γ by using a theorem of Franks (see §6), so can prove the theorem for all surfaces.

Theorem 1.3 (Actions on surfaces, II). Let Γ be a 2-big lattice. Then any real-analytic, area-preserving action of Γ on a compact surface must factor through a finite group action.

The following theorem implies that Conjecture I for real-analytic actions is true in dimension 3 for many manifolds-with-boundary.

Theorem 1.4 (Actions on 3-manifolds with boundary). Let Γ be a 2- big lattice, and let M be a compact 3-manifold whose boundary contains a surface of nonzero Euler characteristic. Then any real-analytic action Γ → Diff(M) factors through a finite group.

In §8 we prove a general result, Theorem 8.1, for lattice actions on closed 3-manifolds. Here we mention a corollary.

Corollary 1.5 (Actions on homology 3-spheres). Let Γ be any finiteindex subgroup of SL(n, Z), n ≥ 7 which contains a nonidentity diagonal matrix γ with at least five 1’s on the diagonal. Then any real-analytic, volume-preserving action of Γ on a Z/2Z-homology 3-sphere factors through a finite action.

Note that in the above corollary, while Γ is assumed to have a finite subgroup, the result still applies in cases where all finite subgroups of Γ themselves admit effective actions on M. We also remark that many 3- manifolds are Z/2Z-homology 3-spheres.

As mentioned above, in order to apply our technique in full generality one needs to rule out actions of the lattice Γ which are almost free, by which we mean no noncentral element of Γ has a fixed point. This may be viewed as a natural analogue of the classical problem of determining when a finite group can act freely.

Conjecture III (Freeness Conjecture): Let Γ be an irreducible, nonuniform lattice in a semisimple Lie group G. Then Γ does not admit a smooth, almost free action on any compact r-manifold if r is less than the dimension of every simple factor of G.

Note that the Freeness Conjecture posits a much stronger conclusion than Conjecture I, since dimension of the simple factors of G replaces rank as the lower bound for the dimension in which nontrivial actions may occur. There is a corresponding conjecture for uniform lattices which is more technical to state.

If the Freeness Conjecture for nonuniform lattices holds, then Conjecture I holds within a reasonable range of dimensions.

Theorem 1.6 (Implication of Freeness Conjecture). If the Freeness Conjecture is true, then any real-analytic action of any finite-index subgroup of SL(n, Z), n ≥ 3 on a closed r-manifold is finite for r ≤ (^{3n+7}_2 )^{2/3} − 3.

There is also a version (Theorem 9.4 below) for a much more general class of lattices.

The existence of free actions of higher-rank lattices on compact manifolds seems surprising. However there are examples to show that the dimension assumption in Conjecture III is best possible. We discuss such examples in §9. Finally, we would like to mention that several of the ideas in this paper apply to groups Γ which are not lattices in Lie groups. Examples include mapping class groups of surfaces and Thompson’s finitely-presented, torsionfree, infinite simple group. These applications will be given in [FS2].

Acknowledgements. We would like to thank Alex Eskin, John Franks, Etienne Ghys, Steve Hurder, Gopal Prasad, Ralf Spatzier, Dave Witte, and Bob Zimmer for useful comments and discussions.

2 Examples of r-big lattices

In this section we give some concrete examples of uniform and nonuniform lattices which are r-big. The reader who is content with understanding our results for finite-index subgroups of SL(n, Z) for appropriate n may skip this section without loss.

2.1 Nonuniform lattices

Any finite-index subgroup Γ of SL(5, Z) contains a product A × B, where B is a finite-index subgroup of SL(3, Z) (sitting inside SL(5, Z) in block form) and A is a finite-index subgroup of SL(2, Z) (sitting in SL(5, Z) as a complementary block). Choosing any infinite order a ∈ A, we see that B lies in the centralizer C_Γ(a) of a in Γ. Hence Γ is 1-big.

More generally, any finite-index subgroup of SL(n, Z), n ≥ 5 contains a product of finite-index subgroups of SL(n − 2, Z) and SL(2, Z). So by induction we have:

For all n > 2r, any finite-index subgroup of SL(n, Z) is r-big.

Even more generally we have the following result.

Proposition 2.1. Let Γ be a lattice in any simple Lie group G whose root system is not of type D_4. If Q-rank(Γ) ≥ 2r then Γ is r-big.

Not that the condition that the root system is not of type D_4 automatically holds when r > 3.

Proof. For r = 1 the proposition follows from the definition of 1-big, so we assume r > 1.

We first consider the special case where Γ is the group of Z-points of an algebraic group G defined over Q. Since G is simple the Q-root system Φ of G is irreducible.

By going through the list of Dynkin diagrams (see, e.g., §11.4 of [Hum]) with at least 2r vertices, r > 1, one sees that for every such diagram except for that of type D_4, one may “erase a vertex v” of the diagram to obtain a a graph with 2 components: one with a single vertex and another which is a Dynkin diagram with at least 2r − 2 vertices. Let G_1 and G_2 be the root subgroups corresponding to these two components of the Dynkin diagram. Then G_1 is noncompact, G_2 has Q-rank at least 2r − 2, and G_1 commutes with G_2.

Now Γ_i = Γ ∩ G_i is an arithmetic lattice in G_i for i = 1, 2, since by a theorem of Borel-Harish-Chandra [BH] the Z-points of an algebraic group defined over Q form a lattice in the R-points. So Γ contains an element γ ∈ G_1 which is centralized by a lattice Λ ⊂ G_2 of Q-rank at least 2r − 2. The special case of the proposition now follows by induction on r.

In the general case, it follows from the Arithmeticity Theorem of Margulis ([Zi1], Theorem 6.1.2) that Γ is commensurate with the group of Zpoints of a semisimple algebraic group H defined over Q. Furthermore, H is isomorphic to the product of G with a compact group. An argument similar to the one above applied to H then gives the proposition. ⋄

2.2 Uniform lattices

There are also many uniform lattices which are r-big. We begin with a very concrete example.

Proposition 2.2. Let K = Q( √ 2), and let Γ_{p,q} be the group of K-integral unimodular matrices preserving the form Φ = p∑ i=1 x^2_i − p+q∑ i=p+1 √ 2x^2_i

Then for p + q > 4, the group Γ_{p,q} is an irreducible, uniform lattice in a semisimple Lie group containing SO(p, q) as a factor. Furthermore, Γ_{p,q} is r-big if (p, q) ≥ (r + 2, r + 3).

Proof.

Since p + q > 4, it follows from the theory of arithmetic groups ( see for example [Ma] p.296), that Γ is an irreducible lattice in a semisimple Lie group containing SO(p, q) as a factor.

Now Γ_{p,q} is uniform if and only if Φ does not represent 0 over K (see , e.g., [Ma], p.296). Let x denote the Galois conjugate of x, and let Φ = p∑ i=1 x^2_i + p+q∑ i=p+1 √ 2x^2_i

Then for any x_1, . . . , x_{p+q} ∈ K such that Φ(x_1, . . . , x_{p+q}) = 0, we have Φ(x_1, . . . , x_n) = 0, so that each x_i = 0. Hence Φ does not represent 0 over K, so Γ_{p,q} is uniform.

It remains to be shown that Γ_{p,q} is r-big when p ≥ r + 2 and q ≥ r + 3. We prove this by induction on r as follows. We can write Φ as a direct sum Φ = Φ_1 ⊕ Φ_2 of forms of type (1, 1) and (p − 1, q − 1), respectively. The subgroup of Γ consisting of those elements which leave invariant the two subspaces corresponding to Φ_1 and Φ_2, and which preserve each form separately, is isomorphic to the product Γ_{1,1} × Γ_{p−1,q−1}.

Notice that Γ_{1,1} contains the infinite-order element ( 3 4 2 3 )

Clearly Γ_{p−1,q−1} centralizes γ. Since γ has infinite order, this proves both the base case r = 1 (since Γ_{p−1,q−1} is an irreducible lattice in higher-rank semisimple Lie group) and the induction step. ⋄

Of course the above example can be greatly generalized. For example, for a nondegenerate quadratic form Φ = p∑ i=1 a_ix^2_i − p+q∑ i=p+1 b_jx^2_i

with a_i, b_j > 0 elements of a finite extension K ⊂ R of Q, one simply needs a condition to allow one to “pick off” a form Φ_1 of type (1, 1) to write Φ = Φ_1 ⊕ Φ_2, and to have an infinite-order, unimodular, integral matrix preserving Φ_1. This will happen when there is an infinite-order unit in the quadratic extension K[α], where α is a root of a_ix^2_i − b_jx^2_j = 0.

If one is willing to increase p and q slightly, it is possible to drop all number-theoretic conditions on the coefficients of Φ. The point is that, since 3 + 2 > 4, the group of unimodular, K-integral matrices preserving a nondegenrate quadratic form of type (3, 2) is actually a lattice in a higherrank semisimple Lie group; in particular it has an infinite-order element. One may then apply the same argument as in the proof of Proposition 2.2, picking off a form of type (3, 2) at each step of the induction, to obtain the following result.

Proposition 2.3. Let K ⊂ R be a finite extension of Q. Let Φ be a nondegenerate, diagonal quadratic form of type (p, q). Let Γ be the group of unimodular, K-integral matrices preserving Φ. Then Γ is an r-big lattice whenever (p, q) ≥ (3r + 3, 2r + 2).

There are also many examples when K is an imaginary extension. In fact the above method works more easily in this case.

3 Preliminaries

3.1 Real-analytic manifolds and actions

Recall that a real-analytic structure on a compact n-manifold M is defined by an atlas in which the overlap maps are real-analytic diffeomorphisms of open subsets of R^n.

It is a classical result of Whitney that every smooth manifold has a real-analytic structure. By real-analytic manifold we mean a smooth manifold equipped with a fixed real-analytic structure. A real-analytic action of a group Γ on a real-analytic manifold M is an action of Γ on M by diffeomorphisms which are real-analytic with respect to a fixed real-analytic structure.

3.2 Almost simple groups

We say that a group Γ is almost simple if every normal subgroup of Γ is either finite and central, or has finite index in Γ. A group Γ is non-elementary if it is not virtually cyclic. The Margulis Finiteness Theorem (see, e.g., [Zi1], Theorem 8.1), states that any irreducible lattice in a semisimple Lie group of R-rank at least 2 is almost simple.

3.3 Basic lemmas on group actions

The following lemma is immediate from the definitions.

Lemma 3.1. Let ψ : Γ → H be a homomorphism with Γ an almost simple group. If ψ(g) = 1 for some noncentral element g ∈ Γ, then ψ factors through a homomorphism to a finite group.

The following lemma is true even in the case of actions by diffeomorphisms (see [Zi5]). We include a proof here since it is simpler in the realanalytic case.

Lemma 3.2 (Finite orbits). Let Γ be a group and let n be a positive integer. Suppose that any representation of any finite-index subgroup of Γ into GL(n, R) has finite image. Suppose that Γ acts by real-analytic diffeomorphisms on a connected n-manifold M, and that Γ has some finite orbit in M. Then the action of Γ on M is finite.

Proof. First note that the hypothesis implies that Γ admits no homomorphism onto Z, hence every homomorphism from Γ to a torsion-free nilpotent group is trivial.

By passing to a finite-index subgroup if necessary, we may assume that the action has a global fixed point x ∈ M. The action is smooth and so Γ acts on the tangent space T_xM by automorphisms ρ : Γ → GL(n, R). By hypothesis, after passing to a finite-index subgroup of Γ if necessary, we may assume ρ is trivial. This implies that, for each i > 1, the natural representation of Γ into the automorphism group of the vector space of i-jets at x has torsion-free nilpotent image. Hence Γ acts trivially on the i-jets for every i. By real-analyticity, it now follows that the action of Γ on M is trivial. ⋄

4 Canonical stratifications and an inductive step

In this section we use some of the theory of stratifications to prove a theorem which plays the role of an inductive step in our principal results.

Definition (Analytic set): Let M be a compact, real-analytic n-manifold. A subset V ⊂ M is called an analytic set in M if

1. V is closed, and

2. every point v ∈ V has a neighborhood U_v in M such that U_v ∩ V is the set of zeros of some finite collection of real-analytic functions on U_v.

The fixed-point set F of a real-analytic diffeomorphism f : M → M is an analytic set, as it is defined as the solution space of the equation f(x) = x. This is the reason why real-analytic sets are important in this paper.

We will be using the theory of analytic sets via the following lemma.

Lemma 4.1 (Canonical submanifold). Let M be a compact real-analytic manifold and let V ⊂ M be a nonempty, analytic subset of M. Then there is a subset W ⊆ V which has the following properties:

• W is a compact, real-analytic submanifold of M.

• W is canonical in the following sense: If f : M → M is any realanalytic diffeomorphism which leaves V invariant, then f leaves W invariant.

• The induced map f : W → W is a real-analytic diffeomorphism.

The proof of Lemma 4.1 is based on the notion of singular set.

Definition (Singular set): For each integer 0 ≤ q ≤ n, the set of qregular points of a set V , denoted r^q(V ), is the set of v ∈ V such that for some neighborhood U_v in M, the set V ∩ U_v is a q-dimensional real-analytic submanifold of M. The singular set of V , denoted s(V ), is the complement in V of ⋃_m q=0 r^q(V ).

Observation. Note that singular sets are canonical in the following sense. If X is any subset of a real-analytic manifold M, and if X is invariant under a diffeomorphism f : M → M, then s(X) is automatically invariant under f. The idea behind Lemma 4.1 is now easily described. Define a sequence of subsets V = V_0 ⊃ V_1 ⊃ · · · by setting V_{i+1} = s(V_i). By the observation after the definition of singular set, each V_i is invariant under any diffeomorphism of M. If there is a largest j such that V_j ≠ ∅, then W = V_j is readily seen to satisfy the conclusion of the lemma. Naïvely one might expect that each V_i is an analytic set, in which case one could use the Noetherian property for real-analytic sets (see Corollary V.1 of [Na]) to conclude that V_i is eventually empty. Examples show, however, that the singular set of an analytic set is not necessarily analytic.

This can be remedied by using either semi-analytic sets or subanalytic sets. We describe both approaches.

Definition (Semi-analytic, subanalytic): Let M be a compact realanalytic n-manifold. A subset V ⊂ M is called a semi-analytic set in M if every point v ∈ V has a neighborhood U_v in M so that U_v ∩ V can be described as a finite union of connected components, each component being the set of points satisying a finite number of equalities and inequalities in a finite number of analytic functions. A subset V ⊂ M is a subanalytic set if it belongs to the smallest collection of sets containing semi-analytic sets which is also closed under union, intersection, symmetric difference, and taking images under proper analytic maps.

By the dimension of a semi-analytic or subanalytic set A, denoted dim A, we will mean the Hausdorff dimension of A.

Proof of Lemma 4.1 using subanalytic sets: Let V_0 = V , and define V_{i+1} = s(V_i). Note that the V_i are closed sets. By the observation after the definition of singular set, each V_i is invariant under any diffeomorphism of M which leaves V invariant.

Since V ≠ ∅ we know dim V ≥ 0. By Theorem 2.4.2 of [Ta] (see [BM] for a different proof), the singular set s(A) of a subanalytic set A in M is a subanalytic set with dim s(A) ≤ (dim A) − 1. Hence V_i is subanalytic for each i, and V_r = ∅ for some 1 ≤ r ≤ (dim V ) + 1. Let W = V_p, where p is the largest number with V_p ≠ ∅. Then W is compact since it is closed and M is compact, and W is a real-analytic manifold since its singular set s(W ) = s(V_p) = V_{p+1} = ∅ by our choice of p. The final statement is clear. ⋄

Proof of Lemma 4.1 using semi-analytic sets: This proof is the same as above except that one uses the fact that the singular set s(A) of a semianalytic set A is semi-analytic with dim s(A) ≤ (dim A) − 1. This fact is due to Lojasiewicz [Lo1, Lo2]. ⋄

We say that an action ψ : Γ → Diff(M) infinite if ψ(Γ) is infinite.

Theorem 4.2 (Inductive step). Let Γ be a nonelementary, almost simple group. Suppose we are given an infinite, real-analytic action of Γ on a closed, connected n-manifold M. Suppose there exists:

• a noncentral element γ ∈ Γ with a fixed point, and

• a noncentral subgroup B in C_Γ(γ) with the property that any representation of any finite-index subgroup of B in GL(n, R) has finite image.

Then there is a nonempty, real-analytic submanifold W ⊂ M of codimension at least 1 which is invariant under a finite-index subgroup of B. Furthermore, the action of this subgroup on W is infinite.

Proof. Let F = Fix(γ) ≠ ∅. It follows from Lemma 4.1, applied with V = F , that there is some set W with the following properties. • W ⊂ F . • W is a real-analytic submanifold of M.

• B leaves W invariant.

After replacing B by a finite-index subgroup if necessary, we may assume that

• W is connected.

We must show that W has codimension at least 1 and that the action of B on W is infinite. If W has codimension 0, then F = M, hence γ acts trivially on M. Lemma 3.1 then implies that the action of Γ on M is finite, contradicting the hypothesis.

Suppose the action of B on W is finite. Then B has a finite orbit in M. Since any representation of any finite-index subgroup of B in GL(n, R) has finite image, Lemma 3.2 implies that the action of B on M is finite. Again by applying Lemma 3.1 we have that the action of Γ on M is finite, a contradiction. ⋄

5 Actions on S^1

Proof of Theorem 1.1:

Let ψ : Γ → Diff_C! (S^1) be the given real-analytic action. If Q-rank(Γ) ≥ 2, the conclusion follows from Witte’s theorem [Wi]. Hence, in view of the definition of 1-big, we may suppose that there is an element γ ∈ Γ such that C_Γ(γ) has a subgroup Λ isomorphic to an irreducible lattice in a higher-rank semisimple group. By passing to a subgroup of Γ of index 2 if necessary, we may assume the action is orientation-preserving.

Let f : R → R denote any lift of ψ(γ). Recall ([CFS], Theorem 1, p.74) that the limit lim_{n→∞} f^n(x)/n = α exists and does not depend on the choice of x ∈ R. Furthermore, this rotation number α of ψ(γ) is rational if and only if ψ(γ)^r has a fixed point for some r > 0.

Suppose this is the case, and let F = Fix(ψ(γ^r)) = Fix(ψ(γ)^r) ≠ ∅. Note that any representation of any finite index subgroup of Λ into GL(1, R) is trivial since Λ is an irreducible, higher-rank lattice. If ψ(Γ) is infinite we may then apply Theorem 4.2 to obtain a compact, 0-dimensional manifold which is invariant by ψ(Λ); that is, ψ(Λ) has a finite orbit in S^1. But then the action of Λ is finite by Lemma 3.2. So ψ(g) = 1 for some element g ∈ Λ < Γ of infinite order, so ψ(Γ) is finite by Lemma 3.1.

Now suppose the rotation number α of ψ(γ) is not rational. Then since ψ(γ) is a C^∞ diffeomorphism, the Denjoy Theorem (see, e.g,. [CFS], Theorem 1, p.84) tells us that there is a homeomorphism ϕ of S^1 with ϕ^{−1} ∘ ψ(γ) ∘ ϕ = T_α, where T_α is the rotation of the circle by angle α.

We now show that the representation Ψ : Γ → Homeo(S^1) defined by

Ψ(g)(z) = ϕ^{−1} ∘ ψ(g) ∘ ϕ(z) for g ∈ Γ, z ∈ S^1

factors through a finite group, hence so does ψ. It is interesting to note that we have lost quality of the action in the sense that Ψ is only an action by homeomorphisms.

The cyclic group ⟨T_α⟩ generated by T_α is dense in the group R of rotations of S^1 since α is irrational. Since Ψ(Λ) commutes with Ψ(γ) = ϕ^{−1} ∘ ψ(γ) ∘ ϕ = T_α, hence with ⟨T_α⟩, and since ⟨T_α⟩ is dense in R, by continuity we have that Ψ(Λ) commutes with R. But any circle homeomorphism which commutes with every rotation must be a rotation, so Ψ(Λ) lies in R. Hence Ψ(Λ) is finite since the commutator subgroup of Λ has finite index in Λ by Margulis finiteness. Hence there is an infinite-order element g ∈ Λ < Γ with ψ(g) = 1, and we are done by Lemma 3.1. ⋄

6 Actions on surfaces

The proof of Theorem 1.2 depends on the following lemma.

Lemma 6.1 (Powers have fixed points). Let S be a closed surface with χ(S) ≠ 0. Then any diffeomorphism f : S → S has the property that f^r has a fixed point for some r > 0.

Proof. We may assume, by passing to a power of f if necessary, that f induces the identity on H_2(S; C). This is trivial if S is nonorientable since H_2(S; C) = 0 in this case, and follows for orientable S since f^2 is orientation-preserving.

Let d = dim(H_1(S; C)) and let A = f_∗ : H_1(S; C) → H_1(S; C). We claim that there is a sequence n_k → ∞ such that either trace(A^nk ) → ∞ or trace(A^nk ) → d as k → ∞. To prove this, let λ_1, . . . , λ_d denote the characteristic roots of A, and write λ_i = r_iα_i where r_i > 0 and |α_i| = 1. Choose a sequence n_k such that α^nk_i → 1 for each i as k → ∞. For big enough k we then have that Re λ^nk_i > 0. Hence if r_j > 1 for some j, then trace(A^nk ) → ∞. Otherwise r_i = 1 for each i, and so λ^nk_i → 1 for each i, in which case trace(A^nk ) → d.

It now follows that the Lefschetz number of f^nk either approaches ∞ or approaches χ(S) ≠ 0 as k → ∞. The lemma now follows from the Lefschetz Fixed Point Theorem. ⋄

Proof of Theorem 1.2:

Suppose the real-analytic action ψ : Γ → Diff_C! (S) is infinite. By definition of 2-big, there exists an infinite-order element γ ∈ Γ whose centralizer contains a subgroup Λ isomorphic to a 1-big lattice. By Lemma 6.1 we have that γ^r has a fixed point in S for some r > 0. By Margulis superrigidity, any representation of any finite-index subgroup of Λ into GL(2, R) has finite image. Applying Theorem 4.2 to γ^r with B = Λ gives an infinite, real-analytic action of Λ on a closed manifold V of dimension one or zero. If dim V = 0 this is clearly impossible. If dim V = 1, we have a contradiction to Theorem 1.1 since Λ is a 1-big lattice. ⋄

Proof of Theorem 1.3:

Let ψ : Γ → Diff_C! (S) be a real-analytic, area-preserving action, where Γ is a 2-big lattice. In light of Theorem 1.2 and its proof, we may assume S is the torus or the Klein bottle, and it suffices to show that, given any element γ ∈ Γ, then some positive power of γ has a fixed point. Note that, unlike in the case of higher genus surfaces, there are diffeomorphisms (even isotopically trivial isometries) γ of T^2 for which no power of γ has a fixed point. Hence we will need to use global properties of Γ to find an element with a fixed point.

First consider the case where S = T^2. Let D = Diff_C1(T^2) and let V be the subgroup of D consisting of area-preserving diffeomorphisms. Let D^0 and V^0 denote the components of D and V containing the identity. We claim that D^0 ∩ V = V^0

To prove this claim, let f : T^2 → T^2 be a diffeomorphism preserving a smooth area form ω, and suppose f is isotopic to the identity via an isotopy f_t with f_0 = f and f_1 = Id. Let ω_t be the family of area forms defined by ω_t = f^∗_t ω. Note that ∫ T 2 ω_t = ∫ T 2 ω for each 0 ≤ t ≤ 1. We may now apply Theorem 2 of [Mo], which gives a family of diffeomorphisms ϕ_t : S → S with ϕ^∗_t ω_t = ω_0 = ω and ϕ_0 = ϕ_1 = Id since ω_0 = ω_1 = ω. Let h_t = f_t ∘ ϕ_t. Then h^∗_t ω = ω, so h_t is an isotopy through area-preserving diffeomorphisms from h_0 = f to h_1 = Id., and the claim is proved.

By [Ep] we have that π_0(Diff_C1(T^2)) = GL(2, Z). By Margulis superrigidity, any homomorphism Γ → GL(2, Z) has finite image. Hence we may, after passing to a finite-index subgroup of Γ if necessary, assume that ψ(Γ) ⊂ D^0. Since by hypothesis ψ(Γ) ⊂ V , we have ψ(Γ) ⊂ D^0 ∩ V = V^0.

By Margulis’s finiteness theorem we know that the commutator subgroup of Γ has finite index in Γ. Hence some power γ^r is a commutator in Γ. As ψ(Γ) ∈ V^0, we have

ψ(γ^r) ∈ ψ([Γ, Γ]) = [ψ(Γ), ψ(Γ)] ⊂ [V^0, V^0]

Now for any f ∈ V^0, say f preserves the volume μ, the mean translation vector τ(f) is defined to be τ(f) = ∫ Ω (f̃(x) − x)μ where f̃ is a lift of f to R^2 and Ω is a fundamental domain. By a change of variables it is easy to see that τ : V^0 → R^2 is a homomorphism, hence vanishes on [V^0, V^0]. So τ(ψ(γ^r)) = 0. Corollary 3.3. of [Fr] states that any f ∈ V^0 with τ(f) = 0 has a fixed point, so we are done.

If S is the Klein bottle, the action of Γ on S gives rise to an action of a Z/2Z central extension Γ̂ of Γ on the orientation cover T^2 of S. Note that :

• Any representation of Γ̂ into GL(2, Z) has finite image, and

• The commutator subgroup of Γ̂ has finite index in Γ̂.

These properties follow immediately from the corresponding properties of Γ. Pick an element γ̂ ∈ Γ̂ which projects to γ ∈ Γ. The above proof then shows that γ̂^r has a fixed point in T^2 for some r > 0. Hence γ^r has a fixed point in S. ⋄

7 Volume-preserving actions

For real-analytic actions which in addition preserve volume, we have a variant of Theorem 4.2 which gives an invariant submanifold of codimension at least two. We do not know if the action on this submanifold is necessarily volume-preserving.

Theorem 7.1 (Volume-preserving actions). Let Γ be an almost simple group. Suppose we are given an infinite, volume-preserving, real-analytic action of Γ on a closed, connected n-manifold M. Suppose that Γ contains commuting subgroups A and B with the following properties:

• There exists an element γ ∈ A, noncentral in Γ, having a fixed point in M.

• A is isomorphic to an irreducible lattice of Q-rank ≥ 2.

• B is noncentral in Γ.

• Any representation of any finite-index subgroup of B in GL(n, R) has finite image.

Then there is a nonempty, connected, real-analytic submanifold W ⊂ M of codimension at least 2 which is invariant under a finite-index subgroup of B. Furthermore, the action of this subgroup on W is infinite.

The proof of Theorem 7.1 uses the following lemma, which is an immediate consequence of Corollary V.1 of [Na].

Lemma 7.2 (Noetherian property for analytic sets). Let M be a compact real-analytic manifold. Any family of real-analytic subsets of M has a minimal element (with respect to inclusion). ⋄ We will also need the following easy topological fact.

Lemma 7.3. Let X, Y be compact, codimension 0 submanifolds of a closed, connected manifold M. Suppose that ∂X and ∂Y are connected and that ∂X ∩ ∂Y = ∅. Then either X ∩ Y = ∅, X ⊂ int Y , Y ⊂ int X, or int X ∪ int Y = M. ⋄ The following somewhat more surprising lemma illustrates the way in which disjointness of codimension-1 submanifolds affects their homological behavior.

Lemma 7.4. Let W_1 and W_2 be disjoint, connected, codimension-1 submanifolds of a closed, orientable n-manifold M. If [W_1] = [W_2] ∈ H_{n−1}(M; Z/2Z) then W_1 and W_2 are orientable, and for any choice of orientations on W_1 and W_2 we have [W_1] = ±[W_2] ∈ H_{n−1}(M; Z).

Proof. First, since W_1 and W_2 are disjoint and [W_1] = [W_2] ∈ H_{n−1}(M; Z/2Z), there is a codimension-0 submanifold N ⊂ M such that N = W_1 ∪ W_2. Now an orientation on M restricts to an orientation on N, which in turn induces orientations on W_1 and W_2. These induced orientations on W_1, W_2 satisfy [W_1] = −[W_2] ∈ H_{n−1}(M; Z). ⋄

Proof of Theorem 7.1: Let F = Fix(γ) ≠ ∅. Let P denote the set of all finite subsets of A. For every P ∈ P, set

S_P = ⋂ p∈P p · F.

Let S denote the set of all nonempty sets of the form S_P , P ∈ P. Note that F = S_{{Id.}} ∈ S. Note also that each S_P is a real-analytic set, being the finite intersection of real-analytic sets. Lemma 7.2 now gives a minimal element S of S. It follows from Lemma 4.1, applied with V = S, that there is some set W with the following properties. • W ⊂ S ⊂ F . • W is a real-analytic submanifold of M.

• B leaves W invariant.

The minimality of S gives in addition:

• For each a ∈ A, we have a · W = W or a · W ∩ W = ∅.

After replacing B by a finite-index subgroup if necessary, we may also assume

• W is connected.

Our first claim is that the action of B on W is infinite. If not, then B has a finite orbit in M. Since any representation of any finite-index subgroup of B in GL(n, R) has finite image, Lemma 3.2 implies that the action of B on M is finite. By Lemma 3.1, it follows that the action of Γ on M is finite, contradicting the hypothesis.

To complete the proof of the theorem, it remains to show that W has codimension at least 2.

If W has codimension 0 then γ acts trivially on W . Lemma 3.1 now implies that the action of Γ on M is finite, and we have a contradiction. We now assume that W has codimension 1. The rest of the argument is devoted to obtaining a contradiction in this case.

Case 1: W separates M. In this case W bounds a submanifold K ⊂ M with vol(K) ≤^1_2 vol(M). Let L denote the interior of K. We claim that, for every a ∈ A, either a · L = L or a · L ∩ L = ∅.

For any a ∈ ψ(A) we must have either ∂K = ∂(a·K) or ∂K ∩∂(a·K) = ∅. In the first instance the claim is obviously true. In the second instance, we note that since a is volume-preserving, we cannot have either a · K ⊂ L or K ⊂ int(a·K). Hence by Lemma 7.3 either K ∩a·K = ∅ (so that L∩a·L = ∅) or L ∪ a · L = M. This last alternative implies that vol(K) >^1_2 vol(M), a contradiction. This proves the claim.

Thus L = {a · L : a ∈ A} is a family of mutually disjoint sets, all having the same (positive) volume. Since vol(M) < ∞ the set L is finite. Hence there is a finite-index subgroup A_1 of A which leaves L invariant; in particular A_1 leaves W invariant.

But γ^r ∈ A_1 for some r > 0, and γ^r fixes W pointwise. Since A_1 is isomorphic to an irreducible higher-rank lattice, it follows from Lemma 3.1 that the action of A_1 on W is finite. Hence some finite-index subgroup A_2 of A_1 acts trivially on W . Pick any w ∈ W , so A_2 · w = w. Since W has codimension-1 in M, the action of A_2 on the tangent space T_wM is trivial on the codimension one subspace T_wW ⊂ T_wM, hence factors through an action of a solvable group. Since A_2 is an irreducible, higher-rank lattice the action of Γ on T_wM must be finite. Hence A_2 has a finite-index subgroup A_3 which acts trivially on T_wM. Arguing as in Lemma 3.2, we conclude that the action of A_3 on all the higher jets at w is trivial, and hence that A_3 acts trivially on M. By Lemma 3.1 the action of Γ on M is finite.

Case 2: W doesn’t separate M. We need only show that the collection of disjoint sets W = {a·W : a ∈ A} is finite; the proof can then be completed as in Case 1.

If W is nonorientable it follows from Lemma 7.4 that if two elements of W are disjoint, then they represent distinct elements of H_{n−1}(M; Z/2Z). Hence W is finite in this case since H_{n−1}(M; Z/2Z) is finite as M is compact.

Now assume W is orientable. Since for each a ∈ A the manifolds a · W and W either coincide or are disjoint, and since H_{n−1}(M; Z/2Z) is finite as M is compact, we see from Lemma 7.4 that the totality of submanifolds {a · W : a ∈ A} represent at most finitely many classes in H_{n−1}(M; Z). Hence, after replacing A by a finite-index subgroup if necessary, we may assume that the elements of W all represent the same homology class [W ] ∈ H_{n−1}(M; Z).

Since W is nonseparating in M, the class [W ] is nonzero. The Poincaré dual of [W ] thus gives an infinite cyclic covering ~M of M. The manifold ~M has 2 ends, call them E^+ and E^−.

Since every element of W represents the homology class W , it admits a lift to ~M. Let ~W denote the set of all lifts to ~M of elements of W. Each element of ~W separates E^+ from E^−.

This separation property of each lift allows us to put an order relation on ~W as follows. Given elements Z_1, Z_2 ∈ ~W, we declare Z_1 < Z_2 if Z_2 lies in the component of ~M \ Z_1 containing E^+.

Since every element a ∈ A fixes the homology class [W ], we have that a lifts to a diffeomorphism of ~M. Let Λ denote the group of all lifts to ~M of elements of A. We have an exact sequence

1 → Z → Λ → A → 1

The group Λ permutes the elements of ~W. Now Λ has a subgroup Λ_1 of index at most 2 whose action on ~W is order-preserving. Let K denote the kernel of this action. Then the group Λ_1/K acts effectively in an orderpreserving way on ~W, so (see Lemma 2.2 of [Wi]) is a right-orderable group. By Margulis finiteness, either Λ_1/K is a central extension of an irreducible lattice of Q-rank at least 2 (since A_1 is such a lattice), or K projects to a finite-index subgroup of A. The first case cannot occur since Witte shows (see [Wi], Main Theorem 4.3) that no central extension of an irreducible lattice of Q-rank at least 2 is right orderable. If the second case occurs then the action of A on W is finite. Since A acts transitively on W it then follows that W is finite. ⋄

8 Actions on 3-manifolds

We begin with a general result about lattice actions on 3-manifolds.

Theorem 8.1 (General 3-manifolds result). Let M be any closed 3-manifold. Let Γ be an almost simple group acting on M by real-analytic, volumepreserving diffeomorphisms. Suppose Γ contains two commuting groups A, B such that

• A isomorphic to an irreducible lattice of Q-rank at least 2,

• some noncentral element of A has a fixed-point,

• B is isomorphic to a 1-big lattice, and

• any representation of any finite-index subgroup of B into GL(3, R) has finite image.

Then the action of Γ on M factors through a finite group action.

Proof of Theorem 8.1. Suppose the real-analytic action ψ : Γ → Diff_C! (M) is infinite. Applying Theorem 7.1 gives an infinite, real-analytic action of B on a closed manifold V of dimension 1 or 0. If dim V = 0 this is clearly impossible. If dim V = 1, we have a contradiction to Theorem 1.1 since B is a 1-big lattice. ⋄

Proof of Corollary 1.5. Let ψ : Γ → Diff_C! (M) be the given action. Let G_1 be the upper-left block of SL(n, Z) isomorphic to SL(4, Z), and let G_2 denote the complementary SL(n − 4, Z) block. The hypothesis on the element γ implies that, after a conjugation, we may assume that γ belongs to G_2 and is noncentral in G_2. Now set A = Γ ∩ G_2 and B = Γ ∩ G_1. We claim that there is a noncentral element of A which has a fixed point. The conclusion then follows immediately from Theorem 8.1.

If ψ(γ) has a fixed point we are done, so assume it doesn’t. Theorem 1 of [Mi] says that if M is a Z/2Z-homology 3-sphere, T is a fixed-point free involution of M, and f : M → M is any continuous map of odd degree, then there exists x ∈ M such that T f(x) = fT (x). Let α ∈ A be any element with [α, γ] noncentral in A. Applying Theorem 1 of [Mi] with f = ψ(α) and T = ψ(γ) gives a fixed point for ψ([α, γ]). Note that f has degree one as it is a diffeomorphism. ⋄

Proof of Theorem 1.4 Since M is compact ∂M has finitely many connected components. Clearly this set of components is invariant under the action of Γ. So by hypothesis there is a component W of ∂M of nonzero Euler characteristic which is invariant under the action of a finite-index subgroup Γ_1 of Γ. Since Γ, hence Γ_1, is 2-big lattice, the action of Γ_1 on W factors through a finite group action. The theorem now follows by the exact same argument given in the last paragraph of Case 1 in the proof of Theorem 7.1. ⋄

9 Free actions

9.1 Examples of free actions

Let Λ be a uniform lattice in the semisimple Lie group G. Then M = G/Λ is a closed manifold of dimension dim G, and admits an action on the left by G, hence by any subgroup H of G. Note that this action is smooth and preserves Haar measure, hence preserves a smooth volume form on G/Λ. For G = SL(2, R) and H the diagonal subgroup (resp. upper-triangular subgroup with ones on the diagonal) this action is just the geodesic flow (resp. horocycle flow).

However we will take H = Γ for a lattice Γ < G. For any g ∈ Λ, the stabilizer of the point gΛ ∈ M is

stab(gΛ) = {γ ∈ Γ : γgΛ = gΛ}.

In other words the action of Γ on M is free if and only if no element of Γ is conjugate in G to any element of λ. This prompts the

Question. Let Γ be a lattice in the semisimple Lie group G. Does there exist a uniform lattice Λ in G for which no element of Γ is conjugate in G to any element of Λ?

Using arithmetic constructions, G. Prasad (personal communication) and S. Mozes [Moz] have shown that there are uniform lattices Λ, Γ in G = SL(n, R) for any n > 1 with the property that no element of Γ is conjugate in G to any element of Λ.

We sketch a geometric construction in G = PSL(2, R), based on the following:

Theorem 9.1 (Disjoint length spectra is generic). Let Σ be a fixed (marked) hyperbolic surface. Then the set of (marked) hyperbolic surfaces which have length spectrum disjoint from that of Σ is a dense G_δ in the Teichmuller space Teich(Σ) of Σ.

Proof. Let Σ = H^2/Γ. It is a basic fact that the length spectrum of a hyperbolic surface is discrete. Let L = {c_1, c_2, . . . } denote the length spectrum of Σ, and let I = {γ_1, γ_2, . . . } denote the set of conjugacy classes of elements of Γ. Now for any conjugacy class γ in Γ and any real number c > 0, the set

C_{γ,c} := {X ∈ Teich(Σ) : ℓ_X (γ) ≠ c}

is an open dense subset of Teich(Σ). This is because its complement is defined by a single polynomial equation in analytic coordinates for Teich(Σ), so is a closed subset of Teich(Σ) with empty interior.

Since Teich(Σ) is diffeomorphic to R^{6g−6}, where g is the genus of Σ, we can apply the Baire Category Theorem to show that

T := ⋂ γ∈I,c∈C C_{γ,c}

is dense in Teich(Σ), in particular T is nonempty. Then any surface Σ^′ ∈ T has length spectrum disjoint from that of Σ. ⋄

Corollary 9.2 (Free action of surface group). Let Γ be torsion-free lattice in G = PSL(2, R). Then Γ admits a free, smooth, volume-preserving action on a closed 3-manifold M.

Proof. Simply take M = G/Λ, where Λ and Γ have disjoint length spectra. ⋄ Applying Corollary 9.2 to a nonuniform lattice Γ shows that the dimension restriction in the Freeness Conjecture cannot be dispensed with.

9.2 Proof of Theorem 1.6

We begin with the following.

Proposition 9.3. Let n(1) = 3, and for r > 1 define

n(r) = 3 + [ √ 4] + [ √ 5] + · · · + [ √ r + 2]

If the Freeness Conjecture is true, then any real-analytic action of any finiteindex subgroup Γ of SL(N, Z) on a closed r-manifold factors through a finite group action if N ≥ n(r).

Proof. We proceed by induction. The case r = 1 is the main result of [Wi] (see Theorem 1.1 above). Let M be a closed r-manifold. Since n(r) = n(r − 1) + [ √ r + 2] we have

SL(N, Z) ⊇ SL(n(r), Z) ⊃ SL(n(r − 1), Z) × SL([ √ r + 2], Z)

So Γ ⊃ Λ_1 ×Λ_2, where Λ_1 = Γ∩SL(n(r −1), Z) and Λ_2 = Γ∩SL([ √ r + 2], Z) are finite index in SL(n(r − 1), Z) and SL([ √ r + 2], Z), respectively. If the

Freeness Conjecture is true, then Λ_2 has no almost free action on M, so there is a noncentral element γ ∈ Λ_2 which has a fixed point in M.

An easy induction shows that n(r) > r + 1. Margulis superrigidity now implies that any representation of any finite index subgroup of SL(n(r−1), Z) into GL(r, R) has finite image. Hence we may apply Theorem 4.2 with B = Λ_1 together with the inductive hypothesis to obtain that the realanalytic action of Γ on M is finite. ⋄

To prove Theorem 1.6, note that

n(r) ≤ 3 +

∫_{r+3} 4 x^{1/2} = 2/3(r + 3)^{3/2} − 7/3

It now follows from Proposition 9.3 that any real-analytic action of any finite-index subgroup of SL(n, Z) on a closed r-manifold is finite if r ≤ ( 3n + 7 2 )^{2/3} − 3. ⋄ There is a straighforward generalization of Theorem 1.6 to a much more general class of lattices. In order to state it we define a class of lattices called r-large. We say a lattice is 1-large if it is 1-big. For r > 1 we say a lattice is (r + 1)-large if it contains 2 commuting subgroups A and B, where A is isomorphic to an r-large lattice and B is isomorphic to a lattice in a semisimple Lie group all of whose simple factors have dimension at least r. A proof similar to that of Theorem 1.6 gives:

Theorem 9.4. If the Freeness Conjecture is true, then any real-analytic action of an r-large lattice on a compact r-manifold is finite.

References

[BH] A. Borel and Harish-Chandra, Arithmetic subgroups of algebraic groups, Annals of Math. 75 (1962), p.111-122.

[BM] E. Bierstone and P. Milman, Semianalytic and subanalytic sets, IHES Publ. Math., No. 67 (1988), p.5-42.

[CFS] I.P. Cornfeld, S.V. Fomin, and Ya. G. Sinai, Ergodic Theory, Springer-Verlag, 1982.

[Ep] D.B.A. Epstein, Curves on 2-manifolds and isotopies, Acta Math., Vol. 115 (1966), p.83-107.

[Fe1] R. Feres, Affine actions of higher rank lattices, Geom. Funct. Anal. 3 (1993), no.4, p.370-394.

[Fe2] R. Feres, Actions of discrete linear groups and Zimmer’s conjecture, J. Diff. Geom. 42 (1995), no.3 , p.554-576.

[FM] B. Farb and H. Masur, Superrigidity and mapping class groups, to appear in Topology.

[FS1] B. Farb and P. Shalen, Lattice actions, 3-manifolds, and homology, March 1998 preprint.

[FS2] B. Farb and P. Shalen, in preparation.

[Fr] J. Franks, Recurrence and fixed points of surface homeomorphisms, Ergod. Th. and Dynam. Sys. Vol. 8 (1988), p.99-107.

[Gh] E. Ghys, Sur les Groupes Engendrés par des Difféomorphismes Proches de l’Identité, Bol. Soc. Bras. Mat., Vol.24, No.2, p.137- 178.

[Hum] J. Humphreys, Introduction to Lie Algebras and Representation Theory, GTM 9, third printing, Springer-Verlag, 1972.

[Hu] S. Hurder, Rigidity for Anosov actions of higher rank lattices, Annals of Math. 135 (1992), p.361-410.

[KL] A. Katok and J. Lewis, Global rigidity results for lattice actions on tori and new examples of volume-preserving actions, Israel Jour. of Math. 93 (1996), p.253-280.

[Lo1] S. Lojasiewicz, Ensemble semi-analytiques, IHES Lecture notes, 1965.

[Lo2] S. Lojasiewicz, Triangulation of semi-analytic sets, Ann. Scuola Norm. Sup. Pisa. Sci. Fis. Mat., Vol. 18 (1964), p.449-474.

[Ma] G.A. Margulis, Discrete subgroups of semisimple Lie groups, Springer-Verlag, 1990.

[Mi] J. Milnor, Groups which act on S^n without fixed points, Amer. Jour. Math. (2) 65, 1957, p.357-362.

[Mo] J. Moser, On the volume elements of manifolds, Trans. Amer. Math. Soc. 120 (1965), p.280-296.

[Moz] S. Mozes, Aperiodic tilings, Inventiones Math. 128 (1997), no. 3, p.603-611.

[Na] R. Narasimhan, Introduction to the Theory of Analytic Spaces, Springer Lecture Notes in Math., Vol.25, 1966.

[Ta] M. Tamm, Subanalytic sets in the calculus of variations, Acta Math. 146 (1981), p.167-199.

[Th] W. Thurston, A generalization of the Reeb stability theorem, Topology, vol. 3, no. 4 (1974), p.214-231.

[We] S. Weinberger, SL(n, Z) cannot act on small tori, in Geometric Topology, ed. by W.H. Kazez, 1993 Georgia Inter. Top. Conf., AMS Studies in Adv. Math. V.2, Part 1, p.406-408.

[Wi] D. Witte, Arithmetic groups of higher Q-rank cannot act on 1-manifolds, Proc. AMS, Vol.122, No.2, Oct. 1994, pp.333-340.

[Zi1] R. Zimmer, Ergodic Theory and Semisimple Groups, Monographs in Math., Vol. 81, Birkhäuser, 1984.

[Zi2] R. Zimmer, Kazhdan groups acting on compact manifolds, Invent. Math. 75 (1984), p.425-436.

[Zi3] R. Zimmer, Actions of semisimple groups and discrete subgroups, Proc. I.C.M., Berkeley 1986, p.1247-1258.

[Zi4] R. Zimmer, On connection-preserving actions of discrete linear groups, Ergodic Th. and Dynam. Syst., Vol. 6, 1986, pp.639-644.

[Zi5] R. Zimmer, Lattices in semisimple groups and invariant geometric structures on compact manifolds, in Discrete Groups in Geometry and Analysis (R. Howe, ed.), Birkhäuser, Boston, 1987, p.152-210.

Benson Farb:

Dept. of Mathematics, University of Chicago 5734 University Ave. Chicago, Il 60637 E-mail: farb@math.uchicago.edu

Peter Shalen:

Dept. of Mathematics, University of Illinois at Chicago Chicago, IL 60680 E-mail: shalen@math.uic.edu