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0. Introduction

Let p be a prime, C,, the completion of an algebraic closure of the p-adicnumbers
Q, and K a finite extension of Q, contained in C,. Let v be the valuation on C,
such that v(p) = 1 and let | | be the absolute value on C,, such that |z| = p~*®)
for z € C,,.

Suppose N is a positive integer prime to p. Let X;(Np) denote the modular
curve over K which represents elliptic curves with I'y (Np)-structure and let U,
be the Hecke operator on modular forms on X;(Np) which takes a form with ¢-
expansion ) a,q" to the modular form with g-expansion ) a,,q".

A modular form F is said to have slope o € Q if there is a polynomial R(T)
over C, such that R(U,)F = 0 and such that the Newton polygon of R(T") has only
one side and its slope is —a.

For simplicity of notation, now suppose p is odd.

Now (Z/NpZ)* acts on modular forms on I'; (Np) via the diamond operators
and we identify (Z/pZ)* with a subgroup of (Z/NpZ)* in the natural way. If y is
a Cj-valued character on (Z/pZ)*, we will say a modular form F' is of (Z/pZ)*-
character x if F|(d) = x(d)F for d € (Z/pZ)*. Let 7:(Z/pZ)* — n(Q,) denote the
Teichmiiller character.

We prove in §B3:

Theorem A. Suppose o € Q and ¢ : (Z/pZ)* — C; is a character. Then there
exists an M € Z which depends only on p, N, € and o with the following property:
If k € Z, k > a+ 1 and there is a unique normalized cusp form F on X;(Np)
of weight k, (Z/pZ)*-character er~* and slope o and if ¥ > « + 1 is an integer
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M+n

congruent to k modulo p , for any non-negative integer n, then there exists a

unique normalized cusp form F' on X1(Np) of weight k', (Z/pZ)*-character et

and slope «. Moreover, this form satisfies the congruence
F'(q) = F(q) modp™*.

Both F and F’" must be eigenforms for the full Hecke algebra of the respective
weight because these algebras are commutative and therefore preserve the space of
forms of a given slope. It is (a slight generalization of) a conjecture of Gouvéa-
Mazur [GM-F] that M may be taken to be zero as long as n > a. When a = 0
this is a theorem of Hida [H-GR]. In this paper, we obtain no information about M
(except in one example, discussed in Appendix IT). However, using recent results
of Daqing Wan, we have been able to give an upper bound, quadratic in «, on the
minimal allowable M for fixed N and p. We are also able to obtain results in the
case when there exists more than one normalized form of a given slope, character
and level in §B5. That is, we prove, Theorem B5.7, the existence of what Gouvéa
and Mazur call “R-families” in [GM-F].

For example, let A be the unique normalized weight 12, level 1, cusp form. Write

n>1
Then 7(7) = —7 -2392. The above theorem implies, for any positive integer k
divisible by 6 and close enough 7-adically to 12, that there exists a unique normalized
weight k, level 1, cuspidal eigenform Fj, over Q,, such that Fy |17 = a(k)F}, for some
a(k) € Z7 with valuation 1. Moreover, for any positive integer n, if k is sufficiently

large and close 7-adically to 12,
Fi.(g) = Alg) — pA(g") mod 7"

where p is the root of X2 — 7(7)X + 7! in Z; with valuation 10. (We prove a
similar, more precise, statement for p = 2 in Appendix II.)

The following is one important ingredient in the proof of Theorem A:
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Theorem B. For integers 0 < ¢ < p — 1 there exist series Py ;(s,T) € Zy][[s,T]
which converge for all T and s such that |s| < p®®=2)/(P=1) such that for integers k,
Py i(k,T) is the characteristic series of Atkin’s U-operator acting on overconvergent

forms of weight k and (Z/pZ)*-character 7°~*.

This considerably strengthens the main result of [GM-CS].

Now let Mj, ; denote the space of classical modular forms of weight k£ on X;(Np)
defined over K. Then the eigenvalues of U, on My, , have valuation at most k — 1.
For a character € on (Z/pZ)* we also let My (€) denote the subspace of forms of
weight k and (Z/pZ)*-character € and set d(k, e, ) equal to the dimension of the
subspace of My, (e %) consisting of forms of slope a.

As a corollary of Theorem 8.1 of [C-CO] we obtain:

Theorem C. With notation as above, the set of zeroes of Py ;(k,T~!) in C, with
valuation strictly less than k — 1 is the same as the set of eigenvalues with valuation
strictly less than k — 1 of U, acting on My, (7°~") (counting multiplicities in both

cases).

We are able to deduce from this, in §B3, another result conjectured in more
precise form by Gouvéa and Mazur:
Theorem D. Ife is a Cj-valued character on (Z/pZ)*, and k and k' are integers
strictly bigger than o + 1 and sufficiently close p-adically

d(k,e,a) =d(K, e, ).

Moreover, the closeness sufficient for this equality only depends on c.

Wan'’s result implies a lower bound, quadratic in «, of how valuation of k — &’
must be for the equality in the above theorem to be true. Since Z, is compact this
implies what is called a “control theorem,” that is, for a fixed a € Q, the dimension
of the space of forms of a given weight and slope « is bounded independently of the

weight. We are also able to deal with the prime 2.
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We show, in §B.3, that the set of slopes of modular forms on I'; (V) (and ar-
bitrary weight) is a discrete subset of the real numbers which is a consequence of
the Gouvéa-Mazur conjectures. In the Appendix I, we show how to use the trace
formulas of Eichler-Selberg and Reich-Monsky to prove that there exist overconver-
gent forms of any given integral weight of arbitrarily large slope. In a future article
with Barry Mazur, we will begin to develop the connections between the results in
this paper and p-adicrepresentations of the Galois group of Q/Q.

What foreshadows our proofs is the study of the k-th Hecke polynomial (see
Eichler [E], Sato [Sa], Kuga [Ku] and Ihara [I]),

det((1 — Tpu +pk_1u2)|5k),

where S}, is the space of weight k cusp forms of level one defined over C and T, is
the p-th Hecke operator. It was used to relate the Ramanujan-Petersson conjecture
to the Weil conjectures (see the introduction to [I] for more history). Thara applied
the Eichler-Selberg trace formula to this effort. This line of research was continued
by Morita, Hijikata and Koike ([M], [Hj], [Kol] and [Ko2]). Dwork began another
approach to the study of these polynomials using what is now known as the theory
of overconvergent p-adic modular forms and also the Reich-Monsky trace formula
([D1] and [D2]). This work was continued by Katz [K] and Adolphson [A]. Both of
these lines of research seem to have stopped in the mid-seventies. Hida [H1], [H2]
developed to great utility the theory of “ordinary” modular forms which in this
optic are modular forms of slope zero. In particular, he proved what may now be
interpreted as the slope zero part of the aforementioned conjectures.

Our approach is a continuation of that introduced by Dwork. In fact, the in-
spiration for this paper arose in an attempt to interpret Dwork’s paper “On Hecke
polynomials” [D1] in terms of the point of view developed in [C-CO]. The key idea
in Gouvéa-Mazur’s paper “On the characteristic series of the U operator” [GM-CS]

provided the bridge between [D1] and [C-CO].
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We will now give an outline of this paper. It naturally breaks into two parts.

In Part A, which we entitle “Families of Banach Spaces,” we show how Serre’s
p-adicBanach-Fredholm-Riesz theory [S] works in a family, i.e., may be extended
over complete, normed rings, which we call Banach algebras. We define and prove
some basic results about these algebras, Banach modules over them, orthonormal
bases for these modules and completely continuous maps between Banach modules
in Section Al. In Section A2, we show that a completely continuous operator on a
Banach module has a “Fredholm determinant” which behaves well under a contrac-
tive base change (such as the restriction to a residue field). We define the resultant
of a monic polynomial and an entire series and prove some basic results about it
in Section A3. This will be necessary for us to extend Serre’s Riesz theory to this
more general situation, in Section A4. l.e., given a factorization of the Fredholm
determinant into relatively prime factors, one of which is polynomial with unit lead-
ing coefficient, we will be able to find in Theorem A4.3, a corresponding direct sum
decomposition of the Banach module. In Section A5, we specialize our theory and
consider Banach modules over reduced affinoid algebras (which are Banach alge-
bras). In Subsection A5.i, we show, Proposition A5.2, that a homomorphism of
affinoid algebras over an affinoid algebra A can be interpreted as a completely con-
tinuous map of Banach modules over A, when the associated map between affinoid
spaces over A is what we call “inner.” We also indicate how our Riesz theory can
be strengthened over an affinoid algebra. In Subsection A5.ii, we prove our main
technical result, Proposition 5.3, about quasi-finite morphisms from an affinoid to
the closed unit disk. As a corollary of this result we may conclude that if Z is the
zero locus of the characteristic power series of a completely continuous operator
over the ring of rigid analytic functions on an affinoid disk B, then for each z € Z
there exists an affinoid open neighborhood X of z in Z whose image Y in B is an
affinoid disk and is such that the morphism from Z to Y is finite.

Y

In Part B, which we entitle, “Families of Modular Forms,” we apply the results
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of Part A to elliptic modular forms. In Section B1, we recall or derive some basic
results on Eisenstein series and define the weight space W (which is the union of a
finite number of open disks). The rings of rigid analytic functions on affinoid open
subspaces of YW will be our Banach algebras. In Section B2, we introduce the basic
set up notation and explain how to extend the results of [C-C0O] and [C-HCO] to
all primes and levels. Section B3 is the heart of the paper. Multiplcation by an
appropriate Eisenstein series Fj of weight k gives an isomorphism from the space
of overconvergent forms of weight 0 to the space of overconvergent forms of weight
k. Thus one can study the U-operator on weight k forms, Uy by studying a twist
of the U-operator on weight 0 forms, Uy). The key observation is that this twist
can be viewed as an “internal multiplication.” IL.e., there is an overconvergent rigid

analytic function e so that, if I is a weight 0 form (i.e. a function),
(Ek)_lU(k) (EkF) = U(O) (ekF) (1)

Moreover, these functions e, vary analytically in k, for k in a subspace W* of W
(as we point out in Section B4, with a more judicious choice of Fj (and more work
which we will carry out in another article [C-CPS]) one can replace the e; with
functions which vary analytically over all of ). This will allow us to consider the
family of operators (1) as one completely continuous operator on a Banach module
over the rigid analytic functions on any affinoid disk in W* (the ring of rigid analytic
functions on W* is not itself a Banach algebra.) This allows us to prove Theorem
B3.2 and its refinement Theorem B3.3 (which is Theorem B above extended to the
prime 2), and this implies that the Fredholm determinants of the U-operator act-
ing on weight k£ overconvergent modular forms, for integers k, are specializations
of a Fredholm determinant of a completely continuous operator over the Banach
algebra of rigid analytic functions on any sufficiently large closed disk in W*. This,
combined with Theorem C and the corollary to Proposition 5.3 discussed above,

yields Theorem D. We are also able to prove Theorem A, as well as its extension
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to p = 2, Theorem B3.5, in this section. In Section B4, we give a definition of the
g-expansion of an overconvergent modular form of non-integral weight as well as of
a family of such objects which is forced on us by the considerations of Section B3
although we do not have a geometric interpretation of either. We also show that
the g-expansionsof Eisenstein series, introduced in Section B1, live in an overcon-
vergent family. In Section B5, we define a Hecke algebra which acts on families
of g-expansionsof overconvergent modular forms and use it together with our Riesz
theory and a basic duality result, Proposition 10.3, to prove a qualitative version of
Gouvéa-Mazur’s R-family conjecture. We discuss further results, including gener-
alizations of some of our results to higher level and the connections of our families
of modular forms with Galois representations, which will be proved elsewhere (eg.
in [C-CPS] and [C-HCQ)]), in Section B6. Appendix I conta.ins explicit formulas
for the Fredholm determinants of our operators as well as a proof of the existence
of infinitely many non-classical overconvergent eigenforms of any integral weight.
We point out that we have not been able to prove any of Theorems A-D using
these formulas. Finally, in Appendix II, we show, by considering the special case
p=2and N = 1, how our general results combined with the explicit formulas of
Appendix I can be used, in specific cases, to make the estimates in our theorems
explicit.

We are grateful to the following people who provided comments helpful in writing
and revising this paper: de Shalit, lovita, Liu, Mazur, Serre, Stevens and Teitel-
baum. We thank Brady Kahn for providing the illustration displayed in §A5 and
we also thank the referees whose careful reading of the manuscript and insightful

remarks helped make the paper substantially more readable.
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Part A. FAMILIES OF BANACH SPACES

A1l. Banach algebras and Banach modules

Suppose A is a commutative ring with a unit element, complete and separated
with respect to a non-trivial ultrametric norm | | (see [BGR §1.2]).
Le, 1] =1,
la+b] < Max{|al, [b]},  [ab] < |a][b],

for a and b € A, and moreover, |a| = 0 if and only if a = 0. We will call such a
ring, a Banach algebra. We will call an ultrametrically normed complete module
E over A, such that |ae| < |alle| if a € A and e € E a Banach module over A.
An element a in A is called multiplicative if |ab| = |a||b| for all b € A. We say
| | is a multiplicative norm if every element in A is multiplicative (in [BGR] such
a norm is called a valuation). Let A™ be the group of multiplicative units in A,
AP denote the subring of A consisting of elements a such that |a| < 1 and E the
A® submodule in E consisting of all e such that |e|] < 1. Let Z(A4) denote the set
of finitely generated ideals I of A% such that {I":n € Z,n > 0} is a basis of open
neighborhoods of the origin in A°. We will suppose throughout this article that
Z(A) # 0. Clearly, if there exists an a € A™ such that |a| < 1, then aA° € Z(A).
(We also point out that (A%)* = {a € A™:|a|] = 1}.) Suppose N is a closed

submodule of . Then by the induced norm | |y on E/N, we mean
|la mod N|y = Inf{|bl:b—a € N}.

It is clear that E'/N is complete with respect to this norm. We will also frequently
make the following hypothesis:

Hypothesis M (for multiplicative).
A" U{0} = [A].

Since | | is non-trivial, it follows from this hypothesis that |A™| # 1.

9



Examples. (i) The ring A = Q, with its standard norm is a Banach algebra
which satisfies hypothesis M while the subring A° = Z,, is a Banach algebra which
does not. (ii) If A is a Banach algebra, we let A(T},...,T,) denote the ring of
restricted power series over A, i.e., power series over A whose coefficients tend to
zero in A with their degree. Then, if F € A(Ty,...,T,), we set |F| equal to the
supremum of the absolute vales of the coefficients of F. (This is called the Gauss
norm.) Then A(Ti,...,T,) is a Banach algebra with respect to this norm and
satisfies hypothesis M if and only if A does. (iii) While we will later see many more
examples of Banach algebras satisfying hypothesis M, one which does not and which
will be very important for us in the future is the Iwasawa algebra, A := Z,[[Z}]].
Some complete norms on A may be described as follows: Suppose k:Z;, — Cj is a
continuous character. Then k extends by linearity and continuity to a continuous

ring homomorphism of A into C,. For 0 <r <1 € R and A € A, let
[Alr = sup [r(A)|

where k runs over the set of continuous characters on Z with values in the closed
ball of radius r around 1, where q = 4 if p = 2 and q = p otherwise. For example,
ifr € |Cpl, |1 = [1+d]|, =r. Then | |, is a complete multiplicative norm on A,
A’ = A, [A™|, =1 and (p,1 —[1 + q]) € Z(A). All these norms can be shown to
be equivalent and induce the “adic” topology corresponding to the maximal ideal

of A, as we will verify in [C-CPS].

If K is a multiplicatively normed field and A is a K-algebra such that the
structural morphism from K to A is an isometry onto its image, we will call A a
K-Banach algebra.

An orthonormal basis for a Banach module E over A is a set {e; : 1 € I}
of elements of F, for some index set I, such that every element m in E can be
written uniquely in the form ), _; a;e; with a; € A such that lim; . |a;| = 0 (this

means that for any € € R+ there exist a finite subset S of I such that |a;| < € for
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iel—S)and
|m| = Sup{|a;| : i € I}.
We say E is orthonormizable if it has an orthonormal basis. Clearly, if F is

orthonormizable |E| = |A| and |ae| = |alle| if a € A is multiplicative.

Lemma A1l.1. If E is orthonormizable, and I € T(A), I"E" is a basis of open

neighborhoods of the origin in E°.

Proof. For e € R, ¢ > 0, let E(¢) = {e € E:|e|] < ¢}. What we must prove is that
the collections {E(e)} and {I"E°} are cofinal. Since the collection {I"}, > is a
basis of neighborhoods of 0 in A, it is clear that if € > 0, there exist an n € Z,
n > 0 such that I"EY C E(e). Now suppose n € Z, n > 0. Then there exists an
€ > 0 such that A(e) C I". Claim: E(e) C I"E°. Suppose ay, ..., a,, generate I™

over AY and {e;:i € J} is an orthonormal basis for E. Let e € E(¢). Write,
€ = Z blel
J

Then b; € I™ for all 4. In fact, since |b;| — 0, b; € I"t™() where m(i) > 0 and

m(i) — oo as i — 00, SO we may write
m
bi = E cijaj
J=1

where ¢;; € I™®. Tt follows that |c;;| — 0 as i — oo. Hence

and the inner sums converge in £. Thus e € I"E". g

Using this, we see that if B = {e;} is an orthonormal basis for F and I €
Z(A) then the reduction of B modulo I"EY is an algebraic basis for E°/I"E over
AV /I AL,

One has, using the same line of reasoning as in the proof of [S, Lemma 1],
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Lemma A1.2. Suppose (A,| |) satisfies hypothesis M and |A| = |E|. Then a
subset B of E is an orthonormal basis for E if and only if B C E° and the image

of B in E°/aE° is a basis of this module over A°/aA° for some a € A™, |a| < 1.

Suppose M and N are Banach modules over A. Then we put a semi-norm on
N ®4 M by letting |c|, for ¢ € N ® 4 M, equal the greatest lower bound over all

representations ¢ = 21 n; @ m; of

We then let N&4 M denote the completion of N ®4 M with respect to this semi-
norm.

If B is a complete normed A algebra such that the structural morphism from A
to B is contractive, then B is a Banach module over A and it is easy to see that

B&® 4 M is, naturally, a Banach module over B.

Proposition A1.3. If {e;:i € I} is an orthonormal basis for M over A, for some

index set I, then {1 ® e;:i € I} is an orthonormal basis for B& oM over B.

Proof. First, every element n in the image of B ®4 M in B&®4M can be written
in the form ), ; b; ®4 e¢; where b; € B and b; — 0. We claim |n| = Suplb;| =: P.

We have, for each € € R+, there exists a finite subset T" of I such that
[In| —[nsl| <€

for all finite subsets S of I containing T', where

nS:ZbZ(X)eZ
S

It follows that |n| < P. Now, fix j € I and let h: M — A be the A homomorphism
which takes ), aje; to aj. Then h is continuous, in fact |h(m)| < |m|. Let hp

denote the extension by scalars of h to a morphism from B®4 M to B. Suppose S
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is a finite subset of I and j € S. Then h(ng) =b;. Ilf ng =), ¢; ®m; where ¢; € B
and m; € M. Then b; = hg(ng) = >, c;hp(m;). Hence, using the contractivity of
A— B,

1bj| < Max{|c;|plhp(mi)|p} < Max;{|ci|g|h(mi)|a} < Maxi{|ci|B|mql}.

Since this is true for all representations of ng, all j € S and all S, it follows that

P <'|n|. This establishes the claim. The proposition follows easily.

If J is a closed ideal of A then we call the induced norm on A/.J the residual
norm. Then (A/J,| |;) is a Banach algebra. We set E; = (A/J)®E. We note
that, since A is complete, maximal ideals are automatically closed [BGR 1.2.4/5].
Since the map A — A/J is contractive, as a corollary of the previous proposition,

we obtain:

Corollary A1.3.1. If J is a closed ideal of A and E is orthonormizable, F; =
E/J. Moreover, if {e;:i € I} is an orthonormal basis for E, {e; mod JE} is an

orthonormal basis for Ej over A/J.

Proof. By the proposition, we know {1®e; } is an orthonormal basis for E; over A/J.
Clearly, E/JE = (A/J)® E C A/J®E. On the other hand, if z = )", ; a;,Qe; €
(A/J)®E where |a;|; — 0, we can choose o; € A such that o; = a; mod J and
il a < 2|ag|p. Hencee:=3) ,;aje; € E. Let y=1®e € E/JE. Then |z —y| <e
for every positive e. Hence x = y and so E/JE = E;. The last part of the corollary

follows immediately. §

Continuous homomorphisms.

If M and N are Banach modules over A, and L: M — N is a continuous A-

homomorphism we set

L] = sup |L(m)|
m#£0 M|
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This determines a topology on the set of continuous A-homomorphisms. The

homomorphism L is said to be completely continuous if

L= lim L,

J—00

where L; is a continuous A-homomorphism from M to N whose image is contained
in a finitely generated submodule of N. If f: M’ — M and g: N — N’ are continuous
A-homomorphisms of A-Banach modules then it is easy to see that go L o f is also
completely continuous. Let C4 (M, N) denote the Banach module of completely
continuous A-homomorphisms from M to N.

It is also easy to see:

Lemma Al.4. If A — B is a contractive map of Banach algebras, M and N are
Banach algebras over A and L € C4(M, N), then 1®L € Cg(B&M, BON).

Remarks A1.5. (i) When A is field, | | is multiplicative and |A*| # {1} the above
is the theory discussed by Serre [S]. However, Serre’s theory works without change
even when |A*| = {1}. It’s only easier. Indeed, in this case, an orthonormal basis
is a basis and a completely continuous linear map is a linear map of finite rank.
(ii) When A is a field, | | is multiplicative, |A*| # 1, and V is a finite dimensional
subspace of M, then Serre proves that there exists a continuous projector from M
onto V' with norm less than 1 whose kernel is orthonormizable. We cannot prove

this in our more general context.

Suppose {e; } is an orthonormal basis for M and {d;} is an orthonormal basis

for N. Suppose

L(el) = Z ni,jdj.
J
Then, as in [S], we have the following useful lemma:

Lemma A1.6. The linear map L is completely continuous if and only if

im Supier|ni ;| = 0.
j—00
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or equivalently, for S C I, let mg: E — FE be the projector
Z a;€e; — Z a;€;.
icl =
Then, L is completely continuous if and only if the net {mg o L}, where S ranges

over the directed set of finite subsets of I, converges to L.

Proof. First suppose the matrix for L is as above. Then for each finite set S of J

let

Ls<€i) = Z ni,jdj.

JjeSs
It is clear that the Lg converge to L.

Now suppose L is completely continuous. Then for each € > 0 there exists an A-
linear map L’: M — N whose image is contained in a finitely generated submodule
N’ and is such that |L — L’| < e. Since N’ is finitely generated there exists a finite
subset 1" of J such that if 7p is the projection from N onto the span of {d;};er

|7TT‘N’ — idN/| < e. It follows that
|L —mrol!| <e.

This implies |n; j| < € for j & T which concludes the proof.

For an orthonormizable Banach module E, let EV denote the continuous dual

of E with the norm | |V defined by

|h|Y = sup{|h(z)|:z € E°}
for h € EVY. This is well defined and if B is an orthonormal basis for E, |h|¥Y =
sup{|h(e)|:e € B}.

Lemma A1.7. If M and N are orthonormizable Banach modules over A, MY &N
is naturally isomorphic to C4(M, N).

Proof. Suppose {e;} is an orthonormal basis for M and {d;}; is an orthonormal

basis for V.
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We can write any y € MY &N, uniquely, as
Z hj & dj
J

where h; € MY, |hj|¥ — 0. Now if m € M, we set
ym) = 3 by (m)ds.
7

This clearly well defines a linear map from M to N and, since |h;|¥ — 0, is com-
pletely continuous by the previous lemma.
Now let e be the element of EV such that e (e;) = d; ;. We can represent any
h € MY as Y ;ae/ where a; € A and the set {|a;|:4 € I} is bounded. If, on the
other hand, L € C4(M, N) has the matrix (n; ;);s let y = > ;> nije)) ® d;
which, using Lemma A1.6, we see is an element of MV&®N. Clearly, y maps to L.
The map MY®N to C4(M, N) is independent of the choice of the bases because

it is the natural map on MV ® N and is continuous. g

We say a normed ring A satisfies hypothesis J (for Jacobson) if:

Hypothesis J. The intersection of the maximal ideals of A is 0 and if m is a

maximal ideal, the residual norm on A/m is multiplicative.

Examples. (i) If A is a reduced affinoid algebra over a complete multiplicatively
normed field and the norm on A is the supremum norm [BGR Def. 3.8/2], then A
satisfies hypothesis J (see [BGR Prop. 6.1.1/3 and Cor. 6.1.2/3]). It also satisfies
hypothesis M. (ii) The ring A with any of the norms described above does not
satisfy hypothesis J.

Probably, the hypothesis on residual norms in hypothesis J can be weakened,
for our applications, to the assumption that that the residual norms are equivalent
to a multiplicative norm (two norms on a ring are said to be equivalent, if they

induce the same topology), as George Bergman has shown, based on results in [B],
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if a norm | |; on a field is equivalent to a multiplicative norm | |2, then there exists a
positive constant ¢ such that | |2 < ¢| |1. We do not know an example of a complete

normed field whose norm is not equivalent to a multiplicative norm.

A2. The Fredholm determinant

Suppose A is a Banach algebra and E is a Banach module over A with an

orthonormal basis B. If L is a completely continuous operator on E, and
there exists a ¢ € A™ such that |cL| <1, (%)

one can translate the discussion in Serre to produce a characteristic series Pr(7T") of
L, with respect to B, which we will also denote by det(1—TL) (which it morally is).
The key point is: By means of (*) we may suppose |L| < 1 and observe, if I € Z(A),
Lemma A1.6 implies L(E°) mod I™E? is contained in a free direct factor of EV /1™ E°
of finite rank over A°/I™"A°. We will suppose all completely continuous operators
mentioned in this section satisfy property (x) (which is automatic if |[A™| # 1). We
can also prove:

Theorem A2.1. If L has norm at most |a| where a € A™ then Pr,(T) is an element
of A%[[aT]] and is entire in T (i.e. if Pp(T) = Dm0 Cm ™, |em|M™ — 0 for any

real number M ). Also, P (T) is characterized by:
(i) If { L,, }»,>0 is a sequence of completely continuous operators on E, and L,, — L

then P;,— Py, coefficientwise.
(ii) If the image of L in E is contained in an orthonormizable direct factor F of

finite rank over A of E such that the projection from E onto F' has norm at most
1 then
Pr(T) = det(1 — TL|F).

Proof. This follows by translating the arguments in [S]. E.g. suppose the hypotheses
of (ii). Let m: E — F be the projection. After changing L by a homothety in A™, if

necessary, we may assume |L| < 1. Let F® = {z € F:|z| < 1}. Let I be an element
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of Z(A). Then, since |7| < 1, F; =: F°/TF? injects onto a free direct factor of finite
rank of EY/IE° over A°/I. It follows that

Py(T) = det(1 — TL|F;) mod I.
Assertion (ii) follows upon taking a limit. g

Remark A2.2. It follows from (i) and (ii) of the theorem that Pr(T) does not
depend on the choice of the orthonormal basis but, as far as we know, it may
depend, in general, on the norm on E and not just the topology. However below,
Corollary A2.6.2, we show that, when A satisfies hypothesis J, it does only depend
on the topology.

Just as in [S, §5] (see the remark after Corollaire 1), one may deduce from the

theorem,

Corollary A2.1.1. Ifu and v are completely continuous operators on F,
det(1 — Tu)det(l — Tw) = det((1 — Tu)(1 — Tw)).
Also, one may deduce similarly to the proof of Corollaire 2 of [S, §5],

Proposition A2.3. Suppose F1 and Ey are orthonormizable Banach modules over
A. Suppose u is a completely continuous homomorphism from E; to E5 and v: E5 —

F is a continuous homomorphism. Then
Puov (T) = onu<T)~

Lemma A2.4. Suppose N is a closed orthonormizable Banach submodule of M
over A such that the quotient module F' := M /N, with the induced norm, is also
orthonormizable and moreover that there is an isometric section ¢: F — M of
M — F. Then M is orthonormizable and if L is a completely continuous operator
on M stabilizing N, its restriction to N and the induced operator, Ly, on F are

also completely continuous and
Pr(T) = Ppj(T) P (T).
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Proof. Let E := {e;: i € I} be an orthonormal basis for N and D := {d;:j € J} be

an orthonormal basis for F'. Then, we claim,
B:={e;:iel}U{y(d,):je J}.

is an orthonormal basis for M. First, it is clear that if m € M, there exist unique

a;,bj € A, for i € 1,5 € J, such that
Zaiei + Z bﬂ,[)(dj) =m.
( J

Since 1) is an isometry,
|m| < Max;er jes{|ail, [b;|} =: K.

Suppose |m| < K. It follows, from the fact that the norm on F' is the induced norm,
that | > ; 0j d;| < K. From the fact that D is an orthonormal basis for F', we see that
|bj| < K for all j € J and hence that K = Max;er{|a;|}. Since E is an orthonormal
basis for N, this latter equals |, a;e;|. Now, since |, aie;| > |32, bd;|, we
deduce that |m| = K, a contradiction. Thus, B is an orthonormal basis.

Now we know we can compute Pr(T") with respect to B. For a subset S of an
orthonormal basis for a Banach algebra W over A, let mg be the projection of W
onto the span of S, as described in the last section, and for an operator U on W,
let let U® = g oU. Now, for a subset S of B, let Es = SNE and Ds = ¥(S) C D.
Now, since L|y = limg(L|x)¥s and Ly = limg L?S as S ranges over finite sets,
these operators are completely continuous. It is elementary algebra to check, for

finite subsets S of B, that,
Prs(T) = P )Ps (T)PL?S (7).
The lemma follows from the fact, which is a consequence of Theorem A2.1, that

Pr(T) = liénPLs(T), Pry(T) = lignP(”N)Es (T') and

Py (T) =lin P o (T),
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as S ranges over finite subsets of B.

We remark that the hypothesis of this lemma about an isometric splitting is
automatic when the absolute value on A is discrete (by this we mean that the
subset of the real numbers {log|a|:a € A, a # 0} is discrete). Indeed, in this case,
with notation as in the proof of the lemma, for each j € J, there exists an 63 eM

such that e; = e; mod N and |e}| = 1. Then we can define 1 as follows,
B(Y_bjes) =D _bje;.
J J

We will see below that we can also eliminate this hypothesis when A satisfies hy-
pothesis J.
It follows easily using Proposition A1.3 and Lemma A1l.4 that

Lemma A2.5. Suppose ¢ : A — B is a contractive map of Banach algebras, then
¢(det(1 — TL|E)) = det(1 — T(1&L)|B&4E).

Proposition A2.6. Suppose A satisfies hypothesis J, E is an orthonormizable
Banach module over A and L is a completely continuous linear operator on E
whose image is contained in a free submodule of finite rank F' such that there is a

continuous projector from E onto F. Then Pr(T) = det(1 — TL|F).

Proof. Let {e;} be an orthonormal basis for E. Let m be a maximal ideal of
A, k = A/m and | |,, the residual norm. Then the natural map from A to k is
contractive so 1 ® e; is an orthonormal basis for k@ E by Proposition A1.3. Also, if
m: E — F'is a continuous projector, id®@m: k® F — k® F' is a continuous projector
and the elements 1 ® 7(e;) are bounded in k ® F. We also know k ® E = k®F by
Corollary A1.3.1. The result now follows from Lemma A2.5 applied to B = A/m
and Remark (1) of [S, §5] and [S, Prop. 7d)]. g

This proposition together with part (i) of the theorem implies that
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Corollary A2.6.1. When A satisfies hypothesis J, Pr(T) only depends on the

topology of E.
We do not know whether or not this is true more generally.

Corollary A2.6.2. When A satisfies hypothesis J and M is orthonormiable, the
conclusion of Lemma A2.4 remains true even without the assumption that there is

an isometric section from F to M.

Proof. Let E = {e;:i € I} and D = {d;: j € J} be as in the proof of Lemma A2.4.
Let € € R such that 0 < e < 1. For each j € J let d} be an element of M which
maps to d; such that |d;| < (1 +¢€). Let ¢ be the unique continuous section of
M — F which takes d; to d}. Let C be the set EU{d’:j € J}. Clearly, if m € M,

m can be uniquely written in the form,
Z a;e; + Z b3¢(dj>
( J

We now let | |” be the unique absolute value on M such that C' is an orthonormal
basis. Then since ¢ is an isometric section with respect to | |’, we may apply Lemma
A2.4 to the characteristic series of L with respect to this absolute value. But it is
clear that for m € M,

m[" < |m| < (14 ¢)lm|".

Thus | | and | | induce the same topology on M and so by the previous corollary,
the characteristic series of L defined with respect to | |" is the same as that defined

with respect to | |, Pr(T"). Thus the conclusion of Lemma A2.4 applies to Pr(T). g

Remark A2.7. The Fredholm determinant may be defined and many of its prop-
erties proven when the condition “orthonormizable” is replaced by “locally or-

thonormizable.”

Example. Suppose A is a Banach algebra, M is an orthonormizable Banach mod-

ule over A and uw and v are two completely continuous operators on M over
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A. Then if A(X,Y) is the ring of restricted power series over A, the operator
Xu 4 Yv is a completely continuous on M =: M&A(X,Y) over A(X,Y) (which
is given the Gauss Norm). Hence we have a characteristic series P, ,(X,Y,T) =

det ((1 - T(Xu+ Yv))|M) such that
Py o(z,y,T) = det ((1 — T(zu + yv))|M)

whenever z,y € A and both |z| and |y| are at most 1. Clearly when |A™| # 1,

P(X,Y,T) continues to a series entire in X andY .
Now suppose A is an algebraically closed field with a multiplicative norm. Then

if u and v commute

Po(X,Y,T) =[] (1 - (a:X + b:;Y)T)
where a; and b; are elements of A which tend to zero. This is a consequence of the

fact that the generalized eigenspaces of u are stabilized by v and vice versa.

A3. Resultants

In this section we extend many of the classical results about resultants (see [L-A,
Chapt. IV §8]) to our analytic situation. This is necessary for us to be able to prove
analogues for completely continuous operators over a Banach algebra of Serre’s Riesz
theory results [S, §7] for completely continuous operators over a complete normed
field.

Suppose (A4, ] |) is a Banach algebra and |A™| # 1.

Lemma A3.1. If G(T) is a polynomial whose leading coefficient is multiplicative

and H(T) € A(T) such that G(T)H(T) € A then G(T) € A or H(T) = 0.

Proof. Let a € A™, |a| > 1. Replacing G(T) by G(a™T) for some positive integer
M we may assume that the absolute value of the leading coefficient ¢ of G is greater

than all its other coefficients. Suppose n = deg(G) > 0 and H # 0. Suppose
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H(T) =Y, byT* and m > 0 is such that |b,,| > |b| for all k with strict inequality
for k > m. It follows that the coefficient of T"™™ has absolute value equal to
|cbm| = [c]|bm| # 0.

For I = (i1,...,in) € N", s(I) =41+ -+ + i, and if (T1,...,T},) is an n-tuple
of elements in a ring, we set T = Ti* ... Ti». Let A{{Ty,...,T,,}} be the ring of

power series
>
I
over A in (T1,...,T,) where I ranges over N™, such that

|By|M*) — 0

as s(I) — oo for all M € R. This is the ring of power series over A which converge
on affine N-space over A. In particular, if P(T') is the characteristic series of a

completely continuous operator on a Banach module over A, P(T) € A{{T'}}.

Remark A3.2. The above lemma is also true if we suppose instead of the hy-
pothesis G(T) € A[T| that G(T) € A{{T'}} and either all the coefficients of G are
multiplicative or A satisfies hypothesis J.

Suppose eq, ..., e, are the elementary symmetric polynomials in 77, ...,T,.

Proof. For an element I = (iy,...,14y,), let t(I) =iy +2is+- - -+ni,. Nowif [ € N™,

el is a linear combination of T where s(J) = t(I). Since

s(I) < (1) < ns(1),
it follows that if
ZA[TI = Z BJeJ,
I J

where the the sums run over N and the A; and B are elements of A, then
MaXs(J):m{‘BJH < Maxmgs(f)gnmﬂAIH (1)
and
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Max(1)y=m{| A1} < Max,,/n<s(ry<m{l|Bsl} (2)

The containment of rings A{{e,...,e,}} C A{{T1,...,T,}} follows from esti-
mate (2). It is clear that elements of A{{e;,...,e,}} are invariant under permu-
tation of the T;. If f € A{{Ty,...,T,}} is invariant under permutation of the T;
it follows that f equals g(eq,...,e,) for some g € A[[X1,...,X,]]. It now follows
from estimate (1) that g is in fact in A{{X}, ..., X,,}} which completes the proof.

Let

QT)=T" —a;T" '+ + (=1)"a,

be an element of A[T].

Lemma A3.4. If S(eq,...,ey,) isin

ZQ VAT, T3 () Alders - end)

then S(aq,...,a,) =0.

Proof. First, suppose C is a ring and K (T) = Y. (=1)'¢;T""" and R(ey,...,ep)
is in (Z?:l K(T;)C[Ty,... ,Tn]) NClei,...,ey]. Consider the ring
We can write

R 61, ZK fz Tl,...,Tn),
where f;(T1,...,T,) € C[T1,...,T,]. Then we may conclude
R(cy,. .., cn ZK ) fi(bi, ..., by) =0.

Now we assume the hypotheses of the lemma. Replace Q(T") with b"Q(T'/b) for
some appropriate b € A™ so that all the a; are in A°. We can also scale S so that

S(e1y...,e,) isin

n

(D QA ({Ty, ..., T} (A {er, - en}}

=1
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Write S as
ZQ ) i(Ty, ..., Ty)

with f; € A°{{T},...,T,,}}. Let f; y be the sum of the terms of f of degree at most
N and g; v = fi — fin. Then if € > 0 € R for large N the coefficients of g; y have
absolute value at most €. Let I, be the ideal in A%, {a € A:|a| < €}. Then we may
apply the above argument with the ring C equal to A°/I, and R equal to S mod I,
to conclude that |S(ay,...,a,)| < € for all € > 0. Hence, S(ay,...,a,) =0. g

Suppose P(T) € A{{T}}. We know P(Ty)---P(T,,) = H(ey,...e,) for some
H e A{{X;,...,X,,}} by Lemma 3.3. Then, for ) as above, we define the resul-
tant of () and P to be

Res(Q, P) = H(ay, ..., ay,).

(See also [L-A, Chapt. IV §8].) Then

Res(Q, 1) = (3)
Res(Q,aP) = a"Res(Q. P) (4)
Res(Q, PR) = Res(Q, P)Res(Q, R) (5)

Res(Q, P+ BQ) = Res(Q, P) (6)

ifa€ Aand R,B € A{{T}}. Y P(T) = }_,50bnT", one can show Res(Q, P) is the

limit as m goes to infinity of the determinants of the (n + m) x (n + m) matrices,

1 —ar ... ... (=1)"a,
( L —ar .. (=D,
m
1 —ay (=1)"an
S T
b bm_1 ... bo
n
by bm_1 bo




in which there are m rows of a’s and n rows of b’s. If S is a monic polynomial of

degree m,
Res(SQ, P) = Res(S, P)Res(Q, P) (7)
Res(Q,S) = (—=1)""Res(S, Q) (8)
Res(Q,S™) = Res(S,Q") (9)

where if F(T) is a polynomial of degree d, F*(T) = T¢F(T~!). We can also inter-
pret the resultant as a norm. Indeed, consider the extension B := A{{T'}}/(Q(T))
of A. This extension is isomorphic to A[T]/(Q(T)) which is finite and free and the
resultant of Q and P is the norm of the image of P in B to A.

Lemma A3.5. The resultant of Q and P is a linear combination of () and P. If
() and P have a non-constant polynomial common factor G whose leading term is

multiplicative, then the resultant of () and P is zero.

Proof. When P is a polynomial, the first statement follows from [L-A Chapt. IV,
§8]. In general, we can write P as BQ+ R where R is a polynomial and B € A{{T'}}
and then apply formula (6) above.

Now it follows that G(T') divides the resultant. However, the resultant lies in

A, and this together with Lemma A3.1 implies the resultant is zero. g

Remark A3.6. By Remark A3.2, the conclusion of this lemma is still true if we
only assume G(T') € A{{T'}} as long as A satisfies hypothesis J.

Lemma A3.7. Res(Q, P) is a unit if and only if Q and P are relatively prime in

AHT})-

Proof. One direction follows immediately from the previous lemma. Therefore

suppose fQ + gP =1 where f,g € A{{T}}. Then using (3), (5) and (6)

1= Res(Q, fQ+ gP) = Res(Q,gP) = Res(Q,g)Res(Q, P). 1
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We now want to explain the relationship between the characteristic series of a
completely continuous operator and that of an entire series in that operator with
zero constant term (which we know is also completely continuous).

Suppose B and P are polynomials over A and
PT)=1-a1T+ -+ (—-1)"a,T".

Then we set
n

D(B,P)(T) = |](1 - TB(T})),

i=1
where on the right hand side we set e;(T4,...,T,) = a;. If B and P are in A{{T'}},
B(0) =0 and P(0) =1 then we set

D(B, P)(T) = lim D(By, P,)(T)

n—oo

where, for an element F(T) =Y 7 cx T € A[[T)], Fo(T) = > p_g ek T 1t is easy
to see that D(B, P)(T) € A{{T}}. Moreover,

Lemma A3.8. If P(T) = R(T)S(T), R,S € A{{T'}} and R(0) = S(0) = 1, then

we have,

D(B,P)=D(B,R)D(B,YS). (10)
and if () is a monic polynomial,

D(1—-Q* P)(1) = Res(Q, P). (11)

Proof. The first formula is obvious. For the second, observe that it follows from

the definitions and (9) that
D(1-Q*, P,)(1) = Res(T"P, (T "),Q*(T))
= Res(Q, P,).
Hence the lemma follows by taking a limit. g
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Theorem A3.9. If u is a completely continuous operator on an orthonormizable

Banach module E over A and B € TA{{T'}} then
Py (T) = D(B, P.)(T). (12)

Proof. As we remarked above B(u) is completely continuous, so Pp(,) makes sense.
We may apply a homothety and assume that the norms of v and B are at most
one. Suppose I € Z(A). Consider the operator u; induced by v on E; := E°/IE".
The corresponding formula is true for det(1 —u;T'|Er) which is congruent to P, (7T)

modulo /. Hence (12) follows by a limiting argument.

A4. Riesz Theory

Suppose (A, | |) satisfies hypothesis M. Let u be a completely continuous operator
on an orthonormizable Banach module E over A. As in Serre, we can define the
Fredholm resolvant FR(T,u) := det(1—Twu)/(1—Tu) of u and use it and the theory

of resultants to prove:

Lemma A4.1. Suppose Q(T') € A[T] is a monic polynomial. Then @ and P, are

relatively prime if and only if Q*(u) is an invertible operator on E.

Proof. Let v =1 — Q*(u). Then v is completely continuous and we have,
(1—-vT)FR(T,v)=P,(T)=D(1-Q", P,)(T),

by Theorem A3.9, and so using Lemma A3.8,
Q*(uw)FR(1,v) = (1 —v)FR(1,v) = Res(Q, P,).

Thus it follows from Lemma A3.7 that if ) and P, are relatively prime, Q*(u)
is invertible. If, on the other hand, there exists an operator w on F such that
Q*(u)(1 —w) = 1, then we find that w is completely continuous and we deduce
using Corollary A2.2.1,

det(l —wv)det(l —w) =1
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but by Theorem A3.9 and Lemma A3.8,
det(l—v) =D(1—Q", P,)(1) = Res(Q, P,).

Hence @@ and P, are relatively prime by Lemma A3.7. g

Let A® denote the operator on power series in 7' which takes ) a,T™ to
>on (Z)anT”_S. We also let A = A'. Suppose a € A. Then we say a is a zero
of H(T) € A{{T}} of order h if ASH(a) = 0 for s < h and A"H(a) is invertible.
(With this definition, some zeroes do not have an order.)

Using the previous lemma and following the same line of reasoning as in [S, §7]

one obtains:

Proposition A4.2. Suppose a € A is a zero of P,(T) of order h. Then we have a

unique decomposition

E = N(a)® F(a)
into closed submodules such that 1—au is invertible on F(a) and (1 —au)"N(a) = 0.

Proof. We note that S(0) = 1. Let B(T) =1—-Q*(T)/Q*(0) and v = B(u). Then,
by (A3.10)
P, = D(B, P,) = D(B,Q)D(B, S).

We have D(B,Q)(T) = (1 —T)", where n = deg Q and

D(B,5)(1) = Res(Q/Q"(0), 5)

by (A3.11) which is a unit using Lemma A3.7. Now apply Proposition A4.2 to the
operator v and the zero 1 of P,(T). y

Remarks A4.4. (i) Let Rg = A[X]/Q*(X) =2 A[Y]/Q(Y). Then N,(Q) is a Rg
module, via

Xm =um
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for m € N,(Q). (ii) Following Serre we have explicit formulas for the projectors

from E onto the subspaces N, (Q) and F,(Q). For example, let v be as above, then

(=)

is a formula for the projector onto F,(Q) with kernel N, (Q).

Since projective modules over a ring are locally free, one can define the deter-

minant of an operator on such a module if it has locally finite rank.

Theorem A4.5. Suppose A satisfies hypothesis J and (Q has degree r. Then
under the hypotheses of Theorem A4.3 the A module N,(Q) is projective of rank
r. Moreover, det(1 — Tu|N,(Q)) = Q(T).

Proof. First suppose A is a field, then | | is multiplicative. The result [S, Prop. 12]
of Serre applies and establishes our result in this case.

Let N = N, (Q) and F = F,(Q). Let m be a maximal ideal of A. Then because
E=N+F, E,, = N, + F, and Q*(u) is zero on N,, and invertible on F,, so
that this decomposition is the one established by Theorem A4.3. It follows from
the above and the hypotheses on A that N,, is a vector space of dimension r over

k., the residue field at m. Now, let
fi= Zai,jej for1<i<r
jel

be elements of N which form a basis of N,, modulo m. Then, there exist ji, ..., j,

in I such that

g = det ((aij,)ik)

is not zero at m. Let U be the affine open subscheme of Spec(A) where g is
invertible. It follows that the f; are a basis for Np for every closed point P of U.
We claim {f;} is a basis for Ny .
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Indeed let h € Niy. Then because g is invertible on U, there exist a; € Ay such

that the coefficient of e;, in the expansion of

arfr+---+arfr—h

is zero for 1 < k < r. If follows that this element vanishes at every closed point P
of U. Thus by the hypotheses this element vanishes on U. If h = 0, it follows that
the a; vanish at every closed point P in U and hence a; = 0 for all <. Thus N is
locally free, so projective.

Finally, by Corollary A2.6.2,

det(1 — Tu|E) = det(1 — Tu|N) det(1 — Tu|F).

Now since Q(T") divides P, (T") and Q*(u) is invertible on F, it follows, using Lemma
4.1, that Q(T) differs from det(1 — Tu|N) by an element of A*. Equality follows
from the fact that Q(0) =1. g

Corollary A4.5.1. Suppose A satisfies hypothesis J. If Rq is étale over A (i.e.,
if (Q(T),AQ(T)) = 1) then N,(Q) is a locally free Rg module of rank 1.

Proof. This is true when A is a field. It follows more generally when A satisfies

hypothesis J, by the same kind of reasoning which established the theorem. g

Remark A4.6. One can show, when A satisfies hypothesis J, that F,,(Q) is locally

orthonormizable.
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5. Rigid Theory

In this section, we will show how the results of the previous sections apply in the
rigid category. We will be able to obtain much more precise results, which will
be essential to us when we begin to discuss modular forms. A good encyclopedic
reference for the foundations of rigid analysis is the book Non-Archimedean Analysis
by Bosch, Guntzer and Remmert. A more low key introduction to the subject can
be found in the book Géométrie Analytique Rigide et Applications by Fresnel and
Van der Put and the original paper “Rigid analytic spaces” [T] by Tate is quite
accessible.

Let K be either C, or a complete discretely valued subfield of C, and | | be
the absolute value on K such that |p| = p~! (or more generally we may sup-
pose that K is a complete stable valued field (see [BGR, §3.6.1, Def. 1])). Let
K° = {a € K:|a|] < 1} be the ring of integers in K and p = {a € R:|a| < 1} the
maximal ideal of K.

If Y is a rigid space over K, A(Y) will denote the ring of rigid analytic functions
on Y, we let | | also denote the supremum semi-norm on A(Y') [BGR, §3.8] and A°(Y)
will denote the subring in A(Y") of power bounded functions, {f € A(Y):|f| < 1},
on Y. The supremum semi-norm is a non-trivial ultrametric norm on A(Y") if A(Y)
is reduced [BGR Prop. 6.2.1/4]. As we have pointed out, it also satisfies hypothesis
J. Weset t(Y) = {f € A(Y) : |f| < 1}, the topologically nilpotent elements of
A(Y), and Y = Spec(A°(Y)/t(Y)). In general, if X — Y is a morphism of rigid
spaces and Z is a subspace of Y, then Xz will denote the pullback of X to Z (the
“fiber” of X — Y over Z).

In particular, B% will denote the n-dimensional affinoid polydisk over K. Then
ABY) = K(Ty,...,T,) and A°(B}%) =2 K%T\,...,T,). Finally, if « € K and
r € |C,| we let Bila,r] and Bg(a,r) denote the affinoid and wide open disks of
radius r about a in Al.. When K = C, we will drop the subscript K, and we will

sometimes abuse notation and let these latter symbols denote the C,-valued points
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of the corresponding rigid space.

(i) Fredholm and Riesz theory over affinoid algebras

Suppose X — Y is a morphism of reduced affinoids over K. Then (A(Y),]|) is
a Banach algebra and (A(X),| |) is a Banach module over (A(Y),]| |).

If A°%(Y)/pA°(Y) is reduced then |A(Y)| = |K| so (A(Y),| |) satisfies hy-
pothesis M. In this case, pA°(Y) = #(Y) so the reduction of Y, Y, equals
Spec(A2(Y)/pA(Y)) =: Y. If Y is reduced, this occurs after a finite base ex-
tension. We will suppose for the rest of this section that Y is a reduced irreducible
affinoid such that Y is also reduced and we will regard A(Y') as a Banach algebra
with respect to the supremum norm.

One can show, using Lemma A1.2,

Lemma A5.1. Suppose K is discretely valued, X — Y is a morphism of reduced
affinoids over K and A°(X)/pA%(X) is free over A°(Y)/pA°(Y). Then the Banach
module A(X) over A(Y) is orthonormizable.

The simplest case of this phenomenon is: X = ZxgY where Z is a reduced

affinoid over K. This will, in fact, be the case of interest to us.

Definition. If f: Z — X is a morphism of affinoids over Y then we say, f is inner

over Y if the image of Z in X is finite over Y.

This is a slight generalization of Kiehl’s notion of inner which is called relatively
compact in [BGR §9.6.2].
Proposition A5.2. Suppose f: Z — X is an inner map of reduced affinoids over
Y, X is reduced and A(X) is orthonormizable over A(Y). Then the map f* from
A(X) to A(Z) is a completely continuous homomorphism of Banach modules over

A(Y).

Proof. Let B = A%Y), C = A°(Z) and D = A°(X). Let 1, ..., 2, be elements of
D such that the map from B(Ty,...,T,), T; — x; is surjective onto D (these exist
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by [BGR, Thm. 6.4.3/1] using the fact that under our hypotheses |D| = |K|). The

hypotheses that f is inner implies that the image of + is finite over 3 which is
equivalent to the existence of monic polynomials g;(S) € B[S], 1 <i < n such that
f*gi(z;) € mC for some © € K° such that || < 1. We can write any element of D

as

Z aI,Nng(x)N7
I,N

where x = (z1,...,2,), g = (91,---,9n), I and N are multi-indices in N™ ordered
lexographically, I < deg(g) and ar ny € B. It follows that the image of D in
C/n"C is spanned by the images of f*(z!g(x)") where I < deg(g) and S(N) < n.
Now let {e;}icr be an orthonormal basis for A(X) over A(Y). Then e; € D. Let
F;,, be an element in the B-span of {f*(z/g(z)V):I < degg and S(N) < n}
such that F;, = f*e; modn"C. There exists a unique continuous B-linear map
L,:A(X) — A(Z) such that L, (e;) = F; ,. Then L,, converges to f* and the image

of L,, is contained in a submodule of C finitely generated over A(Y). g

We will also need in sections B4 and B5, the following notion of relative over-

convergence:

Definition. If X — Y is a morphism of rigid spaces over K, we say that X is
affinoid over Y if for each affinoid subdomain Z inY, X, is an affinoid. Suppose
W — Y is a map of rigid spaces and X C W is affinoid over Y, then we say
that a rigid space V. C W is a strict neighborhood of X over Y in W if for each
affinoid subdomain Z of Y there exists a neighborhood U of X in V affinoid over
Y such that X; — Uy is inner over Y. Finally, if X, W and Y are as above, we
say that a rigid function f on X is overconvergent in W over Y if f extends to
some strict neighborhood of X in W over Y. When Y is Spec(K), we just say f is

overconvergent on X in W.

Now suppose E is a Banach module over A(Y'). Suppose P(T) is the charac-
teristic series of a completely continuous operator u on E and P(T) = Q(T)S(T)
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where S € A(Y){{T}} and @ is a polynomial, whose leading coefficient is a unit

and whose constant term is one, such that (Q,S) = 1.

Proposition A5.3. Suppose ) has degree r. Then the A(Y) module N(Q) is
projective of rank r and det(1 — Tu|N,(Q)) = Q(T)

Proof. Indeed, this follows from Theorem A4.5 since, as we have pointed out, A(Y)
satisfies hypothesis J.

In fact, in the rigid context, we can strengthen Corollary A4.5.1. Suppose Rg =
A(Y)[Z]/Q(Z) is étale over A(Y). Then R is also a reduced affinoid algebra and
the supremum norm on R extends the supremum norm on A. The operator 1 ® u
on Rg ® E over R is completely continuous. Then Z is a zero of Pyg,(T) = P, (T)
of order 1 as

AP(Z) = AQ(Z)5(Z)

which is a unit since Rg is étale over A(Y) and (@,S) = 1 so the subspace
Nigu(Z7'T — 1) of Rg ® E is locally free of rank one over Rg. Summarizing,

Proposition A5.4. Suppose Rg = A(Y)[Z]/(Q(Z)) is étale over A(Y'). Then, if
1 ®u is the extension of scalars of u to Rg ® E, Z is a zero of Py, (1) of order one

and, locally on Rq, is freely generated by an element m such that
(1@u)ym=Z'm.

This is the genesis of our work on R-families (see §B3 and §B5).
More generally, suppose @@ = F™ where mdeg F' = deg QQ, F*(u)N(Q) = 0 and
Rp is étale over A. Let C = (Rp)™. Then C is a reduced affinoid algebra and the

supremum norm on C' extends the supremum norm on A(Y).

(ii) The zero locus of an entire series
Suppose P(T') is an entire power series over Y (like the characteristic series of

a completely continuous operator on a Banach space over Y'). Suppose r < s are
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real numbers in |K|. Then the subset of ¥ x Al determined by the inequalities
r < |T| < sis the affinoid Y x A[r, s], the fiber product of Y and the annulus of radii
r and s, which is irreducible. The subspace of this affinoid determined by P(T") = 0
is an affinoid Z of dimension equal to that of Y. Moreover, the projection Z — Y
is finite to one if P(0) = 1. We will investigate this situation in the abstract. ILe.,
suppose f: Z — Y is a quasi-finite morphism of affinoids over K. Then for a closed
point z of Y, the fiber over z, f~!(z), is scheme of dimension 0 over the residue
field of 2. By deg(f~!(x)), we mean the dimension of its ring of functions over this

field (its degree as a divisor). We will prove,

Proposition A5.5. Let notation be as above. Suppose Y = B}f. For each integer
i > 0 the set of closed points x of BY such that deg(f~1(x)) > i is the set of closed

points of an affinoid subdomain Y; of Y. Moreover, Y; = () for large 1.
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The following is a pictorial explanation of Proposition A5.5. Regard closed intervals

in the interval representing Y as affinoid disks.

Before we begin the proof we point out the following corollaries:

Corollary A5.5.1. For each x € B} (K), there exists an affinoid ball B C Bl

over K containing x such that g: Zp — B is finite.

Corollary A5.5.2. Suppose K is discretely valued. Let T be an invertible rigid

function on Z defined over K. Then the set of valuations,
{v(T'(2)): 2 € Z(Cp), f(2) e Y(K)},
is finite.
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Proof. Since the degree of f~(y) for y € Y(C,) is bounded and for y € Y (K)
the set of points of f~!(y) is closed under Gal(K/K), the points in f~!(y) for
y € Y(K) are all defined over a finite extension of K. The result follows from this
and the fact that T is bounded above and below on Z. j

To prove Proposition A5.5, we will need,

Lemma A5.6. Suppose g: W — Bi. is a non-constant morphism of affinoids over

K and W is irreducible. Then the image of g is an affinoid subdomain of Bl..

Proof. We may suppose W is reduced and absolutely irreducible. We may also
extend scalars to C, so that K = C, and W = W. After a translation and
a homothety we may suppose ¢ is non-constant. Since W is irreducible, W is
connected and so the image of g is connected and thus an affine open. If every
point whose reduction is in the image of g is in the image of g we have nothing to
prove since the image of g is an affine open and its inverse image under reduction
is an affinoid subdomain. Therefore suppose 0 is not in the image of g but is in the
image of g. Then there exists a b € C;, such that [b| < 1 and [b/g| = 1. Let h = b/g.
Then as h, g € A°(W), |g| = |h| = 1 and |gh| = |b] < 1, it follows that W is not
irreducible. Thus the lemma is true in the case when W is irreducible and in this

case g(W) = B[0,1] — U,,.+ B(a, 1) where T is some finite subset of B[0, 1].

aceT

Now let Z be an irreducible component of W. Let Z° be the complement in
Z of the other irreducible components of W and Z° = red=1Z°. Then the rigid
space Z° is an irreducible open in W and since Z° is an affine open in W, Z is an
affinoid subdomain with irreducible reduction. It follows from the argument in the
previous paragraph (after undoing the translation and homothety) that g(Z°) =
Blaz,rz] —UB(bz,;,rz) for some rz € |C,|, az € B[0,1] and some finite set {bz ;}
of Blaz,rz].

Let S = {B(z,r) : « & gW),r = |(g — z)~|7*}. Thus S is the collection

of maximal wide open disks in B|0, 1] contained in the complement of the image
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of g. We also note that the radii of the disks in S are elements of [C;|. Clearly,
g(W)=BJ[0,1] —|J S. We claim:

S C{B(bzj,rz): Z is an irreducible component of W}.

This will complete the proof of the lemma as the latter set is finite. Let B(z,7) € S.
In particular, » < 1. After a translation we may suppose z = 0. Let |b|] = r and
h = b/g. Then h is non-constant by the reasoning in the first paragraph of this
proof if r < 1 and as an immediate consequence of the conclusions of this paragraph
in the case r = 1. Therefore, there exists an irreducible component Z of W such
that h| is non-constant. It follows, that g/b|zo is defined and non-constant. This
implies, |g|z0 = r and thus Blaz,rz] = B[0,r] and since 0 is not in the image of
g, B(0,r) = B(bz,;,rz) for some i. This establishes the claim and completes the

proof. g

Now we define a descending tower Z;, ¢ > 1 of affinoid subdomains of Z such
that, if Y; = f(Z;), * € Y; if and only if deg f~(z) > i. The Y; are affinoid
subdomains of Bk by the lemma as quasi-finiteness implies f is not constant on
any irreducible component of Z;. We take Yy =Y.

Let X denote the affinoid subspace of Z*, k > 1, determined by the equations
fom(x) = fomj(z), 1 <i < j <k, where the 7 ... 7, are the k projections
from Z* to Z. Since f is quasi-finite, X is one dimensional. Let X} denote the
one dimensional affinoid consisting of the union of the irreducible components of X
not contained in any hyperdiagonal, m;(z) = m;(x) for some i # j, of Z* and set
Zy, = m(Xk). It follows that Zj satisfies the required conditions.

Finally, we sketch two proofs of the fact that Y; = () for large ¢. First, extend
scalars to a maximally complete algebraically closed field I' containing K. Maximal
completeness implies there exists an z € (Y;(I') if ¥; # 0 for all i. But then
deg f~!(x) = oo which contradicts the quasi-finiteness of f.

The other proof uses the stable reduction theory of curves. There exists a semi-

stable model of f over a finite extension of K. I.e. there exist semi-stable formal
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scheme models ) and Z of Y and Z over K° and an extension of f to a morphism
F from Z to Y such that F is quasi-finite. It follows that for each irreducible
component X of Z, the map Fx has finite generic degree d(X) for some non-
negative integer d(X). Suppose x € X. Let & denote its image in X. Then one can

show

deg f~'(z) <) d(X)

where X runs over the irreducible components of Z which meet .T_l(i'). 1

Questions and Remarks A5.7. (i) Using the stable reduction theory of curves,
one can check this proposition remains true whenever dimY = 1. (ii) Is the propo-
sition true when Y has dimension greater than one if the phrase “an affinoid subdo-
main” in this proposition is replaced with “a finite union of affinoid subdomains?”
(iii) It is clear that the results of this section can be globalized to arbitrary rigid
spaces over K. One only has to replace the notion of orthonormizability with local
orthonormizability. (iv) Suppose X is an irreducible component of the zero locus
of P(T). Liu has observed that the image of X in B!(C,) is the complement of a
finite set of points. (v) The projection from X to Y is not necessarily quasi-finite.

In general, X corresponds to an irreducible factor of P(T). Suppose

P(z,T) =1+ 2T [[(1 - p'T).
i=1
Then, P(z,T) is an irreducible element of A(B[0,1]){{T'}}, whereas P(xo,T) has
infinitely many zeroes, for vy # 0 € B0, 1]. (Note, however, that x+T [[;-,(1—p'T)

has infinitely many distinct irreducible factors.)

Although, we will not use the following result in this paper it will be crucial
in constructing an important geometric object which encodes much of the theory
of “families of modular forms” and related objects which we call the g-expansion

-curve.
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Proposition A5.8. Suppose P(X,T) is a rigid analytic function on Bl x Al
such that P(X,0) = 1. Let Z be the zero locus of P(X,T) and f:Z — Bl the
natural map. Let C be the collection of affinoid subdomains Y of Z such that Y
is finite over f(Y) and the collection {Y, Z¢y — Y} makes up an admissible open
cover of Zyyy (i.e., Y is disconnected from its complement in Z¢(yy). Then C is an

admissible open cover of Z.

Proof. Let r € |K|, Y, = ZN (B x Bk(0,7)) and let f, be the restriction of f to
Y,. Now, let notation be as in Proposition A5.5. Suppose V is an affinoid in B},
such that deg(f!(z))=d>0forallz € V.

Let B = BL. If X CY are affinoids in B we say Y is a strict affinoid neighbor-
hood of X in B if there exists a strict affinoid neighborhood U of X in Al such
that Y = U N B. We will only complete the proof of the above proposition when
K = C,,.

Lemma A5.9. There exists an s € |C,| such that s > r and there exists a strict
affinoid neighborhood W of V' in B such that the affinoid Y := {f;!(z):x € W}

lies in C and has degree d over W.

Proof. Write P(X,T) = >~ a;(X)T", where a;(X) € A(B) and ag(X) = 1. Let
o = log,(r). It follows, from the fact that deg(f; ' (x)) = d for all € V, that, for

all z € V and all 4,
v(aa(z)) — v(ai(z)) < (d—i)a,

with strict inequality for i > d. (Otherwise, there would exist a side of the Newton
polygon of P(x,T) of slope less than or equal to «, extending to the right of the
point (d,v(aq(z))).) Now from the entirety of P(X,T) it follows that there exists
a real number # > « such that v(aq(z)) — v(a;(x)) < (d —10)8, for i > d. It also
follows from the above inequalities that a4(x) is invertible on V' and so there exist
real numbers dy > 01 in v(C,) such that éo > v(aq(z)) > 6; for all z € V. Suppose,

a < 7 < v < f for some y; and v in v(C,). Let W be the subspace of B
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determined by the inequalities,

01 < v(aa(z)) < 02 (1)
v(ag(x)) —v(a;(x)) < (d—i)y1 fori<d (2)
v(ai(x)) —v(ag(x)) > (i — d)ye2  for i > d. (3)

The entirety of P(X,T) in T forces all but finitely many of the inequalities in (3)
to be true for all x € B. Hence, W is a rational affinoid subdomain of Yy, where
s = p", in the sense of [BGR, §7.2]. Since the affinoids defined by each of the
inequalities in (1)-(3) are strict affinoid neighborhoods of V., W is as well. It is
easily checked that Y has degree d over W. The fact that Y lies in C follows from
the fact that Y and {y € Zw:|T| > s} make up an admissible open cover of Zy,
by two disjoint admissible open subsets with respect to the strong topology. (See
[BGR, Prop. 9.1.4/6].) 1y

Now to prove Proposition A5.8, first observe that the collection
{Y,:r € |C,|,r > 0} is an admissible open cover of Z. Thus all we have to do is
find a finite cover of Y,. by elements of C. We know, by Proposition A5.5, that the
set {a € B:deg(f!(a)) > i} is the set of points of an affinoid subdomain U; in B
and U; = 0 for i large. Let Z; = f1(U;) which is an affinoid subdomain of ;..
Let d be the largest integer such that Uy # (). Then Z; is finite over Uy of degree
d. By the lemma, there is a strict affinoid open neighborhood W, of U; in B and
an s > r such that T; =: f 1(Wd) is finite over Wy of degree d and Ty is a finite
union of connected components of Zy,. Suppose we have affinoid subdomains of

Z, T;, Titq, . .., Ty satistying

HG) T, € C and if S; =: UjZiTi7 S; D Z; and
i
f(S;) is a strict affinoid neighborhood of U;.

Since f(S;) is a strict affinoid neighborhood of U;, there is an affinoid subdomain

V of U;—1 —Uj; such that VU f(.S;) D U;_1. Then, by the lemma, there exists a strict
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affinoid open neighborhood W of V' in B such that there is an affinoid subdomain
T;_1 of Z containing f,~*(V') which is finite of degree i — 1 over W and is a union of
connected components of Zy,. It follows that T;_1,..., T, satisfy (H(i-1)). Hence
we may construct a cover 7171, ...,Ty of Y,. satisfying (H(1)) and this completes the

proof. g

Part B. FAMILIES OF MODULAR FORMS

B1. Eisenstein series

For the statements about Eisenstein series discussed in this section see [H-LE,
Chapt. 5 §1 and Chapt. 9 §4] as well as [S-MZp, §3]. For the statements on p-
adic L-functions see [L-CF, Chapt. 4] and [W, Chapts. 5 and 7].

For a character x:Z; — Cj, let f, denote the smallest positive integer such
that x is trivial on 1 + f,Z, if one exists, if not, let f, = co. We call f, the
conductor of y. For a ring R, let u(R) denote the group of roots of unity in R.
Let wy, = [u(Qp)|, 7 : Zy — p(Qyp) be the character of smallest conductor which
restricts to the identity on ©(Q,) and q = fr. Then wy = 2, 7 is the character
d— (=1)(4=D/2 and q = 4, if p = 2. Otherwise, w, = p— 1, 7 is the composition of
reduction and the Teichmiiller character and q = p. For d € Z3, let ({(d)) = d/7(d)
which is congruent to 1 modulo q. Also fix a (p — 1)-st root m of —p in C,. We

summarize this notation in the following table:

p Wp q 7(d) ((d)) m
2 2 4 (—1)d=1/2 d/7(d) —2
> 2 p—1 P limy, 00 dP” d/7(d) (—p)V/(P=1)

We let W equal the rigid analytic space over Q, whose points over C, are
the continuous Cj-valued characters on Z;. We note that Z injects naturally into
W(Q,); indeed, send k € Z to the character which maps a € Z, to ak. Let 1 denote
the trivial character a — 1. We think of W as our weight space (it has been known

for some time that, p-adically, a weight should be thought of as a continuous Cj-
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valued character on Z; (see [K-pMF, §4.5] or [G-ApM, §1.3.4]).) For x € W(C,),
k#1l,andn>1€Z,let

*(n) = K “1 an */i:; r(a)a™! a
T = Y R and O = g [ s o)

d|n P
(d,p)=1
in the notation of [L-CF, Chapt. 4 §3] for any ¢ € Z; such that x(c) is not 1. So
that, when k(a) = ((a))*x(a) where s € C,, |s| < |7/q|, and x is a character of

finite order
C*(’k"’) = Lp(l - S?X)

where L, is the p-adic L-function. (This number is zero when x(—1) = —1.) We

call such characters arithmetic characters. If xk £ 1 let

) = ST 3 ormg
n>1

Then when k(a) = ({a))*x(a), where k is an integer and y is a character of finite
order on Zy such that x(—1) = 1, G7.(¢) is the g-expansion of a weight k overcon-
vergent modular form G, on I'y( LCM(q, f,)) and character x7*. It is classical if
k is at least 1 (see [Mi]). (To prove that G is the g-expansion of an overconvergent
modular form, in general one first invokes Theorem 4.5.1 of [K-pMF]| to conclude
that it is the g-expansion of a p-adicmodular form. Next one observes that this
modular form is an eigenvector for the U-operator with eigenvalue 1. Finally, one
invokes a generalization of Proposition 11.3.22 of [G-ApM] to conclude that this
p-adicmodular form is overconvergent.)

Whenever (*(k) # 0 and k # 1, let E*(q) = 2G%(q)/(* (k). We also set E(q) =
1. Suppose k € W(C,) and & is trivial on (Q,), then |(*(x)/2| > 1 and

[Ea(e) —1] < 1.

Remark B1.1. We may regard W as a rigid analytic covering space of A}Qp whose
fibers are principal homogeneous spaces for the group Hom(Z;,, j1(Cy). Indeed the

44



covering map is given by
K € W(Cp) — log(r(a))/log(a)

for any a € 14+ qZy,, a # 1 (|k(a) — 1| < 1 since k is a continuous homo-
morphism). The space W has w, connected components (one for each element
of D := Hom(D,u(Q,)), where D = (Z/qZ)*) each conformal to the open
unit disk over Q,. In view of this, (* may be thought of as a rigid analytic
function on a covering space of C,. (We may think of W as B x D where

B(Cp) = Iirorncont(1 + qva C;))

Let B* = Bq,(0,|7/q|) and W* = B* x Z/w,Z. We identify a point s =
(t,i) in W*(C,) with the character ks:a +— ((a))!7%(a) (and will denote this latter
expression a®) and will also write, in this case, G, = G} and E; = E. Thus
both Z and W* sit inside W and in fact Z C W*(Q,). More directly, an element
n € Z corresponds to the element (n,n modw,) of W*. Let E denote the weight

one modular form E; o) which naturally lives on X;(q). We signal,

( U”Zn T‘l(d))q”. (1)
(d,p)=1

Blg)=1+ Té, D

n>1

Note that E(q) = 1 mod q because L,(0,1) = 1/p mod Z,,.
For an integer m > 0 and a positive integer N prime to p let Z;(Np™) denote
the rigid connected component of the ordinary locus in X;(Np™) containing the

cusp oco. In particular, Z;(Np™) is an affinoid.

Lemma B1.2. Suppose k(a) = ({a))*x(a) where k is an integer and y is a char-
acter in W of finite order which is trivial on ;1(Q,). Then E7 (which converges on)

does not vanish on Z,(p™) where p"™ = LCM(q, fy).

Proof. First E} converges on Z;1(p™) because it is overconvergent. Next, the lemma

is true for E; i.e., E does not vanish on Z;(q), because EP~! reduces to the Hasse
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invariant on the component of the reduction of the Deligne-Rapoport /Katz-Mazur
model of X(q) containing co. Now observe that FF = E*/E* is a function on
Z1(p™) whose g-expansion is congruent to 1. It follows that F' is congruent to 1 on
all of Z;(p™) and so doesn’t vanish there. Hence, E* = FE¥ does not vanish on

this affinoid. g

B2. General Setup

In this section we will set the groundwork needed to be able to study overconvergent
forms in all levels for all primes.

Suppose N > 4 and n > 1 are integers such that (Nn,p) = 1 and there is a lifting
A of the Hasse invariant to X;(/Nn). Such a lifting always exists if p > 3 (indeed,
in such a case, one can take A = E,,_;) and exists for suitable n for p = 2 or 3. For
v>0¢€ Qlet X1(Nn)(v) denote the affinoid subdomain of X;(Nn), v(A(y)) < v.
(In particular, X;(Nn)(0) = Z1(Nn).) Let E1(Nn) be the universal elliptic curve
over X1(Nn) and E1(Nn)(v) denote its pullback to X;(Nn)(v). Then by Katz,
[K-pMF], if v < 1/(p+ 1) there is a commutative diagram of rigid morphisms;

Ei(Nn)(v) -2 Ei(Nn)(pv)

! l
Xi(Nn)(v) % X1 (Nn)(po)

We will think of this diagram as a morphism, labeled ®/¢, from
E1(Nn)(v)/X1(Nn)(v) to E1(Nn)(pv)/X1(Nn)(pv), which it is, in the category of
morphisms of rigid spaces. For w > 0 € Q let X1 (IV)(w) be the affinoid subdomain
of X1(N) which is the image of X;(Nn)(w) in X1(N) and E;(N)(v) the pullback
of E1(N) to X1(N)(v).

Proposition B2.1. If0 <v <1/(p+ 1), there is a unique morphism

o'/¢": Ey(N)(v)/ X1 (N)(v) — Er(N)(pv)/ X1 (N)(pv)
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such that

Ey(Nn)(0)/Xy(Nn)(v) ™% By (Nn) (pv) /X1 (Nn) (po)

} }
Ei(N)@)/Xi(N)(w) L2 Ey(N) (o) /X1 (N)(pv)

commutes, where the vertical arrows are the natural forgetful projections.

Proof. It is enough to check this on C,-valued points. Let x be a point of X; (V)(v)
and (F, a: uy — F) the corresponding elliptic curve with level structure. Let y be
a point of X;(Nn)(v) above x. Then y corresponds to (F, 3) where §: un, — E is
an injective homomorphism such that 3|,, = a. It follows that ¢(y) corresponds
to (E',3") where E' = E/K, and (' is the composition of § and the natural map
p: E — E/K, where I, is the canonical subgroup of E. Moreover, p = ®. The
proposition follows from the fact that K, is independent of the choice of y. Indeed,
K, (C,) is the set of points of E[p| closest to the origin. (If v(A) = w < p/(p + 1)
and X is a local uniformizer on F at zero the points of K, are the points P of E
such that v(X(P)) > (1 —w)/(p — 1) and at the other points P of order p, X (P)
has valuation w/(p? — p) [K-pMF, Thm. 3.10.7].)

Henceforth we will denote @' /¢’ by ®/¢.

This proposition is already enough to allow us to establish the main results of
[C-CO] for the primes 2 and 3. In particular, for any prime p we can define an
operator, Uy, on overconvergent forms of level N and weight k and assert that any
such form of weight k£ and slope strictly less than k — 1 is classical.

As in [C-CO, §8], we may and will regard X;(V)(v) as an affinoid subdomain
of the modular curve X (N;p) = X (I'1(N) NTo(p)).

For m a positive integer, denote the set {v € Q : 0 < p™ v < p/(p+ 1)} by
the expression I,,, and I,,, — {0} by I,. Fix a subfield K of C, equal to C, or to
a complete discretely valued subfield. All our constructions will be over K. We

will employ the notation and definitions of [C-CO]. For v € I, let X1(Np)(v) be
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the affinoid subdomain of X;(/Np) which is the inverse image of X;(/N)(v) under
the natural forgetful map to X(N;p). For k € Z let My, x(v) be the space of
modular forms of weight k£ on I';(Np) which converge on X;(Np)(v). In other
words, My, x(v) = w*(X1(Np)(v)). Now, My, (v) has a natural structure as a
Banach space and when v > 0 there is a completely continuous operator on this
space denoted by Uy in [C-CO].

Now we will recall and modify some constructions carried out in [C-HCO]. Let
Tm,1: X1(Np™) — X1(Np) denote the map which sends the point corresponding to
triples (E, o, ), where E is an elliptic curve and where a: p,m < E and §: uy — E
are embeddings, to the point corresponding to (£, al,, , ). Suppose, v € I,,. Let
X1(Np™)(v) denote the affinoid subdomain of X (Np™) consisting of points z corre-
sponding to triples (E, o, 3) such that 7, 1(z) € X1(Np)(v), @™ (a(pym-1)) =0
and (™ 1E, ™ o, & 1o j3) corresponds to ¢ 1 (m,, 1(z)). Let E1(Np™)(v)
denote the pullback of E1(Np™) to X1(Np™)(v).

If v € I,,,, we have a lifting of ®/¢ to a morphism from
E1(Np™)(v/p)/X1(Np™)(v/p) to E1(Np™)(v)/X1(Np™)(v), which takes (E, «, 3)
to (PE,o/,® o ) where o:p,m — E is determined by the requirements that
(PE,a/,® o 3) corresponds to a point in X7 (Np™)(v) and o/(¢) = ®(Q), if Q is a
point of E such that pQ = a(() for ( € ppm, ¢ # 1. We will denote these liftings
by the same symbols. The context will make it clear which spaces we are dealing
with.

Let w := wnpm equal the direct image on X;(/Np™) of the sheaf

QlEl(Npm)/Xl(Npm)' For k € Z, v € I,,,, we set
My 1(v) = ¥ (X1 (Np™)(v)).

These spaces may be considered as Banach spaces over K and when v > 0, we

have a completely continuous operator, which we will still denote by Uy, acting

on Mypm (v) defined as in [C-CO] (see also [C-HCO]).
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We can deal with N < 4, (N,p) = 1 along the same lines as those discussed
in the remark at the end of §6 of [C-CO]. In particular, if A,B € Z, A,B > 4,
(AB,p) =1 and (A, B) = N, we identify My,m r(v) with the intersection of the
images (via the maps which preserve g-expansions) of M4,m i (v) and Mpym i (v) in

MABpm’k(’U) .

B3. Twists of U

In this section we prove Theorems A, B and D of the introduction as well as
their extensions to the prime 2.

Fix a positive integer N, (N,p) = 1. For v € I, let X(v) = X;1(Nq)(v)
and My (v) := Myqr(v). Recall, I, = {v € Q : 0 < p"'v < p/(p+ 1)} and
I¥ = I, — {0}

Suppose v € I; and F' € My_,.(v) is an overconvergent form of weight k — r
which has an inverse in M, _j(v) (we will see an examples of such a form below).
Then the map from M, (v) to My(v), h — hF, is an isomorphism of Banach spaces.

Moreover, the pullback of Uy on My(v/p) to M, (v/p) is the map
h F~ Uy (hF)

which equals U,y (hF/o(F)), by [C-CO, 3.3].* Thus, in this case, since the restric-
tion map My (v) — My (v/p) is completely continuous, this formula, together with
Proposition A2.3, implies the Fredholm theory of the operator Uy on My (v/p) is
equivalent to that of the completely continuous operator U,yom on M, (v/p) where

f=F/o(F) and my is the operator “multiplication by f.” (Note that I; /p = I5.)

Recall, E is the weight one modular form E(; o) on I'1(q) with character 71

described in §B1. It follows that there is an analytic function e on | J, ¢, X (v) with

g-expansion F(q)/E(q”). Since E(q) = 1 modq, we see that |e — 1|x ) < |g]. As

* If F(q) is the g-expansion of F', o(F') is the overconvergent form in My_.,.(v/p)

whose g-expansion is F'(¢P).
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le — 1] x(0) = limy_o+ |e — 1[x(v) (the X(v), v € I3, form a basis of neighborhoods

of X(0)), we have,

Lemma B3.1. For any € € R, |q| < ¢, there exists a v € I such that e is defined

on X (v) and |e — 1] x(,) < e.

Recall, 7 is a (p — 1)-st root of —p. For s € C,, |s| < |7/q|,** let us be the
operator on My(v), for any v € I3 such that |e — 1| x(,) < |7/s|, defined by

us(h) = U(O)(h€8>.
Then from the discussion in the previous two paragraphs, we see that if k € Z
det(1 — Tug|Mo(v)) = det(1 — TU ()| My(v)). (1)

Recall, B* = Bq,(0,|m/q|). Now we think of s as a parameter on B* so that
we may view e® as a rigid analytic function on the rigid analytic subspace V*
of A! x X1(Nq) which we define to be that subspace admissibly covered by the
affinoids Z;(v) := Bg|0,t] xx X (v) where v € I3 and t € |C,| N [1,|r/q|) such
that e is defined on X (v) and |e — 1|x(,) < |n|/t. Let 7" be the set of ordered
pairs (t,v) satisfying these conditions. (The set 7* is not empty, in fact, by the
previous lemma, we see that the first projection to |Cp| N [1,|7/q]) is a surjection.)
Since Uyg extends uniquely to a continuous A(B[0, t])-linear map from A(Z;(v)) to
A(Zy(v)) for (t,v) € T*, we may now view ug as a family of operators, i.e. there is a
compatible collection of operators {U .): (t,v) € T*}, where U, is the operator
on A(Z(v)), whose restriction to the fiber above s is ug. This operator is nothing
more than the composition of id ® Uy and the operator, m.s multiplication by the
function e®, restricted to Z;(v). By Proposition A5.2, if M (t,v) := A(Z;(v)), for
(t,v) € T*, Uy, is a completely continuous operator on M(t,v) over A(B[0,t]).

We will abuse notation and write U* for U,y when the context makes it clear we

** The series Y -, (3)T™ converges for |T'| < |q| if and only if |s| < |7/q|.

S
n
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are talking about an operator acting on M (¢,v). Also, as remarked after Lemma
A5.1, M(t,v) is orthonormizable over A(BJ0,t]) = C,(X/m) where m € C, such
that |m| = t. Thus we have characteristic series P ,) := det(1 — TU*[M (t,v)) for
any (t,v) € T*.

We claim this series is independent of (¢, v), in the sense that if (¢,v) and (¢/,v")
lie in 7% and t < ¢’ < |7/q| then the restriction of P ., which is analytic on
B[0,t'] x Cy, to B[0,t] x Cp, is P ). Indeed, we first observe that if (¢,v) € T,
0<w<wv s<t we Qands e |Cyl, (s,w) € T*. From this, it follows that
we only need to establish the claim when ¢ =t/ or v = v'. When v = ¢/, it follows
from Lemma A2.5. Now suppose ¢t = t'. We may also suppose v > v’ > v/p.
For v < w such that (¢t,u), (t,w) € T*. let RY denote 1/p times the restriction
map from M(t,w) to M(t,u) (which is completely continuous over A(BJ0,t]) by
Proposition A5.2 if w > u) and T/P: M(t,u/p) — M(t, u) the trace with respect
to the restriction of 1 ® ¢ to M(t,u/p) (¢ is the Frobenius morphism described in
the last section which restricts to a finite morphism from X (u/p) to X (u)). Then
on M(t,u), U* is the operator T2/? o Ry, 0 mes (see [CO, §2]). Now we observe
that it follows from the aforementioned finiteness of ¢ that,

T;),//p o RZ:/p = RY 0 T"/?Po RY

v/p*

As
(T;)/p © Rzl/p © mt?s) © Rg' = T’:/p © Rg/p O Mes = U*7
the claim follows from Proposition A2.3.

Theorem B3.2. There is a unique rigid analytic function P(s,T) = Pn(s,T) on
B* x C, defined over Q,, i.e. P(s,T) is a power series over Q,, in s and T, which

converges for |s| < |w/q|, such that for k € Z and v € Q such that 0 < v < p/(p+1),

P(k,T) = det(l — TU(k)|Mk(U))
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Proof. The existence of the function P(s,T) defined over C,, follows from the dis-
cussion in the previous two paragraphs combined with formula (1) and Lemma A2.5.
That it is defined over Q, follows from the fact that it equals det(1 —TU*|M (¢, v))
for any (t,v) € 7*. Indeed, M (t,v) is the extension of scalars of an orthonormiz-
able Banach module M, (t,v) over A(Bp[0,t]) such that U* restricts to a completely
continuous operator on M (¢, v), for any finite extension L of Q, contained in C,
such that ¢ and p¥ lie in |L|. Since we may choose t = 1, it follows that P(s,t)
is defined over any complete extension of Q,, containing an element with valuation
less than 1/(p + 1) and since the intersection of these is Q,, we see that P(s,T) is,
in fact, defined over Q,,.

Suppose now Q(s,T) is an analytic function on B* x C, such that
Q(k,T) = det(1 — TU | My(v)),

for k € Z and v € Q such that 0 < v < p/(p+1), then R(s,T) := P(s,T) — Q(s,T)
vanishes on the set S = {(k,T):k € Z}. Now consider the two dimensional affi-
noid balls in B* x Cp, Y(a,b) where a,b € |C;| such that a < |7/q| defined by
the inequalities |s| < a and |T| < b. Then the restriction of R(s,T) to Y (a,b)
vanishes on S N Y (a,b) which is a union of infinitely many one-dimensional affi-
noid balls defined by the equations s — k = 0, where £k € Z. It follows that
R(s,T) € Nyez(s —k)A(Y (a,b)) = 0. Thus, R(s,T) vanishes on Y (a,b) and since
Uayp Y(a,b) = B* x Cp, R(s,T) = 0. Thus @ must equal P, which establishes the

uniqueness.

Let

At this point we know that the coefficients of the series f,(s) lie in Q, and the

numbers |f,|p+ are bounded independently of n. In fact, if p > 7, using known

properties of U (e.g. Lemma 3.11.7 of [K-pMF]), we could show they are bounded
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by 1, but later, in the Appendix I, we will give explicit formulas, derived using
the Monsky-Riech trace formula, for the f,(s) which imply that they are Iwasawa
functions. We also give a conceptual proof of this in [C-CPS] as well as proof that
P(s,T) extends to a rigid analytic function on B x C,,.

We now explain how to factor P(s,T') into series depending on nebentype. As
Zy(v) = B[0,t]x X (v) for (¢t,v) € T*, the diamond operators (b), b € (Z/NqZ)*, act
on M(t,v). Recall, D = (Z/qZ)*. We will regard D as a subgroup of (Z/NqZ)*
in the natural way and also as a quotient of Z7. Then D acts via the diamond
operators on all the spaces My (v) and M (t,v). For a € Z; we set (a) = (a mod q).
For each integer k, character ¢ € D and v € I3, let My (v, €) denote the subspace of
My, (v) of forms with eigencharacter e for this action. Similarly, let M (¢, v, €) denote

the subspace of M(t,v) with eigencharacter e. Then,

My (v) = @ My (v, €)
and

M(t,v) = P M(t,v,e)

where the direct sums range over € € D. Moreover these direct sums are stabilized
by the respective operators Uy and U*. We thus have, by Lemma A2.4, the

formulas

det (1 = TUgy| Mg (v)) = [ [ det (1 = TUgy | M (v, ¢))

and

det (1 —TU*|M(t,v)) = Hdet (1 — Tus|M(t,v,€)).

Let P.(s,T) be the function on B* x C,, characterized by the identities:

PE(Sv T>|B[O,t]><Cp = det(l - TU*|M(t7U7 E))
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for all (t,v) € 7*. Then, arguing as in the proof of Theorem B3.2, we see that
P.(s,T) is defined over Q,,

P.(k,T) = det (1 — TUgy | Mk (v, e77 ")) (2)
and

P(s,T) =[] P(s, T) (3)

for k € Z. This implies Theorem B of the introduction (except for the assertion
that Py ;(s,T) € Zy[[s,T]] which will follow from Corollary 1.2.1), as well as its

extension to p = 2. That is, we have proven

Theorem B3.3. For each character 0 <1 < w, there exists a series
Pni(s,T) € Qpl[s, T)] which converges on the region |s| < |r/q| in C2 such that
for integers k, Pn ¢(k,T') is the characteristic series of Atkin’s U-operator acting on

overconvergent forms of weight k and character 7.

Indeed, we may take Py ; = P,:. (Note that, when p is odd, |7/q| = p®=2)/(r=1) )
While N is fixed we set P;(s,T) = Pri(s,T).

Recall, K equals C,, or is complete and discretely valued subfield. Let M, o =
My, ci(N) denote the space of classical modular forms of weight k£ on X; (Nq) defined
over K. For a character € € ﬁ, My, c1(€) denotes the subspace of forms of weight
k and D-character (i.e. character for the action of D) e. Also, d(k, ¢, ) equals the
dimension of the subspace of M, k,d(m‘_k ) consisting of forms of slope . Theorem

D, extended to p = 2, is,

Theorem B3.4. Ife € D, a € Q and k and k' are integers strictly bigger than
a + 1 and sufficiently close p-adically,

d(k,e,a) =d(K, e a).
Moreover, the closeness sufficient for this equality only depends on «.

Proof. The first assertion follows from (2), Theorem C (which is the assertion that

the set of zeroes of P.(k,T~!) with valuation strictly less than k — 1 is the same
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as the set of eigenvalues of classical weight k eigenforms with D-character er—* of
slope strictly less than k — 1) and Proposition A5.5. The second assertion follows

from this and the fact that Z, is compact. g

The fact that the set of slopes of classical modular forms on I'; (Nq) is discrete
in R follows from Corollary A5.5.2.

Let S(t,v,€) denote the subspace of cusp forms in M(¢,v,€) (i.e. the subspace
of functions vanishing at the cusps in X(0)). Then S(t,v,€) is stable under U*
and we can proceed as above and let P%(s,T) be the function characterized by the
identities:

PY(s,T) = det(1 — TU*|S(t,v,€))

for all (¢,v) € T*. Moreover,
PO(k,T) = det(1 — TU*|Sk(v, €)) (4)

for k € Z. We also set P{(s,T) = P%(s,T).

We will now prove Theorem A of the introduction, its extension to the prime 2,
as well as a qualitative version of the Gouvéa-Mazur conjecture about “R-families”
[GM-F, Conj. 3] in the case in which Uy acts semi-simply on the slope o subspace
of My .(er™%). To treat the general case, we will use the ring of Hecke operators

to be defined in §B5.

Theorem B3.5. Suppose a € Q and € : (Z/qZ)* — C; is a character. Then there
exists an M € Z which depends only on p, N, € and o with the following property:
Itk € Z, k > a+ 1 and there is a unique normalized cusp form F on X;(Nq)
of weight k, (Z/pZ)*-character et~ % and slope a and if k¥ > o + 1 is an integer

M+n

congruent to k modulo p , for any non-negative integer n, then there exists a

unique normalized cusp form F' on X1(Nq) of weight k', (Z/pZ)*-character et

and slope «. Moreover, this form satisfies the congruence

F'(q) = F(g) modqp".
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Let d(k, e, o) denote the dimension of the slope a subspace of My (er~%). Also
let d°(k, €, ) and d°(k, €, ) denote the dimensions of the spaces of cusp forms of
slope a in My, (e =) and My, (er=%). Then, by [C-CO, Thm. 8.1 and Lemma 8.7],

we know,
d(k,e,a) = d(k, e, a)
ifk>a+1 (5)
d°(k, e, a) = d°(k, €, ).

Fix ¢ € D. Let Z° be the zero locus of P%(s,T) in B* x A' and for
a>0¢€ Qlet Z%a) be the affinoid subdomain of Z° whose closed points are
{2z € Z%:v(T(2)) = —a}. This affinoid is, in fact, defined over Q,. Let r > 0 € Z
and T, (e, «) be the subset of j € Z, such that d(j, e, ) = r. It follows from Corol-
lary A5.5.1 that T).(e, ) is compact and if k& € T, (e, o), there exists an affinoid
ball B := Blk,p~™] C B* containing k such that the map Z%«a)p — B is finite of
degree r. Thus there is a monic polynomial Q(T') of degree r with coefficients in
K((s—k)/p™) such that P.(s,T)p = Q(T)S(T) where S(T') € K{((s—k)/p"™){{T}}
prime to Q(T'). By Theorem A4.3,

MB — NUB(Q) @FUB<Q)7

where Up is the restriction of U* to Mp. Let

Rq = Qp((s — k)/p™)[X]/Q7(X).

We know Ny, (Q) is a Rg module.

Suppose that (AQ(k,T),Q(k,T)) = 1. This will automatically be true when
r =1 and more generally when the eigenvalues of Uy as an operator on the slope
a subspace of Mjy(e) over C, are distinct. Then after shrinking B, if necessary,
we may suppose that (AQ(T),Q(T)) = 1 (now regarding Q(7T) as a polynomial
over A(B)) and using Corollary A4.5.1, we may suppose that Ny, (Q) is a locally
principal Rg module.

Suppose, for the moment, that » = 1 and suppose k is an integer and F' is a

non-zero overconvergent cusp form on I'y (Nq) of weight k, character e ~* and slope
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a. Because all the Hecke operators preserve the space of slope «, character er %

modular forms, F' must be an eigenform. It is non-constant because it vanishes
on the cusps in X(0), so we may suppose it is normalized. If F|Uy) = aF', then
x = (k,a) is a point of Z%(a). Thus the map Z°(a)p — B has degree 1. It follows
that there exists a function f on B such that f(k) = a, v(f(s)) =a and 1 — f(s)T
divides the restriction of P.(s,T) to B x Al. This latter is the characteristic series
of the restriction of U* to the space M®B by Lemma A2.5 and A(P.(s,1/f(s)) is
invertible on B. Hence, since A(B) is a PID, our Riesz theory implies that there
exists an analytic function G on B x X (0)" which vanishes at the cusps and spans
the kernel of U* — f(s) in S(e)p. Thus if k' € Z, k' = k mod p™, Fj := E¥ G(k') is
a non-zero overconvergent modular form of weight &/, slope o and character etk

Moreover, if k' > a + 1, Fy is classical by [C-CO, Thm. 8.1]. Now let

G(s) = 3 an(s)q"

n>1

be the g-expansion of G(s). The a,(s) are rigid analytic functions on B. We must
have Fj, = aq1(k)F and so ai(k) # 0. Hence after shrinking B, we may suppose
a1(s) is invertible and therefore we may suppose it equals 1. In particular, now
F;, = F. Since G is bounded on the affinoid B x X(0), being a rigid function, the
a,’s are uniformly bounded on B. Hence, there exists a constant M > 0 such that

forallt >0and alln>0and alla € Z
|an(k +p™a) — an (k)| < |ap'].
As Ept(q) = 1 mod qp", this implies
Fy(q) = Fy(q) mod qp

if ' = k mod p'*™™. Since T} (¢, ) is compact we see that we may pick an M that

only depends on «. This yields Theorem B3.5.
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Remarks B3.6. (i) Using the Hecke operators to be introduced in §B5, we will
show in Lemma B5.3 that it is unnecessary to shrink B before assuming that a1 (s) =
1 and also that, then, the functions |ay(s)| are bounded by 1. This means that if
m > 0 is an integer such that B(k,|p™|) C B, then we can take M = m + v(q).
(ii) All of the above will go through with M (e) and P.(s,T') in place of S(€) and
PY(s,T) if we suppose ¢ is not trivial. When r = 1, all we needed to know was that

our form F' is not constant.

Now allow 7 to be arbitrary. By Proposition A5.4 (note that here X = Z~1),

shrinking B, if necessary, there exists a generator H € Rq® () Nu, (Q) such that,
(l1®U)H = XH.

Suppose

E*(q)H(q) =) _ bug"
n>0

where the b,, € Rq. Let Yg be the rigid space sitting over B whose ring of functions
is Rg. If k € Z, and y is a point of Y above £/, ano bn(y)q™ is the g-expansion
of an overconvergent modular form Fjs of weight k', character er~* and slope a.
If kK > a+ 1 then Fj, is classical. In fact, because Rq is étale over B, Fj/ is an
eigenform. In this way we get a weak version of an “R-family” in the sense [GM-F]
where R = Rg.

Recall, W* = B* x Z/w,Z. It will sometimes be convenient for us to replace our
base B* with W*. Indeed, as we will see in §B6, the ring A embeds naturally into
the ring of rigid analytic functions on W* (in fact, A is naturally isomorphic to the
ring of rigid analytic functions defined over Q, and bounded by 1 on W). First, we
identify Z/w,Z with D viai € Z/w,Z +— 7*. Then we may view A(W*) as A(B*)[D]
and, if t < |7/q| write AOW*(t)) for A(B[0,])[D] = A(B|0,t] x D). For (t,v) € T*,
we make M (t,v) into a Banach A(W*(t))-module as follows: If f =3, fad is an
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element of AOW*(t)) where f; € A(B[0,t]) and G is an element of M (t,v) we set

fG =Y faGl(d).

deD

Henceforth, we will write f as )", fa{d). Now for € € D, let 1. € (1/w,)Z,[D] be
the element (1/w,) > cp € 1 (d){(d). Then any element m in an AOWV*(t)) module
equals ) _.pm. where m, = tcm. We put “new” norms | [* on M (t,v), for (t,v) €

7%, as follows: Suppose H is in M (t,v). Then we set
[H|" = Max . p{|He|z, )}

When p is odd, | |* equals the supremum norm and is equivalent to it, in gen-
eral (because ¢ is defined over Z, when p is odd and over (1/2)Zy when p = 2).
Moreover, M(t,v) is a Banach module over A(W*(t)) with respect to | |*.

If B is a Z,-algebra and € € D, we also let e denote the unique B-module
homomorphism from B[D] to B which takes (d) to e(d) € Z,.
Lemma B3.7. With respect to the norm | |*, M(t,v) is orthonormizable over
A(W*(t)). Moreover, on M (t,v), U* is a completely continuous A(W*(t))-operator.
There is a series QN (T) € AOW™*)[[T]] whose restriction to A(W*(t)) is the charac-

teristic series for this operator. It is characterized by the identities:

6(QN(T)) = Pe(37T>v

for alle € D.

Proof. Since this result will not be crucial in what follows, we only sketch the proof.

For each 1 <7 < wp, let v;1,...,v;p,... be an orthonormal basis for M(t,v, 7%
over A(BJ0,t]) (with respect to the supremum norms). Then the set wy, ..., wy, ...,
where

Wp = V1i,n +--+ Vwpn
is an orthonormal basis for M (¢, v) over AIW*(t)).
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The fact that U* is an operator over A(W*(t)) follows from the fact that Ufor all
d € D. Complete continuity follows immediately from the facts that the operator
is completely continuous over A(B*(t)) and that | |* is equivalent to the supremum
norm. The proof of the existence of Q) (T") follows the same lines as the proof of
the existence of P(s,T). Finally, the last assertion follows from elementary linear

algebra. g

By the g-expansion over W* of an element F' € A(V*), we mean the series
donang” € AOW*)[[q]] where a, = Y cpanald), anq € A(B*) and Y an,aq™ is
the g-expansion of F|(d~1).

As in §B1, using (1), we may think of W* as a subspace of W containing the
image of Z. When k = (s,1) € 2(Z, xZ/w,Z) C W, k # 0, Gi(q) is the g-expansion
of a Serre modular form of weight k [S-MZp §1.6].

B4. Non-integral Weight

Recall, K equals C, or is a complete discretely valued subfield, B* = B(0, |7/q|),
w, = LCM(p —1,2), D = (Z/qZ)*, W* = B* x Z/w,Z and ((a)) = a/7(a), for
a € Zy.

In this section, we will give definitions of a ¢-expansion of an overconvergent
form of non-integral weight and of overconvergent families of modular forms.

As in §B1, Z;(Nq) denotes the affinoid subdomain of X;(Nq) which is the

connected component of the ordinary locus containing the cusp oo. (In the notation

of §B2, this is also X;(/Nq)(0).)

Definition. We say F'(q) =Y .- anq", a, € K, is the g-expansion of an overcon-
vergent form on I'1(Nq) with weight k = (s,i) € W* over K if F(q)/E(q)® is the
g-expansion of an overconvergent function on Zy(Nq) in X1(Nq) of character 7°

for the action of D.
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If U is an admissible open subspace of B* we also say that
Fs(Q) = Z an(s)qn7
n=0

an(s) € A(U), is the g-expansion of a family of overconvergent forms over
U on T'1(Nq) if Fs(q)/E(q)® is the g-expansion of an overconvergent function on
U x Z1(Nq) over U. We say this family has type i € Z/w,Z, if this function
has character ¢ for the action of D and is an eigenvector for U* with eigenvalue

f(s)e AU) ifU*(H) = f(s)H.

For kK € W*, let M ,I (V) denote the vector space over K of weight k overconver-
gent modular forms on T'y(N), let MT(N) denote the A(B*) module of families of
overconvergent forms over B* on I'1(N) and, for i € Z/w,Z, MT(N,i) the subspace
of those of type i. Also let ST(IV,) denote the subspace of cusp forms in MT(N, 7).
In the notation of §B3,

MY (N,i) = lim  lim M(t,v,7")
t<|r/al (t)€T
and
ST(N,i)= lim  lim S(tv,7).
t<|r/al (t)€T

Clearly, if F'(q) is an overconvergent form of weight £ and G(q) is an overconver-
gent form of weight j, F'(¢)G(q) is an overconvergent form of weight k + j. We will
show, in a future article, that if k = (s,1), F(q) is the g-expansion of a generalized
Katz modular function with weight character z — ((a))*7(2)* and the g-expansion
of a family of modular forms with integral g-expansionsover a rigid space X C B* is
the g-expansion of a Katz modular function over A°%(X) [K-pIE]| (see also [G-ApM,
§1.3]). Also,

MI(N)= @ M(W,i)
1€Z/wpZ
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and if AT(N) denotes the A(B*) algebra of overconvergent functions on B* x Z; (Nq)
over B*, then AT(N) is isomorphic to MT(N) as an A(B*) module. For

k = (s,1) € W*, we have natural homomorphisms
MY (N) — MY(N,i) — MI(N),

where the first arrow is the projection and the second is restriction.
Theorem B4.1. Suppose i € 2Z/w,Z. Then G, ; is an overconvergent family of
eigenforms over B*, if i # 0, and over B* — {0}, if i = 0, on I'1(q) of type i with

eigenvalue 1 for U*.

Proof. First we observe that the set of cusps C' in Z;(q) has order w,/2. For
c € C, let |c[ denote the residue disk in Z;(q) containing c¢. We may regard ¢ as
a parameter on the residue disk |oo| of the cusp co. Fix (¢t,v) € 7*, ¢t > 1, and
let A = A(Zy(v)). Let I C A be the ideal of B[0,t] x C. The homomorphism
h: A — A/IcA := B is respected by U* and by the diamond operators.

Fix i € 2Z/w,Z. We will work on the 7% eigensubspace of A for the action of
D, A;, which maps onto the 7! eigensubspace of B, B;, and this latter is free of
rank one over A(BJ0,¢]). Since U* commutes with the diamond operators and the
constant term of the g-expansion of a form F' is the same as that of U*(F'), the

following diagram commutes: .

lou* lid
A 5B

It follows from Lemma A2.4, since the absolute values are discrete, that 1 — T
divides P;(s,T). Restricting s to an integer k£ > 2 and using (8.2) and [C-CO. Thm.
8.1] we see that (1 — T)? does not divide P;(s,T) since every U-eigenvector in
My (77F) with eigenvalue 1 is a classical modular form of weight & and character
70=% and the dimension of these is one. Let X C B[0,t] be an affinoid such that

X x {1} lies in the complement of the zero locus S of AP;(s,T). Then our Riesz
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theory, Theorem A4.5, tells us that the eigenspace of U* over X with eigenvalue
1 is locally free of rank one. In fact, using the map h and the above commutative
diagram, we see this module is free spanned by II(H) =: F' where II is the Riesz
theory projector onto the eigenvalue 1 subspace and H is any function in A; which
maps to the element of B; which is 1 along B[0,t] x co. We may suppose that
X contains infinitely many integers greater than or equal to 2. Then for any such
integer k, we know F(q) = Ex.i(q)/E(q)* since in this case we know E(q)*Fy(q)
must be the g-expansion of a classical modular form and the g-expansionsof Fj and
Ey i/ E* have the same constant term, 1. Since the g-expansion coefficients of F
must be analytic on X, we see that Fs(q) = E,:(q)/E(q)® for all s € X such that
L,(1—5,7") # 0. Since this is true for any affinoid X in B[0,t] — S we conclude that
L,(1—s,7")Fys =: Hy is an overconvergent analytic function on (B[0,t] —S) x Z1(q).
But the g-expansion of Hy clearly extends to B[0,t]x |C(co)[ when i # 0 and to
(B[0,t] —{0})x Joo[ when i = 0. Hence as G5 ;(q) = Hs(q)E(q)® for |s| < t, Gs,i(q)
is the g-expansion of a family of forms over B[0, t] when i # 0 and over B[0,t] — {0}

when ¢ = 0. Since this is true for any ¢ such that ¢ < |7/q| the theorem follows. j

Corollary B4.1.1. For (s,i) € W*, (s,2i) # (0,0), there exists an overconvergent
form of type (s,2i) with g-expansion G 2(q).

Corollary B4.1.2. For each i € 2Z/w,Z there exists an overconvergent function

F; on B* x Z1(q) such that
Fi(s,q) = Gs,i(q)/Gs,i(d").

We also see that Ej ;(q) is a family of overconvergent forms over the complement
in B* of the zeroes of L,(1 — s,7%). So when i = 0, it is a family of overconvergent
forms over all of B*. In particular, we can replace E°(q) with E o in our definition
of overconvergent forms of non-integral weight and of families of overconvergent

forms.
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Remark B4.2. We could now upgrade our Fredholm theory by using the function
Fy in place of e®. Let T denote the subset of T* consisting of pairs (t,v) such
that Fy converges on Zi(v). (The set T also projects onto QN [1,|w/q|).) Let V
denote the rigid subspace of V* admissibly covered by the affinoids Z;(v) where
(t,v) € T. Let U be the operator h + Uy (hFy) on A(V). It is a completely
continuous operator on A(Zy(v)) for each (t,v) € 7. It also sits in a commutative
diagram
AY) =5 AW)
lu~ lu
AY) =5 AW)
where f is the function with g-expansion E(q)°/Es ¢(q) which is a unit using The-
orem B4.1 and the fact that E,o(q)/E(q)® is congruent to 1. It follows that the
characteristic power series of U is the same as that of U*. The reason why this
is an improvement, is that the g-expansion coefficients of Fy are Iwasawa func-
tions, so that U preserves the submodule of A(V) consisting of elements whose
g-expansionsare Iwasawa functions. This will be used, in a subsequent article [C-
CPS], to give a conceptual proof of the fact, proven in the appendix, that the
coefficients of Qn(T') are Iwasawa functions and to remove our restriction to the

subspace W* of W.

Suppose that the tame level N equals 1 for the rest of this section.

For i € 2Z/w,Z, we have an overconvergent function E(;) defined on V* away

from the fibers above the zeroes of L,(1 — s,7%) such that

E)(s,q) = Es(q)/Es0(q).

It follows that E(;)|(d) = 7(d)'E; for d € Zj.
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Theorem B4.3. Suppose i € 2Z/w,Z. Suppose F' is an overconvergent function

on V* which satisfies
F(o)=1 and F|{d)=r7"(d)F

for d € Z3, then away from the zeroes of AP;(s,1) and L,(1 —s,7"),

_U*ig(((ss,,ll)), Dr (s) = Eg)(s). ®)

Proof. We know for k an integer at least 2 and i € 2Z/w,Z, the U(j)-eigensubspace
of Mk(Ti_k) with eigenvalue 1 is one dimensional and spanned by Gy ;. It follows,

in particular, that

Thus 1-T divides P;(s,T) and since the aforementioned eigenspaces have dimension
one, 1 — T divides P;(s,T) simply. Our Riesz theory, the uniqueness of analytic
continuation and the fact that the two sides of (3) agree at the cusps now implies

that it holds whenever both sides are defined. g

Remark B4.4. Overconvergent functions like F' certainly exist, for example, we
can take F' to be the function (which is “constant in the s direction”) E,, ;/Em o

where m is an integer at least 1.

It is clear that P;(s,T)/(1—T) = P?(s,T). Then since the polar divisor of E;

is the divisor of zeroes of L,(1 — s, 7"), equation (3) implies:
Corollary B4.3.1. Fori € 2Z/w,Z, L,(1 —s,7") divides P (s,1) in A(B*).

Remarks B4.5. (i) We will show, in a future article, that when ¢ # 0 or 2, that
P2 (s,1) is the product of a unit in A C A(B*) and the function D(7'~2,s — 2) of
Mazur and Wiles [MW]. (ii) Suppose p = —1 mod4. If 1) is a non-trivial character
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on the class group of Q(v/—p) then

> (AN,

A
where A runs over the ideals of Z[\/—p| and NA is the norm of A, is the g-expansion
of a weight one cusp form on I'y(p) with character y = 7®=1/2 fixed by U* and
so A"PY(1,T)|p=1 = 0 for 0 < i < h —1 where h is the class number of Q(,/=p).
(iii) In particular, when p = —1 mod4, p > 23 and p doesn’t equal 43, 67 or 161,
D, (rP=3/2 1) = 0.

We also deduce from the proof of the theorem,

Corollary B4.5.2. For each i € 2Z/w,Z, E, ;(q) is the g-expansion of an over-
convergent family of eigenforms of type i on the complement of the zero locus of

L,(1—s,7") in B*.

B5. Hecke Operators and R-families

In this section we eschew the notion of “radius of overconvergence” (i.e. we
ignore how far into the supersingular region an overconvergent object converges).
We will prove a qualitative version of the Mazur-Gouvéa conjecture on the existence
of “R-families” (Conjecture 3 of [GM]) in this section. This conjecture asserts that
for any classical eigenform f of weight k, tame level N and slope « there is a finite
flat Z,[[T]] algebra R, a power series F' = > _, rpq™ with coefficients in R and
homomorphisms 7;: R — C,, for j an integer such that [j — k| <p @ and j > a+1
such that f;(q) :== Y -, nk(rn)q™ is the g-expansion of a classical weight j modular
form of tame level N and slope a and fi(q) = f(q).

For d € (Z/NZ)* x Zy, we will let ((d)) denote ((d,)) where d,, is the projection
of d into Z,. Recall, K is a either C, or a complete discretely valued subfield and

MT(N) is the A(B*) module of families of overconvergent forms.
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We define an action of Hecke on MT(N). First, if [ € (Z/NZ)* x Z;, we define

(FI1Y)ala) = ()" B (0) (o2 D) (@)

for s € B*. When k € Z,
(FII)*)k = 1FFe(1). (0)

Next, generalizing the notation of §B2, if n and M are relatively prime positive
integers, we let I'(M; n) denote the congruence subgroup I'y (M) NTg(n) of SLo(Z)
and X (M;n) the corresponding modular curve over K. We can repeat all of our
previous constructions and definitions in this situation and we will use obvious ex-
tensions of our previous notations. For example, if (Nn,p) =1, Z(Np™;n) denotes
the rigid connected component of the ordinary locus in X (Np™,n) containing the
cusp oo and AT(N;n) denotes the A(B*)-algebra of overconvergent functions on
B* x Z(Nq;n) over B*.

If F'is modular form on X;(M) and [ is a prime not dividing M, we let F|V,
denote the modular form on X (M;1) such that

F“/Z(Ya «, C,w) = F<Y/Oal_lyoa77)*w)

where Y is an elliptic curve, a:puy — Y is an injective homomorphism, C' is a
cyclic subgroup of Y of order [, w is a non-vanishing differential on Y, v: £ — E/C

is the natural isogeny and 7 is its dual. Then
FVi(g) = F(").

Since E(q)/E(q') is congruent to 1 modulo q, and both E and E|V; have weight
(1,0), there is an element e; in AT(1,1) C AT(I) whose g-expansion is (E(q)/E(q'))*
and which is invariant under the action of D.

For prime [, let ¢, be the operator on A(B*)[[q]]
¢I(Z ang") = Z antq”.
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Lemma B5.1. For each prime number [ there is a unique continuous operator T'(1)

on MT(N) such that, for F € MT(N), when | = p,

F

(FIT(p)s = E*U" (£2),

when [|N
FIT()(q) = ¥i(F(q))

and when | /Np

(FIT0)(@) = ¥a(F(q)) + 1 HFID)*) (). (1)

Proof. If | = p, there is nothing to prove. When [|N one may verify this lemma by
first showing, using a correspondence, in the usual way, that for g € AT(IV), there is
an element in AT(N) with g-expansion v;(g(q)) (see [Sh, §7.3] or [C-PSI, §8]), and
then observing that

(n(F@)), = B @i (D)@
Now suppose | [/ Np. If Gs(q) is the right hand side of (1) (at s),

Gs(q)
Es(q)

= (e (@) + D) e () )

which, by the previous discussion, is the g-expansion of a function in AT(N;1).
Moreover, when k is an integer, Gy, is clearly on I'1(IN), since the specialization
of (1), in this case, is the classical formula for the I-th Hecke operator acting on
the overconvergent modular form Fj of weight k. Now consider, the function in
AY(N;1), Tr(Gs/E®) — (1+1)G4/E*, where Tr is the trace map from level T'(N; 1)
to level I'; (IV). By what we have said, it is zero when s is an integer. It follows
that it is zero for all s, since it is an analytic function. This implies the lemma as

Tr(Gs/E®)ison I'1(N). g
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Remark B5.2. Our proof implies that T(l) acts on families of forms Fy such

that Fy(q)/E(q)® converges on some strict neighborhood of B* @ Z1(Nq) which

depends only on I. With a little more care we can show that one can use the same

neighborhood for all | (at least when p # 2). The key fact needed to prove this is:

If R is a ring of characteristic p and A is the Hasse invariant form over R, then if
1

E/R is an elliptic curve, w generates HO(E, QE/R) and v: E — ~vFE is an isogeny of

degree prime to p,

A(E,w) = A(vE, ¥ w)
where 4: yE — E is the isogeny dual to 7.

Let T := Tk denote the A(B*)-algebra generated over A(B*) by the operators
(d)* for d € (Z/NqZ)* and T'(l). Similarly, if L is an extension of K in C, and
k € W(L) we may define operators (d); for d € (Z/NqZ)* and T} (l) for primes .
We let Ty, ;, denote the L-algebra generated by these over L. We define additional

operators T'(n), for positive integers n in Tk by the formal identity:

> % =[[a-Tar"H" [ Q-7+ @),

nz1 [|Np (I,Np)=1

where the products are over primes [ and when k € W(L), we define Ty (n) in T ,
similarly. When, k € Z, it follows from equation (0) that (d); = d*(d) and hence
T} is the usual Hecke algebra acting on overconvergent weight £ modular forms on
'y (Nq) (see [G, Chapt. II}).

We now prove the assertions in Remark B3.6(i). Let notation be as in the proof of
Theorem B3.5 in §B3. In particular, € € 15, « is a rational number and B is a disk in
B* about an integer k such that the affinoid {z € B*x Al: P°(2) = 0,v(T(2)) = —a}
has degree one over B and s — (s, f(s)) is the corresponding section. Also, G is a

function on B x WJ which vanishes on the cusps and spans the kernel of U* — f in

S(G)B.
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Lemma B5.3. If the q-expansion of G is
Z &n(S)qn,
n>1
then function aq(s) is invertible and |a,(s)/a1(s)| <1 forn >1 and s € B.

Proof. First, note that Fy(q) := E*(q¢)G(s)(q) is (the g-expansion of) an eigenform
for T. Suppose T'(n)Fy = c,(s)Fs. If

Fy(q) = Z bn(s)q",

n>1

b1(s) = a1(s) and we see that
cn(s)ai(s) = bu(s).

So if a1(sg) = 0, Fs,(q) = 0 and this implies G(s¢9) = 0. We see this is impossible
using Lemma A2.5 and our Riesz theory.

Now, it is easy to see that the operator T'(1) is bounded by one on the relevant
Banach spaces if [ # p. This and the fact that the coefficients of the characteristic
power series of U* lie in A imply that |c,(s)| < 1 for all n. This completes the
proof.

It is clear that we have a natural homomorphism, A — hj, from T onto T} for

k € W*(L) which takes (d)* to (d); and T'(n) to Ty(n). Also,

Lemma B5.4. If k € W*(L), h€ T and F € MT(N) then
(hF)y = hiFy,.

R-families
Before we proceed, we point out that if a € Q, a # 0, the slope « subspace
of My(N) is canonically isomorphic to the slope « subspace of M]I (N) and we

identify the two. For a rigid space U C B* and an element F € MT(N)y, we let

an(F) € A(U) denote the coefficient of ¢™ in its g-expansion .
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Suppose « is a rational number, ¢ is an integer such that 0 < 7 < w, and
ko € B*(K). Suppose 0 < r < |r/q| and r € |K| such that the slope « affinoid in
the zero locus ZY of P?(s,T) (i.e., the affinoid whose closed points are the closed
points P in Z° such that v(T(P)) = —a) is finite of degree d over the affinoid disk
B = Bglko,7]. (Weknow d = d°(kg, o, 707%) if kg is an integer and kg > a+1.) This
disk exists by Corollary A5.5.1. Let A = A(B). Suppose @ is the corresponding
factor of PY(s,T') over B. (Recall, P)(s,T) equals P? (s, T), which is morally the
characteristic series of the U* operator on S(N,4).) Then, @ satisfies the hypotheses
of Theorem A5.3, so the A-module N := Ny, (Q), where Up is the restriction of
U* to S(N,i)p, is projective of rank d over A. Since A is a PID, this module is, in
fact, free. Let R denote the image of T ® A in End4(N). Since Enda(N) is free
of rank d? it follows that R is also free of finite rank. In particular, R is the ring of
rigid analytic functions on an affinoid X (R) with a finite morphism to B.

We have an A-bilinear pairing

(, )RxN—A

(h,m) = ai(hm).

Similarly, if & € B*(L), we have an L-bilinear pairing ( , ) from Ry X Ny to L. (In

our previous terminology, we are actually working over the point (k, i) of W(L).)
Proposition B5.6. The pairing ( , ) is perfect.

Proof. First, arguing exactly as in the proof of [H-LE, Thm. 5.3.1], we see that if
h € R, (h,m) =0 for all m € N implies h = 0 and (h, m) = 0 for all h € R implies
m = 0. The key point is that if F' € N, (T(n), F) equals the n-th g-expansion
coefficient of F'.

Now if k € B(C,), the same argument yields the same conclusion for the pairing
(, Y&: Tk X N — C,, but since this is a pairing over a field, it follows that { , )

is perfect.
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Since A is a PID, it suffices to check that the homomorphism,
v:R— Homa (N, A)

v(h)(n) = (h,n),
is an isomorphism. By Lemma B5.4, if h € R and m € N, the restriction of (h, m)
to k is (hg,mg)r. Since N is free, Homa (N, A)y = Homg,(Nk,Cp). Thus
is an isomorphism for all k¥ € B(C,). This implies v is an isomorphism and the

proposition follows. g

Corollary B5.6.1. If kg is an integer and kg > « + 1, the degree of X(R) — B is

do(k()? «, Ti_k)'

Theorem B5.7. Suppose L C C,, is a finite extension of K. For x € X(R)(L), let
Nz: R — L be the corresponding homomorphism and set
Fo(q) =) n:(T(n))g"
n>1
Now suppose k is an integer such that k € B(K) and k > a+ 1. Then the mapping
from X (R)r(L) to L[[q]], * € X(R)r(L) — F.(q), is a bijection onto the set of
q—expansions of classical cuspidal eigenforms on X;(Nq) over L of weight (k,1)

and slope «.

Proof. After extending scalars we may suppose L = K. First, suppose = €
X(R)g(K). Then it follows from the proposition and the freeness of R that there
is an m € N such that ((h,m))r = n.(h). This equals a;(hxmy) by Lemma B5.4.
Since 7, is homomorphism, my is an eigenform. It also follows that F,(q) is the
g-expansion of my and since k > a + 1 that my is classical.

Now suppose F(q) = Zn21 a,q" is the g-expansion of a weight k£ cuspidal
eigenform on X;(Nq) of weight (k,7) and slope a. It follows that F(q) € Ng.
Hence gives rise to a K-linear map n: T — K, n(h) = (h, F(q))r. Since F' is an
eigenform 7 is a ring homomorphism so corresponds to a point x € X(R)x(K).

Finally, since (T'(n), F'(q)) = an, Fr(q) = F(q). &
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We can show that the subring of R generated over A%(B) by the T'(n) is finite
of degree d over this ring. When r € |K|, A%(B) is isomorphic to K°[[T]] where
KV is the ring of integers in K. From this, it is not hard to see that the R-family
conjecture of Gouvéa-Mazur would follow from the assertion that the radius r of
the disk B about kg can be chosen to be at least p~¢.

As Glenn Stevens pointed out, we also have
Corollary B5.7.1. Suppose kg is an integer, kg > « + 1 and F' is an eigenform,
new away from p, on X1(Nq) of weight (ko, 1) and slope . Ifi =0, F' has character
€ = ene, and U*F = aF, suppose in addition that a® # ey (p)p*~1. Then there

exists an affinoid disk B’ containing ko and rigid analytic functions a,(s) on B’

such that if k is an integer strictly greater than o+ 1 in B’
Fi(g) =) an(k)q"

is the qg—expansion of a classical cuspidal eigenform on X,(Nq) of weight (k,i) and

slope o which is equal to F' if k = k.

Before beginning the proof we need to discuss families of new forms.

Definition. We say an overconvergent modular form of weight k (or a family of
overconvergent modular forms) on T'1(Nq) is a p’-new form (or a family of p'-
new forms) if its image in My(d) (or M'(d)) is zero under any of the degeneracy

“trace” maps for any proper divisor d of N.

We note that the image of a classical modular form is new in this sense if and
only if it is new “away from p.”

We denote the Banach module of p’-new forms of weight k by My "N and
of families of p/-new forms by MT(N)? =" Now, U* acts completely continuously
on this module. We now restrict U* to MT(N,i)? =" Let

PP (s, T) = det(1 — TU*|MT(N, i) ~v),

(2
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Everything we said above about P;(s,T) carries over to P/ /_m”(s, T) and we will
use the same notations. In particular, now B is an affinoid disk such that the slope
« affinoid in the zero locus of PP '~ (g, T) is finite over B and R now denotes the
image of T ® A(B) in the endomorphism ring of the A(B)-module of families of
p’-new forms of slope o over B. The form F corresponds to a point x of X (R) by
the theorem. It suffices to prove that the morphism X (R) — B is unramified at x
for then we will have a section s in a neighborhood of ko such that s(ky) = x and
we may take F(q) = Fy() for k € ZN B. This assertion follows from the fact that
the classical Hecke algebra acts semi-simply on the space of classical p’-new forms
on X;(Np) satisfying the hypotheses of the corollary. This in turn follows from the
well known fact that the Hecke algebra on I'y (M) acts semi-simply on the space of
new forms on I'y (M) for each positive integer M (see [Li, Lemma 6 iii)]), the fact
that the classical p’-new forms on I'y (pN) is the sum of the new forms on this group
and the images of the new forms on I';(N) and the Lemma 6.4 of [C-CO0] which

explains how the U, operator acts on this space®.

We can also define a form or a family of forms to be p’-old if it is a sum
of elements in the images of My(d) (or M1(d)) (under the various natural maps)
where d runs over the proper divisors of N. Although the corresponding statements
about classical forms are true, we do not know if every overconvergent form or
family of such is a sum of a p’-new form and a p’-old form or whether, if it is, this
decomposition is unique.

Theorem B5.7 implies that an eigenform of slope « lives in a family of eigenforms
of slope «, but in fact any form of slope « lives in a family of forms of slope . For
each k € B(K)NZ, specialization gives us a map from C' into the space My (N, i),
of slope a forms on I'1(Nq) of weight (k,7) (which are classical if &k > a+1). We

have,

* See also [CE] which proves that the exceptional case never occurs in weight 2

and discusses its likelihood in higher weights.
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Proposition B5.8. The map from N to My(N,1i), is a surjection.

Proof. Suppose F' € My(N,i),. Then we can certainly produce an element G €
MT(N,i) which specializes at k to F (if we regard MT(NV,4) as functions on V*, we
just take G to be the function F/E* on Zi(q) x B* which is constant in the B*
direction). Let F be the projection into N of the restriction of G to the fiber above

B. Since projection commutes with specialization Fj, = F. g

This gives another proof of Theorem B5.7 in the case in which d = 1.

B6. Further Results

In this section we will explain how our series Py (7") also “controls” forms on
X1(Np™) when (N, p) = 1 for n > 1 (the proofs will appear in [C-CPS]) and indicate
the connection between the results of this paper and the theory of representations
of the absolute Galois group of Q.

If vy € Z7, let [7] denote the corresponding element in the completed group ring
A of Zj over Z,. Then there exists a unique injective homomorphism « from A

into A°(W*) such that, for v € Z3,

a([M)(s,9) = ({y)*r ()"

(In other words, [y] goes to the element ((7))*(y) in A(B*)[D] = A(W*).) It follows
that, for A € A, a(\) is bounded on W* and

(M)l = [Nz,
where | ||| is one of the absolute values on A described in §A1.
We will show,
Theorem B6.1. The series Qn(T') lies in A[[T]] and converges on W x C,,.

We, actually, give one proof of this in the appendix using explicit formulas, but

it is also possible to give a more conceptual proof which we do in [C-CPS].
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The space of overconvergent forms of level Np™ of integral weight £ together
with an operator Uy, is defined in [C-HCO)] (see also §B2). For x € C and F(T) =
> ns0 BaT™ € A[[T]] we set w(F)(T) = 3,50 k(Bn)T". We can map Z; onto
(Z/p™Z)* which is naturally a direct factor of (Z/Np™Z)*. Hence, we may regard
characters on Zy of conductor p™ as characters on (Z/Np™Z)*. We also prove in

[C-CPS]:

Theorem B6.2. If x(x) = x(z)(x)" where k is an integer, x: Z# — C?; is a charac-
ter of finite order and p™ = LCM(q, fy), then x(Py)(T) is the characteristic series
of the operator Uy on overconvergent modular forms of level Np™, weight k and

character x.

The analogue of Theorem C is true in these higher levels. In particular, we prove
in [C-HOC] that any form of weight k and level Np™ of slope strictly less than k—1
is classical.

The next theorem describes one of the main implication of the combined results
of this paper and those of [C-CPS]. For an integer j and y and a character of finite
order on 1+ qZ, let s(x,j) = x(1+q)(1+q)? — 1 and s(j) = s(1, j).

Theorem B6.3. Suppose € is a character on (Z/qZ)*, k € Z, a« € Q and
d(k,e,a) = 1. Then there exists a real number R, a subset S of B(k, R), a function
r:S — R such that 1 > R > r(a), if s < 1 the number of a € S such that |a| < s
is finite and moreover, if X (k,€,a) = B(k, R) — U, cs Bla,r(a)], s(k) € X(k, ¢, )
there exist rigid analytic functions a,(T), for n > 2, on X(k,€,«) bounded by 1
such that if

F(T,q) =q+ax(T)g® + -+ an(T)g" + -+ -,

X Is a character of finite order on 1 + qZ, and j is an integer such that s(x,j) €
X(k,e,a), F(s(x,J),q) is the g-expansion of an overconvergent eigenform F) ; of

tame level N, weight j, finite slope and character T—7¢ey. Finally, Fy i, has slope a.
In fact, we can show X (k, ¢, ) and a,(T") are defined over Q,.
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We note that one can show that if f is an analytic function on X (k, €, &) bounded
by 1, and if d and e are in X (k, €, a) such that |d — b| = |e — b| = |s(k) — b| for all
be S, then

1£(d) — f(e)] < |d— e|Maz{1/R,r(b)/|s(k) — b|*:b € S}.

We note that these hypotheses hold when B[s(k),t] € X(k,e,«) and d,e €
X (k,e,a). This implies that Conjecture 2 of [GM] follows from the assertions

(which we don’t know how to prove):
(1) Bls(k),p~**V] € X(k,€,q),

(ii) v(ap(e)) = a if e € Bls(k),p~**V)],

(ili) R =1 and

(iv) 7(b) < |s(k) — b|? for b € S.

Now, let G(Np) be the Galois group of a maximal extension of Q unramified

outside Np. With Mazur, we prove,

Theorem B6.4. There exists a 2-dimensional pseudo-representation m: G(Np) —

Tq such that, for primes | fNp,
Trace(n(Froby)) =T(I) and det(w(Frob)) = (1)"/I.

The proof of this is based on the Gouvéa-Hida Theorem (see [G-ApM Thm.
I11.5.6] and [H-NO §1]).
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Appendix I: Formulas.

Fix a positive integer N prime to p. Let Qn(T') be the characteristic power series
of the operator U* acting on overconvergent forms on I'; (INq) whose coefficients are
in AOW?*), as in §B3.

For an order O in a number field, let h(O) denote the class number of O. If « is
an algebraic integer, let O, be the set of orders in Q(v) containing . Finally, for m
an integer, let W), ,,, denote the finite set of v € Q,, such that Q(v) is an imaginary

quadratic field, v is an algebraic integer,

m

Normg(w(v) =p and v(y)=0. (1)

Theorem I1. Suppose N > 4. Then

T%QN( )/QN(T) =) ApT™

m>1

where A, is the element of A C A(W*), expressed by the finite sum,

N
> > hO)BN(0,7) Fgm

YEW,, m OO0,

where By (O, ) is the number of elements of O/NQ of order N fixed under multi-
plication by 4.

(Recall, for a € Z;, [a] denotes the element of the group of which A is the completed
group ring.)

Proof. If k € W* is an arithmetic character the specialization of this formula for
k(Qn) may be proven using the Monsky-Reich trace formula, as in Dwork [D1], Katz
[K] and Adolphson [A]. The general case follows from the fact that the coefficients

of the powers of T in the series Qn(7T) are an analytic functions on W*. g

Another version of the above theorem is:
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Theorem I2. Suppose N > 4. Let Y be the component of the ordinary non-
cuspidal locus in the reduction of X1(Nq) containing oo and, for x a closed point
of Y, a(z) € Z;, the unit root of Frobenius on the fiber of E1(Nq)/X:(Nq) above
x. Then,

=111 a a(@)| T fa(x)2) "

r>0zxzeY

where the second product is over closed points of Y and a(x) is the complex conju-

gate of a(x) in Z,,.

Corollary 12.1. The coefficients of Qn(T'), as a series in T, lie in the Iwasawa

algebra Z,,[Z]].

This answers a question of [GM-CS].

Also, using Hijikata’s application of the Eichler-Selberg trace formula [Hj], Koike
[Ko| proved the specializations following result to arithmetic characters and the
general case follows by analyticity as above.

Theorem 13. We have the formula,

d m
T—Qi(T)/Qu(T) = ) BT

m>1

where

DD I - pet

YEWp,m OCO,, (©) 72 —pm
We note that the specializations of the B, to B* x {i} C W* are all zero, if i is
odd, as they should be, since there are no overconvergent forms of the corresponding
weights.
One can generalize these formulas to the moduli problems associated to sub-
groups of GLy(Z/NQZ) in the sense of Katz-Mazur [KM, Chapt. 7] of the form
G x G1(q) where G is a subgroup of GL2(Z/NZ) and G1(q) is the semi-Borel in

GLy(Z/qZ). We will now use the above formulas to prove the existence of non-
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classical overconvergent eigenforms.

Proposition I4. Let k be an integer. Then there exist weight k overconvergent

new forms on I'1(Nq) of arbitrarily large slope.

Proof. We must show the characteristic power series G (k,T) of U* acting on the

space of weight k overconvergent new forms on I'1(Nq) is not a polynomial. Let

d
T
=GN (6, T) /G (k, T) => D
m>1
It suffices to show that the numbers D,, (k) are algebraic and are not all defined
over a finite extension of Q.
For a positive integer n let f(n) be the number of distinct prime divisors of n

and

(=2)7™ if n is square free
t(n) =

0 otherwise.
Using (10.2) and the two linearly disjoint degeneracy maps from forms on I'y (Mq)

to forms on I'; (M1q) for primes [ and positive integers M prime to p, one can show

Gk, T) := [ PRyalk, T)" N/,
d|N
To simplify the argument, we will complete the proof only in the case in which
N = [ where [ is an odd prime and I!~! > 5.

Suppose M is any integer at least 5. Let K C Q, be a quadratic field of
discriminant D less than —M. Also, suppose for simplicity of exposition that D #
1 mod4. Then there exists an m € N and an element v € K N W), ,,, such that
7 = 1 mod NOg where Ok is the maximal order of K. In fact, since N > 5, —y
is the only other element of K N W), ,,. Then Theorem 12 implies D,, (k) = a +

where
k

a = Z h(O (0,7) —2Bn/u(O, ))%
0e0, v p
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and 3 is a sum of elements contained in quadratic fields different from K
(BN(O,—v) = Byn;u(O,—y) = 0 for all O € O,). The corollary will follow
from the claim: K = Q(a). It is easy to see that K = Q(v*/(7* — p™)) and
Bn(Og,v) = N? —3(N/1)? + 2(N/I?)? > 0. Thus all we need verify is that

C<O) = BN((/)?’V) - 2BN/Z(07'7) >0

for all O € O,. We first observe that the numbers By (O,~) only depend on
the power of [ dividing [O : O]. Therefore suppose K has discriminant D and
O = Z[I*V/D] is in O,. Also suppose 7 = 1 + a where a = N(a + bl"/D) where
a,b € Z and (I,b) = 1. It follows that » > 0 and ¢t +r > s. Suppose x € O and =
has order N modulo NO. Let & = ¢+ dl*v/D. Then

ax = Nbel™V/D mod NO.

Hence, o = 2 mod (N/1)O if and only if ¢l” = 0 mod*~! (here when s = 0 we
require no condition on ¢) and yzr = x mod NO if and only if ¢ = 0 modl®.

Suppose first that 7 < s — 1, then in either case [|c so (d,1) = 1. Thus,

C(O) =!GN = N/1) — 2t~ = (=D=") (N /1 — N/1?)

=[""*N(N — 3N/l +2N/I*) > 0.

Suppose now r = s — 1, then ¢ may be arbitrary in the first case and I|c in the

second. Thus,
C(0) = (N/I)(N = N/1) = 2((N/1)* = (N/1*)?)
= N?/l - 3(N/1)*> +2(N/I*)* > 0,
because [ > 2. Suppose finally that » > s — 1. Then,
C(0) = N? = 3(N/1)*> + 2(N/I*)? > 0.
This establishes the claim. g
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Remarks I5. (1) One may deduce that the field generated by the coefficients of
Qn(k,T), for any k € Z, equals the compositum of all the imaginary quadratic
fields in Q, in which p splits. (2) We expect that the same methods can be used to
prove that there exist overconvergent forms on I'y (Np™), of weight k and character
x of arbitrarily large slope. (3) This proof gives no information on the distribution

of the weight k slopes.
Combining this proposition with Theorem B5.7 we deduce:

Corollary 14.1. Given an integer j and a positive integer n there exist arbitrarily
large rational numbers o such that there are infinitely many integers k = j modp"™
and classical weight k eigenforms on I'1 (Nq), which are new away from p, and have

slope a.

Remark 16. To prove the existence of arbitrarily large rational numbers « for
which there exist infinitely many weights k such that there are classical forms of
weight k and slope a, one could also use Theorem D combined with Gouvéa-Mazur’s
method of “proliferation by evil twinning.” Indeed, if one has a classical eigenform
F onT'1(Nq) of weight k and slope (3 which is either old or of non-trivial character
at p, there exists another eigenform F’, the “evil twin” of F, of weight k and slope
k—1—p. Using Theorem D, there exists infinitely many weights j for which there is
a classical eigenform F; of weight j and slope (3 which is either old or has non-trivial
character at p. Hence, the evil twin, FJ{, of F; has slope j — 1 — (3 and applying
Theorem D again we deduce the existence of infinitely many weights of classical

eigenforms of slope j — 1 — 3 for each j.
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Appendix II: A 2-adic example

Although, apart from the results of Appendix I, our theorems have been inex-
plicit, the methods used are strong enough to give explicit results in any given case.

Throughout this section, we will be working over C,.

Theorem IT1. Suppose k is an even integer. Then there does not exist an over-
convergent eigenform form on I'y(2), weight k and slope in the interval (0,3) and if
k = 2 mod4 there does not exist one of slope 3. However, if k is an integer divisible
by 4, then there exists a unique normalized overconvergent eigenform Fj on I'g(2),

weight k and slope 3. Moreover,

k—k'
Fi(q) = Fy (g) mod *=)

Zs.

Remarks I12. (i) We know F} is classical if k > 8, by Theorem C. Mathew
Emerton pointed out that Fy is also. In fact, we must have Fy(q) = G4(q)—G4(q?) =
Ga,0)- (ii) We must also have Fi2(q) = A(q) — BA(¢*) where j3 is the root of
X2 + 24X + 2 of valuation 8 (=24 = 7(2)) and Fy is the unique normalized
cusp form on X,(2) of weight 8. (iii) As Mazur pointed out, using the facts that
A(z) = n(2)?* and Fy(z) = (n(22)n(2))8, one can show that,

Fi2(q) = Fs(q) mod16
and using the congruences discussed in [SwD, §1], one can show
Fi5(q) = F4(q) mod 32.

This and other computations of Emerton suggest that the above congruence can be

improved to be modulo 4(k — k') rather than (k — k') /2.

To prove this theorem we must establish estimates for the 2-adic sizes of the
coefficients of the characteristic series of the U* operator. The proof of its entirety,

by its nature, can be used to give upper bounds for these which ultimately allow us
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to ignore most of them when we search for information about forms of a small slope.
We then can use Koike’s formula to determine the exact sizes of the remaining finite
number.

We identify B* = B(0,2) with B* x {0} € W* and will restrict the function
Q1(T) to the region B* x A! (as we remarked after Theorem I1 it is identically 1 on
B* x 1), where we may regard it is the series P(s,T) of Theorem B3.2, by equation
(3) of §B3.

Lemma I13. Let P(s,T) =1+ Cy(s)T +Ca(s)T?+--- Then, on B*, v(C1(s)) =0
and v(Ca(s)) equals 2+ v(s —2) if v(s — 2) < 2 and is at least 4 otherwise.

Proof. Let
1= /=T 1++v—15

v = 5 and p= 5
where the square roots are taken so as to be elements of 1 4+ 4Z>. Note that
v = p=1mod4. We know, from Theorem 13, that

di(s)® + da(s)

Ci(s) =di(s) and Co(s) = .

where
s—2 25—4
g g 2p
d = — d d - .
1(5) 1—2~y—2 an 2(s) 1—4y—4 + 1—4p—2

s—2

Clearly, di(s) has valuation 0 for v(s) > —1. We now investigate the next

coefficient of P(s,T). It is easy to see that

Ca(s) = =(v* — 9p°) mod 160.

Wl =

This element of O has valuation equal to 2 4+ v(s —2) if v(s —2) < 2.
Proof of Theorem.
Silverberg suggested considering the family of curves with a point of order 2:

16¢

E., P.):= (y* = 2® + 2
(e P)i= (= 42 e

z,(0,0))
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¢ # 0 or —1/64 (c may be thought of as a parameter on X(2)). The curve isogenous
to E. after dividing out by P. is E, ), where w is the Atkin-Lehner involution;

w(c) = 1/212¢. The j-invariants of these curves are

1+ 16¢)3 , 1+ 256¢)3
4( ) and ](Ew(c)) = ( ) :

(E.) =
J(Ee) = .

It follows that E. has potential supersingular reduction if and only if
—12 < v(e) < 0 so the connected component of the ordinary locus containing 0, of
the above model of X((2), is the disk {c¢: v(c) > 0}.

Let ¢ be the Tate-Deligne morphism near 0 (which is wpw where ¢ is the Tate-
Deligne morphism near oo) which is defined on a wide open containing B0, 1]. Since
the point P. of E. is not in the kernel of reduction if ¢ € B|0, 1], we have:

¢(c) c?

(1+2566(c))3  (1+ 16c)% (1)

This implies
¢(c) = *G(16c) (2)

for some G(T') € Z[[T]] such that G(0) = 1. (This means ¢ converges on the disk
v(c) > —4 (which implies that the Hasse invariant of the reduction modulo 2 of a
smooth model of E. has valuation strictly less than 2/3 (and more importantly, the
Hasse invariant of the reduction of £, has valuation strictly less than 1/3).)

For a € Cy, v(a) < 0, let V, be the affinoid disk {x € X¢(2):v(c(x)) > v(a)}.
Then, an orthonormal basis for N, := A(V,) is {(¢/a)™ : n > 0}. For v(a) > —4,
¢ is a finite morphism from V,, to V2, so we have a map T" := %Trqg: N, — Ng2.
Now let r denote the restriction map from N, to N, and U’ be the operator on
Ny, T or.

Let I(Y)=Y2/(1+Y)3and H(T) = T/(1 + 256T)3. Then we may write

YZ2=A(I(Y))Y +BI(Y)),
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where A =TAy(T),B =TBy(T) with Ay, By € Z[[T]] and By(0) = 1. Let e = c/a
and d = c¢/a?. Using the fact that H(¢(c)) = I(16¢)/162, we conclude,

¢? = 16a¢" (d) K ((16a)*¢* (d))e + ¢*(d)J ((16a)*¢* (d))

where K,J € Z[[T]], J(0) = 1. Thus, T'(1) = 1, T"(e) = 8adK ((16a)?d) and, for
P> 2,

T'(e") = (16a)dK ((16a)*d)T" (e~ ') + dJ ((16a)*d) T (e'?).

Thus, if
U'(d) = cij(a)d,
320
cij =0,if1>2jori=0,and j >0 and

—2jv(a) if i =25

Hewtan = { 2j(4+ v(a)) ~ (4 +20(a) =1 i <2

Let 7;(a) = min; v(c;j(a)). Then if, v(a) > —3/2,
rj(a) = =2jv(a), (3)

if 7 > 0 and r9(a) = 0.

The form FEj (the weight 2 Eisenstein series on X((2) whose g-expansion is
2F5(q?) — E2(q)) corresponds to a constant multiple of w = dc/c. We need to
compute E~'(c) := 1¢*w/w. From (2) we deduce, E(c) = 1+ V(8¢), for some
V(T) € TZ[[T]]. In any case, E(c) = 1 mod 8¢ for v(c) > —3.

Now we investigate the operator U”: f(s,c) — 7o U'(E*/?(c)f(s,c)) on the
functions f(s, ¢) on the region determined by the inequalities v(c) > —2 and v(s) >
—1 — v(c), where r is the appropriate restriction map (E*/?(c) makes sense on this
region). Now P(s,T) is also the characteristic series of this operator. Suppose

v(a) < 0. Then d" is an “orthonormal basis” for functions on the region (which
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is now an open subdomain) determined by the inequalities v(c) > v(a) and v(s) >

—1 —wv(a). Suppose

U (d") ZCU a,s)
Writing E(c)*/? = Ym0 hn(s)c™, we see that

U// dz Za2nh dn—l—z)

n>0

So
cij(a, s) Za%h YCnij(a).
n>0
Now, |a®"h, (s)| < 1 if
v(a) > =1+ (1—-wv(s))/4 (4)

and v(a) > —5/4. We see that, under these conditions, if R;(a) = min; v(c;;(a, s)),

Rj(a) = rj(a) and so, using the analogue of the estimates in [S,§5] and (3),

—

3 Rj(a) > —v(a)m(m — 1). (5)

5=0
This implies that on the disk v(s) > 1, v(Cy,(s)) > 3(m—1) if m > 2 (given any s in
this disk we may choose an a such that —1 > v(a) > —5/4 so that the inequality (4)
holds). Since E(c)*/? = E(c)*=2/2(1 4+ V(8¢)), we may also verify this inequality
on the disk v(s —2) > 1. This together with Lemma II3, tells us that all , if
v(s—2) > 1, and all but one, otherwise, of the sides of the Newton polygon P(s,T)
with positive slope have slope strictly greater than 3 and moreover, if v(s) > 1,
the Newton polygon has a side of slope 3 above the interval [1,2]. This implies all
the assertions of the theorem save the congruence. The congruence follows from

Lemma B5.3.
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Remarks II4. (i) What we have ultimately proven is that there exists a g-

expansion

F(s,T) = q+ as(s)qg + az(s)g” + - --

where the a;(s) are power series which converge and are bounded by one on the
disk v(s) > 1 such that F(k,q) = F(q). We can show that the a;(s) analytically
continue to rigid analytic functions bounded by one on a wide open containing
{z:v(x) > 0,v(x — 14) < 4}. This implies that the modulus of the congruence in
Theorem II1 may be improved to 2(k — k’). (ii) Theorem II1 implies the result
of Hatada [Ha/, that each eigenvalue of the Hecke operator Ty acting on the space
cusp forms of level 1 of any weight is divisible by 8. (iii) We have used the above
techniques together with Pari to show that the next smallest slope, after 3, of an
overconvergent modular form of weight 0 and tame level 1 is 7 and the dimension

of the space of such forms is 1.
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