VEECH SURFACES AND COMPLETE PERIODICITY IN GENUS 2

KARIANE CALTA

ABSTRACT. We present several results pertaining to Veech surfaces and completely periodic
translation surfaces in genus two. A translation surface is a pair (M,w) where M is a
Riemann surface and w is an abelian differential on M. Equivalently, a translation surface
is a two-manifold which has transition functions which are translations and a finite number of
conical singularities arising from the zeros of w. A saddle connection is a geodesic segment
connecting two (not necessarily distinct) conical singularities with no singularities in its
interior.

A direction v on a translation surface is completely periodic if any trajectory in the
direction v is either closed or ends in a singularity, i.e. if the surface decomposes as a union
of cylinders in the direction v. Then, we say that a translation surface is completely periodic
if any direction in which there is at least one cylinder of closed trajectories is completely
periodic. There is an action of the group SL(2,R) on the space of translation surfaces. A
surface which has a lattice stabilizer under this action is said to be Veech. Veech proved
that any Veech surface is completely periodic, but the converse is false.

In this announcement, we use the ”.J-invariant” of Kenyon and Smillie to obtain a clas-
sification of all Veech surfaces in the space H(2) of genus two translation surfaces with
corresponding abelian differentials which have a single double zero. Furthermore, we obtain
a classification of all completely periodic surfaces in genus two.

1. INTRODUCTION

A translation surface is a pair (M,w) where M is a closed Riemann surface and w is an
abelian differential on M. Away from the zeros of w, a chart z can be chosen so that w = dz,
which determines a Euclidean metric in that chart. The change of coordinates away from
the zeros of w are of the form z — z + ¢. In the neighborhood of a zero, one can choose a
coordinate z so that w = zFdz. The total angle about this zero is 2(k + 1) and the order
of the zero is k. Such a zero is called a conical singularity. As a result of this definition, a
translation surface can also be thought of as a two-manifold with transition functions which
are translations and which has a finite number of conical singularities, arising from the zeros
of w. Each of these singularities has total angle 27n for n € Z*. Thus, one can also think
of a translation surface as a finite number of polygons in the plane R2?, glued along parallel
sides. Throughout, we will often denote a translation surface by S, and this notation should
be thought of as incorporating both the Riemann surface M and the differential w.

If S is a translation surface, a saddle connection is a geodesic connecting two (not nec-
essarily distinct) conical singularities of S which has no singularities in its interior. Note
that since the metric on S is Euclidean away from the zeros of w, saddle connections are
straight lines, but in general, geodesics which pass through singularities are unions of saddle
connections where the line segments comprising the geodesic are allowed to switch directions
at the conical singularities of S. A closed geodesic on S determines a cylinder of parallel

freely homotopic closed curves such that the boundaries of the cylinder consist of unions of
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saddle connections. A direction v on S is said to be completely periodic if all the trajec-
tories in the direction v are either closed or terminate at a singularity. In other words, v
is completely periodic if in the direction v, the surface decomposes as a union of cylinders.
A surface S is completely periodic if any direction in which there is at least one cylinder of
closed trajectories is completely periodic.

It is well known that if a translation surface S has genus g > 1, then the number of zeros
of w, counting multiplicity, is 2g — 2. Let a be a partition of 2g — 2, that is a collection of
positive integers ayq, ..., o such that oy + ...+ ap = 29 — 2. Thus, if w has k distinct zeros,
and «; is the multiplicity of one of the k zeros, then w determines a partition of 29 — 2.
Now, fix a genus g and a partition « of 2g — 2. We let H(«) denote the space of translation
surfaces (M,w) where M is a Riemann surface of genus ¢ and w is an abelian differential on
M whose zeros correspond in the way described above to the partition . For example, the
set of translation surfaces of genus two is stratified as H(1,1) U H(2), where in #(1,1) the
1-form has two distinct simple zeros, and in H(2) it has a single double zero.

There is an action of the group SL(2, R) on each stratum H(«). If we think of a translation
surface S as a two-manifold with transition functions which are translations and which has
a finite number of conical singularities, and if ¢ € SL(2,R), then ¢S is the two manifold
which has charts which are given by g o f; where f; is a chart of S. It is easily checked that
the transition functions of ¢.5 are still translations and the number of singularities and their
total angles are preserved. Alternatively, if S = P, U...U P,, where each P; is a polygon
in the plane R?, then ¢S = gP, U ... U gP,. A translation surface is said to be Veech if
its stabilizer under this action of SL(2,R) is a lattice. It is a theorem of Veech that Veech
surfaces are completely periodic, but the converse is not true.

For a curve v C S, let p(7) denote fy(w), where w is the 1-form defining the translation

surface structure. We identify R? with C. Define a translation surface S to be quadratic
if there exists d > 0 (not a perfect square) such that p(H,(S,Z)) C Q(v/d) x Q(+/d). Any
Veech surface in genus two (perhaps after rescaling) is known to be quadratic.

Let C' be a cylinder of periodic trajectories in the direction v. We use the term width for
the length of the periodic trajectory, and height for the distance across the cylinder in the
orthogonal direction. If w is any other direction, we can talk about the twist of C' along w.
First suppose the cylinder is bounded on each side by a single saddle connection. Then we
can visualize the cylinder as a parallelogram in the plane R? with singularities at each of
its vertices. Without loss of generality, assume the periodic trajectories are horizontal, and
that the bottom left corner of the cylinder is at the origin. Then the twist in the direction
w, where the angle betwen w and the horizontal is between 0 and 7/2, is computed in the
following way. Starting at the origin, travel up the cylinder along the direction w to the top
edge of the cylinder and call the point of intersection z. The twist along w is the distance of
the path from z to the singularity on the top edge (moving to the right along the top of the
cylinder). Note that by cutting and pasting, we can always assume that the angle between
w and the horizontal is between 0 and 7/2, and that the twist is between 0 and the width
of the cylinder. If a cylinder has more than one saddle connection on each boundary, then
there is a choice for the twist since if we view the cylinder as a parallelogram in the plane, it
will have more marked points, corresponding to the singularities, along the boundaries than
just those at the corners. We will choose the twist so that if some pair of saddle connections
of the same length lie directly above each other in the cylinder in the direction in which we
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are measuring the twist, then the twist in this direction is zero. With this convention, the
twist satisfies our equations (2) and (4) in the statements of the theorems below.

Our main results are a classification of all Veech surfaces in #H(2) and a classification of
all completely periodic surfaces in genus two, excluding in both cases those surfaces which
are torus covers.

Theorem 1.1. Let S be a Veech surface in H(2) which cannot be rescaled so that p(H,(S,Z)) C
Q x Q. Letwv be a completely periodic direction for S. Suppose the cylinder decompositon
in the direction v has two cylinders. Let w, wq, hy, ho, t1,ts be the widths, heights and twists
of these two cylinders. The twists are measured along some direction w which we assume is
also completely periodic. After rescaling the surface, we may assume that these variables are
algebraic integers in Q(v/d) where d is some square-free, positive integer. Then the following
equations are satisfied:

(1) wlizl = —wgilz
(2) Wity + Waly = wlt_l + ’wgt_g 0<t <w;

(where the bar denotes conjugation in Q(v/d).)

Conversely, let S be a quadratic surface in H(2). Suppose there erxists a direction v in
which there is a cylinder decomposition for which the heights, widths and twists (along some
completely periodic direction w) belong to Q(v/d) and satisfy (1) and (2). Then S is Veech.

We note that a different classification of Veech surfaces in genus two, formulated in terms
of Jacobians with real multiplication, was obtained by C. McMullen in [M].

In order to state the classification of all completely periodic surfaces in genus two, we
first establish some notation for surfaces in the stratum #(1,1). Suppose v is a completely
periodic direction for S € H(1,1). Without loss of generality, we may assume that in the
direction v, S decomposes into three cylinders, and for 1 < ¢ < 3, let w;, h; and t; denote the
widths, heights and twists. After renumbering, we may assume that w3z = w; + we. Define
$1 =h1+ hs, So = ho+ hs, 1 =1t +1t3, 79 =ty + 13. Let (9(}L denote the positive algebraic
integers in Q(\/ d). For ¢; + con/d € OF, consider the following equations:

(3) ’UJ1§1 = —’U]2§2
(4) W1 Ty + WeTy = W1T, + WaTo, 0< 7 <w+ws
(5) W181 + WeSy = 2(01 + CQ\/(?)

Theorem 1.2. In H(2) every completely periodic surface is Veech. In H(1,1), a surface
1s completely periodic if it has a cylinder decomposition in some direction v, such that the
heights, widths and twists satisfy (3), (4) and (5). Conversely, if S € H(1,1) is completely
periodic then after rescaling, either p(Hy(S)) € Q x Q or p(H1(S)) € Q(Wd) x Q(/d)
for some square-free d > 0. If S cannot be rescaled so that p(H1(S)) C Q x Q and if v
is any completely periodic direction, then (3), (4) and (5) hold, where the w;, s;,7; denote
the parameters described above of the cylinder decomposition along v (and the twists are
measured along another completely periodic direction v').

The proofs of both of these theorems rely upon information which can be obtained from
the J-invariant of translation surfaces defined by Kenyon and Smillie in [KS]. In fact, (1),
(2),(3),(4) and (5) arise from this invariant. Thus we begin Section 2 by recalling the def-
inition of the J-invariant and compute the invariant for certain types of surfaces in H(2)
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and #H(1,1). In this section, and for the rest of the paper, we will examine two cylinder
decompositions of surfaces in #H(2) and two or three cylinder decompositions of surfaces in
H(1,1). The one cylinder decompositions are handled separately in the Appendix. Section
3 includes a discussion of a particular class of maps known as interval exchange transfor-
mations which are simply piecewise isometries of an interval. If a surface S has an oriented
measured foliation, then an interval I transverse to the foliation determines an interval ex-
change transformation which is the first return map to I under the flow in the direction of
the foliation. Since a cylinder decomposition of a surface describes a foliation, the complete
periodicity of a direction v is equivalent to the periodicity of the interval exchange transfor-
mation which arises as the first return map for an interval transverse to the direction v. In
Section 4, we define a certain Property X of translation surfaces which will act as an inter-
mediate step in the proofs of the classification theorems. In this section, we will tie together
several lemmas from Sections 2 and 3 in order to prove, for example, that in genus two,
the notion of Property X is equivalent to the complete periodicity of a translation surface.
Finally, using the results of Section 4, in Section 5 we classify Veech surfaces in #(2) and in
Section 6, completely periodic surfaces in genus two.

2. THE J-INVARIANT

The proofs of the results stated in this paper use the J-invariant for translation surfaces de-
fined by Kenyon and Smillie in their paper “Billiards on rational angled triangles”. We recall
the definition here. First if P is a polygon in R? with vertices v1, ..., v, in counterclockwise
order about the boundary of P, then

J(P)=vi Ave+ ...+ Uy 1 AUy + vy Ay
where A is taken to mean Ag and R? is viewed as a Q-vector space. A straightforward

calculation yields the following theorem

Theorem 2.1. J(P) is translation invariant. That is, if v € R?, and if the translation of
P by the vector v is denoted by P + v, then J(P) = J(P + v).

If S is a translation surface with a cellular decomposition into planar polygons P,U...UP;,
J(S) = Xk J(P). It is shown in [KS] that J is independent of the decomposition.

Using this definition, we can calculate the J-invariant of certain genus two translation
surfaces.

Lemma 2.1. The J-invariant for a quadrilateral Q with vertices (0,0), (w,0), (t+w, h), and
(t,h), listed in counterclockwise order, is given by

0-+(()+(0)

Proof. Since @ has vertices (0,0), (w,0), (t+w, h), and (¢, h), listed in counterclockwise order,
the definition of .J implies

1@ =)~ (o) + ()~ (")~ (")~ )+ (1)~ (6)
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O

Lemma 2.2. Suppose S € H(2) has a two cylinder decomposition in the horizontal direction
as in Figure 1. Then the J-invariant for S is

J(5) =2 ((%1> " (2) " <u())2) " <Z>>

where w;, hi, t; are the width, height and twist parameters for the two cylinders. If S € H(1,1)
has a two or three cylinder decomposition in the horizontal direction as in Figure 2, then the

J-tnvariant is given by
wy 1 W2 T2
=2
©=2((5)~(0)+ (5)2 ()

where the cylinders are numbered so that ws = wy + wy, and we define 7, = t; + t3, and

s; = h; + hg fori=1,2.

Figure 1. A two cylinder decomposition of a surface S € H(2)

-

Cy

R
3
Y

Figure 2. A three cylinder decomposition of a surface S € H(1,1)
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Proof. See Appendix. O

In addition to the J-invariant, Kenyon and Smillie define two linear projections J,, and
Jyy from R? Ag R? to R Ag R given on basis elements as

(1) -on
(1) -

and one linear projection J,, from R? Ag R? to R ®g R defined on basis elements as

7 ((0) (i) oo eos

Given this last definition, we have the following corollary of Lemma 2.2.

Corollary 2.3. Let S be a genus two translation surface which has a horizontal cylinder
decomposition with width and height parameters w;, h; for 1 =1,2 or 3. Then

n
Jay(S) = QZwi ® h;
i=1
where n = 1,2 or 3 is the number of cylinders in the decomposition.

Kenyon and Smillie prove the following theorem in [KS|, which we will use repeatedly,
regarding the projections of J.

Theorem 2.2. Suppose that the horizontal direction x on a translation surface S is com-
pletely periodic, i.e. decomposes as a union of periodic trajectories bounded by saddle con-
nections. Then Jy,(S) = 0.

Building upon the notions of J,,(S) and Jz,(S), we will define J,,(S) where v is an
arbitrary direction on a translation surface S. First, if v is either the horizontal or vertical
direction, J,,(S) has already been defined, and we will retain this definition. So suppose
that v is neither the horizontal nor vertical direction, and let the vector (;) represent the
direction v. If g, € SL(2,R) is given by

(1 0
gq_ _q1

ie g, (;) = (), then we define J,,(S) = Jyy(geS). We have the following lemma regarding
the choice of matrix ¢ such that g(;) = ()

Lemma 2.4. Let the direction v on the translation surface S be represented by the vector
((11), where v is neither the horizontal nor vertical direction, and suppose that g € SL(2,R)
is any matriz such that g(}]) = ((1)) Then Jyy(gS) = Jyy(945)-

Proof. See Appendix. O
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Now, given a pair of linearly independent directions v,w on S, let v', w’ be vectors in

the directions v and w so that there exists an element g € SL(2,R) such that gv' = ((1))

and guw' = (}) and define J,,,(S) = Jzy(9S). (In the case that v = (]) and w = (i), define
Jow(S) = Jya(S) where Jyu((5) A (§)) = b®c—d®a.) It can be shown that a different
choice of v/, w" will multiply each of the components of each of the tensors comprising J,,
by the same number.

An alternative formula for the J-invariant given in terms of homology, and proven by

Arnoux in [A], is

g
J=2 Zp(ai) A p(b;)
i=1
where a;, b; is a symplectic homology basis for the surface S.

3. INTERVAL EXCHANGE TRANSFORMATIONS

In this section, we recall the definition of an interval exchange transformation and discuss
an important relationship between interval exchange transformations and foliations of trans-
lation surfaces which we will use to show in Section 4 that any genus two surface having
Property X must be completely periodic. In fact, all the results of this section will be utilized
in proving this theorem.

An interval exchange transformation or iet is an orientation preserving piecewise isometry
of an interval [a, b]. In other words, an iet acts by translations on subintervals of [a, b] with
a finite number of points of discontinuity. Formally, suppose that I and I' are two copies
of this interval, and let a = A\ < My < - < A, =banda=X <A < ---< )N/ =b
be partitions of the intervals I and I’, respectively. Furthermore, let I; = [A;_1, A;] and

L' = [X\j1", A\l for 1 < j < n. Let 0 be a permutation of the set {1,---,n} and assume
that the length I; of I; is equal to the length l,(;) of I,(;y'. Then we define f : [a,b] — [a, b]
outside of the set {\g,---, A\, } as f(z) = v + 7; where z € intl; for some 1 < j < n, and

Tj = As(j) — Aj is the amount the interval intl; is translated by f. Then f is an interval
exchange transformation on n intervals.

An oriented foliation of a surface S is given by a closed 1-form p such that for any transvser-
sal 7: I — S, I =10,1], there exist coordinates on S so that 7*p = dx. Then one can define
a first return map f : I — I so that 7(f(x)) is the point where the leaf through 7(z) again
crosses 7([). This can be found, for example, in [S], and implies the following theorem

Theorem 3.1. Let v be a direction on a translation surface S. Then the flow in the direction
v partitions S into domains which are invariant under the flow, each of which is either a
cylinder of periodic trajectories parallel to v or on which the flow is minimal. The number
of domains is bounded by a constant which depends on the genus of the surface but not on
the direction.

Since our classification theorems involve genus two surfaces in particular, we will make
use of the following corollary of Theorem 3.1

Corollary 3.1. Let v be a direction on a genus two translation surface S. Suppose I is a
transverse interval whose endpoints hit a singularity of S before returning to I. Let f; denote
the first return map to 1. If S € H(2), then f; exchanges at most four subintervals, and if
S € H(1,1), it exchanges at most five subintervals.
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Proof. First, suppose that S € #(2). Then S has one order two singularity of total angle
67 and hence at most three prongs emanating from the singularity in any given direction v.
If I is a transverse interval which does not include the singularity, and whose endpoints hit
the singularity before returning, then I has at most four subintervals associated to the first
return map f7. To see this, note that if the endpoints of I are distinct, there is at most one
point in the interior of I which hits the singularity and does not return to I in addition to
the at most two points of I which are mapped to the endpoints of I and the endpoints of I
themselves. These are the partition points associated to f;. If the endpoints of I coincide,
then there are at most two interior points of I which hit the singularity before returning,
and at most one interior point which is mapped to the endpoint. In either case, f; exchanges
at most four subintervals.

Now suppose S € H(1,1). Since each singularity has total angle 47, there can be at most
two prongs emanating from each singularity in any given direction. If the endpoints of I
do not coincide, there are at most two interior points of I which hit the singularity and do
not return to I and at most two points of I which are mapped to the endpoints of I by the
first return map f;. If the endpoints do coincide, there are at most three interior points of
which hit the singularity before returning to I and at most one interior point which is sent
to the enpoint of I. Again, f; exchanges at most five subintervals. U

We will also make use of the SAF invariant of an interval exchange transformation f.
With notation as above, we have the following definition (see [KS])

SAF(f)=> i A
j=1

The following results concerning the SAF invariant of an interval exchange transformation
are proven by Arnoux in [Al].

Theorem 3.2. (Arnouzx) If f is a periodic interval exchange transformation, then SAF(f) =
0.

Lemma 3.2. (Arnouz) Let f be an interval exchange transformation on the interval I and
suppose there exist two disjoint subintervals ¢1 and ¢y such that ¢1 U ¢ = I, f(d1) = ¢,
and f(¢s) = ¢o. Then SAF(f) = SAF(fs,) + SAF(fs,), where fs, denotes the first return
map to ¢;.

In [KS], Kenyon and Smillie prove the following theorem about the SAF invariant of an
interval exchange transformation arising from a foliation of a translation surface.

Theorem 3.3. Let S be a translation surface. Then J,, is the SAF invariant of the vertical
foliation of S, and Jy, is the SAF invariant of the horizontal foliation of S.

Furthermore, the following may be found in [A2].

Theorem 3.4. (Arnouz) Consider an oriented foliation of a translation surface S. If a
transverse interval I meets every leaf of the foliation, then the SAF invariant of fr, the first
return map to I, is independent of the interval I chosen.

Finally, we state a lemma about specific types of 2 and 3 iets and their SAF invariants,
and then use this to obtain the two main lemmas which are used to show that any genus
two surface which has Property X must be completely periodic.
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Lemma 3.3. If f is an interval exchange transformation on either two or three intervals
and if the SAF invariant of f is zero, then f is periodic.

Proof. See Appendix. O

Lemma 3.4. Let S have genus 2 and fix a direction v on S. Let I be an interval transverse
to the foliation in the direction v which meets every leaf of the foliation and suppose that
SAF(f;) =0 where f; is the first return map to I. Then if there exists a cylinder of closed
trajectories in this direction, v must be a completely periodic direction on S.

Proof. First suppose S € H(2). If we know that S has a cylinder of closed trajectories, we
choose an interval I meeting every leaf of the foliation and whose endpoints lie on saddle
connections on the boundary of the cylinder. We can choose a subinterval I” of I which
passes through each trajectory of the cylinder and is bounded by saddle connections. Let
I' = I\I" be the subinterval which does not meet the cylinder, but passes through every
other trajectory and whose endpoints also lie on the bounding saddle connections. By
Theorem 3.2, SAF(fin) = 0. Since SAF(f;) = 0, Lemma 3.2 implies SAF(fr) = 0 as
well. But Corollary 3.1 implies I’ has at most two subintervals associated to the first return
map fr. Since SAF(fr) = 0, Lemma 3.3 implies that f is periodic. So the restriction
of fr to each of the subintervals I"” and I' is periodic, hence f; is periodic as well. Thus S
decomposes as a union of cylinders in this direction.

Now suppose S € H(1,1). Choose I as before. Corollary 3.1 implies I is partitioned into
at most five subintervals by f;. Now let I” be the subinterval of I which consists of the points
of intersection of all the periodic trajectories which comprise the cylinder with the interval
I and whose endpoints hit the two singularities, i.e. lie on the bounding saddle connections.
Then since fr is periodic, Theorem 3.2 yields SAF(f;») = 0. Now let I' = I\I". Then I
does not intersect the cylinder at all and its endpoints, which are also the endpoints of I”, lie
on the saddle connections. Since there are no other points in I’ which are sent to its endpoints
by fr by the way we've chosen I’ and I”, and the endpoints of I’ hit the singularities, I’ is
partitioned into at most three subintervals. Now Lemma 3.2 implies SAF(f;) = 0. But fr
is an iet on at most three intervals. Thus Lemma 3.3 implies that fp is completely periodic.
Since fr is also completely periodic, we have that f; is completely periodic and hence S
decomposes as a union of cylinders in the direction v bounded by saddle connections. ]

4. PROPERTY X

Given the definitions of J,,(S) and J,,,(S) for arbitrary directions v and w on a translation
surface S, we define a certain property of translation surfaces which we will use as an
intermediate step in the proofs of our main results.

Definition 1. A direction v on a translation surface S is homological if there exists A €
Hi(S,Z) and r € R such that rv = p()\). Note that A is not assumed to be simple.

Definition 2. A translation surface S has Property X if for any homological direction v

on S, Jy(S) = 0.

In this section, we prove several lemmas regarding Property X and use these in turn to
show that in genus two, complete periodicity is equivalent to Property X. In order to prove
Proposition 4.1 and Lemma 4.2, we assume that the translation surfaces are quadratic so
that p(H:(S,Z)) C Q(vd) x Q(v/d). Notice that if this is the case, then if (}) is a vector

1
q
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representing some homological direction, ¢ € Q(\/ E) Furthermore, the parameters w;, h;, t;
of any cylinder decomposition of a surface in H(2) and the parameters w;, s;, 7; of any cylinder
decomposition of a surface in H(1,1) must lie in Q(v/d). At the end of the section, we will
show that in fact any genus two completely periodic translation surface (equivalently, any
genus two surface having Property X) can be rescaled so that it is quadratic.

In Section 5 we will show separately that any genus two, completely periodic surface
S having a one cylinder decomposition in some direction can always be rescaled so that
p(H1(S,Z)) € Q x Q. Thus for the rest of this section, our results will only involve two
cylinder decompositions of surfaces in H(2) as well as two or three cylinder decompositions
of surfaces in H(1,1).

Proposition 4.1. Let S be a genus two quadratic translation surface which cannot be rescaled
so that p(H,(S,Z)) C QxQ. Letv and w be any two completely periodic linearly independent
directions, so that Jy, = Jyw = 0. We may write J,,(S) = c1(1®1) +c2(1® \/3) + c3(\/3®
1)+ 04(\/8 ® \/&) where ¢; € Q. Then S has property X if and only if co = ¢3 and ¢ = dcy.

Proof. After applying an element of SL(2, Q(v/d)), we can assume that v = 2 is the horizontal
direction and w = y the vertical. We will work out the case where S € #(2) has a two
cylinder decompostion in the horizontal direction. However, note that Lemma 2.2 implies
that the formula for J(S) when S € #(1,1) is the same as that for S € H(2) with h; and ¢;
replaced by s; and 7;, respectively. Since the proof of this proposition depends only on the
formula for J(S), the same argument will hold for a two or three cylinder decomposition of
a surface S € H(1,1). Since we are assuming that S has a cylinder decomposition in the
horizontal direction, Lemma 2.2 implies

7=2((5)2 )+ (5) ()

wa = 2(11)1 N tl + wo A tg)

Thus, we see that

and

Jyy = 0.

Since S is quadratic, we may write w; = w; + w2Vd, t; = t} + 12V/d, and h; = h} + h2V/d
where w!, ¢!, h] € Q for i,j € {1,2}. We find that

Joz = 2((w} + wiVd) A (8] + £Vd) + (wy + wiVd) A (5 + 13Vd))

= 2(w’tt — wlt? + with — witd)(Vd A 1).
Thus, J,, = 0 if and only if

(6) wit? + wyts = wit] + wits,

Another calculation shows that
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Joy = 2((wih! + wihd)(1 ®1) + (wih? + wihi)(1 @ Vd)
(7) + (W + W) (Vd @ 1) + (wih? + wih2)(Vd @ Vd)).

Let (‘11), ¢ = q1 + @Vd € Q(+/d), be any homological direction on S, and suppose that S
has property X. Recall that by definition, J,,(S) = 0 for any homological direction v on S,
where J,,(S) = Jy, (¢5) and
1 0
‘- (—q 1) |

T(99) = ((—1;101) 4 (—qtf1+ h1> " (—1;21)2> " <—qt§2+ hZ)'

(8) Jou(S) = Jyy(95) = 2((—qw1) A (=gt + h1) + (—qw2) A (—gt2 + h2)).
A straightforward calculation yields the following

Now,

Thus,

(9) —qu; = —(qw] + dgw)) — (] + gw])Vd
(10) —qt; + hi = (—qity — dgot? + h}) + (=@ t? — ot} + D)V,
From (9) and (10), we find that

(=qwi) A (=gti + hi) = (=(@w] + dgxw?) = (] + gzw;)Vd)
A ((—ait} — dot? + b)) + (—aut] — gt} + h})Vd)
= (—qw! — dgw)) (—qt; — got} + b3)(1 A Vd)
+ (—qw] — gow})(—qit] — dgot? + b)) (VA A )
(11) = (Pwi? + qwlt: — quwih? + dgguw?t? + dg2tiw? — dgw?h?)(1 A Vd)
+ (Pw?t! + dgguw?t? — quu?h! + gawlt! + dg2wlt? — guwlh)(Vd A1)
= (g1 (w;it] — wity) + dgy (wit; — w;t7)
+ qi(w?h} — wih?) + g (wih} — dw?h?))(1 A Vd).
Combining (11) and (6), we find that

To(S) = Jyy (95) = (g7 (wit] + wst; — wit; — wity)
(12)
+ dgz (wity + wity — wit] — wst3)
+ @ (w?h} + wihl — wih? — wihd) + g (wih! + wihl — dw?h? — dw?h2))(1 A Vd)
= (q1(w?hi + wihy — wih? — wyhy) + g2 (wihl + wyhy — dwih? — dwih3))(1 A \/3)
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Using the assumption about the homological directions of S, (12) and (7), we see that S has
property X if and only if
c1 = (wih) +wyhy) = d(wih? + wih3) = dey

and

¢y = (wih? 4+ wyh3) = (wih + wihy) = cs.

The following lemma is a direct result of the previous one.

Lemma 4.2. Let S C H(2) be a quadratic translation surface which cannot be rescaled so that
p(H1(S,Z)) C Q x Q. Assume that S has a two cylinder decomposition in the horizontal
direction. Let wy,ws, hy, ho,t1,19 be the widths, heights and twists of these two cylinders.
Then J,, = 0 if and only if

(13) Wity + Waty = wity + wots.

Furthermore, the equations ¢, = dcy and co = c3 defining property X are equivalent to
(14) wihy = —wshs

(15) wihy + wohe = 2(cy + czx/g).

If S € H(1,1) has either a two or three cylinder decomposition in the horizontal direction,
then the same equations hold with h; replaced by s; = h; + hy and t; replaced by 7; = t; + t3
for i =1,2 and where the cylinders are numbered so that ws = wy + w;.

Proof. We will prove the lemma in the case where S € #(2) has a two cylinder decomposition.
The proof is the same if S € H(1,1) with h; replaced by s; and t; replaced by 7;.
In the proof of the previous lemma, we saw that J,, = 0 if and only if

(16) wit? + wots + wiws = wit] + wity + wiw;.
Using the fact that w; = w; +w?v/d and the similar definitions of h; and ¢;, and substituting

these into (13), upon simplification we obtain (16). Thus J,, = 0 if and only if (13) holds.
The proof of the previous lemma also showed that S had Property X if and only if

(17) c1 = (wihl +wihl) = d(wih? + wih3) = dey
and
(18) Cy = (w%hf + w%hg) = (wfh% + w%hé) = c3.

Making the same substitutions into (14) and (15) as we did above for w;, h;,t; and their
algebraic conjugates, and then simplifying yields (17) and (18). a

Equipped with Lemma 4.2, Proposition 4.1 and the material from Section 2, we can prove
several of our main theorems.

Theorem 4.1. If a genus two translation surface has property X, then it is completely
periodic.
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Proof. We must show that if a genus two surface S having Property X has a direction v in
which there is either a closed saddle connection or a cylinder of closed trajectories bounded
by saddle connections, then S decomposes as a union of cylinders in the direction v. In order
to prove this, we will use the relationship between interval exchange transformations and
foliations of surfaces described in Section 2.

Since S has Property X, J,,(S) = 0. Applying an element of SL(2,R), we may assume
v is the horizontal direction. Then Theorem 2.2 implies that J,,(S) = 0. Furthermore, if I
is a vertical interval transverse to the foliation which meets every leaf, Theorem 3.3 implies
that SAF(fr) = Jyy(S) = 0.

Since we are assuming there exists a cylinder of closed trajectories in the horizontal direc-
tion, and since SAF(f;) = 0 where [ is any transverse interval which meets every leaf of the
foliation, Lemma 3.4 implies the surface decomposes as a union of cylinders of closed trajec-
tories bounded by saddle connections. Thus S itself is completely periodic. This completes
the proof. Il

We end this section by showing that any genus two completely periodic translation surface
must have Property X, and furthermore, can be rescaled so that it is quadratic. In order to
obtain these results, we first prove several lemmas.

Lemma 4.3. If the vertical, horizontal and (1) directions on a genus two translation surface
S are completely periodic, then Jgu,(S) is symmetric, and we can write

(19) Jzy(S)=w1®h1+h1®w1+w2®h2+h2®w2

Proof. We will prove the theorem when S € #(2) has a two cylinder decomposition in the

horizontal direction. If S € #(1,1) has either a two or three horizontal cylinder decomposi-

tion, then the same proof holds with A; and t; replaced by s; and 7; for ¢ = 1, 2, respectively.
Since the horizontal direction on S is completely periodic, Lemma 2.2 implies

J(S) =2 ((%1) " (/i) " (u()f) " <Z>>

and Corollary 2.3 implies
Since the direction (1) on S is completely periodic, Theorem 2.2 implies that Jy,(gS) = 0

where
1 0
1= (4 9)
ie., g(}) = (;)- Note that

J(g5) =2 (<_wu1;1) 4 <hlti tl) i (—w£2> " <h2tj t2>>

Jyy(9S) = —(w1 A hy + w2 A hg) + (w1 Aty +we Aty) =0.

Since the vertical direction on S is completely periodic as well, Lemma 4.2 implies wi A t; +
wo N t2 = 0. Thus

and thus

wl/\h1+w2/\h2:0
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Equivalently,

(21) w1 @ hy — by @ wy + wy ® hy — hy @ wy =0

Now, using (21), (20) can be rewritten as

Juy(S) = (w1 @ hi + k1 @ w1 + wa ® ha + hy @ o) + (W1 @ hy — h1 @ w1 + Wwe @ hy — hy @ wy)
=wy @ hy + h1 @ wi + ws @ hy + hy @ wy.

This completes the proof.
O

Lemma 4.4. Let S be a genus two translation surface such that the horizontal and vertical
directions, along with the direction (}), are completely periodic. Let v = ( ) be any direction

1
q

such that Jy(S) = 0. Then

(22) (1®q—q®1)J(S) =0.

Proof. As in the proof of Lemma 4.3, we will assume S € #(2) has a two cylinder decom-
position in the horizontal direction. If S € #(1,1), the proof can be modified in the same
way as the proof of Lemma 4.3. Since the horizontal direction on S is completely periodic,

Lemma 2.2 implies
s =2(("y) 2 () ()~ ()

Now suppose that ((11) is a completely periodic direction on S. Theorem 2.2 implies
Jyy(gS) = 0 where
(1 0
ie., g(;) = (;)- Note that
w1y ty Wao 19
o912 ) (327 )
(95) <<_Q) (hl - qtl) —qus ha — qts
and thus

(23) Jyy(9S) = —(qui A hy + quwa A hg) + (qwi A gty + quz A gta) =0

1
1

(24) wl/\t1+w2/\t2:0
Equation (24) implies that there exist r; € Q such that

Since the direction ( ) is completely periodic, the proof of Lemma 4.3 shows that

(25) wy = 1wy + oty
(26) ty = rawy + 14ty
where r174 — 7379 = —1. But the rational relations (25) and (26) persist when w; and ¢; are

replaced by qw; and qt;, repsectively. Thus
quwi A qt1 + qwa N gty = 0.

Then (23) becomes
qwl/\h1+qw2/\h2 =0.



VEECH SURFACES AND COMPLETE PERIODICITY IN GENUS 2 15

By definition, this yields
(27) qui @ hy + qua @ hy = hy ® qu; + he ® qus.
Now Lemma 4.3 implies that
Joy(S) = w1 @ hy + by @ wy + wy @ hy + hy ® wo
and since Corollary 2.3 implies J,, = 2(w; ® hy + wa @ hy), we also have that
oy = 2(h1 @ w1 + he @ wy).
Thus, using (27), we have

(1®q—q®1)Jg(S) 1®q)(2(hy @ w1+ he @ ws)) — (g @ 1)(2(w1 ® hy + we ® hy))

= (
= 0.

g

Corollary 4.5. With hypotheses as in Lemma 4.4, the set of numbers F = {q: (1®q—q®
1)J4y(S) = 0} is a field which contains Q.

Proof. First, we will show that Q C F. Let ¢ € Q. Then 1® g=¢® landso (1®¢—q®
1)J4y(S) = 0. Hence Q C F. Now suppose that ¢1,¢, € F. We'll show that ¢; — g2, ¢1¢2 and
q; ' arein F. If q;,q0 € F, then (1® ¢; — ¢; ® 1)J,,(S) = 0 for i = 1,2 and thus

Q@@ —¢) (1 —@)®1)Jgy(s) =10 ¢ — 1 ®1)J5y(S) — (1 ® g2 — g2 ® 1) J5y(S)

0.
So g1 — qo € F. Also, note that
(1® q1¢2) Joy(S) = (1 ® q1)((1 ® g2) Iy (5))
= (1®q1)((g2® 1)y (5))
= (2@ )((1 ® q1)Jy(5))
= (2 ®1)((q1 ® 1)J5(5))
= (102 ® 1) J5y(S)

Thus (1® q1g2 — ¢1ga ® 1)J4y (S) = 0 and s0 q1go € F as well. Finally, to show that ¢; ' € F,
note that since (1 ® g1 — ¢1 ® 1)J4,(S) = 0 and Jp,(S) = 2(w1 @ by + wa @ hy), the proof of
Lemma 4.4 shows that

qwl/\hl—i-qwz/\hg:O

and so

(28) wy A gy hy + wa A gy thy = 0.

We'll show this implies (1 ® ¢; ' — ¢; ' ® 1)J4,(S) = 0. Now (28) can be rewritten as
(29) wi ® g7 hy + wa ® g7 he — g7 hy ® wy — ¢ thy @ wy = 0.

Using (29), we find that

1®¢" —ai ®1)Juy(S) = (1@ ¢7)(2(w1 @ hi + w2 ® ho)) — (q7" ® 1)(2(h1 @ w1 + hy @ w3))
= 2(w; ® g hy + wa ® ¢ he — q7 thy @ w1 — g5 tho ® wy)
=0.

This completes the proof. O
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Before we prove that any genus two completely periodic translation surface has Property
X, we first prove a useful lemma regarding surfaces in #(1,1) and certain maps which
describe deformations of these surfaces. Let S € #(1,1). By definition, S has two conical
singularities and we may triangulate S via saddle connections to obtain a representation
of S as a finite union of polygons in the plane R?, glued along parallel sides which are
saddle connections. Consider one of the singularities of the surface S, and its images in the
polygonal representation of the surface in R?, v, ..., v,. Let wy, ..., w,, be the images of the
second singularity. Given a vector v € R?, we can form a new translation surface S, in the
following manner. Add v to each of the vertices vg, -+ , v, while holding fixed the vertices
W, - . ., Wm. Let the edges of S, be the line segments of the form [v; + v, w;],[v; + v, v; + v],
and [w;, w,| if, respectively, [v;, w;],[vi,v,], and [w;, w,] were edges of S. Then we may again
glue opposite sides to form a translation surface S,. Notice that the map desribed, which
we will refer to as a perturbation of S, fixes the absolute homology of S while changing its
relative homology.

Lemma 4.6. Let S € #H(1,1) have a complete cylinder decomposition in the horizontal
direction. If S, is another translation surface obtained from S by the application of a map
which changes the relative homology of S but fizes the absolute homology, as described above,
then S, also has a complete cylinder decomposition in the horizontal direction.

Proof. We will assume that S has a three cylinder decomposition in the horizontal direction.
Then S consists of two cylinders each of which is bounded on either side by a closed saddle
connection connecting one singularity to itself, and a third cylinder, whose boundary consists
of the saddle connections which form the boundaries of the other two cylinders. Thus, the
third cylinder has two closed saddle connections connecting one singularity to itself on one
side, and another two closed saddle connections connecting the other singularity to itself on
the other side. Let w;,t;, h; for © = 1,2,3 denote the width, height, and twist parameters
for this cylinder decomposition and label the cylinders so that w3 = wy 4+ w;. Also define
s; = h; + hg and 7;, = t; + t3 for : = 1 or 2. We can visualize S as in Figure 3.

A map which fixes the absolute homology of S but changes the relative homology moves
one singularity relative to the other. Thus we can visualize the action of such a map by
adding a vector (vi,vs) to each of the black vertices in the diagram above. Let S, denote
the resultant translation surface. Clearly, since S has a horizontal cylinder decomposition,
adding a vector of the form v = (v1,0) to each of the black vertices results in a surface S,
which still has a horizontal three cylinder decomposition. In this case, h; and w; remain
fixed, while v; is added to t; and ¢y, but subtracted from t3. Although the ¢; change, the 7;
remain the same.

Now suppose that v = (v1,v9) is a vector such that vy is sufficiently small so that cylinder
three does not collapse from perturbing the surface by v. Then adding v to each of the black
vertices will again result in a surface S, which has a three cylinder decomposition. Here, the
w; again remain fixed and the same argument as above shows that the 7; stay constant as
well. Furthermore, v9 is added to h; and hs but subtracted from h3 so that the s; are held
fixed as well.

Now suppose that we add a vector v so that the third cylinder collapses, e.g. v = (v, —hs)
where hj is the height of the third cylinder. Here the grey and black vertices lie on the same
horizontal line. Then we obtain a surface S, with two rather than three cylinders.In this
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i

——&@
3
\J

Figure 3. A three cylinder decomposition of a surface S € H(1,1)

case, S, has two cylinders of widths w; and heights h; + h3 for : = 1,2 and as before the 7;
remain the same.

Finally, suppose that we add a vector of the form v = (v1,vs2) so that the third cylinder
collapses past itself. In other words, the black vertices now lie beneath the grey vertices as
in Figure 4. Also assume that v, is sufficiently small so that the third cylinder does not
collapse twice. For example, let vo = —h3 — ¢ where € > 0 is sufficiently small so that the
third cylinder does not collapse twice. Then S, again has a three cylinder decomposition
where the widths of the cylinders are w, wy and w; + wo and the heights are hy + hg — ¢,
h2+h3—eand €.

Figure 4. The collapse of a three cylinder decomposition of a surface S € H(1,1)
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O

Theorem 4.2. Any genus 2 completely periodic translation surface has Property X. In
particular, any Veech surface has Property X.

Proof. First suppose S € H(2) is completely periodic. We may assume that the horizontal,
vertical, and (}) directions are completely periodic, and that S has a two cylinder decom-
position in the horizontal direction. Let w; be the width of the widest cylinder. Then we
can rescale the surface by dividing each coordinate of each point by w; without changing the
fact that the three aformentioned directions are completely periodic. Thus we will assume
w; = 1. We claim that there exist integers k, n; and ny, n; # ns such that the vectors
(tl -+ tg + n;wa, hl —+ hg), (tl, hl), (tl + 1, hl) and (tl + tg + 1+ k’LUQ, hl + h2) all represent
the core curves of cylinders of closed trajectories. (Recall that we are assuming w; = 1.)
Assuming the claim is true, we will show how the claim implies that S has Property X and
then return to the proof of the claim.

Given the claim, the vectors ({1 + to + mywe, hy + he), (t1,h1), (t1 + 1,h1) and (¢ +
to + 1 + kws, hy + hy) all represent the core curves of cylinders on S. Since S is completely
periodic, Theorem 2.2 implies that J must vanish in each of the directions hy /1, hy /(1 + t1),
(h1 + h2)/(t1 + to + njws) and ho/(t; + t2 + 1 + kws). In the terminology of Corollary 4.5,
each of these directions must lie in the field F'. Thus, if t; # 0, there exist gy, g1 € F such
that

(30) hi = gota
Together, (30) and (31), imply that if ¢; # 0, then ¢, = ¢1/(go — ¢1), hence t; € F. It
follows that hy € F as well. (If ¢; = 0, note that (31) implies hy € F.)

Since the directions (hy + hs)/(t1 + to + nywsy) and hy/(t; + ta + 1 + kws) lie in F' as well,
there exist fy, f1, fo € F such that

(32) hy + he = fo(t1 + ta + nywy)
(33) hi + he = fi(t1 + t2 + nows)
(34) hy + he = fo(ts + 12 + 1 + kws)

Since hy,t; € F, (32),(33) and (34) imply that he, t5, wy € F as well. Since the classes of
curves correpsonding to the vectors (¢;, h;) and (w;, 0) form a basis for H, (S, Z) and since each
horizontal cylinder parameter w;, h;, t; lies in F', it follows that every homological direction
must also lie in F" and so J,, = 0 for every homological direction v. Thus S has Property X.

Now we return to the proof of the claim. Referring to shaded region in Figure 5, note that
it is clear that the vector (¢1, h1) represents a cylinder of closed trajectories. Furthermore,
by Dehn twisting each of the curves comprising this cylinder about the core curve for the
horizontal cylinder C;, we obtain another cylinder of closed trajectories for the vector (¢; +
1, hl)

Although the vectors (t; +to, b1 + ho) and (¢; +to + w1, hy + hy) do represent unions of two
closed saddle connections, there may not exist a cylinder of closed trajectories corresponding
to either of these vectors. Instead, we will show that by adding njw, and nows, certain
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Figure 5. Cylinders for the vectors (t1, k1) and (t; + 1, hy)

Cs

Figure 6. Saddle connections for the vectors (1 + to + n;wa, hy + h2)

integer multiples of the width ws, we may assume that the vectors (¢; + t2 + niws, hy + ho)
and (t1 + t2 + naws, hy + hs) do represent cylinders of closed trajectories. In fact, we will find
closed saddle connections representing each of these two vectors, and, referring to Figure 6,
it is clear that there is a cylinder of closed trajectories for each of these vectors as well
since a nonsingular closed geodesic determines an entire cylinder of closed, parallel, freely
homotopic trajectories. In order to find a closed saddle connection whose holonomy is given
by a vector of the form (¢, +to+niws, hi+hs), we start by forming the vector (¢; +ts, hy +ho)
in the plane which begins at the origin and connects the singularity to itself at the point
z1 = (t1 + ta2, hy + he). We will show that there exists an integer n; such that the vector
(t1 + to + nqwo, hy + hy) with initial point at the origin and terminus at the point z; + njws
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passes from C; to Cy between the singularities at (1, hq) and (¢1 + wa, hq). In other words,
we seek an integer n; > 0 such that the line y = ((hy + ha)/(t1 + t2 + niws))z intersects
the line y = hy; between x = t; and ©* = t; + wy. These two lines intersect at the point
x = ((h1)/(ha + h1))(t1 + t2 + nyws). Thus we wish to find n; > 0 such that

ha
hi + ho

(35) 1 < (tl + 19 + nlwg) < t1 + wo.

But (35) is equivalent to

h,l + hg t1 i1+ 1o hl + h,g 11 t1 + 1o hl + h,g
— | — <n < - + .
h1 Wa h1 W2 hl

Wa
Since (hy + h2)/h1 > 1, we can always find an n; satisfying (36).

In order to find a second integer ny, distinct from nq, such that (¢ + to + nows, hy + hs)
represents a cylinder, we use essentially the same argument above, except this time we find
a closed saddle connection starting at the singularity zo = (ws,0) and ending at the point
21 + nowy = (1 + to + nows, hy + hy). As before, we seek an integer ny such that the line
y = ((hy + ha)/(t1 + t2 + nowe — wy))(x — wo) intersects the line y = h; between z = ¢; and
x =t + wy. This means we seek an integer ny satisfying

W2

(36)

h
(37) 1 < 71(151 + 19 + (’I”LQ — 1)’(1]2) —+ wy < t1 + wo.
hy + ho

But (37) is equivalent to

h2+h1 t_l _t1+t2+w2
h,1 w9

Since (hy + h1)/(h1) > 1, we can always find an n, satisfying (38).

h
. 2+h1< <h2+h1<t1>_t1+tz+w2
Wa 1 hy

wo W9

(tl + tg + 1 + nzway, hl —+ hg)

\J

Figure 7. A cylinder for the vector (t; + ta + 1 + kws, hy + hs)

Finally, we wish to find and integer & such that the vector (t; + to + 1 + kwa, hy + he)
represents a cylinder of closed trajectories. We use the same method here that we did to find
ny and ny. Referring to Figure 7, we wish to find an integer £ such that the line given by
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the equation y = (hy + h2)/(t1 + t2 + 1 + kws) intersects the line y = h; between the points
x =11 +1—wy and x = ¢; + 1. This amounts to finding an integer k satisfying

ha

hi+ hy

(39) th+1—w < (t1 +ta+ 1+ kwy) <t + 1.

Note that (39) is equivalent to

hi+hy ([t +1 14+t +t¢ hi+h hi+hy (t1+1 14+t +t¢
(40) 1+2(1+>_+1+2_1+2<k< 1+2<1+>_+1+2.

h1 w9 h1 hl

Again, since (hy + hs)/(h1) > 1, we can find an integer k satisfying (40). This completes the
proof of the claim.

Now suppose S € H(1,1) has a three horizontal cylinder decomposition and that the
vertical and (1) directions are completely periodic as well. (The case when S € H(1,1) has
a horizontal two cylinder decomposition is analogous and so we omit it.) The proof in this
case mirrors the proof for the case when S € #(2). Numbering the horizontal cylinders so
that ws = we 4+ wy, assume that w, is the width of the widest of the two cylinders C; and
Cs. As before, rescale the surface so that wy = 1. We will show that there exist integers
ni # na, my 7 me and k so that the vectors (71 + n;, s1), (T2 +miwe, $2) and (71 + we + &, s1)
all represent cylinders of closed trajectories. Then each of the directions corresponding to
these vectors must lie in F' and the argument used above to show that the parameters w;,
t;, and h; lie in F" holds in this case as well, except that ¢; and h; are replaced with 7; and s;.
As before, since the classes of curves corresponding to the vectors (7, s;) and (w;,0), i =1
or 2, generate H;(S,Z), this implies that p(H;(S,Z)) C F x F and so S has Property X.

(%) W2 W2

| T
Figure 8. Closed saddle connections for a horizontal cylinder decomposition of S € H(1,1)

In order to show the existence of integers m;, n;, and k such that each of the vectors
(11414, 51), (To+mjwe, s9) and (71 +wa+k, s1) corresponds to a cylinder of closed trajectories,
we use exactly the same argument as we used for the case S € H(2) to find n; and k such
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that the vectors (t; + to + njwe, h1 + he) and (£1 4+ t2 + 1+ kws, hy + hs) represented cylinders
of closed trajectories. Referring to Figure 8, the saddle connections [y, Iy, I3, I and [5 (each
of which bounds a cylinder of closed trajectories) correspond to the vectors (1o + m;ws, o),
(11 + n4,81) and (71 + k + wa, 81)-

O

Theorem 4.3. Any genus two completely periodic translation surface is quadratic.

Proof. Note that we may assume the horizontal, vertical, and (i) directions on S are periodic.
Since S is completely periodic, the directions in which there is a closed saddle or a cylinder of
closed trajectories is dense. This was proven by Masur in [Ma]. In particular, there must be
a triple of transverse periodic directions, u, v, w. Then there exists a g € SL(2,R) such that
the horizontal, vertical and (i) directions are periodic on the (completely periodic) surface
gS. We will prove the theorem in the case where S € #(2) has a horizontal two cylinder
decomposition with parameters w;, h; and ¢;. The proof in the case where S € #(1,1) has
either a two or three cylinder horizontal decomposition is the same, with h; and ¢; replaced by
s; and 7;, respectively. Furthermore, we can rescale the surface by dividing each coordinate
of each point by the quantity wy, which will not change the fact that the horizontal, vertical,
and (1) directions are completely periodic. Thus we will assume w; = 1 and let wy = w.

1
The proof of Lemma 4.3 implies that

(41) IAh +wAhy=0.
and if (;) is any direction along which J vanishes, then the proof of Lemma 4.4 yields
(42) th1+QWAh2:0.

Our strategy will be to use (41) and (42) to obtain information about the linear relations
among the numbers 1,w, hy and hs. Now the proof of Theorem 4.2 implies that w, hy, ho
must lie in the field F' of directions along which J vanishes. Combining this fact, along with
the rational relations resulting from (41), and (42), we will show that w must be quadratic
(if it isn’t rational), and hence so must h; and hy.

First suppose that w € Q. Then (41) implies that 1 A (hy + why) = 0 and so there exists
r € Q such that h; + whe = 7. Using (42), we see that ¢ € Q, so F = Q. But then all
parameters w, t; and h; are rational as well.

Now suppose that w is not in Q. Then (41) implies that there exist rational numbers
c1, C2, c3, ¢4 where not both of c3 and ¢4 are equal to zero such that

c1 + cow + cshy 4+ c4hy = 0.

Suppose ¢4 # 0. Then
—c —c —c
hy = . + 2’LU + 3h1-
Cq Cy C4

Substituting this expression for hy into (41) we obtain

IAB +wA 2L rwA"Bh =0
Cq Cy

If Ay is not in Q[1,w], then we obtain a contradiction. So h; € Q[1,w], which implies
he € Q[1,w] as well. Let hy = a1 + aw and hy = by + byw. Substituting these expressions
into (41), we find that

(43) 1A (a1 +aw)+wA (b +bow) =1Aaw+wAb =0
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which implies ao = b;. Since w € F', we can take ¢ = w and substitute the appropriate
expressions for h; and hy into (42) to obtain

qA R+ quwAhy =w A (a1 + aaw) + w? A (ag + byw)
=aqwAl+auw?A1+bw?Aw=0.

Note that w? cannot be rationally independent from 1 and w, otherwise a; = ay = by = 0,
forcing hy = hy = 0. So we must have that there exist rational numbers 71, 79,73 such that
riw? + row + 13 = 0 where 7,73 cannot be zero if w is not itself rational. Hence w must
be quadratic, and it follows that h;, ho must be quadratic as well. Finally, since the vertical
direction on S is completely periodic, the proof of Lemma 4.4 implies that

(44) 1At +wAty=0.

Then an argument similar to the above shows ¢; € Q[1,w] and so the twists are quadratic

as well. Since the vectors (,tl’l) and (%) generate Hi(S,Z), we have that p(Hy(S,Z)) C

Q(vd) x Q(v/d), and so S must be quadratic.
O

5. THE CLASSIFICATION OF VEECH SURFACES IN #(2)

Here we prove several theorems involving surfaces which lie in the stratum H(2), in par-
ticular a classification of Veech surfaces. In order to obtain this classification, we need the
following lemma, which we will also use to classify completely periodic surfaces in the stratum
H(1,1) in the following section.

Let O denote the positive algebraic integers in Q(v/d).

Lemma 5.1. For fized integers c¢1 and co, such that c; is divisible by d, the equations

(45) wlf_zl = —UJQ}_LQ
(46) u71t1 + ’U_Jztg = wlfl + wQ.EQ
(47) w1h1 + w2h2 = 2(61 + 62\/&)

where 0 < t; < w; have finitely many solutions in OF, the positive algebraic integers in
Q(V/d), up to the action by the group of units. Let us denote this finite number by H(cy, c3).

Proof. See Appendix. O

We will also make use of the following two lemmas in the proof of the classification of
Veech surfaces in #(2).

Lemma 5.2. Let D(t) = diag(t,t,t ', ¢ 1, t,t). Let A be a finite set in R®, and let My(A)
denote the set of completely periodic sufaces in H(2) such that the cylinder decomposi-
tion along any periodic direction v satisfies (wy, wa, hy, he, t1,12) € D(R)A. Then, provided
M (A) is non-empty, M1(A) is a closed invariant subset of H(2).

Proof. First, we will show that the set M;(A) is invariant under the action of SL(2,R). Let
S € M;(A) and g € SL(2,R). Since S € M;(A), by definition, S is completely periodic
and the width, height, and twist parameters for S in any completely periodic direction v
satisfy (wi,ws, hy, he,t1,12) € D(R)A. Note that ¢S is also completely periodic since the
application of any element of SL(2,R) cannot destroy a cylinder. Thus, the completely
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periodic directions of ¢S are precisely the directions gv where v is a completely periodic
direction of S. Now, since any element of SL(2, R) is area preserving, if a matrix g multiplies
the width w; of a cylinder by a number ¢, then it must multiply the height h; of the cylinder
by the number ¢ !. If the twists were measured in the completely periodic direction w on
S, then if we measure the twists on ¢S in the direction gw, each twist parameter ¢; will also
be multiplied by the factor ¢. Thus M;(A) is invariant under the action of SL(2,R).

Now we must show that M;(A) is a closed subset of H(2). Suppose that we have a
sequence of surfaces {S;} C M;(A) which converges to a surface S. We must show that
S € M;(A). First, we’ll prove that S is completely periodic, that is, if v is any direction
in which S has a cylinder of closed trajectories, hence a closed saddle connection ~y, then S
decomposes as a union of cylinders in the direction v. Furthermore, we need to show that
if wi, h, i for i = 1,2 are the width, height and twist paramters for S in the direction v,
then they form a vector lying in D(R)A. For large enough i, on each surface S;, there is a
closed saddle connection +; in the same homotopy class as 7 (conisdered on the underlying
toplogical surface) such that g, (7)) — ls(y) = wi. In fact, any triangulation of S which
includes y can also be used on a surface S; for large enough 7. Define w) = lg.(7;). Since
each S; is completely periodic, it decomposes into a union of two cylinders in a direction v;
close to v. Thus, if w} is the width of one of these cylinders, then w? is the width of the
second, and A}, tzl, hZ, and t? are the corresponding height and twist parameters. Now recall
that A is a finite set. Thus, upon passing to a subsequence we may assume that w; I = = mw?,
bl =m;th, and t] = mt? for j = 1,2, where (w',w?, h', h? !, 1?) is a single vector in A .
Smcew = mw' —)ws,mz%mandm#o Sow —)muﬂ hJ — m A7, andtj — mt!. In
partlcular since m # 0, mh? # 0 for j = 1, 2. Usmg this convergence, the fact that mh/ # 0,
and the fact that a cylinder decomposition on each S; is stable under small perturbations,
we see that S has a cylinder decomposition in the direction v with width, height and twist
parameters mw?, m~'h? and m#’ for j = 1,2. Thus, M;(A) is closed.

O

Lemma 5.3. If S € H(2) has Property X, then its SL(2,R) orbit is closed.

Proof. This will follow mainly from Lemma 5.2. First, we show that the SL(2,R) orbit of
S is contained in M;(A) for some finite set A of R°. Since S has Property X, Theorem 4.1
implies that S is completely periodic. Since an element of SL(2,R) preserves a cylinder
decomposition, ¢S is also completely periodic for any g € SL(2,R). Again, since S has
Property X, Lemma 4.2 implies that if v is any completely periodic direction on S such that
the twists are measured along another completely periodic direction w, and w;, h;, t; are the
width, height and twist parameters in the direction v, then (45), (46) and (47) are satisfied.
Now Lemma 5.1 implies these equations have only finitely many solutions in @4, up to the
action by the group of units. Let A of Lemma 5.2 be this set of finitely many solutions. It
follows that the vector (wy, wa, h1, ha, t1,ts) formed by the width, height, and twist parame-
ters of any cylinder decomposition of any surface in the SL(2, R) orbit of S must lie in the
set D(R)A. Thus the SL(2,R) orbit of S lies in the set M;(A). But Lemma 5.2 implies
that M;(A) is a closed set. In fact, the proof of Lemma 5.2 shows that each SL(2,R)
orbit of a surface in M;(A) is closed since two surfaces which have cylinder decomposi-
tions in some direction whose parameters are given by the vectors (ws, wy, t1,t9, b1, hy) and
(mawy, mwsy, mty, mto, m~'hy, m~'hy) are related by an element of SL(2,R). This completes
the proof. O
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Given these two lemmas, we have the following theorem.
Theorem 5.1. If a surface in H(2) has property X, then it is Veech.

Proof. In order to show that S is Veech, it suffices to show that the SL(2,R) orbit of S is
closed. See [V2] for proof. This is an immediate consequence of Lemma 5.3. O

Finally, we state our classification theorem.

Theorem 5.2. Let S be a Veech surface in H(2) which cannot be rescaled so that p(H,(S,Z)) C
Q x Q. Letwv be a completely periodic direction for S. Suppose the cylinder decompositon
in the direction v has two cylinders. Let wq,ws, hy, ho,t1,ts be the widths, heights and twists
of these two cylinders. The twists are measured along some direction w which we assume is
also completely periodic. After rescaling the surface, we may assume that these variables are
algebraic integers in Q(\/ d) where d is some square-free, positive integer. Then the following
equations are satisfied:

(48) ’U)li_ll = —UJQ}_ZQ
(49) w1ty + woty = ’U)lt_l + ’wgt_g, 0<t <wy,0 <ty < wo

(where the bar denotes conjugation in Q(v/d).)

Conversely, let S be a quadratic surface in H(2). Suppose there exists a direction v in
which there is a cylinder decomposition for which the heights, widths and twists (along some
completely periodic direction w) belong to Q(v/d) and satisfy (48) and (49). Then S is Veech.

Proof. First suppose that S is Veech. It follows from a result of Kenyon and Smillie which
can be found in [KS] that S is quadratic. Without loss of generality, we may assume that v
is the horizontal direction and w is the vertical direction since application by an element of
SL(2,R) conjugates a surface’s Veech group by that element, hence preserves the fact that
a surface is Veech. Then Theorem 4.2 implies that S has Property X. Since S has Property
X, Lemma 4.2 implies that (48) and (49) hold.

Now assume that the surface S has a horizontal cylinder decomposition for which the
widths, heights, and twists (measured along the vertical direction, which is also periodic)
belong to Q(v/d) and satisfy (48) and (49). Then Lemma 4.2 implies that S has Property
X. But then Theorem 5.1 implies that S is Veech. U

Let Q be a set containing one element for each Veech surface in 7 (2), where we identify
any two surfaces in the same GL(2,R) orbit. Let P denote the set of positive solutions in
algebraic integers in Q(v/d) to (48) and (49). Then in view of Theorem (5.2) there exists a
map f; : P — Q. Now if S is a Veech surface, then there is a surface S’ in the GL(2,R)
orbit of S such that p(H;(S")) is a primitive sublattice of O; X Oy with no common factor.
The area of S’ is independent of the choice of S’. Let fy : @ — OF denote the map which
sends (the equivalence class of) S to the area of S’.

Corollary 5.4. (Classification of Veech surfaces in H(2)). The maps f1 : P — Q and
f2:Q = OF are finite-to-one.

6. THE CLASSIFICATION OF COMPLETELY PERIODIC SURFACES IN GENUS 2

We will begin by proving several lemmas regarding completely periodic surfaces in the
stratum #(1,1). Then, combining these with the results from the previous section on surfaces
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in H(2), we will obtain a classification of all completely periodic translation surfaces in genus
two.

First, we will show that if a surface S € #(1,1) has a cylinder decomposition in some
direction v, then applying a map which changes the relative homology of the surface, i.e.
moves one singularity with respect to the other, but fixes the absolute homology, results in
a surface which still has a cylinder decomposition in the direction v.

Lemma 6.1. Let S € H(1,1) be completely periodic, and let S, denote a translation surface
obtained from S by changing the relative homology of S while fixing its absolute homology.
Then S, is completely periodic as well.

Proof. Since S is completely periodic, Theorem 4.2 implies S has Property X, and by defini-
tion, J vanishes in any homological direction. Since S, is obtained from S by a map which
fixes the absolute homology of the surface, the homological directions of S, are precisely
those of S and so S, has Property X as well. But Theorem 4.1 implies that S is completely
periodic. Il

Suppose v is a completely periodic direction for S € H(1,1). Without loss of generality,
we may assume that in the direction v, S decomposes into three cylinders, and for 1 < i < 3,
let w;, h; and t; denote the widths, heights and twists. After renumbering, we may assume
that w3 = W1 + Ws. Denote S1 = h1 + h3, S9 = hg + h3, Tn = t1 +t3, To = tz + t3. For
a4 eVde O, consider the following equations:

(50) Wi181 = —W989
(51) W1T, + WeTo = W1 T, + WaTo, 0<t < why, 0<t, <wy
(52) W181 + WaSy = 2(01 + CZ\/a)

Theorem 6.1. Let M(cy,ca) denote the set of surfaces in H(1,1) which are completely
periodic and for each completely periodic direction v, can be rescaled so that the widths,
heights and twists of the cylinder decomposition in that direction satisfy (50), (51) and (52).
Then M(c1,co) is a closed subset of dimension 5 which is invariant under the SL(2,R)
action. It is non-empty provided (50), (51), and (52) have a solution in O}, and any Veech
surface in H(1,1) is contained in such a subset.

The proof of Theorem 6.1 relies on the the following lemma.

Lemma 6.2. Let D(t) = diag(t,t,t™",t7",t,t) and A be a finite set in RE. Let My(A)
denote the set of completely periodic sufaces in H(1,1) such that the cylinder decomposition
along any periodic direction v satisfies (w1, wa, S1, S2, 71, T2) € D(R)A, where s; = h;+hs and
T; = t; + t3 for i =1,2. Then, provided Ms(A) is non-empty, May(A) is a closed invariant
subset of H(1,1).

Proof. The same argument as was used in Lemma 5.2 shows that My(A) is invariant under
the action of SL(2,R) but with h; and ¢; replaced by s; and 7;.

Now we must show that Ms(A) is a closed subset of H(1,1). The proof is similar to that
of Lemma 5.2, but with one key difference. Suppose that we have a sequence of surfaces
{S;} € My(A) which converges to a surface S. As before, we wish to show that S € My(A).
In the proof of Lemma 3, we argued that the if each of the converging surfaces S; € M;(A)
had a two cylinder decomposition along any periodic direction v;, then the limit surface S
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would also have a two cylinder decomposition in a completely periodic direction. However,
in this case, since the converging surfaces S; € H(1,1), it is possible for h? — 0 for some
j =1,2o0r 3. We will instead argue that it is not possible for sg — 0 for j = 1 or 2. Thus it is
possible that even if each S; is has a three cylinder decomposition in the completely periodic
direction v;, the limit surface S could have a two cylinder decomposition in a completely
periodic direction v.

In order to show S is completely periodic, we will show that if S has a closed saddle
connection 7 in some direction v, then S has a complete cylinder decomposition in that
direction. For large enough ¢, there is a closed saddle connection ~; on each surface S; in
some direction v; which is in the same homotopy class as v on the underlying topological
surface. Furthermore, Is,(7v;) — ls(y) = w§ and v; — v. Define w; = I5,(7;). Since each S;
is completely periodic and lies in Ms(A), it has either a two or three cylinder decomposition
in the direction v;. Let w? denote the width of a second cylinder. Note that we will number
cylinders so that the width of a third cylinder, if one exists, is the sum of the widths of
the other two. Also, let s} and 77 for j = 1,2 be the corresponding parameters associated
to the cylinder decomposition of S; in the direction v;. Since A is a finite set, we may
pass to a subsequence where w! = muw’,s] = m; s, 7/ = m77 and (w!,w?, st, s%, T, 7%)
is a vector in A. Since wj = m;w' — w§, we know that m; — m and m # 0. Thus,
w? — mw?, 57 — m~'s7, and 77 — m77. In particular, since m # 0, m~'s? # 0. Now
recall that the proof of Lemma 4.6 implies that if we apply a map on the relative homology
to a surface in My(A) which fixes its absolute homology, then the resultant surface is also
completely periodic and the parameters w;,s;, ; for ¢ = 1,2 remain stable through the
perturbation. Thus the resulting surface remains in My(A). Using the convergence, the
fact that m~—'s? # 0, and the fact that a cylinder decomposition on each S; is stable under
perturbations, we see that S has a cylinder decomposition in the direction v with parameters
mw?, m~ts?, m77 for j = 1,2. Thus My(A) is closed. O

We return to the proof of Theorem 6.1.

Proof. The theorem follows mainly from Lemma 6.2, so we need to show that we can apply
the lemma. If S € M(cy, ¢o), then the parameters w;, s; and 7; for any cylinder decomposition
of S must satisfy (50), (51), and (52). Let A be the set of all vectors 7 € (O4")% that
satisfy (50), (51),and (52). Now Lemma 5.1 implies there are only finitely many solutions
to these equations in OF, up to the action by units. So A is a finite set. Thus we may
apply Lemma 6.2, with My(A) = M(c1,c2). So M(cq,¢) is a closed invariant subset. If
S € H(1,1) is Veech, it is completely periodic. Theorem 4.2 implies that S has Property X,
and so Lemma 4.2 shows that (50), (51), and (52) are satisfied for any cylinder decomposition
on S. So any Veech surface in #(1,1) is contained in some M(cy, ¢2). O

We also obtain a classification of the completely periodic surfaces in genus two. In fact

Theorem 6.2. In H(2) every completely periodic surface is Veech. In H(1,1), a surface
15 completely periodic if it can be rescaled so that it has a cylinder decomposition in some
direction v, such that the heights widths and twists satisfy (50) (51) and (52). Conversely,
if S € H(1,1) is completely periodic then after rescaling, either p(H1(S)) C Q x Q or
p(H,(S)) € Q(Vd) x QW d) for some square-free d > 0. If S cannot be rescaled so that
p(H1(S)) € Q x Q and if v is any completely periodic direction, then (50) (51) and (52)
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hold, where the w;, h;,t; denote the widths, heights and twists of the cylinder decomposition
along v (and the twists are measured along another completely periodic direction v').

Proof. 1f a surface S € H(2) is completely periodic, Theorem 4.3 implies that S is quadratic.
Then we may apply Theorem 4.2 to conclude that S has Property X. Since S € #(2) has
Property X, Theorem 5.1 implies that S is Veech.

Now suppose S € H(1,1) has a cylinder decomposition in some direction v such that the
heights, widths, and twists satisfy (50) (51) and (52). Lemma 4.2 implies that S has Property
X, and Theorem 4.1 proves that S must be completely periodic. Now, if S € H(1,1) is
completely periodic, Theorem 4.3 implies that S must be quadratic and Theorem 4.2 shows
that S has Property X. If S cannot be rescaled so that p(H;(S,Z)) C Q x Q and if v
is any completely periodic direction, then Lemma 4.2 proves that(50), (51) and (52) are
satisified. O

7. APPENDIX

Here we provide the proofs of several lemmas and theorems which appear throughout the
paper.

Lemma 2.2. Let S € H(2) and assume that S has a one cylinder decomposition in the
horizontal direction. Then the Kenyon and Smillie J-invariant for S is

(53) J(8) =2 ((18}) A @ + (lo> " (lo) " (lo) " (i‘j))

where 11 and ly are the lengths of certain horizontal saddle connections as in Figure 9. If
S € H(1,1) has a one horizontal cylinder decomposition, then

B O HCHONONEHE
-(2()= (52 ()- ()

where 1,1y, l3 are the lengths of certain horizontal saddle connections as in Figure 10. Now
suppose that S € H(2) has a two cylinder decomposition in the horizontal direction. Then
the J-invariant for S is

o ()0 ()0 ()

If S € H(1,1) has a two or three cylinder decomposition in the horizontal direction, then the
J-invariant is giwen by

i o=2((3) () (7)(2))

where the cylinders are numbered so that ws = wy + wy, and we define 7, = t; + t3, and
s; = h; + hg fori=1,2.

Proof. First, assume that S € #(2) has a one cylinder decomposition in the horizontal
direction. Let w,t and h be the width, height, and twist of this cylinder. Then we can
visualize S as in Figure 9.Since S consists of a single cylinder of closed horizontal trajectories,
the sides of the parallelogram must be identified. Note that since S € H(2), it has one
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singularity of total angle 6. Since the top and bottom of the parallelogram must consist of
closed, horizontal saddle connections and since the total angle of the singularity is 67, there
must be three saddle connections, each appearing once on both the top and bottom of the
parallelogram.

(t+ll,h) t+w—12,h 'LU+th
| | ||
/ | T
||
ll, l1+125

Figure 9. A one cylinder decomposition of a surface S € #H(2)

Recall that the J-invariant is given by J(S) = ", v; A v;41 where the v; are the vertices
or marked points of the planar representation of S, listed in counterclockwise order. So,

19=(0)(6) # (6) (5" + (0% (5) = (0)~ (")
(AT ) A () A G () A )
= (o) 2 (0) = ()2 (6) = (6) 2 (6)+(5) 2 (5) + (5) ~ (3)
A le) o ) A () () () = () () = () )

wo=+(()0 )+ ()+(5)+ ()0 ()

If S € H(1,1) has a one horizontal cylinder decomposition, then we can calculate its J
invariant in a similar way. Referring to Figure 10 we have
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A
(t,h) (t+ll,h) (w+t—lz—l3,h) (U)+t—12,h) (U)+t,h)
| [ | |
T ® 11 T
| e | | | | [ e | |
| T & 1] T
(ll, 0) (l1 + l2, 0) (l1 + l2 =+ l3, 0) (’UJ, 0)

Figure 10. A one horizontal cylinder decomposition of a surface S € H(1,1)

J(S) = (lé)/\<l1-(|)—l2)+(l1-(|)—l2>/\(l1+lg+l3>+<l1+lg+l3)/\(1é))+<1(1)})/\<w}—l{—t>
w+1t w+t—12 w+t—l2 w+t—12—l3 ’w+t—l2—13 t+l1
+<h>A< h )*( h >A< h )*( h )A(h)
t+ 1 t
+(h)A(h>'

T G (0 (9 () () (1) + ()
LA () ()1 () ()
A () ()0 ()

Further computation shows that
& 16=2(5) ()« (6) ()= () (o)
(o) ()= (6)~ () + ()~ ()

Now suppose that S € H(2) has a two cylinder decomposition in the horizontal direction
where w;, h;, t;, © = 1,2, denote the widths, heights and twists of the two cylinders. As
before, we can picture S as the union of two parallelograms or cylinders of closed horizontal
trajectories with parallel sides identified as in the figure below.

(o)

()
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-
foo /]

Figure 11. A horizontal two cylinder decomposition of a surface S € H(2)

In order to calculate the J-invariant of S, it suffices to calculate the J-invariant of each of
the two cylinders C'y and C5 separately, and then add them together. Since J is translation
invariant, we can picture each of the cylinders as having its bottom left endpoint at the
origin. Since C is a parallelogram whose only marked points occur at each of its four
corners, Lemma 2.1 implies that

And by definition,

r@= ()2 () = (5~ (5)+ ()~ (")
A = () G+ G )
(5~ (5) (52 ()= (5) A ()
() ()= G (5) = () (1)
=2((7)~ (1))

Upon adding J(C;) and J(C5), we find that

J(8) = J(C) + J(C5) =2 (( ) 4 (;?1) i (132) " (222))

Now suppose that S € H(1,1) has a three cylinder decomposition in the horizontal direc-
tion. Then S consists of two cylinders each of which is bounded on either side by a closed
saddle connection connecting one singularity to itself, and a third cylinder, whose boundary
consists of the saddle connections which form the boundaries of the other two cylinders.
Thus, the third cylinder has two closed saddle connections connecting one singularity to it-
self on one side, and another two closed saddle connections connecting the other singularity
to itself on the other side. If w; and ws are the widths of the first two cylinders, C; and Cj,
then the width of the third, wider, cylinder, Cj, is w3 = w; + wy. So we can represent S as
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the union of three parallelograms in the plane with opposite sides identified as in the figure
below.

CS)'
|

Figure 12. A horizontal three cylinder decomposition of a surface S € H(1,1)

As before, we can picture each cylinder C; as having its bottom left corner at the origin
and we can calculate J(S) using the formula J(S) = J(Cy) + J(Cs) + J(Cs). Since C; and
C5 are cylinders whose only marked points occur at each of their corners, Lemma 2.1 implies

that
po(()(2)

for i = 1,2. It remains to calculate J(C3). Using the figure below and the definition of the
J-invariant, the same calculation that was used to find the J-invariant of a cylinder with
more than one saddle connection on each boundary for a surface S € H(2) shows that

J(Cy) =2 ((U())s) " (Z))

Summing over the J-invariants of the individual cylinders yields

J(S) = J(Cy) + J(Cy) + J(Cs)

=2((5) (o) ()2 G2) = (9) ()

If we let 7; = t; + t3 and s; = h; + h3 for i = 1,2, and recall that w3 = wy 4+ wy, this yields

(6).
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Finally, consider the case where S € #(1,1) and S has a two cylinder decomposition in
the horizontal direction. In fact, we can calculate J(S) in this case exactly as we did for a
surface S € H(1,1) having a three cylinder decomposition in the horizontal direction, except
that here hs = 0. Therefore we again find that

io=2((3)0 () ()~ (2)

Theorem 7.1. If S is a genus 2 completely periodic translation surface with a one cylinder
decomposition in some direction, then S can be rescaled so that p(H,(S,Z) C Q x Q.

g

Proof. First suppose that S € #(2) is completely periodic. We will assume without loss of
generality that that the vertical, horizontal, and G) directions on S are completely periodic,
and that there is a one cylinder decomposition in the horizontal direction. Then Lemma 2.2
implies that

(58) J($) =2 ((15’) A (fz) * (lo> " (lo) * (lo) " CD)

where w, t, h are the width, height and twist of the cylinder, and, referring to Figure 9, /; and
lo are the the lengths of a certain horizontal saddle connections. Since the vertical direction
is completely periodic, Theorem 2.2 implies

(59) Jex(S) =2(w At + 1 Aly+ 1o Aw) = 0.
Also, since the G) direction is completely periodic,

(60) Jy(gS) =2(—wAh+ (wAt+ L ANl + 1 Aw)) =0
where

(1 0
9= -1 1)
Combining (59) and (60), we find that

wAh=0.

Thus w = rh for some r € Q. We can rescale the surface by dividing each coordinate of
each point by w and in so doing will not change the fact that the horizontal, vertical and
(}) directions are completely periodic. So we may assume w = 1, which implies h € Q. Let
v = (;) be another completely periodic direction on S. Then Theorem 2.2implies

(61) Jo (S) = Jyy(94S) =0

where
(1 0
gq - _ q 1 .

A straightforward calculation shows that (61) can be rewritten as

(62) Jw(S) =2(—=gANh+ (gA gt +qli Agla+qla Ag)) =0.

Equation (59) implies g A gt + gl A qla + gla A ¢ = 0 as well. Thus (62) yields
gANh=0.
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Since h € Q, this implies ¢ € Q as well. So any completely periodic direction on S is rational.

The rest of the proof mirrors that of Theorem 4.2. Once again referring to Figure 9, we see
that the vectors (;), (Hl_,fl_lz), and (th_b) represent cylinders of closed trajectories, and
so their corresponding directions are completely periodic. But the above argument shows
that the directions of each of these vectors lies in Q. In other words, there exist r; € Q such

that

(63) h=nrt
(64) h=ro(t+1—1 — 1)
(65) h=rs(t+1— 1)

Since h € Q, (63) implies ¢t € Q. Given that ¢,h € Q, (64) implies /; + I, € Q. Finally,
(65) shows that I, € Q and so [; € Q as well. Since each of the cylinder parameters
l1,lo, w,t, h € Q, we have that p(H;(S,Z)) C Q x Q.

The case when S € #(1,1) is entirely analagous. Recall that Lemma 2.2 implies that

o s ()0 (A0
(3 6)+()(0)- () ()

where [y, [, 3 are the lengths of certain horizontal saddle connections as in Figure 10. The
same argument as for the case S € #H(2) shows that S can be rescaled so that w =1, h € Q,

and if ((11) is any completely periodic direction, then ¢ € Q. Referring to Figure 10, we see
that the vectors (;), (t+w7hl27l3) and (Hw*hlrlz) represent cylinders of closed trajectories.

Hence each of the directions corresponding to these vectors is completely periodic, and since
any completely periodic direction is rational, there exist p; € Q such that

(67) h = pit

As before, since h € Q, (67) implies t € Q. Then (68) implies 1 + Iy € Q and (69) implies
lo + 13 € Q. Note that, in contrast to the case when S € H(2), this only implies that the
absolute homology p(H:(S,Z)) C Q x @, but not necessarily the relative homology. O

Lemma 2.4. Let the direction v on the translation surface S be represented by the vector
(;), where v is neither the horizontal or vertical direction, and suppose that g € SL(2,R) is

any matrix such that g(}]) = ((1)) Then Jyy(9S) = Jyy(945)-

Proof. Suppose that g(;) =g, ((11) = ((1)) Then g~lg, € StabSL(g,R)((;)). Now Stabsror) =
r¢N7; " where

- )
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is the counterclockwise rotation by # = tan~'(g) and N is the subgroup of uppertriangular
unipotent matrices, i.e., the stabilizer of the vector ((1)) Considering the definition of J,(.5),
it suffices to show that if (‘;) is an arbitrary vector and m € N, then the y-coordinates of

a

9¢(3) and ggrgmry(§) are equal. First, notice that g,(5) = (_2,,)- Let

—qa+b
(1 n

A straightforward calculation shows that

, (1—ncos(0)sin(0) n cos?(6) )

TgMry = —n sin?(6) 1 + ncos(f) sin(6)

gq = o Sin(e)
cos(8) 1

Note that we can write

Thus,
. fa 1 — ncos(f)sin(f) ncos?(6 a
gy (2) = (1 e On0) neso)) (o
_ {a(1 —ncos(f)sin(f)) + bn cos®(0)
N —qa+b '
This completes the proof. 0

Lemma 3.3. If f is an interval exchange transformation on either two or three intervals
and if the SAF invariant of f is zero, then f is periodic.

Proof. We will prove the result for 2-iets and then deduce it for 3-iets by reducing to the 2-iet
case. Without loss of generality ,we may assume that f is a 2-iet of the interval I = [0, 1], and
let I' be another copy of I to be thought of as the range of f. Let 0 = g < A1 < --- < A\, =1
and 0 = )\’ < A\ <--- <\, =1 be partitions of the intervals I and I’, respectively. Let o
be a permutation of the set {1,---,n}. Furthermore, let I; = [\;_1, \;] and I; = [\; 1", \}]
for 1 < j <2 and assume that the length [; of I; is equal to the length I’ of I,;'. Then we
define f :[0,1] — [0, 1] outside of the set {Ao,---, A} as f(z) = x + 7; where € intl; for
some 1 < j < n, and 7; = A\y(j)' — A, is the amount the interval intl; is translated by f. The
SAF invariant of f is defined as

SAF(f) =) ;A
j=1

First we consider the case when n = 2. If f is not the identity, in which case f is trivially
periodic, then the permutation associated to f is the transposition (1,2). In this case,
fx) =2 41— X for z € int]; and f(x) =x — A for € intly. Then I} = Ay, lp =1 — Ay,
71 =1— A, and 75 = — ;. By definition,

SAF(f) = (M) A (1= M) + (1= A1) A (=)
=MAL-1AN
=20\ A1)
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If SAF(f) =0, then A\; € Q. Since ) is rational, f corresponds to a rotation of the circle
by a rational multiple of 7, hence is periodic.

Next we consider the case when f is a 3-iet. There are five nontrivial possibilities for
the permutation o corresponding to f. Of these five, four of the permutations, namely,
(312),(231), (132) and (213), can be reduced immediately to the 2-iet case. The permutations
(312) and (231) can be considered 2-iets by gluing together two contiguous intervals and then
transposing that larger interval with the third. The SAF invariant will remain the same.
To see this, consider the permutation (312) and let {A\g = 0, A1, A2, A3 = 1} be the partition
corresponding to f. In this case, 7 =7 =1—1; —ly = l3 and 73 = —l; — 5. The SAF
invariant of f is

3
SAF(f) =) AT
j=1

=(lh+l)ANA =L —-L)+Q =L —-0L)A (=L —1)

Define a new 2-iet g on the same interval J = [0,1] using the new partition {)\, =
0,11 + 1, = A)', A3’ = 1 and let o be the transposition (12). Let the length of J; for i = 1,2
be denoted by k;. Then ki = 1 + 3 and ko = l3. Furthermore, let p; be the new translation
distances for g. Then py =1—k; =1—1; — [y and p; = —k;. By definition,

SAF(g) = (k1) A (1 — k1) + (1 — k1) A (—Fk1)
=2((l; +1) A1)

We see that in this case, we can reduce the 3-iet f to a 2-iet g without changing the SAF
invariant. If SAF(f) = 0, SAF(g) = 0 and since g is a 2-iet, g is completely periodic.
Notice that f and g act in the same way on [0,1]. Thus f is completely periodic. A similar
argument holds for the 3-iet associated to the permutation (231).

The 3-iets corresponding to the permutations (132) and (213) can be thought of as 2-iets
on the two intervals which are transposed. In this case, the SAF invariant will also remain
the same. We consider the permutation (132). The argument for the permutation (213) is
similar and left to the reader. In this case, 71 = 0 because the first interval is fixed and so
has no displacement. Also, 5 =1 — Ay and 73 = —Ay + A;. Thus

3
SAF(f) =) liAT
j=1

3
= le/\Tj
j=2

Define a 2-iet g on J = [\, 1] using the partition {A;, Ao, A3 = 1} and the permutation
(12). Let J; = [Ai, Aiz1], ki be the length of J;, and p; be the translation distance of intJ;.
Then, in terms of [; and 7;, we have that k; = A=A =l ke =1- Do =13, p1 = 1= )Xy =Ty,
and po = —\y + Ay = 73. Thus the SAF-invariant associated to g is
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SAF (g E:kApz

—ZQ/\TQ+Z3/\T3
— SAF(f)

If SAF(f) =0, SAF(g) = 0 and since g is a 2-iet, g must be completely periodic. But
g is just the restriction of f to [A;,1] and f is the identity on [0, A\;]. So f is completely
periodic as well.

We are left to consider the 3-iet f on the interval [0, 1] with partition {A;, A, A3 = 1}
associated to the permutation (321). We will derive a 2-iet,g, from f using Rauzy induction
on a certain subinterval of [0,1] and show that the SAF invariant of g is zero if the SAF
invariant of f was zero to begin with.

The argument breaks into two cases depending on if /5 is less than or greater than /. First,
we will assume that I3 > ;. Let g be the iet obtained from f by inducting on the subinterval
J = [0,1 — Xg]. Note that the lengths of the subintervals associated to f are l; = Ay,
lo = Ay — Ay, I3 = 1— A9, while the translation distances are 4 = 1— A, 79 = 1— Xy — A1, and
73 = —A2. ( In fact, the expressions for the interval lengths and the translation distances
are the same whether I3 > [; or I3 < [;.) Now we will partition J into three subintervals as
well using the partition {A\g = 0, A1, A2, 1 — Ay }. Since 71 = 1 — Ay, the interval (0, A;) is sent
by f to the interval (1 — Ay, 1), which is not a subinterval of J. However, since [; < I3 and
T3 = —\g, f takes the interval (1 — A, 1) and sends it to the interval (1 — A\ — Ag, 1 — Ao),
which does liein J. So if k; is the length of the first subinterval of J and p; is the translation
distance of the first subinterval of J associated to the first return map g, then k£, = A; and
p1 = 1 — A1 — Ay. Next we consider the second subinterval of J, namely (A;, A2). Note
that f sends (A1, Ag) to the interval (1 — Ay, 1 — \;) since 73 = 1 — Ay — A;. In this case,
(1—Xg,1— 1)) is a subinterval of J, so the first return map g sends (A1, A2) to the subinterval
(1—X9,1—A;). Thus ks = Ay— Xy and po = 1—Xy— ;. Finally consider the third subinterval
of J, (A2, 1 — Ay). Since 13 = —\o, this interval is sent by f to the interval (0,1 — Ay — Aq),
which is a subinterval of J. Thus k3 = 1 — Ay — Ay and p3 = —\,. Also, the permutation
associated to g is (312).We calculate the SAF invariants associated to f and g to show they
are equal.

3
SAF(f E:lAn

(,\1/\1—A1) M= MAT=D— A1)+ (1—=A2A=Ng)
=(MAD)+MAT=X)= (A AT=X)+ (N2A1)
=(MAD)+ M A =M AX) —(MAD + A AXN)+ (AN AT)
=2((A2 A1)+ (M A X))
=2(MA1—=X)
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3
SAF(g Zk A pi

_()\1/\1—/\1—/\2)+(/\2—>\1/\1—>\1—A2)+(1—Al—A2/\—A2)
:()\1/\1—)\2)+()\2/\1—)\1)—(/\1/\1—)\2)+(1—)\1/\—)\2)

A= (M AX)+ (XA = (D2 AX) — (M AL+ (A AX) + (A AT)+ (AL A N)

= (M
2((M A1)+ (M AN))
2 A1 = )\p)

Thus if SAF(f) = 0, SAF(g) = 0. Since g is associated to the permutation (312) and
SAF(g) =0, we’ve already shown that g must be completely periodic. But this implies f is
completely periodic.

Next we consider the case when [3 < [;. We will induct on the subinterval J = [0, \s] and
let g denote the first return map to J. Now g is a 3-iet with partition {Ag = 0, Ao + A\ —
1, A1, A2}. To see why this is the case, consider the first subinterval of J, (0, Ao + A; — 1).
The original map f sends this interval to (1 — Ay, Ay) since ;7 =1 — A;. But (1 — A1, \p) isa
subinterval of J, so g also sends (0, Ao + A; — 1) to (1 — A1, A2). Thus if k; is the length of
the first subinterval of J and p; is the translation distance of that interval, k1 = A\ + As — 1
and p; = 1 — A;. Next consider the second subinterval of J, (A2 + Ay — 1, ;). The map f
sends this interval to (A, 1) since 71 = 1 — A;. Then f sends (Aa,1) to (0,1 — Ay, which is a
subinterval of J, since ;7 =1 — A;. Thus ks =1 — Ay and po = 1 — Ay — A;. Finally consider
the third subinterval of J, (A1, A2). The map f sends this interval to (1 — A, 1 — A2), which
is a subinterval of J, since 75 =1 — A; — Ag. Thus g sends (1 — A, 1—Xg) to (1 — A, 1— Ag)
as well. It follows that k3 = Ay — A; and p3 = 1 — Ay — A;. Also note that the permutation
associated to g is (231).As we noted previously, the SAF invariant of f does not depend on
whether I3 < I, or I3 > l;. So we've already calculated that SAF(f) =2(Ay A1 —)\;). We
will show that SAF(g) = SAF(f) in this case as well. We have

SAF(g Zk A p;

_()\2+)\1—1/\1—)\1)+(1—)\2/\1—)\2—)\1)+()\2—A1/\1—/\1—/\2)
=MAT=X)+ A =DA=A)F+MAT=X )+ (=M A1=D))

=(MAL) =M AX) = (TAN)+ A AX) + (A AL) = (A2 AA) — (AL AL) + (AL A Ag)

= 2()\2/\1 —)\1)

Thus if SAF(f) =0, SAF(g) = 0 as well. But g is a 3-iet with permutation (231). We’ve
already shown that this implies g is completely periodic. Hence f is completely periodic as
well.

O

Let O] denote the positive algebraic integers in Q(v/d).
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Lemma 5.1. For fized integers c¢; and co, such that ¢, s divisible by d, the equations

(71) ’11)1]_11 = _wQBQ
(72) U_)ltl + U_)th = wlfl + U)Qfg
(73) w1h1 + U)th = 2(01 + CQ\/g)

where t; < w; have finitely many solutions in OF, the positive algebraic integers in Q(\/ d),
up to the action by the group of units. Let us denote this finite number by H(cy,co).

Proof. We will assume d =2 or 3 mod 4. If d =1 mod 4, the proof is similar. Since d = 2
or 3 mod 4, and w;, h;, t; are algebraic integers in Q(\/a), we may write w; = w; + w§\/3,
hi = b} + h2V/d, and t; = t} + t2\/d for w!, hit] € 7. Since we wish to prove that (71) , (72)
and (73) have finitely many solutions in O] up to the action by the group of units, we will
show that there are only finitely many solutions which lie in a fundamental domain for the
action of the group of units on (9;. In order to describe such a fundamental domain, we will
associate to each algebraic integer = z + y/d the point (x,y) in the plane. If we let n be
the algebraic norm of = 4+ yv/d, that is, n = (z 4+ yvd)(z — yv/d) = > — 32d, then the set of
algebraic integers of norm n are represented in the plane as integer points on the hyperbola

22 — y?d = n, which has asymptotes

1
y== \/Ex
Multiplying an algebraic integer a + bv/d by a unit has the effect of translating a + bv/d
along its hyperbola. Thus, a fundamantal domain for the action of the group of units on
the algeberaic integers will lie inside four cones based at the origin, one in each of the four
sections of the plane described by the asymptotes.

First we will show that there are only finitely many solutions to (71)and (73). Our strategy
will be to bound each of the integers w] for 4, j = 1 or 2. This implies there can be only
finitely many w; in a fundamental domain F' which satisfy (14) and (73). Then we will show
that this implies there can be only finitely many h; in F' which satisfy (71) and (73) as well.
In order to do so, we will use the equivalent set of equations

(74) wihl + wyhy = ¢; = d(w?h? + wih))
(75) wih? 4+ wyhl = ¢y = wih] + wihy

In fact (74) and (75) can be obtained by a matrix mulitplication

1,01 1 p2
wy wy\ (k1 Y\ (a1 e
(76) (w% w%) (h; h%) - <02 cl/d)

From (76) we see that

(77) hi h? _ 1 wi  —wi\ (a1 e
Ry R:) T~ w \—w? wi ¢ ¢/d
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where W = wiw? — wiw} € Z, and W|(c?/d — ¢3).
From (77) we obtain the following two useful equations

+h3d = ((clw2 cowy) + (cows — clw%)\/c_i)

d
- %((cl + Vw3 — (e + o1/ Vd)w})
- = e+ eVaus - )
and
1V = (et — ) + (L~ )V
_ %((02 + %)w1 — (c1 + Vad)w?)
(79) %(cl + czﬂ)(% — w?)

We will break the argument into two cases depending on the sign of the algebraic norm
of wy, or equivalently, the sign of w;. First we will suppose that w; > 0. Since w; > 0 and
w; > 0, we must have that w] > 0. We choose a fundamental domain F for the action by
units such that the point (z,y) € F if —1/Vd < ¢ < y/z < ¢ < 1//d, for some constants
¢ and c. Since we are assuming w; € F', we have

2
— 1
(80) el <P —

N RRTIRNG
Since h} + h?v/d > 0 for i = 1 or 2 and ¢; + ¢;v/d > 0 (78) and (79) imply that

(81) i(w%x/g —wy) >0
(52) ;V( ~wiVa) >
Thus, if @w; > 0, (82) implies W > 0 and then (81) implies wy < 0. Recall that
(83) W = wiw? — wiw).
Equivalently we have
w? w_% W

84 i _
. T AT

Because the integer W divides the integer c¢?/d — c2, there are only finitely many possibilities
for W. Thus, we will think of W as fixed and show that there are only ﬁmtely many solution
o (84). Since wy > 0, we have that wj > —w2v/d and since W, < 0, w < w2vd. In
particular, w3 > 0. First suppose wi > 0. Then, w3/wj > 1/+/d. Then by (80) and (84) we
have that



VEECH SURFACES AND COMPLETE PERIODICITY IN GENUS 2 41

1 w < w? ce< 1
_— —_— C —_—
Vd  wiwy; wy Vd
If either w) or w] is too large, we will obtain a contradiction. Thus, wi, w} < k for some
positive number k.

Now suppose that w < 0. Then since wy > 0, Z_% < ’T}j. Again by (80) and (84) we have
2
that

-1, w -1 W

Vi~ wl SV il
So if wi < 0, it must be bounded below by some negative number &'. As before, w{ must
be bounded above and we will again denote this bound by k. We’ve shown that if w; > 0,
wl < k and k' < wi < k. Now, by (80), we know that —k/v/d < w? < k/+/d. Since w3 > 0,
it remains to bound w2 above. From (83) we see that

wi  wi

Since W,w; > 0, ¥ < wy < k, and by (80) and (85), we have that w3 < W +
max(k/vd, —k'//d).

The case when w; < 0 can be reduced to the previous case in the following way. Choose
a unit v > 0 such that u < 0, and replace w; with uw; and w; with ww;. Then uw; > 0 and
uw, > 0 and the previous argument applies. '

Whether @; < 0 or w; > 0, we have bounded each w]. Since each of these quantities is an
integer, there can be only finitely many solutions to (83) within a fundamental domain for
the action by the group of units for each of the finitely many possibilities for . Now, by
(78) and (79), there can be only finitely many solutions for the quantities h! as well. Thus,
there are only finitely many solutions to (71) and (73) up to action by units.

Now we prove that (72) where ¢; < w; has only finitely many solutions in O] which lie in
a fundamental domain. In fact, we will show that if 0 < ¢; < w;, there can be only finitely
many t; in a fundamental domain, and hence only finitely many which satisfy (13).

We break the argument into two cases depending on the sign of #;. Fix 7 and suppose that
t; > 0. Since t; = t} +t3v/d and 1; = t} — 12V/d, t;,%; > 0 implies that ¢} > 0. We've already
shown there are only finitely many w; in a fundamental domain which satisfy (71)and (73).
In particular there must be a largest. If ¢; lies in a fundamental domain and ¢; < w;, then t;
is bounded above, say by L. We have

W 2,,1
(85) w? = it

(86) 0<tl+12Vd<L
And since t; lies in a fundamental domain and ¢; > 0,
-1 t 1
(87) —<d <t <e<—
YA NN
Equation (86) implies that if either ¢} or #? is bounded, then so must the other be. We will
bound ;. In this case, we've already noted that ¢} > 0 so it remains to bound ¢} from above.
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Subtracting ¢! from both sides of (86) and then dividing by the positive quantity ¢!v/d we
can rewrite (86) as

-1 - t2 - L 1
Vi H SV
Ast} — oo, the right hand side of the above tends to —1/v/d. By (87), —1/Vd < ¢ < t2/t}.
This yields a contradiction unless ¢} is bounded above.

Next we consider the case where ¢; < 0. This can be reduced to the previous case by
replacing t; with ut; where v > 0 is a unit such that o < 0. This completes the proof. 0
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