Math 204 hwl (Due Wed. Apr. 08).

(1) Calculate the derivatives of the following functions from the
definition:
(a) f(xz) = 2™ for n € N. You may use the Binomial Formula

n - n! kin—k
k=0

(b) g(z) =2 for a = L, n € N. You may use the formula
a" —b"=(a—b)(a" P +a" *b+... Fab" "),

(¢) h(z) = sin(x). You may use the trigonometric formula
sin(x + y) = sin(x) cos(y) + cos(z)sin(y) and the limit

lim,_,o SmT(x) = 1 we proved in class.

(2) In this exercise you will prove that (e”) = e*. The function e”
is defined by the following (convergent) series: For any x € R,
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(a) Use the Binomial Formula to show that for any =, h € R

EEMEZT =] <o — Dl ] + )2
(b) Deduce from this that for any z,h € R
6I+h —e®

e < et
(c) Conclude that (e*)" = e”.

(3) Let I be an interval containing a and f : I — R be a real
function. Show that if there is a > 1 such that

Ve el |f(z) - fla)| < [z —al®
then f is differentiable at a. Is this also true when o = 17

(4) Let I be an open interval, f : I — R a function and ¢ € I.
We say that f has a local maximum (respectively minimum)
at c if there is some § > 0 such that f(z) < f(c) (respectively
f(z) > f(e)) for all x € (¢ — 6,¢+9).

(a) Show that if f has a local maximum at ¢ then thereis d > 0
such that for all 0 < h < 9
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(b) Show that if f is differentiable at ¢ and has a local maxi-
mum at ¢ then f’(¢) = 0.

(c) Show that if f is differentiable at ¢ and has a cola minimum
at ¢ then f'(c) = 0.

(d) Give an example of a function f differentiable at 0 with
f(0) = 0 but that f does not have a local maximum or
minimum at 0.

(5) Let
_J l#¥sin(g) 2 #0
falw) = { 0 r=0
(a) For what values of « is this function continuous at 07
(b) For what values of « is this function differentiable at 07

(c) For what values of « the derivative is continuous at 07 (You
may use the formula (z%) = ax®! for any 0 # a € R.)

(6) Let f and g are real-valued functions differentiable at a € R
and let @« € R. Prove that the functions f + g and o - f are
differentiable at a and (f+g¢)'(a) = f'(a)+¢'(a) and (af) (a) =
af'(a).
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