HOMEWORK 4
Due on Wed, April 29 in class.

Exercise 1. For each of the following functions f : R? — R compute the lim-
its limg,—o(limy—o)f(x,y) and lim,_,o(limy—o f(z,y). Determine which of these
functions has a limit as (z,y) — (0,0) in R? (justify your answers).

2 4 . .
*+y sin(z) sin(y) xy
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(1) f(z,y) 1 3y (2) f(z,y) Fr g (3)f(z,y) =g
Exercise 2. For each of the following functions compute the first order partial
derivatives and determine where they are continuous

(1) flz,y) = Va2 +y?

(2) f(xayaz) = lﬁ}z
(3) foy) = { SEE (ay) £ (0,0)

2

0 (z,y) = (0,0)

Exercise 3. For each of the following functions compute all second order partial
derivatives

(1) flwy) = e (2) f(ay) = cos(ay), (3)f(w.y) = 52

Exercise 4. Let f(z) = R" — R™ and g : R™ — R. Let a € R" and assume
that for any ¢ € {1,...,m} and j € {1,...,m} the partial derivatives gf;i (a) and

J

%gj(f(a)) exist. Show that the partial derivatives of go f : R™ — R exist at a and

satisfy

99°7 (3 =3 99 (p(ap) 2 (a).

ij =1 Bscl Ba:j

Exercise 5. For each of the following functions prove that f is differentiable on
its domain and compute D f.

(1) f:R® =R f(z,y) = (sin(x), 2y, cos(y))

(2) f:(0,00) = R?, f(t) = (log(t), 177)

(3) f:R2—=R2% f(r,0) = (rcos(d),rsin(d))
Exercise 6. For each of the following functions determine if f(x,y) is differentiable
at (0,0)

(1) fz,y) = \/I|ﬂcy|| @) () £ (0.0

_ zy|log(x® + vy T,y 0,0
2) fzy) = { 0 (z,y) = (0,0)
T 0<l@y)ll <w

@ s = { B
0 (z,y) = (0,0)

0 (z,9)=1(0,0)
has first order partial derivatives at every point but it is not differentiable at (0, 0).
1

23 —xy?
Exercise 7. Show that f(z,y) = { z?ty? (z,y) #(0,0) is continuous on R?,
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Exercise 8. Let T : R® — R™ be a linear transformation. Prove that it is
differentiable at any a € R™ and compute its derivative DT '(a).

Exercise 9. Let f: V — R™ with V C R” open. For any unit vector u € R™ with
|lu]l = 1 the directional derivative of f at a in the direction of u is defined by

Duf(e) = iy 1O I@)

(1) Prove that if the directional derivatives D, f(a) exist for all unit vectors u
then the partial derivatives %(a) exists for all j € {1,...,n}.
J

(2) Find an example to show that the converse is not true. That is find a
function f : R? — R such that %7 g—ch exist at (0,0) but do not exist for all
u.

(3) Prove that if f is differentiable at a then the directional derivatives D,, f(a)
exist for all unit vectors u.

(4) Use the function from Exercise 1(3) to show that the converse is not true.



