Clay Mathematics Proceedings

FRACTAL AND MULTIFRACTAL PROPERTIES OF SLE

Gregory F. Lawler

Introduction

This is a slightly expanded version of my lectures at the 2010 Clay Mathematics
Institute summer (winter) school in Buzios, Brazil. The theme is the fine properties
of Schramm-Loewner evolution (SLE) curves with an emphasis on recent work I
have done with a number of co-authors on fractal and multifractal properties. I
assume basic knowledge of SLE at the level of foundational course presented by
Vincent Beffara. I will try to discuss both results and ideas of proofs. Although
discrete models motivate SLE, I will focus only on SLE itself and will not discuss
convergence of discrete models.

The basic theme tying the results together is the SLE curve. Fine analysis
of the curve requires estimates of moments of the derivatives, and in turn leads to
studying martingales and local martingales. In the process, I will discuss existence
of the curve, Hausdorff dimension of the curve, and a number or more recent results
that I have obtained with a number of co-authors.

The five sections correspond roughly to the five lectures that I gave. Here is a
quick summary.

e Section 1 proves a basic result of Rohde and Schramm [15] on the existence
of the SLE curve for k # 8. Many small steps are left to the reader; one
can treat this as an exercise in the deterministic Loewner equation and
classical properties of univalent functions such as the distortion theorem.
Two main ingredients go into the proof: the modulus of continuity of
Brownian motion and an estimate of the moments of the derivative of the
reverse map. By computing the moment, we can determine the optimal
Holder exponent and see why x = 8 is the delicate case. The estimation
of the moment is left to the next section.

e Section 2 discusses how to use the reverse Loewner flow to estimate the
exponent. This was the tool in [15] to get their estimate. Here we ex-
pand signficantly on their work because finer analysis is needed to derive
“two-point” or “second moment” estimates which are required to establish
fractal and multifractal behavior with probability one. Although there is
a fair amount of calculation involved, there are a few general tools:
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— Use scaling and a good choice of reparmetrization to reduce the prob-
lem to analysis of a one-variable SDE.
— Find an appropriate martingale and use the Girsanov theorem to
understand the measure obtained by weighting by the martingale.
— For exceptional events on the path, find an event of high probability
in the weighted measure that is contained in the exceptional event.
Choose it appropriately so that two-point estimates can be obtained.
These are standard methods in stochastic analysis. One of the most fun-
damental techniques in large deviation theory is to study a new measure
(sometimes called a “tilting”) on a space on which an exceptional set has
large probability. If this new measure arises from a martingale, then the
Girsanov theorem is the tool to studying probabilities in the new measure.
The latter part of this section, starting with Section 2.6, contains
some more advanced topics that were not covered in the lectures. I have
included them in these notes because they are part of the reverse flow
picture, but the material from this part is not used later. Readers should
feel free to skip these and move to Section 3.

e Section 3 is essentially independent of Section 2 and considers the forward
Loewner flow. The Hausdorff dimension of the SLE curve was analyzed
in [15] and [2]. The basic questions are: how close does the SLE curve
get to a z € H and what does the path look like if it does get close to
z? There is a fundamental local martingale in terms of the SLE Green’s
function, and if one uses a radial parametrization (depending on z), one
gets a simple one-variable SLE. By weighting by this local martingale,
one gets another process, two-sided radial SLE, which corresponds to
SLE conditioned to hit a point. Here we use the Girsanov theorem to
give very sharp estimates of the probability that the SLE gets near z.
Finally, we discuss why trying to prove lower bounds for the Hausdorff
dimension leads to studying a two-point estimate for the probability of
getting close to two different points.

e Section 4 continues Section 3 by discussing the two-point estimate first
proved by Beffara [2]. We only give a sketch a part of the argument as
rederived in [9] and then we define an appropriate multi-point Green’s
function and corresponding two-point local martingale. The estimate and
the two-point local martingale are used in the next section.

e Section 5 is devoted to the natural parametrization or length for SLE,;, k <
8. The usual parametrization for an SLE, is by capacity which does not
correspond to the “natural” scaled parametrization one would give to dis-
crete models. I start by giving the intuition for a definition, which leads
to an expression of the type analyzed in Section 2, and then give a precise
definition as developed in [8, 11]. The proof of existence in [11] uses the
ideas from Section 4.

There are many exercises interspersed throughout the notes. I warn you that I
use facts from the exercises later on. Therefore, a reader should read them whether
or not he or she chooses to actually do them. I have an additional section at the end
with one more exercise on Brownian motion which can be considered as an easier
example of some of the ideas from Sections 4 and 5. I assume the reader knows
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basics of SLE and univalent function theory. Possible references are the notes from
Beffara’s course and my book [5].

These notes have been improved by questions and remarks by the participants
of the school, and I thank all the participants. A particular thanks goes to Brent
Werness for his work as a TA and his comments on these notes.

0.1. Basic definitions and notation. To set some basic definitions, I let g;
denote the conformal maps of chordal SLFE, from 0 to oo in H parametrized so
that the half-plane capacity grows at rate

2
a=—.
K
I will use a throughout these notes because it makes formulas somewhat easier.
It is always equal to 2/k and the reader can make this replacement at any time!
Under this parametrization, g; satisfies the chordal Loewner equation

(1) D,91(2) = ——

gt(z) — Utv gO(Z) =z

where U; = — B, is a standard Brownian motion. (We choose this parametrization
so that the driving function has variance parameter 1.) The equation is valid for all
z € C\ {0} up to time T, € (0,00] and ¢; is the unique conformal transformation
of

Hy:={zeHl:T, >t}
onto H with g,(z) = z 4 o(1) as z — oo. Note that Ts = T, and ¢,(Z) = g;(2), so
we restrict to z in the upper half plane H or its closure H. If z € H \ {0}, and we
let

Zy = Zy(z) = gi(2) — U,
then the Loewner equation (1) can be written as the SDE

A7, = L dt +dB,, Zo = 2.
Zy

If z € H, one should note that the process Z; takes values in H, but the Brownian
motion B is a real Brownian motion. If z € R\ {0}, this equation becomes the
usual real-valued Bessel SDE.

The word curve in these notes always means a continuous function of time. If
v :[0,00) — C is a curve, we write 7, for the image or trace up to time ¢,

Y= {y(s) 0 < s <t
1. The existence of the SLE curve
In this section, we will present a proof of the following theorem first proved by
Rohde and Schramm [15]. We start with a definition.
Definition The conformal maps g; are generated by the curve v if y : [0,00) — H

is a curve such that for each ¢, H; is the unbounded component of H \ 7.

THEOREM 1. [15] If k # 8, then with probability one, the conformal maps g:
of chordal SLE,, are generated by a curve.

This theorem is also true for k = 8, but the only current proof in this case
comes from taking a limit of discrete processes [12]. We will consider only the
k # 8 case and along the way explain why x = 8 is the hardest case. The curve is
called the SLE,. curve.
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Let
(2) fo=g7"  fi=fz+U) =g ' (z+Ty).
(In some earlier work what we call ft is denoted f; and what we call f; is denoted
f+- T have chosen the notation in (2) because f; will be used more often than f; in

this paper, and hence it will make the formulas nicer.) Heuristically, we would like
to define

(3) y(t) = ft(Ut) = f1(0) = ;1_1)% fi(iy),

so that ¢g:(y(t)) = U;. However, all that we know at the moment is that f; is
a conformal transformation of H onto H;. One can give examples of conformal
transformations such that the limit in (3) does not exist. In fact [14], one can give
examples for solutions of the Loewner equation (1) with continuous Us.

It is also possible to give examples for which the limit in (3) exists for all ¢,
but for which the function v is not continuous in t. However, if the limit (3) exists
and 7 is continuous, then it is not too difficult to see that H; is the unbounded
component of (0, ¢]. Indeed, since v(t) € OH;, we know that v(0,t]N H; = (). Since
H; is simply connected (it is a conformal image of H under g, 1), it is connected and
hence the bounded components of H; \ 7y cannot intersect Hy. Also, if we define
H, to be the unbounded component of H \ 7+ and ¢ the conformal transformation
of Hy onto H with §,(z) — z = o(1) as z — oo, one can show that §, satisfies (1) for
2 € H, and hence §t(2) = g¢(2). In particular, T, > ¢ and z € H;.

Notational convention. We will use ¢ to denote a (continuous, increasing)
subpower function, that is an continuous, increasing function % : [0, 00) — (0, 00)

such that
log 9 (1)

t—oo logt
Different occurences of v indicate different subpower functions. Note that if 11, 19
are subpower functions, so are ¥ ¥9, 11 + 19, and ¥(t) = 1 (") for r > 0.

Lévy’s theorem on the modulus of continuity of Brownian motion shows that
with probability one, the driving function is weakly Hdlder-1/2 by which we mean
that for some subpower function 1,

(4) [Uprs = Uil <Vsip(1/s), 0<t<1,0<s<1

(In fact, we can choose 9(x) = ¢ /log z but we do not need this.) This condition is
not sufficient to show existence of the curve. In fact, there are examples [14] with
1) constant for which the curve does not exist. To guarantee existence of the curve,
we will bound |f/(iy)| for y near zero. Let

J ..
D=L . j=01,.. 2"
denote the set of dyadic rationals in [0, 1] at level n.

LEMMA 2. For SLE,,k # 8, there exists 0 = 0,, > 0 such that with probability
one there exists C' < oo such that

(5) 1fl27 ) <c2n(=9 e Dy,
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PrOOF. By the Borel-Cantelli lemma, it suffices to show that
P{‘ft,(Qin ’L)| < C«Qn(lfﬂ)} < szn(2+e)

for some c,e. See Theorem 11 and the comments following for the proof of this
estimate. g

In this section, we will use a series of exercises to conclude the following deter-
ministic result.

THEOREM 3. Suppose U;,0 < t < 1 is a driving function satisfying (4) and
(5). Then the corresponding maps are generated by a curve 7. Moreover,

(t+s) —v(t)] < sP29(1)s), 0<t<s+t<1,

for some subpower function .

#In particular, it follows that ~ is Holder continuous of order « for all < 6/2. In other
words, v is weakly Holder-(6/2)

#We recall our convention that the subpower function i takes different values in different
places. The function % in Theorem 3 is not meant to be the same % as in (4). A careful
reader can go through the proof and find how the 1) in the theorem depends on the v in (4).

#Lemma 2 is not true for kK = 8. | would expect that one can give a direct proof of the
existence of the curve for kK = 8, but it would require very careful analysis. In particular, we
could not get away with being so cavalier about the subpower functions .

We use the distortion theorem to construct the function «y. The first ingredient
of the proof is a version of the distortion theorem that we leave as an exercise.

EXERCISE 4. There exist C,r such if f : H — C is a conformal transformation,
then for allz € R,y > 0,

CTH S ()| < |f'(ys)| < C1f (iy)],

C™H (@ + )7 (i) < 1f (wy +iy)| < C (2 +1)" [ f (i),
Hint: The distortion and growth theorems (see, e.g., [5]) solve the equivalent prob-
lem in the unit disk D. Although we do not need it here, you may wish to find the
smallest possible r such that this holds.

<s<2

IN

)

N | =

To extend the estimate to times that are not dyadic, we use the Loewner
equation for the inverse. If g; satisfies (1) and f; = g; ', then using f;(g:(2)) = 2,
we get the equation

(6) Oufe(2) = fi(2)
Differentiating this, we get

0 fi(2) = fi'(2)
Hence, if z = x + iy,

D fi () < a 17y + 1) 2]

a
Ut—Z-

a

Ut—Z

a

O
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EXERCISE 5. Show that there exists ¢ < oo such that if f : H — C is a conformal

transformation, then
c

77N < gy V)

Hint: Look up Bieberbach’s theorem on the second coefficient of univalent functions
on the disk. If you do this, you will find the optimal c.

Using the exercise, we now have
z . C 7 .
(7) 0ufi(z +iy)| < 7 |fi(x +iy)|-
It is now not difficult to show that the limit in (3) exists for all ¢ € [0, 1]. We leave
the steps as exercises.

EXERCISE 6. Use (7) to prove the following. There exists ¢ < oo such that if
f: satisfies (6) and s < y?, then

i@ iyl < |fiyo(x +ay)l < clfilz +iy)l,

(8) |fers (@ +iy) = file +iy)| < cy? | fi(x +iy)l-

EXERCISE 7. Suppose U,0 < ¢t < 1 is a driving function satisfying (4) and
(5). Then there exists a subpower function ¢ such that for all 0 < t < 1 and all
0<y<1,

|flGiy)] < yP P p(1/y).

EXERCISE 8. Suppose U, 0 < ¢t < 1 is a driving function satisfying (4) and
(5). Then there exists a subpower function v such that for all 0 <t <1, the limit

(9) y(t) = lim fi(iy)
y—0+

ezists and for 0 <y <1,

(10) I (t) = feliy)] <y’ (1/y).

We still have to show that 7 is a continuous function of ¢ and estimate its
modulus of continuity. It suffices to estimate

[yt +s) —(t)]

where ¢t € D, and 0 < s < 272", We use the triangle inequality. For every y > 0,

Yt +5) =y (O] < [Y(E+5) = fras ()] + [fres(iy) = filiy)| + 1 (2) = fi(iy)].
Setting y = 27™ and using (10), we get

V(t+5) = ()] < 27" (2") + [ frgs(i277) = foli277)].
We now write
[fias(i277) = f1(i27™)] = | frrs(Uins +1277) = fuUr +i277))
<N frrsUiss +127) = frra(Ue + 27" + | fraa(Us +i277) = ful Uy +i277)].
The difference
| frasUigs +1277) = frps(Un +i277)]
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is bounded above by |Uyts — Uy| times the maximum of |ft’+é(z)| over all z on the
interval connecting Uzys + 127" and U, 4+ i27". Using Exercises 4 and 7, we see
that this maximum is bounded above by 2"(1=%) 4)(27) and (4) implies that

|Utrs — Up] <277 9(2").
Therefore,
| frasUips +1277) = frps(Un +i277)] <27 45(27).
For the second term, we use (8) to get
fres(Ue+027") = fi(Ur +i27")| < c27" |fi(U, +3277))
<2720y (2n) <27 y(2").
Combining all of the estimates, we have
(s +t) — (1)) < s”29(1)s), t €Dy, 0<s<2™,
from which Theorem 3 follows.

1.1. Converse and Holder continuity. We have seen that (4) and (5) imply
that the curve v is weakly (6/2)-Holder.

PROPOSITION 9. Suppose U, satisfies (4). Then there exists a subpower func-

tion 1 such that for t € Dy,
e, (s +0) = 9] > 27" filiz ) e

SKETCH OF PROOF. We write ¢ for 1(2") and allow v to change from line to
line. Using (4), we can see that the image of v(t,t + 272"] under g; has diameter
at most 27" 4. Since it has half-plane capacity a 27", it must include a least one
point z = x + iy = 7(s) with |z| < 27" and y > 27" /¢. (Why?) Distortion
estimates imply that |f/(2)] > |f/(i27™)|+%~!. The Koebe-1/4 theorem applied to
the map f; on the disk of radius y about z shows that «(t), which is f¢(0), is not
in the disk of radius 27" | f/(i27")| ¥ ~! about fi(z) = (¢t + s). O

The methods of the next section allow us to determine the critical value of 6
for which there exist n,y with |f/(i27")] > 200=97"_ This is the basic idea of the
following theorem which we do not prove. One direction was proved in [13] and
the other direction in [6]

THEOREM 10. Let
K

241 2% 88tk

If v is an SLE, curve and € > 0, then with probability one y(t),e <t < 1 is weakly
a-continuous, but not Holder continuous of any order o > .

ay, = ax(k) =1

¢ The behavior of the curve at t = 0 is different than for positive t because we are starting
with the initial condition for H; of H. This is why we restrict the curve to times e <t < 1 in
the statement of the theorem.

#Note that the theorem implies that for x = 8, the curve is not Holder-« for any o > 0.
This indicates why x = 8 is the hardest value to show the existence of the curve.

#This is a statement about the modulus of continuity of «(t) as a function of ¢ in the
capacity parametrization. Sometimes “Holder continuity of SLE" refers to the properties of
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the function z +— f;(2) for fixed t. This is discussed in [15]. For this problem x = 4 is the
value for which the function is not Holder continuous of any order o > 0.

2. The moments of |f/|

Using the existence of the curve as one motivation, we now proceed to discuss
how one estimates

E[f(2)1"],
where
fi(2) = g7 (2 + ).

We summarize the main result here. Most of what we discuss here is proved in [4],
but the final piece of the theorem as we state it here was done as Theorem 5.4 of
[6]. A weaker form of this was in [15].

THEOREM 11. If
3 2 3k
A< A = — 4+ 1l=—4+ =41,
< a—|—16a+ H+32+

then as t — oo,

E[I£G/OP] =E[Ifa@)1] <t

where
C*C()\)*)mLi (2a+1)274a/\717i
N n 2a 2a’
Moreover, the expectation is carried on an event on which
(11) [fi2(0)] = ¢,
where
1
= )\ = — / )\ = —1
B=50 ¢ (2a +1)2 — 4aX
Roughly speaking,
P{|fi(i/t)| m t°} m t=(CHA0),
Note that {(Ac) = a — 1=, B(Ac) = 1 and hence
1 4 K
Ae) FAB(A) =2 —4+1l==—4+—=+1
(O +ABO) =20 oo+ 1= + 1o

The right-hand side is minimized when x = 8 at which it takes the value 2. For
Kk # 8, we can find 8 < 1 such that

C(A) +AB(A) > 2,

from which we can deduce Lemma 2 for § =1 — .
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2.1. The reverse Loewner flow. We will use the reverse Loewner flow in
studying the derivative. The reverse Loewner equation is the usual Loenwer equa-
tion run backwards in time. It takes the form

(12) ) = T = Ry

ho(z) = 2.

For each t, h; is a conformal transformation of H onto a subdomain h(H) satisfying
hi(z) — 2z — 0 as z — co. A relationship between the forward and reverse Loewner
equations is given in the following exercise.

EXERCISE 12. Suppose gt, 0 <t < s, is the solution to (1) and hy is the solution
to (12) with V; = Us_y — Us. Then

hs(z) = fs(2) —
If U;,0 <t < sis astandard Brownian motion, then
‘/t:Usft_Usa 0<t <5,

is also a standard Brownian motion. Hence the following holds.

o If g:,0 < t < s is the solution to (1) where U, is a standard Brownian
motion, and ht,0 < t < s is the solution to (12) where V; is a Brownian
motion, then the random conformal transformations

z+— fs(2) —Us and z+—— hg(w)

have the same distribution. In particular, f! and h/ are identically dis-
tributed and

E[|fs(2)I*] =E[|h,(2)]*] -

The joint distribution of {f] : 0 < ¢ < s} is not the same as that of {h} : 0 <
t < s}. However, we can give the joint distributions. For second moment estimates,
we need to consider two times simultaneously. We state the relationship here; the

interested reader may wish to verify this.
e Suppose f;,0 <t < s+ u is the solution to (1) where U; is a standard
Brownian motion. Let h;,0 < ¢t < s+ u be the solution to (12) with
Vi = Usyu—t — Usyy. Let ht,0 < t < s be the solution to (12) with

‘/t = Us—t - Us~ Let

Then, R

- hs+u(z)~: hs(Zu(2)).

— hy and hs are independent. }

= JUw) flpu(2) = B (2) B (Zu(2)) By (w)
- fs+u( ) fs( ): S(Z ( )) hs (w)

2.2. Some computations. For this section we assume that h; satisfies (12)
with V; = —B; being a standard Brownian motion.

EXERCISE 13. Use the scaling property of Brownian motion to show that if
r >0, h(2) has the same distribution as h,24(rz)/r, and hence h;(z) has the same
distribution at h!,,(rz).
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EXERCISE 14. Prove the following “parabolic Harnack inequality”. For every
compact V-.C H and every sy > 1, there exist c1,co (depending on V, sg but not on
A or k) such that for all t > 1,

QR [W6)P] <E[IW,(2)P] < QE[GP], s3' <s<so, z€V.
Hint: Use scaling and the distortion theorem.
Let z € H and define
Zt == Zt(Z) = Xt + Z}/;g = ht(Z) — ‘/t = ht(Z) + Bt.

we will define a number of other quantities in this section. Even though we omit
it in the notation, it is important to remember that there is a z dependence. The
equation (12) can be written as

a Xy aY;

1 dXy = ————=dt +dB Y= ———.
( 3) t X1£2+}/;2 + ts 8t t X752+)/;52
Differentiating (12) with respect to z gives

a
oo li(2)] = 5
i
and by taking real parts, we get
a(X? —Y?)
0y |h(2)| = [hi(2)| s ——avs -
=IO ey
Let v "
Sy = sinfarg Z;] = 7t, T, = | t(z)|
JXI 1Y Y,
The chain rule gives
2aY}?
Yy =T —5—5,
(X7 +Y)?
and an exercise in Itd’s formula gives
2
(2ar+ 5+ 5) X7 — 5 Y2 r X,

14 dsy = Sy z 2 2 dt — dB

- T (X7 +Y7)? Xyt

PROPOSITION 15. Suppose r € R and

A=A =r (14 L) T (== o
A= 2a 4o’ ° ST T
If z € H, let

(15) My = My, (2) = () A Y S,

Then M; is a martingale satisfying

7"Xt
16 dMy; = ———— M, dB;.
( ) t Xt2 ¥ }/tQ t t
EXERCISE 16. Verify as many of the calculations above as you want. Also,
establish the following deterministic estimates if z = x + iy.

y? < Y2 <y? + 2at,

WWS%sﬁTmma
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# The parameters A, ¢ are the same parameters as in Theorem 11. However, it is useful
to include the extra parameter r. There is only a “one real variable” amount of randomness
(nontrivial quadratic variation) in the martingale M;. For convenience we have written it in
terms of the sine, S;; earlier versions of these computations chose to write it in terms of
(X2 +Y?). Either way, one must choose the appropriate “compensator’ terms which turn
out to be in terms of Y; and |h}(2)|, both of which are differentiable in .

We can consider a new measure P* obtained by weighting by the martingale
M. To be more precise, if F is an event in the o-algebra F; = 0{B; : 0 < s < t},
then
P*(E) = My 'E[M; 15].
The Girsanov theorem tells us that

r Xt
dB; = ———— dt + dW,
t th I }/;2 + ts
where W; is a Brownian motion with respect to P*. In other words,
(r—a)X;
17 dX; = ——— dt + dW,.
( ) t Xt2 + )/;2 + t

#Suppose M; is a continuous, positive process satisfying
th = At Mt dBt

Then M, is a local martingale, but not necessarily a martingale. If one chooses stopping times
T, by
Tn = inf{t : My > n or |A¢ > n},

then Mt(") := Min~, is a martingale satisfying
AM™ = Ay (5, 5 M™ dB,.

The Girsanov theorem tells us that it we weight by the martingale, then B, satisfies
dBt:Atdt+th, t < Tn,

where W; is a Brownian motion in the new measure which we denote by P*. At the moment,
this is only valid for t < 7,. However, if
(18) lim P*{r, <t} =0,

then the we can conclude that the process is actually a martingale.

In our particular case, one can see from (17) and the bounds on Y; that X,
does not blow up in finite time. Since |h}(z)| is expressed in a differential equation
involving X, Y%, it also does not blow up. This is how one verifies (18) and shows
that M, is a martingale.

Let us now choose z = ¢ so that

My =1.
Since M; is a martingale, we have for all r,
E[M] = E [j0) P vE s77] = 1.
Typically we expect for large t that
(19) Y, =<t/2, 8, =1,
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and hence we might want to conclude that

E [\h;(z)P‘} = =¢/2,
This is a hand-waving argument, and, in fact, it is not valid for all values of A. As
we will see below, the values of A for which it will be valid are those values for which

(19) holds typically when we weight by the martingale M;. These values which we
call good r satisfy

1 4 1
T<7‘C::2a—|—§:E+§.

Let 1
q:rc—r:2a+§—r>0.

Then the good values of r are those for which ¢ > 0. Note that
3 1
)\(T’C)—a‘i—mia"—l, C(TC)_G_E.
For —co < r < re,—00 < A < Ae = a+ % + 1, the relationship r «—— X is a
bijection and
r=2a+1-—+/(2a+1)? — 4a),
1

T 1
=\A—- — = — 2 _ — 1= =
¢C=A 5 A+ g (2a+1)2 —4daX—1 5o

2.3. Imaginary part parametrization. We assume that z = ¢ and r < r,

that is,
1
q=2a+ 5~ r > 0.
We will introduce a time change under which the logarithm of the imaginary part
of Z grows linearly. Let
o(t) = inf{s: Yy = e},
and define
Zi = Zowy, Xi=Xopy, Yi=Youy =€, hy=ho.

We also define
. . eat 1
Ki=e %X, S = Soty = == = ———, Jt= sinhfl(Kt).

2] VEE+T

Under this parametrization, the pair of equations (13) can be written as a single one-
variable SDE in K; or J;. We will list some computation below, but we summarize
the basic idea as follows:

o If r < r. and we weight by the martingale M;, then in the weighted
measure, J; is a positive recurrent diffusion.

EXERCISE 17. Verify the following deterministic relations.
Qo (t) = |2/,

t t
o) = [ e (K2 1)ds = [ e cosi® g, ds,
0 0

| (0)] = et

where
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e~ < |hL(i)] < e

EXERCISE 18. Show that there exists a standard Brownian motion Bt such that

th = —QGtht+ \/Kt2+1dét,

dJ; = —(q 4+ r) tanh J; dt + dB;.
Hint: This requires knowing how to handle time changes in SDEs.

EXERCISE 19. If N; = M,y where My is the martingale in (15), then

(20) Ny = Pt 8t [cosh J4]",

V—CL/\—?( + )+ 5

dNt =T [tanh Jt] Nt dBt

where

(V]

Moreover,

Using the last exercise, we see that we must analyze the SDE
dJ, = —(q+7)[tanh J;] dt + B;, Jo =0.

Note that this equation is written in terms of g, r; the parameter a has disappeared.
We consider the martingale Ny in (20) which satisfies

dNt =T [tanh Jt] Nt dBt, NO =1.

Let P*,E* denote probabilities and expectations with respect to the measure ob-
tained by weighting by the martingale N;. Then

dBt =T [tanh Jt} Nt dt + th,
where W; is a standard Brownian motion with respect to P*. In particular,

dJy = —q [tanh J;] dt + dW;.

#Time changes of martingales (under some boundedness conditions) give martingales.
Weighting by a time change of a martingale produces the same probability measure (on the
o-algebra Fo.) on a space as that obtained by weighting by the martingale. (This is subtle —
a time changed process is not the same as the original process; it is the underlying measure
on the probability space that is the same.) This is why we use the same letter P* E* for
weighting by NV; as for M;.
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2.4. The one-variable SDE.

#Many of the one-variable SDEs that arise in studying SLE can be viewed as equations
arising from the Girsanov theorem by “weighting Brownian motion locally” by a function.
Suppose F is a positive C? function on R. Suppose B; is a standard one-dimensional Brownian
motion. Then Itd's formula gives

dF(Bt) = F(Bt) [At dt + @t dBt],

where
_ F”(Bt)
2F(B:)’

M; = F(B:) exp {f/ot % als}7

then M, is a local martingale satisfying

(Dt = [log F(Bt)], = At

In other words, if

th = [log F(Bt)}/ Mt dBt

If F' satisfies some mild restrictions, then M; is a martingale. If we let P* be the measure
obtained by weighting by M;, then the Girsanov theorem implies that

where W is a P*-Brownian motion. Let p:(z,y) denote the transition probabilities for Brow-
nian motion and pi(z,y) the transitions for B; under P*, that is, the transitions for the
equation (21). We know that p:(z,y) = p:(y,z). In general, it is hard to give an expression
for pi (x,y), however, if we consider a path w(s),0 < s < ¢, from z to y of time duration ¢,
then the Radon-Nikodym derivative of P* with respect to PP on this path is given by

F(y) { /t F'(w(s)) }
expq — ——— L ds.
F(z) 0 2F(w(s))
The expression in the exponential may be complicated, but the key fact is that it is the same

for the reversed path w'i(s) = w(t — s) which goes from y to z. Hence we get the reversibility
relation

F(y)*
F(x)?

This implies that F'? gives an invariant density for the SDE (21).

pi(z,y) = p; (Y, ).

EXERCISE 20. Use the ideas above to find the invariant probability for diffusions
satisfying the following.
dtha[cotXt]dt—l—th, a21/2, 0< Xy <.

dXt = —th dt + th, q > 0.

In both cases, try to find a function F' such that the equations arise by starting with
a Brownian motion Xy and then weighting locally by the function F.

Let us consider the SDE
dJ; = —q [tanh Jy] dt + dW,, Jy =0,
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with ¢ > 0. This is the equation obtained by weighting a Brownian motion locally
by the function f(z) = [coshz]~9 and using this (see note above) or other stan-
dard techniques, one can see that this is positive recurrent diffusion with invariant
probability density
C
vy(2) = —2— C'=

cosh?? 2’ a o cosh®lz I'(qg+ %) .

/ *  dw I'(3)T(q)
Consider the functional L; that appears in Exercise 17:

to9
Lt:t_/ ———ds.
o cosh” Jg

Since J; is a positive recurrent distribution, at large times ¢ the distribution of J; is
very close to the invariant distribution. If we write J, for a random variable with
the invariant distribution, we get

E[L 2 2 1-2
T R
t—oo { cosh” J — oo CcOsh®?™ ¢ 1+ 2¢q

Indeed, one expects more than convergence in expectation. Assuming that an
appropriate strong law of large numbers and central limit theorem hold, we would
expect

Ly = Bt + O(tY/?).

Indeed, one can give exponential estimates using the martingales for values of 7
near r to show that there exists b such that

o (B

This gives immediate bounds on probabilities

IP’{|Lt — pt] > uﬁ} IP’{exp{blLt\[tﬂt'} > eb“} < ce v,

2.5. Returning to the reverse flow. Here we will not give complete details.
We assume z = 4. Since Ny = M, is a martingale,

E[N:] = E[Np] = 1.
Moreover, if F is any event depending on B, 0 < s < o(t), then
E[N:1g] = E* [1g] = P*(E),

where as before P* denotes probabilities obtained by weighting by the martingale.
To compute P*(E), one only needs to consider the one-variable SDE of the previous
section.

For example, for some subpower function i we might specify the event Fj .
such that the following holds for 0 < s < ¢:

Js < ci(s),
(22) Js < cy(t—s),
|Ls — Bs| < cp(s) Vs + 1,
(23) |Ls = Bs| < cpt —5) Vs + 1.
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Using the one-variable SDE we can show that

(24) lim liminfP*(E;.) = 1.

c—0o0 t—o00

¢ The subpower function v needs to grow to infinity sufficiently fast for our estimates.
However, for everything we do here, we could choose

w(s) = 1vexp{(logs)"},

which grows faster than any power of log s. For some of our estimates we do need that
Jo<e, |L.—Bs|<cvs,

for s =t — O(1). This is why we include the conditions (22) and (23).

‘We will now establish one direction of Theorem 11. Note that

1—2¢q 2r —4a 1
) = — = —1:—/A-
B 1+2¢ 2+4a-—2r (2a +1)% — daX ¢

(If one wants to understand why B(\) should equal —¢’()), see the next subsection.)
Choose c sufficiently large so that if E = E ., then P*(E) > 1/2. Then

1
3 <E[M,qlg] <1.

On the event F,
t
o(t) = / e%e% cosh? J, =< e,
0

Here =< means up to constants, which is stronger than up to “ a subpower function”.
This uses the conditions (22) and (23). Also recall that

ey (8)] = e = exp {aBt + O(#/2(1) }
With a little argument using distortion theorem ideas and the Loewner equation,
we get (letting T = %),
E [|1a (i) Y 877 18] <1,
on an event on which
Yre < T, Sp2x=x1, |hip(i)| =T,
In particular,
E [|Wpa(§)["] = e T

The other direction takes a little more work which we do not do here although

it uses some of the same ideas. For the upper bound, we need to control the terms

for which Y; and S; are far from their typical values. This was done for many values
of r in [4] and for all r < r. in [6].

¢ The remainder of this section will discuss more advanced topics relating to the reverse
Loewner flow. This will not be needed in the later sections, so readers should feel free to skip
now to Section 3.
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2.6. Multifractal spectra. The basic ideas of multifractal spectrum are the
same as those in basic “large deviation” theory and uses a simple idea that some-
times goes under the name of the Legendre transform. Let us explain it heuristi-
cally. Suppose that Z, is a sequence of random variables for which we know the
asymptotics of the moment generating function,

(25) E [e*?"] m e ™),
for A in an open interval about the origin. Define p(s) roughly by
P{Z, ~ sn} ~ e "),
Then,
E [e)‘Z"; Zn =~ sn| 2, elrs=r(s)ln
The exponent ((A) can be obtained by maximizing the right-hand side in s,
((A) = inf [As — p(s)].
If p is smooth enough, the infimum is obtained at s) where
p'(sx) = A
Conversely, the Chebyshev inequality gives
P{Z, ~ sn} < E[e*r]e ",
and equality is obtained for the optimal s. In other words,

p(s) = max|—¢() — s)].

The maximizer is obtained at A, satisfying

() = —s.
The “multifractal regime” is the regime where different values of s give different
values of A. In this case we can say roughly:

e The expectation in (25) is carried on the event Z,, ~ syn. This event has
probability about

e—1(53) g o~V FAsAIn

#Large deviation theory generally discusses events whose probabilities decay exponen-
tially. In critical phenomena, one generally has events whose probability decays like a power
law. It is easy to convert to exponential scales. For example, if we want to study |k} (i)|, the
corresponding random variable might be

Zn =1og |hizn (i) -
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2.7. The tip multifractal spectrum for SLFE. Consider the number of
times t € Dy, such that
£627)| = 27,
This is imprecise, but I will state some theorems below. If 3 < 1, the expected
number of such times is

(26) 9n(2-C-28)

where

1 1 1
- 1, (=M /2at1)? —dar—1— —.
v (2a + 1) — da ¢ 2a ( ) 2a

The condition # < 1 corresponds to

3
A< A =1 =
< BT

and in this range we can solve for \ as a function of 3. Since there are 22" intervals
of length 272" in [0, 1], we can interpret (26) as saying that the “fractal dimension”
of the set of times in [0, 1] at which |f/(i27™)| = 2"% is (2 — ¢ — A3)/2. This fractal
dimension is maximized when r» = ( = A = 0. In this case,

2a 4
626(0)2_2@4—1 T A4k

# This says that for small y, the typical value of | f{(iy)|, when the curve is parametrized
by capacity, is yﬁ. As one example, consider the limit as k — 0 (let’s choose the capacity
parametrization at rate 2). In this case, the curve grows deterministically, and by solving the
Loewner equation one can check that |f{(iy)| =~ y.

Let us consider 5(0) < # < 1. This represents larger than typical values of
| fi (iy)| and corresponds to 0 < A < A.. Let

Kg:{tE[O,l]: lim W:ﬁ}.

y—0+ —logy
_ ] (4
Kg= {t € [0,1] :limsupw > ﬁ}.
y—o+ —logy
THEOREM 21. [7, 4] Suppose 3(0) < 8 <1 and let p = + AB. The following
hold with probability one.
o Ifp>2, Kgis empty.

o Ifp<2,

dimy, [Kg] < Z;Qp’ dimy, [v(Kp)] < f_;g
o If p<2,

dimy, [Kp] = 2;2{ dimy, [7(Kp)] = f_;g-

Here dimy, denotes Hausdorff dimension.

e Brownian motion in R%, d > 1, has the property that with probability one, if
A C [0,1] then dimp, (B(A)) = 2dim,(A). SLE, in the capacity parametrization
does not have the property that the dimp(y(A)) depends only on dimp(A).



FRACTAL AND MULTIFRACTAL PROPERTIES OF SLE 19

e The relationship between dimy, [K] and dimy, [y(K )] can be seen heuristically
as follows. If dimp [Kg] = «, then it takes about n® intervals of length 1/n

to cover Kz. The image of these intervals is dilated by a factor of about
|f'(1/v/n)| =~ n®/2. Hence it takes about n® = nTS8 521 sets of diameter
n?/B=Y to cover v(Kj). This suggests that the dimension of v(Kjp) is ﬁ

e The first two parts of the theorem can be deduced from the first moment bound
Theorem 11. A similar bound was found in [3]. The lower bound is harder, and
I will discuss this somewhat below.

e The maximum value of (2 — p)/(1 — ) is d = 1 + § and occurs when
K
P = g m—gy 17 PO

A corollary of the last result is that the Hausdorff dimension of the SLE, path
is d; this result was first proved in [2].

EXERCISE 22. Use the conformal property of SLE, to show that for each (3,
the random variable dimy,[Kg| is constant with probability one.

To prove the lower bound for a fixed 3(0) < 8 < 1, we construct nontrivial
(positive) measures v, i carried on Kg,y (K 3), respectively, such that

9 _
// <oo, a<7p,
|sft|0‘ 2
and
2—p
27 // <oo7 o< —.
) S 5

We will focus on the latter which is slightly more difficult to handle. By the exercise
above, it suffices to show that such a measure exists with positive probability.

We construct p as a (subsequential) limit of a sequence i, of approximating
measures. The form of the approximating measures is

Mn = Z ,u(n, t)»
1/2<t<1,tE€Dan

where p(n,t) is a multiple of Lebesgue measure on the disk of radius r, about
f+(i27™) where the multiple is chosen so that the total mass of u(n,t) is

22 (27 I ().

Here ) is the exponent associated to 3, r, is a deterministic sequence decreasing to
zero, and J(t,n) is the indicator function of a nice event. We will not be precise,
but the form of the event is

y (/) < |f Gy <y P o(1/y), 27" <y<l
The subpower function v is chosen sufficiently large so that
E[|fi(i27")* J(t,n)] = cE[|fi(i27")]"] = 27"
which implies E[u,,] > ¢1. If one can show that
E[ILLEL] < ¢,

e[ [ 2] < <o
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then standard techniques (see Section 3.7) imply that with probability p = p(c1, c2) >
0, we can find a subsequential limit satisfying (27).

We will give only a sketch as to why one would hope to get such an estimate.
Let us fix t,t + s € D,, with 1/2<t<t+ $2 < 1. We would like to write this as

E[|fi@27 ") fra (127 (8n) I (t+s,n)] -

Using the relationship with the reverse Loewner flow as in Section 2.1, we consider
an expectation of the form

E [m(zw By 2 (2) T (8 ) T (t + 52, n)} =i
(We abuse notation by using J for the corresponding events for the reverse flow.)
Recall from Section 2.1 that
hy(2) by g2 (2) = hy(2) hy(Ze2(2)) B (2),

and the maps he and hge are independent. We also consider the map h which
denotes the corresponding map at time ¢t — s2. Then we have

hy(2) o (2) = Wa (2) o (2) By 2 (Zi2 (2)) B2 (Zos2 (2))
Here we are writing
Zp(2) = he(2) = Vi, Zo(2) = ho(2) = V.
e The probability that |h/,(2)| = [s2"]? is the same as
P{[age (i) = 27" 87}~ 271 5€.

e When we weight paths by |h'52(z)|’\7 and let Z,2(z) = X,2 4+ iY,2, then
Y2 & s, |Xs2] < s1(1/s). Using the distortion theorem, if f any conformal
transformation of H,

|1/ (Zs2(2)] = | f(is)].

e The probability that \lNL’gZ (2)| = [s2"]7 is about 27 "€ 57,
e Since Y2 &~ s, | X 2| < s9(1/s).

B (Ze2(2))] = 1,
and hence
B2 (2)] = IR (2) W2 (Z2(2))] = [52"]7,
and
[Py (2) 2 (2)] =~ 27120
e When we weight by |/~1’S2 (z) hly2(2)]*, then then the typical path is as
above so that

2 (Ze2 (2))] % B} _p2(Zas2 (2))] 2 | (50)].
e The probability that |h]__,(si)| ~ s# is about s¢.

t—s2
e If we carry this argument out carefully, then we can choose appropriate

events J(t,n) such that

(28) B[P e (D1 0) (4 52, m)] < 2720571 s)
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e Using the Koebe-1/4 theorem, we can see that on this event
|Zg2(2) = Zag2 (2)| 2 s(1/s),

and hence
() =yt +57)| > s p(1/s).

4 This is only a basic sketch of the argument. | am not putting in more details, but let
me mention some of the reasons for defining the measure the way that | did.

e One might try to avoid the event J(t,n) and define a measure proportional to
|f1(i27™)|*. It is probably true that this would concentrate on the correct set.
However, the second moment estimates become tricky, because ones starts to esti-
mate

E[IfiG2 7 £ 2P -
for s near t this starts looking like the 2\ power and the 2\ moment concentrates
on a different event.

e One might try to put a measure proportional to the indicator function of an event.
However, we do not have as sharp estimates for this probability. It is important
in getting the second moment estimate that we an estimate as sharp as (28). In
particular, for 1/s of order 1, the right-hand side is bounded by a constant times
27", It is because this is needed that the one-variable analysis leading to (24) was
done.

3. The forward flow and dimension

3.1. Some intuition. Suppose z € H and + is a chordal SLE, path from 0
to oo in H. We will ask two related questions:
e Does the path hit z? If not, how close does it get?
e What is the Hausdorff dimension of the path (0, c0)?
It is known, and we will give a derivation here, that the curve is plane-filling if and
only if k > 8. In other words,

1 k>8
]P{ZE’V((LOO)}Z{ 0 k<8

Suppose D is a bounded domain, bounded away from the real line. Suppose k < 8.
If the fractal dimension of v N D is d, then we expect that the number of disks of
radius € needed to cover the curve is of order e~?. If we divide D into e~? disks of
radius €, then the fraction of these disks needed to cover D is €27 ¢. In other words,
the probability that a particular disk of radius e is needed should be about €2~
Using this as intuition, we expect as € — 0,

(29) P{dist(v,z) < e} ~ 2714,

The goal of this section is to give a precise version of the relation (29). Rohde
and Schramm [15] first showed that the correct value is

K
d=1+—.
+8

More precise estimates [2] are needed to give the result about the Hausdorff dimen-
sion which we state now.

THEOREM 23. [2] If k < 8, then with probability one, the Hausdorff dimension
of v fort >0ids 1+ g.
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3.2. Basic definitions. Distance to the curve is not a conformal invariant or
conformal covariant. A more useful, but similar, notion is conformal radius. Recall
that H denotes the upper half plane, and let D = {z € C: |z| < 1} denote the unit
disk.

Definition If D is a (proper) simple connected domain and z € D, we define
Tp(z) to be one-half times the conformal radius of D with respect to z. In other
words, if f: D — D is a conformal transformation with f(0) = z, then

1
To(z) = 5 17 (2)]
The factor of 1/2 is a convenience so that
Tr(z +iy) = Im(y).

It follows from the definition that the conformal radius is conformally covariant in
the sense that if F': D — F(D) is a conformal transformation,

(30) Yr)(F(2)) = [F'(2)] Tp(2).
By definition, we set T¢(z) = co. The conformal radius is closely related to the
inradius defined by
inradp(z) = dist(z,dD).
EXERCISE 24. Use the Koebe 1/4-theorem, to show that for any simply con-
nected domain D and z € D,

(31) % Tp(2) < dist(z, D) < 271 (2).

Definition If D is a simply connected domain and w;,ws are distinct points in
0D, then

Sp(z; w1, wy) = sinarg f(z)].
where f: D — H is a conformal transformation with f(0) = wy, f(c0) = wo.

The transformation f is unique up to a dilation, and hence the argument of
f(2) does not depend on the choice of f. By definition, Sp is a conformal invariant,

Sppy(F(2); F(wy), F(wz2)) = Sp(z; wi, wa).

Let hmp(z,-) denote harmonic measure which is defined by saying that the
probability that a Brownian motion starting at z exits D at V C 9D is given by
hmp(z, V).

EXERCISE 25.

o Consider z = re'? € H. Show that the probability that a Brownian motion
starting at z exits H on (—00,0) equals 6 /7. (Hint: what is the Poisson
kernel in H?)

e Find constants 0 < ¢1 < cg < 00 such that the following holds. Suppose
D is a simply connected domain and wy,ws are distinct boundary points
of D. Write

oD = {’wl,’LU2} ] A1 @] Ag
where Ay, Ay are the two connected subarcs of D\ {wyi,w2}. Then

(32) ¢1 Sp(z;wy,wy) <min{hmp(z, A1), hmp(z, A2)} < o Sp(z;wy, we).
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#When | discuss boundaries of simply connected domains D, | am using “prime ends”.

I will not give the precise definition, but the basic idea is that boundary points can be reached
in different directions. For example, if D =D\ [0,1) and the boundary points are 0 and —1,
then ,

A ={?:0<0<n}uU(0,1]4,

Ay ={e:m <0< 2r}U(0,1]_,
where (0,1]4 (resp., [0,1]-) denotes the points in (0,1] reached from the upper half plane
(lower half plane).

We now take a chordal SLE, path v parametrized as in Section 0.1. For fixed
z € H, we set Z; = Z(2) = Xy + iY; = g1(2) — Uy, which satisfies

a
dZ; = — dt + dB;.
t 7 + aby

3.3. Radial parametrization. Chordal SLE, uses the half-plane capacity.
If z € H, we can choose a different parametrization such that log Y, (z) decays
linearly (this will be valid at least as long as z € H;.) Let us fix z, and let

Yy
Tt = Tt(Z) = THt(Z) = T -
19:(2)]
The last equality uses the scaling rule (30) with F' = g;. From the (deterministic)
Loewner equation (1), we can compute
a(Y? - X?)
A4l =t 9T =7
1] g;(2)] (X? 1Y) t 1t t

Since Y; decreases with ¢t we can define

2aY?
(X7 +Y72)2

Too = Jlimp Yo
Definition If z € H, let
o(t) =o.(t)=inf {s: T, <e 2"},
p(t) = p.(t) = inf {s : dist(0H;, z) < e 2*'}.
We call o(t) the radial parametrization (with rate 2a).

In the radial parametrization log T, = log T4y decays linearly. We choose
rate 2a to makes some equations below a little nicer.

EXERCISE 26. Suppose Im(z) = 1.
e Find a constant ¢ such that for allt >0
|log Y 1) + 2at| < c.
e Show that there exists a ¢ > 0 such that for allt >0, 0<s<1,
(33) log T p(t4s) < log Ty +cs.

Hint: The first part is straightforward using (31), but the second part requires more
argument.

In the radial parametrization, the argument behaves in a relatively simple fash-
ion. Let
O = arg Z, ().
The next exercise gives the equation that we will use.
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EXERCISE 27. Show that there is a standard Brownian motion Wt such that Oy
satisfies

(34) dO; = (2a — 1) [cot O] dt + dW,.

Hint: There are two parts to this. First, one uses Ité’s formula to give an equation
for arg Z;, and then one converts to the radial parametrization. The rate 2a is
chosen so that Wy is a standard Brownian motion.

4By comparison with the Bessel equation, one can show that solutions to the “radial

Bessel equation”
dXt = ,8 [COt Xt} dt + th,

reach the origin in finite time if and only if 3 < 1/2. Hence solutions to the equation (34)
reach the origin in finite time if and only if a > 1/4,x < 8. Note that finite time in the radial
parametrization corresponds to Yo, > 0 which corresponds to z & (0, 00). Hence from this
we can see that SLE, is plane-filling if and only k > 8. Another observation is that ©; is a
martingale if and only if K = 4.

#When considering SLE,; near an interior point z, the radial parametrization is very use-
ful. However, the parametrization depends on the point z, so it is not as useful for considering
two interior points simultaneously.

3.4. Green’s function and one-point estimate. If x < 8, let

K 1
d=1+—-=1+ —.
+8 +4a

This will be the fractal dimension of the paths, but for the time being, let us
consider this only as a notation.

Definition The Green’s function (for chordal SLE, from wy to we in simply con-
nected D) is
Gp(zwi,ws) = Tp(2)42 Sp(z w1, we) ™ = Tp(2) 571 Sp (23w, wa) = L.
We set
G(2) = Gu(2;0,00) = [Imz]?~2 sin?* ! [arg z].
The scaling rules for T p and Sp imply the following scaling rule for Gp
(35) Gp(z w1, w) = |F'(2)]* ¢ Gp(p) (F(2); F(wr), F(ws)).

Roughly speaking, we think of Gp(z;w1,ws) as representing the probability that
the SLE, path gets close to z. A precise formulation of this comes in the following
theorem which we prove in this section. If v is an SLFE, curve in D from w; to ws,
we write 7; for v(0,t], D; for the unbounded component of D \ 7 containing ws on
its boundary, and if z € D, Ty = Ti(2) = Tp, (z; w1, wa) (if 2 &€ Dy, then Ty = 0),
and Yo = limy_. o Y;. The next proposition shows that for all D, z, wq, wa,

(36) P{Y; <7} ~ . Gp(zwi,w) r®™% 1 =0+,
Using the scaling rule (35), we can write this as

P{Y; <7 Yo} ~ c(ro)* ¢ Gp(zwi,w2) = ¢ Sp(z;wy, wa) ' r?~4.
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THEOREM 28. For every k < 8 there exists u > 0 such that the following holds.
Suppose v is an SLE,; curve from wy to wg in D. Then for every z € D,

(37) P{Y <rYo}=c. SD(z;wl,wg)‘l“*l r2—d 1+ 00",

where

1 s
= f/ sin®® z dz.
2Jo

In particular, if T < 1, there exists 0 < ¢1 < co < 00 such that for all D, z, w1, ws
and all 0 <7 < rp,

c1 Sp(z;wy, w2)4“*1 r2=d < P{Y <rYo} <c1Sp(z;w, w2)4“*1 r2=d,

The relation (37) means the following. For each ro < 1, there exists ¢ < co
which may depend on x and ry but does not depend on r, D, w1, ws, z such that if
r S To,

IP{Yo <7 Yo} — e Sp(zwr,w2)* 11274 < ¢ Sp(zywy, we)**? r@-dtu,

We have not motivated why the function Gp or the value d sould be as given.
We do so now. Suppose Gp,d exist satisfying (36). Let F; denote the o-algebra
generated by {B; : 0 < s <t} (or, equivalently, by {v(s),0 < s <t}). If p = inf{¢:
T =r}, then

should be a local martingale for 0 <t < p. If this is true, then
Mt =E [GD(Z, wl,wg) | ft}

should be a local martingale. The domain Markov property of SLE, and (37)
imply that
E[Gp(ziwi,w2) | Ft] = G, (27(t),00)
19: (=)~ Gra(ge(2); Uy, 00)
= (9P C(Z(2),  Zi(2) = gi(2) — Uy
[

The function G was first computed in [15] by essentially doing the following exercise.

EXERCISE 29. Suppose k < 8.
o Let
My = My(2) = G, (2:7(1), 00) = |g;(2) P~ 1G(Z4(2)).
Then M, is a local martingale satisfying

th _ (1 —4G)Xt

~—~ _— dB;.
xp+yg

e Suppose ® : H — (0,00) is a C? function satisfying ®(rz) = r*=2®(z) for
some « > 0. Suppose also that for each z,

9 ()P~ 2(Z4(2))

is a local martingale. Prove that o = d and ® = ¢G for some c.



26 GREGORY F. LAWLER

Unlike the similar local martingale M; from the reverse Loewner flow in the
previous section, this local martingale is not a martingale. It “blows up” on the
event of probability zero that z € v(0, 00).

In the radial parametrization,

M, = My = e2at(2=d) [sin ©,]* 1.
(If Yoo > €29 then o(t) = oo and M; = 0.) Recall that in the radial parametriza-
tion,
dO, = (1 — 2a) O, dt 4+ dW,.
If
T = inf{t : sin ®; = 0},

we can write

Mt — eQat(Qfd) [Sin @t/\T]4a71~
This is a martingale satisfying
th = (4CL - 1) [COt @t] Mt th, t<T.

(Itd’s formula shows that this is a local martingale, and since M, is uniformly
bounded on every compact interval, we can see that it is actually a martingale.) If
we weight by the martingale M, then

dW; = (4a — 1) cot O, dt + dW,

where W; is a Brownian motion in the new measure, which we denote by P* (with
expectations E*). In particular,

d@t = 2a cot @t dt + th

Since 2a > 1/2, with probability one with respect to the measure P*, the process
never exits the open interval (0, 7). (Of course, since the martingale M; equals zero

when sin ©; = 0, it is obvious that if we weight by Mt, the process should never
leave (0, )!)

4 Consider the SDE
dX: =F cot Xy dt+dB:, 0< Xo <,

where 3 > 1/2. This is the equation obtained by starting with a Brownian motion X; and
weighting locally by the function f(z) = [sinz]®. By comparison with a Bessel equation, it is
not hard to show that with probability one 0 < X; < 7 for all times. The invariant probability
distribution (see Exercise 20 and the comment above that), is

v(x) = Cap [sinz]*?, 02_51 :/ [sin y]** dy.
0

If pi(x,y) denotes the density (as a function of y) of X, given X, = z, it is standard to show
that

pt(x7 y) = ’U(Z’) [1 + O(e_at)L t>1,

for some o = ag > 0. In particular, if ® is a nonnegative function on (0, 7),

E[®(X,)] = U;m)v(:ﬂ)dm} [1+0( )], t>1.
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We can now prove Theorem 28. By conformal invariance, it suffices to consider
SLE, from 0 to co in H and Im(z) = 1. Note that Yo = 1. Let r = ¢~2%* and
v(x) = Cy, sin®*® z. Then,

P{Y <r}

E[{Te <r}]
= E* [M_l;T>t}
- E* |:Mt 1

e [ /O sina] '~ 4av<x>d4 1+ 0(™)]
= 204 L+ 0(r)).

Using (33), we get the following corollary in terms of distances.

COROLLARY 30. If k < 8 there exists ¢ < oo such that for every D, z, w1, ws
and every 0 < r < 1/2, if v is the path of SLE, from w; to ws in D, then

(38) P {dist(7, 2) < rinradp(2)} < ¢ Sp(z; w1, wa)** 1 r274,

The restriction r < 1/2 is not required if D = H. This can be seen from the
following estimate that we will not prove here. One can prove this similarly to the
proofs in this section, but another simple proof can be found in [1]. Note that

Su(z + zei; 0,00) ~ ¢, €—0+.

ProPOSITION 31. If k < 8, there exists ¢ < oo such that if v is the path of
SLE, from 0 to oo in H, x,e > 0, then

P {dist(y,z) < ez} < cete™L,

3.5. Two-sided radial and radial SLFE,. Two-sided radial SLE, from 0
to oo through z can be thought of as chordal SLE, from 0 to co conditioned to go
through z. This is conditioning on an event of probability zero, so we need to be
careful in the definition. A standard way to define events “conditioned on events of
measure zero” is to consider a sequence of events of positive probability decreasing
to the event, condition with respect to these events of positive probability, and
hope to obtain a limit of the measures. It is more convenient to use the Girsanov
theorem directly to define two-sided radial but our definition is equivalent to other
natural ways of defining the measure (see Exercise 32). The term “two-sided radial”
comes from thinking of the path as two (interacting) radial paths from z to 0 and
00, respectively.

Definition If k < 8, then two-sided radial SLE, from 0 to oo through z (up to
time T, ) is chordal SLE, weighted by the local martingale

Mt = GHt (27 W(t)7 OO)
If we use the radial parametrization as above, then for two-sided radial SLE,
d@t = 2a sin @t dt + th,

where W, is a Brownian motion. In the half-plane capacity parametrization, two-
sided radial SLE, satisfies

(1 - 3(1)Xt
X, =~ /= ¢

aY;

dt"‘th, atn:—m
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EXERCISE 32. Suppose k < 8 and z € H. For t < t' consider the follow-
ing probability measures on paths v(s),0 < s < o(t). Here we use the half-plane
capacity.

o Py =Py, is chordal SLE,, conditioned on the event {o(t) < oo} stopped
at time o(t).
o Py =Py is two-sided radial SLE,, stopped at time o(t).
o Ps v = Py is chordal SLE, conditioned on the event {o(t') < oo}
stopped at time p(t).
Then,

e Show that Py, Py are mutually absolutely continuous and give the Radon-
Nikodym derivative.

o Show that
hm ||P2 — P37t/ H = 0,
t/—o0
where || - || denotes variation distance.

In the discussion on natural parametrization, we will need to consider the time
duration in the half-plane capacity of radial SLFE,,xk < 8. Suppose 7 is two-sided
radial SLE from 0 to oo in z and let T, = inf{¢ : v(¢) = z}. Then with probability
one, T, < 0co. We let ¢(z;t) denote the distribution function,

o(z;t) =P{T, <t},
where P* denotes probabilities using two-sided radial SLE,. This is also the dis-
tribution time for inf{t : ¥; = 0} where X;,Y; satisfy (39) with X + ¢Yy = z. Let
d(2) = ¢(z;1); scaling implies
P(z;t) = p(2/t?).
We think of ¢(z;¢) as the probability that z € v(0,t] given that z € (0,00). One
can show that

E [Mi(2)] = [1 — ¢(2;1)] Mo(2).

# Two-sided radial can be considered as a type of “SLE(k,p)" process. We will not
define these processes here. In fact, most, if not all such processes, can be viewed as processes
obtained from the Girsanov theorem by weighting by a local martingale. | find the Girsanov
viewpoint more natural, because it generally can be seen as weighting locally by a function.
The function may depend on a number of marked points, e.g., the SLFE, Green's function.

3.5.1. Radial SLE,. Another example of a process that can be obtained from
chordal SLFE, by a local martingale is radial SLE,. If v is an SLFE,, process, let
@, = Hu(g:(2),Us) = | 24| ™" arg[Z,].

Here Hy(z,x) denotes m times the Poisson kernel for Brownian motion in H. We
will not need radial SLFE in these notes, so we leave this relationship as an exercise.

EXERCISE 33. Let v denote SLE,. Let

b_3a—1_6—/i
T2 T 9k

Show that
(1 - 3CL) Xt

ddb = @b | A, dt
t t t + Xf-i—Y;z

dBt )
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t
M, = exp{/ A, ds} P,
0

is a local martingale satisfying

for some Ay. In particular,

(]. — 3@) Xt

dM, =
XY

M, dBy.

The process that one obtains by weighting by M, in this exercise is radial SLE,
from 0 to z in H. More precisely, it is radial SLE,; defined up to the first time that
the path separates z from oo. For this process, in the radial parametrization one
gets

dO; = a sin O dt + dWy,
where W; is a standard Brownian motion. Radial SLE, is usually described as
a random curve growing from the boundary of the unit disk to the origin. It is
usually parametrized using a radial parametrization (so that the logarithm of the
conformal radius decays linearly). Note that this process reaches the origin in finite
time if and only if a < 1/2 (k > 4). If K > 4, the path disconnects z from oo in
finite (radial) time.

3.6. Beffara’s two-point estimate. The first proof of Theorem 23 as well
as one proof of existence of natural parametrization uses the following estimate.

PROPOSITION 34. Suppose k < 8 and D is a bounded domain bounded away
from the real line. Then there exists ¢ < oo such that for all €,6 >0 and z,w € D,

P{Y o (2) < € Too(w) <} < e 45274 |z — w|?72.

This proposition is not easy to prove. The hard work is showing the estimate
when |z — w] is of order 1. In Section 4.2 we discuss the proof of the following.

PROPOSITION 35. Suppose k < 8, and 0 < u; < ug < oo Then there exists
¢ < 0o such that for all €,6 > 0 and all z,w with

u; < Im(z), Im(w) < us,
ur < |z —w| < ug,
then
P{Y oo (2) < € Too(w) < 6} < ce? 45274,

Let us discuss how to get Proposition 34 from Proposition 35. It suffices to
consider ¢, 6, |z — w| sufficiently small and without loss of generality assume

0<e<|z—wl.

(If |z — w| < €, we can use the estimate on P{Im(w) < §}.) Let p be the first time
t that Y¢(z) < 10|z — w|. Then

5|z —w| <inradpy, (z) < 20|z —wl.
(40) P{p < 0o} = |z — w|*~%

Applying distortion estimates to g, on the disk of radius 5|z — w| about z, we see
that

195(2) = gp(w)| < 195 (2)] |2 = w| < |g,(w)[ |2 — w| < Tm[g,(2)] < Tm[g (w)].
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(The reader may wish to verify this. Note that we get both lower and upper bounds
on |g,(z) — gp(w)|. This uses the univalence of g,.) Therefore Y,(w) < |z — w|.
Therefore, for some c,

P{Too(2) < & Too(w) < 6 | F} < P{Too(z) < Lo®) gy < SOTolw) fp} |

S T—ul [z = wl
By conformal invariance, the right-hand side equals
eIm(g,(2)) ¢6 Tm(g,(w))
PSYeo < T < . :
{tactapten < TUEED vy, ) < S0

If we let 21 = g,(2)/Im(g,(2)), w1 = g,(w)/Im(g,(2)), then by conformal invari-
ance, this equals

€ cé
]P TOO < T Too S T I
Tl < S Tt < 205
where ¢ = ¢Im(w)/Im(z). Since |71 — w1| =< Im(wy) < Im(21) = 1, Proposition 35
shows that this probability is bounded above by

062_d 52—d ‘Z _ w|2(d—2).
Combining this with (40), we get Proposition 34.

3.7. Hausdorff dimension. Proposition 34 was the hard step in Beffara’s
proof of the lower bound of the Hausdorff dimension of SLE, curves. In this
subsection, we will sketch the basic technique to convert such two-point estimates
into estimates on dimension.

THEOREM 36. If k < 8, then with probability one the Hausdorff dimension of
Y[0,00) isd =1+ §.

It is not difficult to see that the value of the dimension is almost surely constant.
Giving the upper bound is not difficult using the one-point estimate. We will only
discuss the hard direction, the lower bound. It suffices to show that for some domain
D and every a < d, there is a positive probability that the Hausdorff dimension of
vN D is at least a. The hard work is the two-point estimate Proposition 34. The
rest follows from the proposition below which has appeared a number of places.

PrOPOSITION 37. Suppose 0 < 3 < m and A is a random closed subset of
[0,1]™. If j = (J1,- - Jm) € S :={1,...,2"}™. Let

. n—-1 5 Jm =1 Jm
Vn(.]) = |: on 72”:| X X |: on ’2n:|’
let K,,(j) denote the indicator function of the event
{ANVL() # 0}

Assume there exist 0 < ¢1 < co < 00 and a subpower function v such that

(41) ¢ 207" <R K,(§)] < e 2007,

s : 2(B—m)n |j1 _j2| (@=mm 2"
(42)  E[Kn(1) Kn(j2)] <2 e V)
2 i1 — Jol

Then with positive probability, dimp (A) > 5.
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SKETCH OF PROOF. Let

Then A; D A3 D A3 D --- and

A= ﬁ An.
n=1

Let u,, denote the (random) measure whose density with respect to Lebesgue mea-
sure on R™ is

fo(z) =2"1{z € A,}.
The estimates (41) and (42) imply that there exist cs, ¢4 such that
c3 < E[in(45)]” S E [1n(4,)°] < ca.
Moreover, for every o < (3, there exists C, < oo such that

E[€a(pn)] < Ca,

Using second moment methods and the Markov inequality, we see that there exists
¢s, ¢ > 0 (independent of o) and C,, < oo such that

where

P {65 < pn(Ayn) < cg and Eu(pn) < C,, for infinitely many n} > cs.

On the event on the left-hand side, we can take a subsequential limit and construct
a measure p supported on A with p(A) > ¢5 and €,(A) < Cy}. On this event,
Frostman’s lemma implies that dimy,(A) > a. O

4. Two-point estimates

In this section we sketch the main idea in the proof of Proposition 35 and
discuss the multi-point Green’s function for SLE.

4.1. Beurling estimate. There is one standard estimate for Brownian mo-
tion (harmonic measure) that we will use in the next section. We state it here. A
proof can be found in [5].

PROPOSITION 38 (Beurling estimate). There is a ¢ < 0o such that the following
is true. Suppose n : [0,1] — D is a curve with |n(0)| = €,|n(1)| = 1. Then the
probability that a Brownian motion starting at the origin reaches the unit circle
without hitting 1 is bounded above by ce'/?.

€ This estimate is a corollary of a stronger result, the Beurling projection theorem, which
implies that for fixed ¢, the radial line segment {reig : e < r < 1} maximizes the probability.
By finding an appropriate conformal transformation, one can see that the probability in this

case is asymptotic to ce’?,
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4.2. Proof of Proposition 35. We will only sketch some of the main ideas in
the proof of Proposition 35 following [9]. For ease we will consider z = —1 + i, w =
1+ and €,0 < 1/4 with n > 2. The main idea is to show that if a curve is going
to get very close to z and very close to w, it does one of two things. Either it gets
very close to z without having gotten very close to w and then gets close to w or
vice versa. What is unlikely to happen is that the curves gets near z and then near
w and then nearer to z and then nearer to w, etc. In order to keep track of this, we
note that any time the path goes near z and then near w it must go through the
imaginary axis Z = {iy : y > 0}. In fact, there are crosscuts contained in Z that it
must cross.

Some topological issues come up. One is to show that for each ¢, there exists
unique Z; with Zy = Z such that {Z; : ¢ > 0} satisfies the following properties.
Recall that H; is the unbounded component of H \ ¢,

e Each Z; is an open connected subarc of Z that divides H, into two com-
ponents, one containing z and the other containing w.
e s <t implies Z, D Z;.
o If s < tand v[s,t]NZ =0, then Z, = Z;.
We define a sequence of stopping times 7; and radii g;,7; as follows.
® Ty = anO = 1aT0 = 17
o If 7; < oo, let
7j :7[077-1']7 HY :HTJ"
g; = dist [z,fyj] , r; =dist [w,’yj] .
ojp1 =1nf{t > 7 : |y(t) — 2| < ¢;/2 or |y(t) —w| < r;/2},
Tjp1 = inf{t > o1 :9(t) € Lo, ., }
e Note that if 7j411 < oo, then either
gj+1 < ¢;j/2 and 141 > 1;/2
or
gj+1 > q;/2 and rj4q < 1;/2.
We call the two cases z-excursions and w-excursions, respectively.

What makes the proof tricky is that there are many different combinations of z
and w excursions that can occur for which eventually dist(z,v) < € and dist(w,v) <
€. Let us consider the case of z-excursions. What we need to show is something
like the following.

e There exists o > 0 such that the probability of a successful z-excursion
at the (j + 1) step with ¢;41 < dg; given ~7 is bounded above a constant
times

(43) 54 g5

We will discuss the proof of (43); the proof actually gives a particular value of
«a but this is not important. With this estimate, one can sum over all possible
combinations of z and w excursions and get the result. This last step is fairly
straightforward and we will not do this here.
To prove (43), it is important to realize that a successful z-excursion requires

two events to occur.

e There exists a first time T' > 7; such that |[y(T) — z| < d g;.

e The SLE, path hits the crosscut Z after time T
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There are different topological situations to consider but the basic idea is that
those configurations for which the first event is relatively likely to occur are those
for which the second event is unlikely.

To separate into two cases, consider the domain H7 and let A1, A5 be the two
arcs in the boundary as in (32). Let

Sj = Sus(2:7(7;),00).
Recall from that equation that
S; = min {hmp; (2, A1), hmpy; (2, Ap)} .

Case 1. Suppose I = Z, is an unbounded segment. Then the endpoint of this
component is y(7;). Since I disconnects z and w, we can see that one of the arcs
Ay, Ay, say Ag, defined at time 7; has the following property: any path from z to
A, staying in H7 must go through I. This observation and the Beurling estimate
(Proposition 38) give

hirs (2, 42) < cq;?

and hence

S; < cq;/Q.

Using (38), we see that the probability for v to get within distance dr; of z is
bounded above by a constant times §2~¢ q](»4a71)/2.

Case 2. Suppose I =7, is a bounded segment and let A, A2 be the arcs in
OHJ. There is a radial line of length ¢; from z to OH; it hits one of these arcs,
let us assume it is A;. Let A; denote the infimum of all  such that there exists a
curve in H7 from z to A, that stays in the disk of radius r about z. The Beurling

estimate and (32) as above imply
Sj < elq;/n5)'*.
We split into two possibilities: A; < /g; and A; > /q5.

e If Aj > ,/q;, then we can use (38) to say that the probability for v

to get within distance ér; of z is bounded above by a constant times
§2—d q(4a—1)/4
J : ‘
o If A; < ./gj, there exist curves 71,72 in the intersection of H’ with

the disk of radius q;/ % about z from z to Ay, As, respectively. We can
concatenate these curves to get a crosscut of H’ from A; to A, going

/

through z, staying in the disk of radius q; % of z. This curve disconnects

I from oo in H7. Let
T=inf{t > 7;: |7(t) — 2| = d ¢;}.

By (38), the probability that T' < oo is bounded above by a constant
time §2~¢. The claim is that the conditional probability that ~ intersects
I = Ir after time T given T < 7;4; is bounded above by a constant times
q“. To see this we take a radial line segment from v(7") to z. Combining
this with a subset of 7, we can see that there is a curve from (T') to
OHy that disconnects I from oo in Hr and has diameter less than 2q]1-/ 2,
Using this and estimates on Brownian excursion measure (details omitted
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— the Beurling estimate is used again), we can see that if [ is the image
of I under gr, then

diam(l)/dist(Ur,1) < cq;/2.

The probability that SLE, in Hr from «(T) to oo hits I can now be
bounded using Proposition 31.

4.3. Multi-point Green’s function for SLFE,. The techniques to prove the
two-point estimate in [9] can be used to prove the following two-point version of
(38).

THEOREM 39. [9] For every k < 8, there exists a function G(z,w) such that if
z,w € H, then
lim €269 2P{ o (2) < €, Too(w) < 6} = 2 G(z,w).

€,0—0
This theorem does not give an explicit form for G. We can write
G(z,w) = G(z,w) + G(w, 2),

where G represents the “ordered” Green’s function. For example G (z,w) represents
the probability of visiting z and then later visiting w. We can represent G(z,w)
in terms of two-sided radial SLE, through z as we now show. The limit in the
theorem is independent of how €,§ go to zero. Let us stretch things a bit and let €
go to zero fixing 0. Recall that (38) implies

liH(l) 2 P{Y o (2) < €} = ¢, G(2).

The limiting distribution on paths is that of two-sided radial SLE, going through
z. The conditional probability that T (w) < § “after + hits z given v goes through
2” should be
P{Y oo (w) < 0}
for SLE, in Hr, from z to co. Using (38) again we see that
lir% A2 P{Y o (w) < €} = ¢, Gy, (w;2,00).
Therefore,
G(z,w) =E* [Gpy, (w;2,00)] = E* [lgp, (w)*~* G(Zr, (w))] ,

where E* denotes expectation with respect to two-sided radial SLFE, going through
z.

The basic idea is that if v is going to get very close to both z and w, it either
first gets very close to z and then gets very close to w or vice versa. It does not
keep going back and forth. The estimate (43) is the critical step for making this

rigorous.
With the two-point Green’s function, we have a two-point local martingale. Let

(44) My(z,w) = |g1(2)*~ gy (w) >~ G(Z4(2), Zo(w)).
Recall that
o.(s) =inf {t: Ty(z) < e 2"},
It follows from Theorem 39 that for all s, Mya (o (s)r0., (s)) 1S @ martingale and hence
M;(z,w) is a local martingale.
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#Another possible approach to find the multi-point Green's function is to find a function
such that M;(z,w) in (44) is a local martingale. Using Itd's formula and the product rule,
this gives a differential equation in three real variables. (Two complex variables gives four real
variables, but a scaling relation reduces the number of variables by one.) This is a possible
approach to finding a closed form for this function. However, | suspect that one would need
an estimate similar to (43) to prove Theorem 39.

5. Natural parametrization or length

5.1. Motivation and heuristics. The capacity parametrization for SLE is
very useful for analyzing the process. In particular, it is the parametrization in
which the maps g; are differentiable in t. However, if one considers scaling limits
of discrete processes, there are other parametrizations that one would choose. For
example, if one scales self-avoiding walks on the lattice, it is standard to parametrize
so that each lattice step is taken in the same amount of time. We can ask if we can
find such a parametrization for SLE,.

Let us suppose for the moment, that such a parametrization exists. Suppose =y
is the curve of SLE, parametrized by half-plane capacity; for convenience, let us
choose the rate so that the half-plane capacity of (0, ¢ is ¢.

Let O denote the amount of “natural time” needed to traverse the curve (0, ¢].
Here, we are starting = in the half-plane capacity parametrization. We would hope
that ©; is a continuous, increasing process. We can also view O; as a measure
supported on the path where the measure of v(0,t] is ©;. In the case k > 8,
one natural choice would be ©; = area(y(0,t]). We will restrict our consideration
to k < 8. In this case, we might want to define ©,; some d-dimensional measure
of 4(0,t]. Suppose O; exists, and consider ©;4ya; — O which is the amount of
“natural time” needed to traverse [t,t+ At]. Let n = g;(v[t, t+ At]). The capacity
parametrization is invariant under g; in the sense that the half-plane capacity of
n is At. Hence we expect that diamn ~ v/At. If the natural parametrization is a
d-dimensional measure then the natural time needed to traverse 7 is about

(diamn)? ~ (At)%/2.
Also, d-dimensional measures have the property that if one blows up a set by a
factor of r, then the measure is multiplied by r?. If we consider U; + iv/At as a

typical point on 7, we might guess that the amount of natural time to traverse
y(t,t + At] is

1 @VA (A2,
Using this as motivation and setting At = n or 27", we might conjecture the
following:
O = lim n=¥2 Y | f, i/ V)l
J<tn
(45) O, = lim 272 % | £, (i27"2)| %
j<t2n

Much of the more intricate analysis in Section 2 was developed to try to understand
the right-hand side. Although we still do not know that the limit exists, there are
some things we can say.
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In the notation of that section, note that if » = 1, then
1 g 1 1
> 6 e N T PR

For k < 8, 1 < r¢, so the approach there works. In particular,

. . d_
E[|fl/e=(i/t)|") = E[|f2()| 7] = s27.
which gives, for example,

[NV

E |02 |f /vt < a7 2y a0

j<n j<n

(Since we expect E[O1] to be positive and finite, this is consistent with our heuris-
tics.) Also, the expectation in

E[| f1(i/n)|"]

is carried on an event on which

THONDEETGET
The probability of this event is about n~™* where

n~%ndb/2 — ps-1,

Therefore,

a=df+2—-d=d*—-2d+1

As we let n — oo, we get an exceptional set A C [0,1] of times which can be

covered by about n'~¢ intervals of length 1/n. Hence has fractal dimension

1—a=d(2-4d).
However, the images of these exceptional intervals should have diameter of order
n”V2 | fi(i/ V)| = a2,

Hence the image of A is covered by n'~® intervals of diameter n
the dimension d* of the image satisfies

4=2 which means

[nd—2]—d* _ ’I’Ll_a.

This retrieves d* = d.
There has been a lot of hand-waving in this argument, but one can make it
rigorous [4] to show the following.
e With probability one, the Hausdorff dimension of the set of times ¢ such
that

(46) iyl =~y y— 0+,
is d(2 — d).
e With probability one, there is a subset A of times satisfying (46) such
that v(A) has Hausdorff dimension d.

In particular, the Hausdorff dimension of the curve is at least d. This gives
another proof of Beffara’s theorem. In fact, this is one case of the analysis in
Section 2. The details were carried out in this case is [4] and generalized to the tip
multifractal spectrum in [7].

¢ An important corollary of this multifractal analysis is that the natural parametrization
is singular with respect to the capacity parametrization.
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#A comment about terminology: for smooth curves, the term natural parametrization
is used in some circles for parametrization by arc length. We think of this as the d-dimensional
analogue. It is also the scaling limit of parametrization by arc length and so the phrase natural
length is also used. Natural length may be a better word, but one must remember that this is
a d-dimensional quantity.

5.2. A rigorous definition of natural parametrization. Suppose 7 is an
SLE, curve with x < 8. We have seen that if z € H, then

lir&_ edT2P{Y(2) < €} = ¢, G(2).

We conjecture (and think it might not be too difficult to prove) that there exists a
constant ¢y such that the following is true.
Conjecture. There exist cqg > 0, such that if D is a simply connected domain and
v is SLE, from wy to ws, then for z € D,

11I(I)1+ €472 P{dist (7, 2) < €} = co Gp(z; w1, ws).

We will assume this conjecture. We list another conjecture, which we believe
is more difficult.
Conjecture. If D is a simply connected domain and v is SLE, from wy to wa,
then for z € D, t > 0, the limit

d—2

O = lim €2 ¢yt area{z : dist(s,2) < ¢}

e—0+

exists.

Let us assume this conjecture and see what it implies. For ease, let us assume
that D is a bounded domain, and « is an SLFE, curve from w; to we in D. The
choice of parametrization is not really important, but let us assume that it retains
the capacity parametrization from the upper half plane. Then

(47) Oy = li%1+ ed=2 cal area{z : dist(y, z) < €}.
It seems reasonable from (47) that
E[O..] :/ G (w1, ws) dA(2),
D

where we write dA for integrals with respect to area. Also,
EOo | 7] =E[0¢ + (O — O1) [ 1] = O1 + E[Oc — O | 7).
But the conformal Markov property and (47) would imply that
B0~ 01 [ ) = | G, (ai7(0),wn) dA(2),
D,
where, as before, D; is the unbounded component of D \ 7; containing ws on the

boundary. But E[O« | ] is a martingale. Hence we get the following characteri-
zation.

e Oy is the unique increasing, adapted process such that
(48) Ne:=0¢+ [ Gp,(27(t), w2) dA(z)
Dy
is a martingale.
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We will use this to try to construct ©;.

Let us return to the upper half plane. There is a technical issue that we would
expect E[O ] = co. To avoid this problem, suppose D is a bounded subdomain of
H and let, ©; = ©;(D) be the amount of “natural time” that the process has spent
in D up to capacity time ¢. Then using the reasoning above, we would expect

E[©] :/DG(Z) dA(z)

E[@oo ‘ ’)/t] = @t =+ \I’t
where

U, = W,(D) = /D My (=) dA(2),

and
My(2) = G, (2:7(t),00) = |g;(2) P~ G(Zi(2))
is the local martingale from Section 3.4.
Definition The natural parametrization ©, (restricted to D) is the unique, adapted,
continuous, increasing process such that
Ny =V, + 6,
is a martingale.

The definition implies the existence of such a process. Uniqueness is not difficult
since the difference between any two candidates would be a continuous martingale
with paths of bounded variation and hence must be zero. Existence is the issue.
Since M;(z) is a positive local martingale, it is a supermartingale. We recall the
function ¢ from Section 3.5 which satisfies

EM(2)] = [1 = o(z ] E[Mi(2)],  6(2) = o(2; 1)

From this, one can see that Uy is a supermartingale. The Doob-Meyer decomposi-
tion implies that there exists ©; such that W, is a local martingale. However, it is
not immediate that ©; is nontrivial.

# M, (z) is a positive supermartingale, but the increasing process ©; that makes M, (z)+
O7 a local martingale is the zero process. This shows that some work is needed to show our
O, is not identically zero. In particular, we need to show that W, is not a local martingale.

It turns out the process O, is nontrivial for all x < 8. This was proved for
Kk < kg = 4(7 —/33) = 5.021---. in [8] and for x < 8 in [11]. The former
approach, which should work for all k < 8, yields some more information, so we
will discuss both methods. Let us consider ©;.

The way to construct ©1, as in the proof of the Doob-Meyer theorem, is to
discretize time. Let D,, denote the dyadics. Then for t € D,,, we let

Ggi)rn - ng) =E[W; - Uion | Ve

Using the conformal Markov property of SLE and by changing variables, one can
show that

(49) E[W; — Wppo-n | 7] = /H |f£(z)|d¢(z; 27") G(2) {fi(2) € D} dA(z).
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Hence

(50) o= i / |Flgmn(2)|46(2;27™) G(2) 1 fly-n (2) € D} dA(2).
j=0 H

#The expression (49) is a little complicated, but let us approximate it. The function
$(2;27™) is of order one for |z| < 27™/? and near zero otherwise. For typical z in this disk,
G(z) = (27?42 = 27751 If we choose i2~"/2 as a typical point in the disk, then we
can see that the expression is of the same order of magnitude as

9 n 2771(%71) ‘fl(izfn/Z)ld — zfnd/2 |f/(7:27n/2)|d.

Given this we see the similarity between this expression and the one in (45).

It is easy to see that the process
N =, +0™, teD,,

is a discrete time martingale. The hard step is to take the limit. If the martingales
have a uniform L? bound, then there one can take the limit easily. In [8], this
bound was shown directly for k < kg. It was conjectured that this would hold for
all k < 8. The method gives a bound on the Hélder continuity of ©, (with respect
to the capacity parametrization).

The Doob-Meyer theorem says that one can take the limit provided that the
collection of random variables {©r} is uniformly integrable where T runs over all
stopping times with 7" < 1. Using this, as in [11] adapting an argument from [16],
we can show existence for all kK < 8. The argument uses the multi-point Green’s
function G(z,w). Using Theorem 39, one can see that

My(z,w) = 1g;(2)]*~ g (w) [~ G(Ze(2), Ze(w))

is a positive local martingale and hence a supermartingale. The two-point estimate
Proposition 34 combined with Theorem 39 gives

G(z,w) <clz —w|™? zweD.
In [11], it is shown that there exists ¢ < oo such that
G(2) G(w) < ¢G(z,w).
From this we see that if T is a stopping time,
E [Mr(2) Mr(w)] < cE [Mr(z,w)] < ¢E[My(z,w)] = ¢G(z,w) < c|z — w42

Therefore,
E[07] < /D/DE[MT(Z)MT(’U})] dA(z) dA(w) < c/D/D |z—w|?2 dA(z) dA(w) < c.

The uniform bound on E [\IIQT] shows the uniform integrability.
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5.3. Other domains and other reference measures. We have defined
the natural parametrization ©; for SLE, in H and given an expression for it as a
limit (50). This can be taken as a limit with probability one at least if we take a
subsequence. Suppose v is an SLFE, curve in H with the capacity parametrization.
Define

Sy =inf{s: 05 =t} n(t) =~(Sy).

Then n is SLE, in H with the natural parametrization.
Suppose

F:H— D

is a conformal transformation with F(0) = wy, F(c0) = wy. If v is an SLE,; curve
in H with the capacity parametrization, then

7= Fon(t)

is SLE,, in D from w; to we with the capacity parametrization. Define ©F by

[CH
of = [ IFae. = [ IF ) as
0

It is not too difficult to show that ©F satisfies the characteristic property (48) and
hence is the correct definition of the natural parametrizaton in D.

If D is a subdomain of H and w; = 0, wy = oo, there are two ways to define the
natural parametrization for a curve — by considering is as a curve in H or as a curve
in D. If we prove something like (47), it would be obvious that the definitions agree.
While we do not have (47), in [10] it is shown that the definitions agree. There are
many questions which are open. For example, is the natural parametrization for a
curve the same as the natural parametrization of the reversal? Dapeng Zhan [17]
proved that SLE, is reversible at least for 0 < x < 4; if we have a result like (47),
reversibility of the natural length would be immediate. Unfortunately, it is now an
open problem.

Although we used area as our reference measure, we could also define natural
parametrization ©; , with respect to a different positive measure p. In this case,
we would set

U, =0, — / G, (:4(t), w2) p(dz),
D

and require that ¥, 4+ ©,, be a martingale. If one follows the proof, one can see
that a condition on p sufficient in order for the ©; , to be well defined is

// |z—w\2 d <

In other words, if p is an a-dimensional measure for > 2 — d, then it is well
defined.

EXERCISE 40. Supposen is SLE,, in H from 0 to co in the natural parametriza-
tion. Suppose F : H — D is a conformal transformation as above, and let 7(t) =
F(n(t)). Show that 7 has the natural parametrization with respect to the measure p
with

puldz) = |[(F71)'(2)|* dA(2).
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An exercise: Brownian motion in three dimensions

An example which has many of the properties that we have seen in the last
three sections is Brownian motion. We will discuss the case of three dimensions
and give a sequence of exercises for the reader. This example is somewhat easier
than SLE, but it contains many of the same ideas. Throughout this subsection,
By will denote a standard Brownian motion in R? and G(x) = 1/|z| will denote the
Green’s function of three-dimensional Brownian motion. The important properties
of G are radial symmetry and the fact that G is harmonic on R3 \ {0}. Let

M(z) = G(B; — z),

p-(r) =1inf{t: |B; — z| < r},
EXERCISE 41. Show that for z # 0, My(z) is a local martingale satisfying
VG(B; — z)

th(Z) = Mt G(Bt — z)

- dB;.
Use the local martingle to conclude

P{p.(r) < oo} = é AL

For each z, we can consider the measure P} obtained by weighting by the local
martingale M;(z). Under this measure

VG(Bt — Z)
dB; = J dt + dW, J=—
t tat + ts t G(B—2)

where W, is a standard three-dimensional Brownian motion with respect to 5. We
claim that M;(z) is not a martingale. This can be derived from either of the next
two exercises. Let

T, =inf{t: B; = z}.
If z # 0, then P{T, = o0} = 1.

EXERCISE 42. Show that with probability one with respect to P%, T, < oo.

EXERCISE 43. Show that
lim E [M;(z)] = 0.

t—o0

The next exercise concerns the two-point Green function. This is the analogue
of Theorem (39) although the exercise is significantly easier than the proof of that
theorem.

EXERCISE 44. Show that

girr(lpr e LT P {p.(€) < 00, pu(d) < 00} = G(z,w),

where
G(z,w) = [G(z) + G(w)] G(z — w).
Show that My(z,w) = G(By — z, By — w) 1is a local martingale.
EXERCISE 45. Show there exist c1,co such that
2] + |wl

aG(z) G(w) < G(z,w) < 2 G(z) G(w) Z—wl
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EXERCISE 46. Show there exists ¢ < oo such that for every stopping time T,
2] + |w]
|z —w]

E [Mr(2) Mz (w)] < ¢G(2) G(w)
Suppose D is a bounded domain and let
U, = U,(D) :/ M (z) d®z.
D

EXERCISE 47. Show that ¥y is a supermartingale. Let

t
Iy = / I{BS S D} ds.
0

Show that there exists ¢ such that

\I/t +Clt

is a martingale.

The take home message from the last exercise is that the usual parametrization

of Brownian motion is (up to a multiplicative constant) its natural parametrization.
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