1 Partl

Exercise 1.1. Let C,, denote the number of self-avoiding random walks starting at the origin
in Z2 of length n.
1. Show that
lim CY™ = inf CY" .= p.
(Hint: Use Cpym < C,Cpp.)
2. Show that 2 < p < 3.

Exercise 1.2. Let A denote a finite, connected subset of Z* and 0A = {z € Z* : dist(z, A) =
1}, A= AUOA. We consider A as an undirected graph whose edges E 4 are those lattice edges
connecting either two points in A or one point in A and one point in OA. The (discrete)
Laplacian of a function f : A — R is defined by

ly—z|=1
and f is (discrete) harmonic on A if Af(x) =0 for all x € A.

1. Show that for each F' : DA — R, there is a unique extension fr of F to A that is
harmonic on A.

2. If f,g: A — R are given we define

Ef9)= > [f@)— fWllg(z) - 9.

(-’E,y)eEA

Show that
Efrfr) = it E(7. 1),

where the infimum is over all functions f on A that agree with F on OA.

3. Suppose f,q are functions on A such that f is harmonic on A and g =0 on OA. Show
that E(f,g) = 0.

4. The set of functions on A can be considered as RA. If F : 0A — R, define

C(F) = (2m)#( / exp {—w} |

Here the integral is over all functions f on A (using Lebesgue measure on R*) and
) denotes the function that equals f on A and F on OA. Show that for all F,

C(F) = e EUr.fr)/2 C(0).



2 Brownian motion

Exercise 2.1. Let B; be a standard one dimensional Brownian motion. Show that with

probability one, for every a > 1/2,
By

tlir?o o =0
Exercise 2.2. Let B; be a standard one-dimensional Brownian motion and let r > 0.
o Let Y, =r12B,,. Show thatY; is a standard Brownian motion.
o Let Zy =t Byij. Show that Zy is a standard Brownian motion. (We define Zy = 0.)

Exercise 2.3. Suppose B; is a standard one-dimensional Brownian motion. Show that with
probability one for all o < 1/2,

sup M:O§s<t§1 < 00,
(t—s)"

but B, - B.|
t— Ps
Sup{m:0§s<t§1}:oo,

Exercise 2.4. Let B; be a standard one-dimensional Brownian motion. Find for eachr > 1,

P{B;, =0 for somel <t <r}.

3 Martingales and stochastic integrals

Exercise 3.1. Let B; be a standard Brownian motion and let a < 0 < b. Let
T =inf{t: B, = a or B, = b}.
We assume that By = 0.
1. Use the fact that By, is a martingale to compute P{B, = b}.
2. Let My = B? —t. Show that M, is a martingale.

3. By the optional sampling theorem, Mn, is a martingale. Use this to compute E[M.].
(Note: there is a limit that has to be justified.)

4. Assume b = —a = 1. Let N, = e"B=(*/2t " Show that r is a martingale. Use the
optional sampling theorem on Ny, to compute the moment generating function for T,
i.e., the function

¢(s) = E[e”].
For which s is this finite?



Exercise 3.2. Let B; be a standard Brownian motion and let a € R, r > 0. Suppose that
X, is the solution to the Bessel SDE

dX, = 2 dt +dB,, Xo=1.
Xy

We will only consider this up to the time T = inf{t : X; = 0}.
1. For each € > 0, let
T=inf{t: X; =€ or Xy =1/¢}.
Find P{X, = €} by following this outline. Let

f(x) =P{X, = ¢ Xy = z}.

Then f(e) =1, f(1/e) = 0. Explain why M; = f(Xinr) is a martingale. Assume for the
moment that f is C? and use It6’s formula to find f. Then use the optional sampling
theorem to justify.

2. For which a is P{T < 0o} =07
3. For which a is P{Xn, — o0} =17

4. Let By = (B}, ..., Bf) be a standard d-dimensional Brownian motion. Show that there
is a one-dimensional Brownian motion Wy such that X, = |By| satisfies

d—1

dX, = -2 dt + dW,.
¢ X, + dWy

4 Complex variables

Exercise 4.1. Suppose D C C is a domain and f, is a collection of harmonic (holomorphic)
functions on D that are locally bounded, i.e., for each compact K C D there is an Mg < oo
such that | fu(2)| < Mg for alln and all z € K. Show that there exists a subsequence f,; that
converges pointwise to a harmonic (holomorphic) function f. (Hint: Use diagonalization to
find a subsequence that converges for all z € Q+1Q. Then use derivative estimates to show
that the function can be extended by continuity to a harmonic (holomorphic) function.)

Exercise 4.2. Let
D={z+iy:0<z<o00,0<y<m}.

Use separation of variables to find a series formula for Hp(x + iy, q) for 0 < § < w. Here is
the outline:

e Find a countable collection of harmonic functions of product form h,(z+1y) = ¢n(x) gn(y)
that satisfy h,(z) = hy,(x +i7) =0 for all z > 0.



o Write
Hp(z +iy,y') Zb ho(z + iy).

Determine the coefficients b, (that depend on ) by reasoning that

> b0 64(0) gu(y)

equals the delta function at .

Exercise 4.3.

e Show that there exist positive constants ¢, such that the following holds. Suppose B,
is a complex Brownian motion starting at z € D and let p(z) be the probability that the
set B[0, ] does not disconnect the origin from the unit circle. Then

p(2) < el

e Suppose V' is a connected set containing the origin but strictly bigger than a simple
point. Let By be a complex Brownian motion starting at the origin and let
=inf{t >0: B, € V}.
Show P{p=0} =1.

e Suppose D C C is a domain such that every connected component of 0D 1is larger than
a singleton set. Suppose F': 0D — R is a bounded, continuous function and let

f(z) =E*[F(B,,)], z€D,
and f = F on dD. Show that f : D — R is continuous.

Exercise 4.4. Suppose D is a simply connected domain and f : D — C is holomorphic
and one-to-one. Show that D is simply connected. Give an example of a simply connected
domain D and a function f that is locally one-to-one (i.e., f'(z) # 0 for all z € D) such that
f(D) is not simply connected.

Exercise 4.5. Suppose
S
n=1

is a univalent function on D with f(0) = 0. Show that

area(f(D)] =7 Y _nan|*.



Exercise 4.6. Suppose v is a smooth simple, closed curve in C and that D is the region
bounded by the curve. Show that

area(D) = %/Edz
Y

]

Exercise 4.7. Show there exist 0 < ¢; < cg < 00 such that the following holds. Suppose
v :10,1] — C is a (continuous) curve with v(0) € 0D, v(0,1] C D. Suppose By is a complex
Brownian motion starting at the origin. Then,

¢y diamly[0, 1]) < P{B[0, 7p] N4[0,1] £ 0} < ¢, diam(4[0, 1]).

Exercise 4.8. Call D a slit domain(from infinity) if D = C \ 7[0, 00) where v is a simple
curve v : [0,00) — C with y(t) — o0 ast — oo and 0 & ~[0,00). If D is a slit domain,
let fp denote the unique conformal transformation of D onto D with fp(0) =0, f,(0) = 1.
Give the details of the proof that if f € S, then there exists a sequence of slit domains D,
such that fp, € S and such that fp, — f uniformly on compact sets.

5 Loewner differential equation

Exercise 5.1. Suppose D C H is a domain with H\ D bounded. For z € D show that the
following limit exists

ép(z) = lm RP*{Im(B,,] = R},
where By 1s a complex Brownian motion and
TR = inf{t: By ¢ D or Im[B,] > R}.
Show that ¢p(z) > 0 for all z € D and
¢p(2) =Im[z] + O(|z|™"), 2z — oo

(Note: we are not assuming that D is simply connected.) Prove that for all z € D, ¢p(z) =
Im(2) if and only if for each w € C,

P“{B(0,00) NH\ D # 0} = 0.

Exercise 5.2. Show that if D is an in the previous ezample and D is simply connected, then
if g: D — H is a conformal transformation with gp(z) ~ z as z — oo, then ¢ = Im[gp].



